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Abstract We shall give a simple (basically) purely in characteristic p proof of the irreducibility of
the Igusa tower over Shimura varieties of PEL type. Our result covers Shimura variety of type A and
type C classical groups, in particular, the Siegel modular varieties, the Hilbert—Siegel modular varieties,
Picard surfaces and Shimura varieties of inner forms of unitary and symplectic groups over totally real
fields.

Keywords Shimura variety, Igusa tower, p-adic monodromy
MR(2000) Subject Classification 11G15, 11G18, 11G25

Fix a prime p. In [1], we have shown that the geometric automorphism group of the irreducible
component of the mod p Shimura variety of PEL type (of level away from p) associated with
a reductive group G of unitary and symplectic type is almost identical to G (AP>)) modulo
global center (cf. Lemma 1.1). Here GGy is the derived subgroup of G.

In the present paper, based on this result, we give a (basically) characteristic p proof of the
irreducibility of the Igusa tower over a reduction modulo p of the Shimura variety by showing
that the stabilizer of an irreducible component of the tower is as large as possible under the
group theoretic constraints imposed by the PEL data. This is a characteristic p-version of the
proof given in [2] Section 8.4 and [3] where we used mixed-characteristic results to show the
maximality of the stabilizer. Here is a general axiomatic approach to prove the irreducibility
of an étale covering 7 : Ig — S of an irreducible variety S over an algebraically closed field F.
Assume the following two axioms:

(A1) A group 4 = M; x 4 acts on Ig and S compatibly so that M; C Aut(Ig/S),
% C Aut(S) and % acts trivially on m(Ig).

(A2) M, acts on each fiber of Ig/S transitively; so, M; acts transitively on mo(Ig).

Let I/p be an irreducible component of Ig/r. Then I — S is a connected Galois étale
covering. Condition (A2) provides a canonical group embedding Gal(I/S) — M;; moreover,
if it is surjective, one concludes by Galois theory that Ig = I. Let H be the stabilizer of
I € mo(Ig) in 4. It contains 4. Pick a point « € Ig (which can be a generic point), and
look at the stabilizer H, C ¢ of x. By (A2), there exists g, € M; such that g,(z) € I; by
connectedness of I, we have g,H,g,;* C H. Then we show that M; = ¢/% is generated
by the image modulo ¥ of {g.H,g; ‘|z € Ig}. This implies that M; = Gal(I/S), since
(92:Hrg; ")e = My — H/% — Gal(I/5).
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When S is the neutral component S®) of the modulo p Shimura variety Sh(®) of level away
from p and Ig/s is the Igusa tower over S, F = [, is an algebraic closure of IF,, ¢ is given
by G1(A®)) for a well chosen finite set ¥ of places of Q containing {p,occ}, M; is the Levi-
subgroup of the maximal parabolic subgroup of G1(Z,) associated with the connected-étale
exact sequence of the p-divisible Barsotti-Tate group of the universal abelian scheme over S.
In particular, H, for  moving around /¢(F) contains a subgroup 7}, isomorphic to a maximal
torus in each isomorphism class of maximal tori in ¢ anisotropic at oo, and from this fact, it is
clear that {g,T.g; |z € Ig(F)} and % topologically generate ¢ (though we will give a detailed
argument for this fact in Sections §2-3). We say our argument is “basically” of characteristic p,
because we use for simplicity the canonical (characteristic 0) lift of the characteristic p abelian
variety sitting over & € Ig(FF) to define T, C G1, though the use of the lift could be avoided by

using the determination of the automorphism group Aut(S® /F) in [1].

Let us make slightly more precise the reductive group G and its action on the Igusa tower
Ig limiting ourselves to the extent sufficient to formulate our result (more details follow in the
text). The group G is realized as a subgroup of GL(V) for V = Lg = L®zQ with a well chosen
lattice L (fixed in the PEL data). To be more precise, let D be a central simple algebra D over
a number field F' with a positive involution. Fix a maximal order Op of the algebra D stable
under the involution, and take a projective Op-module L of finite type, and put V = L ®7 Q.
The reductive group G g is an appropriate subgroup of Autp(V); in other words, G(Q) is a
classical group inside Autp (V).

Fix a prime p. We introduce the (prime-to-p) PEL data and the corresponding Shimura
variety Sh() of prime-to-p level. The Shimura variety Sh(®) of PEL type classifies abelian
schemes A with an algebra embedding Op C End(A), a polarization class A and a prime-to-p
level structure n®) : L @7 AP>) =2 7®) A @7 AP>) where TP A = lian*N A[N] is the prime-
to-p Tate module of A and A®>) is the adele ring away from p and co. The level structure
n®) is supposed to be Op-linear. The Shimura variety Sh(®) is defined over the p-integer ring
Og,(p) = Or ®z L) (L) = QN Zy) of the reflex field £. Fix embeddings i, : F — Q, and
iso : E — C for an algebraic closure E/FE, and let # be the strict henselization inside E of
the local ring of O, (,) corresponding to the embedding £ — @Q,. Let F be the residue field

W /my (which is an algebraic closure of F,). Let Sh;’;/), = Sh(P X0p. o # - Then (under the
existence of a smooth toroidal compactification of S h;l;/)/ over #; for example, see [4]), S h(/;
is a disjoint union of smooth irreducible subschemes whose generic fiber and special fiber are
geometrically irreducible.

The group G(AP>)) acts on Sh(P) by sending (A, X\, 7)) to (A )\ ;NP og) for g € G(AP>)),
Fix an irreducible component S = gt /F ) inside the special fiber S h Sh;’;/), X F. Then if G
is of type A or C, the derived group Gl(A(”‘X’)) preserves the component S of Sh%)

In my book [2], many irreducibility theorems of the Igusa tower Ig over S are proven (The-
orems 3.3, 4.21, 6.27 and Corollary 8.17). In particular, the proof of the first three theorems
Theorems 3.3, 4.21 and 6.27 in [2] consists in showing explicitly that the stabilizer of each
irreducible component is as large as possible under the PEL data (using p-adic mixed char-

acteristic valuation ring of the function field of the characteristic 0 Shimura variety; see [3]
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for a more concise account of the argument). In this paper, we shall give a direct proof of
the statement of the corollary in line with the proof of the first three theorems (without using
mixed characteristic p-adic valuations).

Proofs purely in characteristic p of the fact seem important, because as pointed out by
Chali, it is plausible that one of such arguments may produce a similar result for the p-adic
monodromy group over each (positive dimensional) leaf inside S/r (see [5] 2.2 and 2.8 for a
definition of leaves, and see [6] for the (-adic monodromy of leaves with ¢ # p). Indeed, in [7],
Chai gives a sketch of three known purely characteristic p proofs of irreducibility of the Igusa
tower over the Siegel modular variety (and their history), and in [5], Chai and Oort give a proof
of irreducibility of leaves and the maximality of the p-adic monodromy of the leaves in the
Siegel modular variety. Note here that leaves of non-maximal and non-minimal dimension may
not have characteristic 0 lift in general (so the argument using mixed characteristic valuations
does not apply to such middle dimensional leaves). See [7] Section 6 for an indication of how
to prove maximality of p-adic monodromy for leaves without characteristic 0 lift. We also note
that Boyer [8] has given a proof of such maximality (by cohomological means) in the special
cases of the Tgusa tower of the first and second kind studied in [9)].

Although we concentrate on the groups G of type A and C and do not touch upon type D
groups, our method may be applicable even to the groups of type D, because what we actually
need is the transitivity of the action of a subgroup P in G(A()) on 7o(Igr) (see Remark 4.1).
Indeed, fixing an irreducible component I of the Igusa tower Ig, by the transitivity of the action,
any closed point « € Ig(F) can be brought into I by an element g, € ]5; so, the stabilizer H,
of the closed point = € Ig can be brought into Gal(I/S) under the conjugation by g.. Since
the choice of x is arbitrary, one expects that Gal(I/S) is as large as possible and hence the
irreducibility. Though for simplicity we use the strong approximation theorem to pin down the
above heuristic into a rigorous proof, the transitivity does not require the strong approximation
(the weaker approximation theorem is enough).

The center of the ring Op is the integer ring O of a field F', and by the definition of PEL
structures (see below in the text), F' is either a totally real field Fy or a CM quadratic extension
of a totally real field Fy. We take the restriction of scalar Gg to Q of an inner form of a
symplectic or a unitary group (relative to F/Fy) over Fy, and assume that G has the associated
Shimura variety of PEL type (thus G is of type A or C). In characteristic 0, the full Shimura
variety Sh,g is well defined and Sh/G(Z,) = S h(?) for a well specified maximal open compact
subgroup G(Z,) C G(Q,). We will specify G(Z,) later in (H4-5). Then ShygE,(p) classifies a
certain type of abelian schemes under the hypothesis (H1-5). Thus we have a universal abelian

scheme A over Sh(/f’F). We assume throughout this paper that

e The prime p is unramified in F/Q (to have smooth Sh%)ﬂ),

e G is unramified over Q,, and G(Qp) is a subgroup of GL4(F,) for a positive integer d
specified later (this condition follows from the condition (H5) and also to have smooth Sh;’;,)/),

e A is ordinary over an open dense subscheme of Sh%).

The last ordinarity condition can be stated under the unramifiedness conditions as a con-
dition of the signature of the symplectic and unitary group G (cf. [10] and [2] Lemma 8.10).

By the ordinarity condition, the connected-étale exact sequence of the p-divisible Barsotti—Tate
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group A [p>] of A over the ordinary locus gives rise to a maximal parabolic subgroup P of G /Zy
(and P = P(Z,)G(AP>))). The Levi-factor .Z of P has the following subgroup M; = £ NG,
whose Zj,-points provide a group of geometric automorphisms of the Igusa tower Ig over S h(®).
Moreover the main theorem (Theorem 0.1 below) of this paper is equivalent to the equality
M, (Z,) = Aut(Ig/ShP).

For each prime factor PB|p of O, the Op gp-rank of the Tate module of each étale quotient
A B¢ of the PB-torsion points (over the ordinary locus) gives a positive integer m(3). By the
definition of the moduli problem, for the positive integer d (as above) independent of Blp, we
have m(P) + m(P) = d if F is a CM field, where B is the conjugate of P under the generator
c € Gal(F/Fy), and 2m(P) = d if F is totally real. The pair of numbers (m(), m(P)) is the
signature of the symplectic or the unitary group G at the infinite place corresponding to P via

ip and io.. We have the following explicit description of Mj:

{(gm) € [T GLmem) (Ox)|[vBlp det(gy) = det(gm)}, if F# F,
M1 — Plp

1 GLui) (Ox), if F = Fp.
Blp

Theorem 0.1 Assume the above three conditions and (H1-5) we will specify later. Let Sk /g
be the image of Sr in the quotient of Sh®) by a compact subgroup K of G(AP>®)). Let
Ig = (I9/K) Xgpw Kk Sk, which is the Iqusa tower over Sk. Then for each irreducible

component I of Igx, we have a natural isomorphism

In particular, if F is totally real, I is irreducible, and if F # Fy and Sh') is not projective,

each irreducible component of Igx contains an unramified cusp over the infinity cusp oo of Sk .

This is exactly Corollary 8.17 of [2]. By definition, .#(Z,) acts transitively on each fiber
of Igx over Sk (and hence transitively on mo(/gx r)). Thus Gal(/x/Sk) is the stabilizer of
Ik € mo(Igkv) in ZL(Zy). As shown in the last page of [2] (p. 374), by a geometric argument,
we have an inclusion Gal(Ix/Sk) C M; (see [3] 3.3 for a simpler argument). We will show
M; D Gal(Ix/Sk) by proving basically that the groups g,H,g;' (z running over Igx(F))
generate M; x G1(AP>)) topologically, where H, C P is the stabilizer of z and g, € G(A>)
brings « into I (F). The group H, may be bigger than T, (Z,)) C My x G1(AP>)), but only
the tori T},s are actually sufficient for our purpose.

In the following section, we give a short description of the Shimura variety we deal with,
state the conditions (H1-5), explain how the number m () is determined by A[P>]*, and
how the group M; is sent isomorphically onto .2 N G1(Zp). In the next two sections §2-3, we
prepare necessary lemmas from group theory and algebraic number theory (in order to show
definitely the groups {g,T:(Z,)g; *|x € Ig(F)} generate M;). In the final section (§4), we give
the proof of the first assertion of the theorem.

As for the last two assertions, when F' = F{, by the construction of Ig, M; acts tran-
sitively on mo(/gx/r), and hence the irreducibility of Igx follows. If F' # Fy, the group
M = Hmlp G L) (Ogp) C 2 acts transitively on mo(/ g /r), and hence Igy is not irreducible.
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Since the action of M sends the infinity cusp oo to an unramified cusp of each irreducible

component (if Sh(P) is not projective), the last assertion follows from the first.

Contents
1 Shimura variety 5
2 Group theory 12
3 Algebraic number theory 14
4 TIrreducibility 18
Reference 20

1 Shimura Variety

We recall the definition and the assumptions governing the Shimura variety we are looking
into. Let D be a central simple algebra over the field F' with a positive involution p (thus
Trpg(zaf) > 0 for all 0 # 2 € D). Let Fy be the subfield of F' fixed by p. Thus Fy is
necessarily a totally real field, and either F = Fj or F' is a CM quadratic extension of Fy (p
restricts to the generator ¢ € Gal(F/Fp)). We write O (resp. O) for the integer ring of Fy
(resp. F'). We have fixed the algebraic closure F of the prime field F,, which is the residue field
of #.

Take a finite subset 3 of rational places including co and p. Let F be the subset of totally
positive elements in Fp, and O(x) denotes the localization of O at X (disregarding the infinite
place in ) and Oy is the completion of O at ¥ (again disregarding the infinite place); so,
we have O(sy = Ox N F in Fy =[] F, with the completion F, of F' at v € 3. We write
Oy = FY NO(s).

Let Op be a maximal order of D stable under p. Let L be a projective Op-module with

vEX

a non-degenerate Fy-linear alternating form ( , ) : Lo X Lg — Fy for Lr = L ®z R such that
(bx,y) = (x,bPy) for all b € D. We often write V' for Lg.

Let C be the opposite algebra of C° = Endp(Lg). Then C' is a central simple algebra over
F' in the same Brauer class of D. We write Cr = C ®qg R, Dr = D ®qg R and Fy g = Fy ®g R.
The algebra C' has involution * given by (cz,y) = (x,c*y) for ¢ € C. The involution * (resp.
p) induces the involution * ® 1 (resp. p® 1) on Cr (resp. on Dp) which we write as * (resp.
p) simply. Define an algebraic group G g by

G(R) = {g € Cr|v(g) :==gg" € (Fo,r)"} for Q-algebras R. (1.1)
We write GGy for the derived group of G; thus,
G1={g € GINc(g) =v(g) =1}

for the reduced norm N¢ of C over F. We write Z¢ = G/G for the cocenter of G. Then
g — (v(g9),Nc(g)) identifies Z¢ with a sub-torus of Resp, gGm x Resp/gGm. If F = Fy, Gy
is equal to the kernel of the similitude map g — v(g); so, in this case, we ignore the right
factor Resg/gGy, and regard Z¢ C Resp/gGy,. We write Z¢(R)T for the identity connected
component of Z(R) and put Z(Zx))" = Z%R)" N (Ogs) % Ofxy)s s0, ZG9(Zsy)t = Oyt
if F = Fy. Write Zs = [Tjex_ (o) Ze and ZY) = Zx /7,
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*

We suppose to have an R-algebra homomorphism % : C — Cg such that h(z) = h(z)* and

(H1) (x,y) = (x, h(i)y) induces a positive definite hermitian form on Lg.

We define X to be the conjugacy classes of h under G(R). Then X is a finite disjoint union of
copies of the hermitian symmetric domain isomorphic to G(R)™*/C), (see [11] Lemma 4.1), where
C}, is the stabilizer of h and the superscript “+” indicates the identity connected component
of the Lie group G(R). Then the pair (G, X) satisfies the three axioms (see [12] 2.1.1.1-3 or
[2] 7.2.1) specifying the data for defining the Shimura variety Sh (and its field of definition,
the reflex field E; see below). In [12], two more axioms are stated to simplify the situation:
(2.1.1.4-5). These two extra axioms may not hold generally for our choice of (G, X) (see [13]
Remark 2.2 on p. 322).

The complex points of Sh are given by
Sh(C) = GQ\(G(A™) x X)/Z(Q).

The morphism h gives rise to a complex structure on the real vector space Lgr (by putting
z-v = h(z)v for v € Lg and z € C). Thus we can split L¢ = Vi @ V3 so that z € C acts on
Vi (resp. Va) via multiplication by z (resp. z). Since the action of D commutes with h, we
get a complex representation p; : D < Endc(V;). Then {Tr(p1(d))|6 € D} generates a number
field E over QQ, which is the field of rationality of p;. The field E is called the reflex field of
(G, X), and the quasi-projective variety Sh,c canonically descends to a quasi-projective variety
Shg (by the work of Shimura and Deligne; e.g., [2] Section 7.1). This variety Sh/p can be
characterized as a moduli variety over E of abelian varieties up to isogeny with multiplication
by Op. For each x € X, we have h, : C — Cg given by z — g - h(z)g~! for g € G(R)/C},
sending h to x. Then v — h,(z)v for z € C gives rise to a complex vector space structure on
Ly, and A,(C) = Lg/L is an abelian variety (see [14] 1.3), because by (H1), ( , ) induces a
Riemann form on L and a polarization on A,,c. The multiplication by b € Op is given by
(v mod L) — (b-v mod L).

We assume the following conditions:

(H2) The derived subgroup G is simply connected; so, G1(R) is of type A (unitary groups)
or of type C (symplectic groups);

(H3) The prime p is unramified in F/Q, and ¥ contains co and p;

(H4) The pairing ( , ) induces L, = L ®z Z, = Hom(L,, O p);

(H5) Op,p =0p @z Z, = M,(0,) for O = O ®z Zs.

Put Oc = {g € C|gL C L}. Then O¢ is an order of C. Under (H5), Oc, = Mg(Op); in
particular, O¢ , is a maximal order of C),. Let

G(Zz) ={9 € G(Qs)lg- Ly = Ly}

for Qy, = Q®z Zy, and Ly, = L ®y Zs;. At p, under (H3-5), G(Z,) is a hyper-special maximal
compact subgroup of G(Q,). Under (H1-5), a p-integral moduli interpretation due to Kot-
twitz [11] allows us to have a well defined p-integral model Sh(®) over O (,) of Sh/G(Z,) over

E of level away from {p,oo} (see below for a brief description of the moduli problem, and a
more complete description can be found in [2] 7.1.3). We then define Sh?ZO)E o= AS’h(”)/G(Z(X]“D))7
(P

where Zg’) = Ly_{py = Lz /Zy. In other words,
Sh®)(C) = GQ\(G(A™) x X)/Z(Q)G(Zx) (1.2)
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has a well defined smooth model over O () = O ®z Z,) over which Shg; » is an étale

covering. We write Sh() for Sh(*) when ¥ = {p, c0}. We also write Q(Ep) =Qx/Q,.

By definition, O, (, is contained in %". The scheme S hﬁ? classifies, for any R-scheme T,
quadruples (A4, A, i,n(z)) 7 defined as follows: A is an abelian scheme of dimension % ranky, L
for which we define the Tate module 7 (A) = lim = A[N], TWP(A) = T(A) @5 ZW), F(A) =
T (A) @z Zs, and V&) (A) = T (A) @z A®). The symbol i stands for an algebra embedding
i : Op — End(A) taking the identity to the identity map on A. Though ) is called a
level structure away from X, it contains some information at places in ¥; indeed, it is an Op—
linear map 7 : L @7 AP) 2= V) (A) modulo G(Zg)) (that is, n*) is a sheaf theoretic orbit
n(p)G(Z(p)); see [15] 4.3.1 about sheaf theoretic orbits). The polarization class A is a class of
polarizations A up to scalar multiplication by z(O(E) ) which induces the Riemann form (-, -)

on L up to scalar multiplication by O( There is one more condition (cf. [11] Section 5 or [2]

)+
7.1.1 (det)) specifying the module structure of 4,7 over Op ®z O (which we do not recall,
but over E, it imposes that Lie(A,r) = p; as D-modules). The group N(G(Z p))) x G(A®))

(for the normalizer N(G(Zg))) of G(Zg)) in G( (;))) acts on Sh®*) by
n® =P GEE) - P GEZL) 0 g = (P 0 )G(ZL) = 4™ 0 g.

If G(Zy) is not quasi-split (for example, is anisotropic) at ¢ € X, the normalizer N(G(Zy)) is
often bigger than G(Zy); for example, if F = Fy = Q and L = Op for an indefinite quaternion
algebra D ramified at ¢, then C' = D, G is the multiplicative group of D, and N(G(Z,)) =
G(Qy). Over C, this action of g coincides with the right multiplication by g on Sh®*)(C) in
(1.2).

Recall the strict henselization %" C E of Z,); then, # is an unramified valuation ring with
residue field F = IF,,. Under the five conditions (H1-5) for ¥ = {p, oo}, the existence of smooth
(integral) toroidal compactification of Sh(?) is now known as an algebraic space after the work of
Rapoport [16], Chai-Faltings [17] and Fujiwara [18] (see [4] for a very detailed proof). Although
our moduli problem is slightly different from the one Kottwitz considered in [11], as was done in
[2] 7.1.3, following [11] closely, the p-integral moduli Sh(®) over Og,(p) is proven to be a quasi-
projective scheme; so, the compactified algebraic space is a projective scheme (if we choose
the toroidal compactification data well). We can make the smooth toroidal compactification
of Sh(P) equivariant under the action of the compact group G(Z (p )) (cf. [17] Chapter IV), and
hence, for a well chosen toroidal compactification data, once a smooth compactification Sh%,)/
is estabhshed for Sh(/’;/, for any ¥ O {p, oo}, Sh has smooth compactification Sh%} such
that Sh'y) = SK"” /G(ZL)) .

We have fixed a geometrically irreducible component S;I];) of S h;ﬂg. The pro-variety S;I];)
is defined over the quotient field " of # as a geometrically irreducible variety. Write simply

Sg; for the image S in Sh(/i)g. Then we define S%,/) by the schematic closure of the

G(z(?))

h(z) By Zariski’s connectedness theorem combined with the existence

image of g™ %, in §
of a normal projective compactification (either minimal or smooth) of Sh%ﬂ), the reduction
S’(E = S®) %, F is a geometrically irreducible component of Sh E) = Sh (2) w @y F. The

followmg result is a version of the result in [1]:
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Lemma 1.1 Assume the five conditions (H1-5). Then the stabilizer of S;? (and of Sgﬂ)) in
G(A®)) of the Shimura variety of level away from ¥ is given by g(z)/G(Z(Ep))Z(Z(p)) for the
following locally compact subgroup 9> of G(AP):

™) = {z € N(GZYL)) x GAD)|u(z) € ZC (L) *+}, (1.3)

where ZG(Zy)t (resp. Z(Zgy))) is the topological closure of Z%(Zy))* (resp. Z(Zy))) in
ZG (AP (resp. in G(AW)), and N(G(Z(Ep))) is the normalizer of G(Z (p)) in G(Qg)). In
particular, the action of G1(A®™)) leaves the irreducible component S/F) stable.

Since G(Z{) is compact, we have G(ZY)Z(Zsy)) = G(ZP)Z(Zs) inside G(A®)).

In [1], the full scheme automorphism group Aut(S%)) is identified with the group in the
lemma (up to an explicit finite error term). Determination of the stabilizer in G(A®)) (not in
the full automorphism group which may contain an extra automorphism outside G(A®?))) is far
easier, and we shall give a self-contained proof of this lemma deducing it from the characteristic
0 version in [19], though one can give an argument purely in characteristic p similar to the one
in [1].

Proof The existence of the smooth toroidal compactification of Sh(z) tells us, by Zariski’s
connectedness theorem (e.g., [20] Corollary 11.3 in Chapter III), that the reduction map gives
a bijection between my(Sh*)(C)) and ﬂo(Sh(/?) for the residue field F =T, of #'. As already
mentioned, the isogeny action n*) — n(*) 0 g on Sh*) coincides with the right multiplication
by g € G(A®)

applied to G1(A®)) > G1(Q), the homomorphism g : G — Z¢ induces an isomorphism
mo(ShP)(C)) = Z9(A®)/ZG(Zs))t (see [19] and [2] 7.2.3). Since g € G(A™)) acts on
ZG(A®)/ZG(Z(s))t via the rlght multiplication by p(g), if ¥ = {p, oo}, the stabilizer of each
z € mo(ShP)(C)) = ZG(A®)/ZG(Z,)* is given by the group given in the lemma. Since the

bijection

on the homogeneous space (1.2). Then by the strong approximation theorem

mo(ShP)(C)) & mo(ShE)

induced by the reduction map is G-equivariant, the stabilizer of the reduction modulo my of
the component z is given by the same group.

Now assume ¥ 2D {p,o0}. In this case, there could be a contribution of the normalizer
of G(Zg)) which slightly complicates the setting. The group N(G(Z p))) x G(A®)) acts on
Sh(®) naturally. If g € G( g’)) is outside the normalizer N(G(Zg’))), the action of g brings
Sh%) isomorphically onto Sh(?)/ g’lG(Z(; ))g. Recall S (the fixed geometrically irreducible
component of Sh(/fF)). Let S®) be the irreducible component of Sh(*) covered by S®). Write
S’_(SE) for the image of S in Sh(®) /g_lG(Zg’))g over F. Then Séz) is a geometrically irreducible
component of Sh(p)/g’lG(Zg))g. Note that S /S®) is a Galois étale covering with Galois
group G1(Z¥)). For K = G1(ZP) N g7 1G1(ZP)g € G1(Z)), 8P /K is a nontrivial étale
covering of S&) (because the action of g € G(Zg )) is an étale action). This shows that
S) £ 55(72)_ Thus if g € G(A®) stabilizes S*), g, has to be in the normalizer of G(Z(;)).
Then again by the bijection: 7o(Sh(*)(C)) < Wo(Sh%)), we arrive at the assertion in the same

manner as in the case where ¥ = {p, co}.
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Remark 1.2  We have taken full polarization classes under scalar multiplication by O(Xp )+
in our moduli problem (while Kottwitz’s choice in [11] is a partial class of multiplication by

X
Z(p)-s-
partial rational similitude group. Our choice is convenient for our purpose because G has

). By our choice, the group G is the full similitude group, while Kottwitz choice is a

cohomologically trivial center, and the special fiber at p of the characteristic 0 Shimura variety
ShP) = Sh/G(Z,) gives rise to the mod p moduli of abelian varieties of the specific type we
study (as shown in [2] Theorem 7.5), while Kottwitz’s mod p moduli is a disjoint union of the
reduction modulo p of finitely many characteristic 0 Shimura varieties associated with finitely
many different pairs (G;, X;) with G; locally isomorphic to each other at every place ([11]

Section 8).

Hereafter, we fix ¥ and write S for S®) if confusion is unlikely. We have a universal
quadruple A®) = (A,)\,i,'r](z)) with the universal abelian scheme A over Sh(*). We write
As = A Xgu» S. Suppose that the Hasse invariant H does not vanish identically on Sh%)
(and hence on S/r). Then we define the ordinary locus to be the open subscheme over which
H does not vanish. We write them as S%Td = S[};] and Sh%)’ord = Sh®[}]. Over Sh(E)erd,
the connected component A[p®]° of the finite flat group scheme A[p®] = Ker(p® : A — A) is
isomorphic to ppe @z L° étale locally as Op-modules for a Op p-direct summand L° of L, = Lz, .
The isomorphism class (as hermitian Op ,-modules) of L, is unique as explained in [2] 7.1.5
(2), which determines L° as a maximally isotropic subspace (see the following paragraph for an

explicit description of L°). We have rankz, L° = é ranky L.

Identify L, with O = (O7)%™ (with column vectors in OF) so that the action of Op, =
M, (Oy) is just the left matrix multiplication on each entry in O}. Pick a closed point z €
S°'4(F) carrying an abelian variety (A.,\,4,7*)). Then we have a canonical lift Ayyw =
(Ag, A, i,n®)) )y with End(A,/x) = End(A,w) for W = W (F) = lim % /p*W by the Serre-
Tate deformation theory. The quadruple A,y descends to A,/ by the theory of complex
multiplication ([21] and [22] combined). By the fixed embedding E' — C, we consider A4, ,c =
Ay xy C. Note that A, = Hy(A,(C),A>)) = H,(A,(C),Z) ®z A™). Then we have an
isomorphism f : Hy(A,(C),Q) = Lg as D-modules so that after tensoring A, ) is induced
by f and that the self-duality of L, in (H4) is given by the Riemann form on Lg induced by
fand A (up to p-unit multiple; see [2] 7.1.5). Identifying .7, A, ,c with L, = H,(A,(C),Z,),
the exact sequence A, /p[p™]° — Ay[p™] — Ay[p>]® (under the reduction map) induces an
exact sequence of Op-modules L° — L, — L. Since A, has complex multiplication, we
can split L, as L° & L*" so that the lift of p-power Frobenius has unit eigenvalue on L¢* and
nonunit eigenvalues on L°. Then we have an isomorphism L° = H‘mp M, 93y (Os) of Op-
modules (where Op , = M,,(0,) acts by left matrix multiplication), and by the duality induced
by the polarization, we have L¢ = [y Mim(p)(Ogp). The number (m(P), m(P)) gives the
signature of the unitary or symplectic group G at the infinite place i o o if i, o o gives the
p-adic place p = P N Fy (by the condition (det) in [2] p. 308). The module structure of L°
and L under Op,, and M = [, GLy(yp)(Op) C GL4(O,) = O, can be made explicit
as follows: Identifying Lg with n x m(9P) matrices (suitably), Opq = M, (Ogp) acts by left
multiplication on Lg{ = M, ,,,(q)(Og), and GL,,(5)(Og) acts by right multiplication through

the involution O¢ = Oco -
(P) The parabolic subgroup P in the introduction is the stabilizer in G(Z,) of the exact
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sequence L° < L, — L (and is independent of the choice of z).
We define the a-th layer (o € N) of the Igusa tower over Sh(z) ord by

Igo = Isomo,, (pipe ®z, L°, A[p*]°).

Note that Op/p*Op = M, (O/p*0O), and arrange this isomorphism so that p corresponds to
x +— 'z¢. Fixing such an isomorphism and writing e = diag[1,0,...,0] for the diagonal matrix

in M, (0O,) whose nonzero entry is only the top entry which is equal to 1, we have
Ig, = Isomo,, (ppo ®z, L°, Ap*]°) = Isom(ppo ®z, st,e(A[pa]o)).

By the Cartier duality combined with the polarization A, each isomorphism
5 € Isomo,, (ppe @z, L°, A[p]°) induces a unique isomorphism 7, : L ®Z/p*Z — A /A[p*]°.
Thus

Ig, = Isomgp,, (Let/po‘L;t7 Ap*)) = Isom(E(Let/po‘Let), e(A[p*]*)).

ord

By this expression, Ig, is an étale finite covering of Sh(z)’ and has a natural action of

M = H‘B\p G Ly (p)(Og), because L = ]_[q3 Og(‘ﬁ)' Here by our choice of isomorphism
Op.p = M, (0,) sending p to (z + ‘x°), £ is invariant under the Rosati involution induced by
A

Since M acts on Ig := Igo = Isom(eLS' ® (Qp/Zy),cA[p>]¢")) through matrix multipli-
cation on sLe pr m(®) , M acts transitively on 79(Ig/r) for the Igusa tower Ig., over
S. Fix an irreducible component I r of Igs p. Our claim is that the stabilizer in M of I
contains M; and hence Gal(I/S) = M

Let X be the identity connected component of X. Then we may assume that Sk (C) is
covered by 1 x Xt 2 X+ inside G(A(>)) x X; s0, S (C) = Tk \ X+ for a congruence subgroup
'k =GQTnN 4>)_ Fix a connected component I /r of Igo k-

Recall a part of the axiom (Al):

(St) G1(A®)) stabilizes I,
Lemma 1.3 Assume (St). Let 2 € Sh™)(F) be a closed point carrying an ordinary abelian
variety (Agm, A, n>). If B C End(A,/r,) ®z Q is a mazimal commutative semi-simple F-
subalgebra stable under the Rosati involution j of A, the stabilizer 2 in My of I, contains a

group conjugate (under an element of M) to

T.(Zp) :=={g € Of 99’ = Np/r(g) = 1}

for Opp = B, NEnd(A,/r,) @z Zyp.
Proof Take a level p-structure 7, of (A, /p, A, 7)), and regard A, as sitting over z € Igoo (F).
The level structure ) : Ly ooy = VP)(A) mod G(Zg’)) is a Op-linear isomorphism, and 7,
is the collection of the ordinary level -structure 7y : Og(‘l?) > e TAP>]*. By the Cartier
duality combined with the polarization, the level PB-structure ng gives ng @ ppe @z Og )
g - A[P>°]° for the connected component A[P>]° of A[P>].

Slightly more generally than the setting of the lemma, let B C End(A,/r,) ®z Q be

a commutative semi-simple F-subalgebra stable under the Rosati involution j of A. Put
Op = BN Endo, (A/r), which is an order of B. Then we have an embedding p*) of B
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involution

into Endp(Ly))) = Céz) given by aon®) = 1) 0 p®*)(a). Though slightly more com-
plicated, we define the p-component of the embedding as follows. Consider H‘BI p(Mm(sm(Oqg) D
M, 9y (Og)) C [y Ma(Ogp) = Oc,p (embedded diagonally in blocks), where 98 runs over the
prime factors of p in F. Thus if F = Fy or B = P, d = 2m(P), we have two identical
copies of My, () (Og)) = M,,5)(Og)) in the product (which is diagonally embedded into
Cyp = Ma(Og)). If P # P, d = m(P) + m(P), and again M, g)(Oq) & M, g (Og) is diag-
onally embedded in Cyp = My(Og). We define the embedding pyp : Op g = O ®o, Op —
(M () (Og3) & Mm(‘n)(o‘ﬁ)) by pg % pg given by ang = ng o pp(a) and ang = 1y 0 p ().
We may assume that p% = tpcm. Then we define p, = Hm pyp- We put
Hy = pp(05,) N My and A = pE)((0p @7 (ZF x A®))) N G(ZE x AD).

The product 77}, x ) is isomorphic to the group of (Zs; x A®))-points of a reductive subgroup
M, of Gy with H,(Zx)) = (54, x #F)) N (0p ®7 Q).

Since M acts transitively on mo(/go/r), we find g € M such that z € g-Io(F). Each element
in J,(Zx) is of the form p(a) for a prime-to-p isogeny o : A, — A, where p = p, x P,
Thus (A, A\, no p(a)) = (Az,\,aon) for n =n, x ™) with n, = [Ty g, and H5(Zs)) fixes
z. Thus 7, (Zx)) (diagonally embedded in G1(Zs x A®))) leaves g - I, stable. Write & for
the stabilizer of I, in M;. Note that h € G1(A®)) acts on Igo, by (1,,7)) — (n,, 7> o h).
By (St), #®) c G1(A®) stabilizes each element of mo(Ig r). Then the closure of the
group ,(Zs)) A ™ in G1(A®) x Zsg) stabilizes g - I € To(Igoosr). Here H(Zx) is
embedded diagonally into G1(A®) x Zs;). The closure is equal to F % ) and in particular,
My = Ho(Ly) C 929"

If B is maximally commutative in Endo, (A /r) ®z Q, %, is a maximal torus T, in G1. The
Zy-points of T, = s, is given as in the lemma.

We can reverse the argument to prove the above lemma: Give ourselves a semi-simple
commutative F-algebra B with nontrivial positive involution j embeddable into C' such that
the embedding factors through H‘Blp(Mm(‘l?) (Fp) ® M, ) (Fgp)) € Cp. We suppose that
the projection of B, to each M,,(q)(Fy) is maximal among commutative semi-simple Fip-
subalgebras in M,,(p)(Fyp); thus, dimp B = d. Since C' = Endp(Lg)°, we have BN D = F.
Suppose that B is stable under the involution % and that the involution j is induced by .
By the maximality of B, B is its own commutant inside C'. Since dimp B = d = dimp Lg,
L is free of rank 1 over Br = B ®g R. Since j is positive acting nontrivially on all simple
components of B, we have B = Fi = ClF:Qld/2 45 C-algebras. The C-algebra structure
C — By induces hp : C — Cg. Since j is positive, identifying Lg with Bg, the inner product
(x,y) = (x, hg(v/—1)y) is definite. Replacing hp by its complex conjugate hpoc if necessary, we
may assume that (-, -) is positive definite; so, h satisfies (H1) (and hence in X by [11] Section 2

or [2] Lemma 7.3). Thus we have proven

Lemma 1.4 Let the notation and the assumption be as above. Then there exists x € X such
that hg = hy, replacing hg by its complex conjugate hp o ¢ if necessary.

Write j for the involution of [ [gy,(My () (F3p) M, , (oqp) (Fip)) sending (z,y) € My, ) (Fip) @
M, ) (Fp) to ("y°,'2¢) € M, ) (Fyp) @ My () (Fyy). Going in the reverse direction, if we start

with a maximal semi-simple commutative subalgebra B, C g, (Mon(p)(Fp) © M, ) (Fp))
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stable under j, we can choose (infinitely many nonisomorphic) global F-algebra B inside C
stable under * so that

e B is a product of CM fields,

e x induces 7 on B, and

e jis the complex conjugation on each CM simple component of B.

For a proof of this fact, see Lemma 3.5. Then by the above argument Lg = By has complex
structure (given by h as above), and Lg/L gives a complex torus A with Op C End(A), where
Op = {a € BlaL C L}. By the Riemann form (-,-), A(C) is the complex manifold of the
complex points of a CM abelian variety A over C. We can then descend it to # by the theory
of complex multiplication (see [21] and [22]). By our choice, A,y = A,y ®y W is ordinary;
so, we can fix a level structure 7, and n®™). Taking its reduction modulo p, we get a point
r = z(By) in Igoo(F) such that T, (p,) = My N B) and A, = A xy F. The point z(B,) lies
on one of the components g - I, of Igs. Replacing z(B,) by ¢~ (x(B,)), we may assume that
x(B,) € I (F).

In the following two sections, we will prove that M; is generated by T, (p,) where B), runs
through sufficiently many Fj-algebras. Then in the final section, we prove (St) for a suitable
choice of ¥ (see Lemma 4.2), and then we reduce the proof of Theorem 0.1 to this slightly

weaker statement.

2 Group Theory

We prepare necessary items (for the proof of the theorem) from group theory. Fix a local
field K/Q, (a finite extension) with p-adic integer ring O and residue field x. Write m for
the maximal ideal of O; so, Ox/m = k. Let & be a complete representative set for the
isomorphism classes of all commutative semi-simple algebras of dimension d over K. Fix a
basis over Of of the integral closure Op, of Ok in B, € % and embed Op, into My(Ox) by
the regular representation pp,. If confusion is unlikely, we write B for B,,.

We start with

Lemma 2.1 If B and B’ are linearly disjoint field extensions of K of degrees d < d’, respec-
tively, we have Mgy q (K) = pp(B)xpp (B') for any 0 # x € Myxa (K), where Maxa (K) is

the ring of d x d' matrices with coefficients in K.

Proof By the assumption, B @ B’ has dimension dd’. Then we can make Mg.q (K) as
B @k B’-module by (b®V')(z) = pp(b)xpp (V). Since B and B’ are commutative, this gives
a module structure of My (K) over the semi-simple algebra B ® ¢ B’. Since B and B’ are
linearly disjoint, B ® ¢ B’ is a field extension of K of degree dd’. Thus M (K) is a vector
space of dimension 1 over B ® B’; in particular, any nonzero d X d’ matrix z is a basis; so,
we have Myxqa(K) = (B®k B')x = pp(B)zpp (B’).

We write My for Myyxq.

Lemma 2.2 Let B/K be an unramified semi-simple extension of degree d and B’ /K be a fully
ramified field extension of degree d = d'. Then My(Ok) = pp(Op)lapp (Op/) for the d x d
identity matriz 14, where pp (resp. pp/) is the regular representation of Op (resp. Op/) over

Ok .
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Proof Split B = @, B; for simple components B;. Since we may replace pp and pps by their
conjugates gppg ' and gpprg~* for g € GL4(Ok), we may assume that pg = @, p; for p; :
B; — My, (K) for d; = [B; : K]. Then by Lemma 2.1, we have p;(B;)x;pp (B") = My, xa(K),
where z; is any non-zero d; X d matrix. Thus we need to show p;(Op,)z;pp (Op') = My, xa(OK)
for x; € Mg, xq(Ok) with invertible reduction modulo the maximal ideal m of Og. Thus we
may replace B by B; and write d for d; < d’. By Nakayama’s lemma, we only need to show
pB(Op/mOB)xpp (Op /mOp) = Mgxa (k) for a nonzero element © € Myxq (k) of rank d.
Since
O /mOp: = K[X]/(X)

for the residue field k = O /m, over the field extension Op/mOp of k, pp (X?) for i =

0,...,d—1 are linearly independent. Thus by counting dimension, we find the desired identity.
Corollary 2.3 The Lie algebra gly(Og) := My(Ok) is generated by {pp(Op)}pecs-
Proof We take a fully ramified field B’/ K of degree d and an unramified field extension B/K

of degree d. Then any element gl (Og) can be written as a linear combination of XY for
X € pp(Op) and Y € pp/(Op/) (by the above lemma); so, slg(Ox) = {x € glg(Ok)|Tr(z) = 0}
is generated by

{[X,Y]|X € pp(05),Y € pp/(Op')}.
Since gly(Ok) = 3 @ sly(Ok) for the center 3 C pp(Op) C My(Ok), we get the desired result.

Lemma 2.4  The group GL4(Of) (resp. SLq(Ok)) is generated topologically by {pp(Of )} Be 2
(resp. {pp(Ker(Nk,p))}Bes), where Nk : Of — O is the norm map.

Proof Let H C GL4q(Ok) be the closed subgroup topologically generated by {pp(0%)}peca.
The Lie algebra gly(Og) is generated by {pp(Op)}pesz by Corollary 2.3, because we have an
unramified extension B/K of degree d and a fully ramified extension B’/K of degree d in A.
Thus applying the p-adic exponential map, we find that an open subgroup S C GL,(Ok) is
contained in H. If p is unramified in K/Q,, exp converges on p - glg(Ok) and hence, we may
assume that S =14+ p- gla(Oxk); so, GL,(Ok)/S = GL4(r) for the residue field x of Ok.

Now we show that GL,, (k) is generated by pp((Op/mOp)*) for B running through #. It is
enough to show that the image H of H in GL4(k) intersects nontrivially with every conjugacy
class of GL4(k). If x € GL,,(k) is a unipotent element, we may assume that z is in the Jordan
canonical form. Then it is easy to find semi-simple ramified extension B € % such that the
image of Of in GL, (k) contains a conjugate of z. If z € GL, (k) is semisimple, we can of
course find an unramified B € % such that the image of O} in GL, (k) contains a conjugate of
x. Thus H = GLg4(k). This shows the result for GL;(Ok) if K/Q, is unramified.

If K/Q, ramifies, by the above proof in the unramified case, we have H D GL4(Z,). Since
H is Og-Lie group, for any unipotent subgroup U C GL4(K) generated by a root, the Lie
algebra of U N H is an Og-module. Since H D GL4(Z,), any simple roots are in U N H; so,
any integral upper triangular unipotent elements are in H. Since H contains an open subgroup
S, by [1] Proposition 3.2, H contains SL4(Of). Taking an unramified extension B/K, we find
that Ng,p(Of) = Of; so, det(H) = Of, and we have H = GLq(Ok ).

The above proof for GLy; can be performed also for SLg; without much modification, and

the work is left to the reader.
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Let K now be a semi-simple commutative algebra over Q,. We take a complete set &
of representatives of isomorphism classes of K-algebras B free of rank d over K. We fix a
regular representation pp : Op — Mg(Of) for each B € #. Since GLq(Ok) = [[; GL4(Ok,)
and SL4(Ok) =[], SLia(Ok,) for simple components K; of K, we have the following obvious

version of the above lemma for the semi-simple base ring K:

Corollary 2.5 The group GLq(Ok) (resp. SLqa(Ok)) is generated topologically by
{pB(OF)}Bez (resp. {pp(Ker(Nk/p))}Bes), where Ng i : OF — O is the norm map.

3 Algebraic Number Theory

We prepare necessary items (for the proof of the theorem) from algebraic number theory. In

this section, K is a local field. We start with the following well-known fact:

Lemma 3.1 Let K/k/Q, be finite field extensions. Then the p-adic integer ring Ok is

generated by a single element over the p-adic integer ring Oy.

Proof First suppose that K /k is fully ramified. Let w be the uniformizer of K and F, be the
common residue field of Og and O. Let R = py—1 U {0} C Oy be the Teichmiiller lift of F,,.
Then by w-adic expansion, any x € Ok can be written as 220:0 a,w™ with a, € R. Thus
Ok = Olw| = Og[w + a] for any a € Op. In particular, we may assume that the generator
is a unit in Ok. If K/k is unramified, writing Q = || (so, K = Fg) and taking an element
0y € Ok whose image in x generate x over the residue field Fy of Oy, we have O[] = Ok.
In general, we choose 6 as above in the maximal unramified extension K" /k inside K so that
Ogur = Ok[f]. Taking the fixed subfield K" in K of any lift of the Q-power Frobenius map in
Gal(K9% /k) for the Galois closure K9 of K/k, we find a subfield K" /k of K fully ramified.
We choose a uniformizer w of K. Put § = w + 0y. Since Og = Ogr ®o, Okwr, the different

of 6 and the different of w over K"" generate the same ideal, and 6 generates Ok over Oy.

Corollary 3.2 For any semi-simple commutative extension B/K, B is generated over K by
a single element, and Op is generated at most by m elements if m is the number of simple com-
ponents of B. Moreover, we can choose an element £ € Op so that Ok[£] projects surjectively

to the p-adic integer ring of each simple component of B.

Proof Let B, be a simple component of B. Choose a generator 6; of Op, over Ok by the above
lemma, then § = (6;) € B generates an order of B whose projection to any simple component
is maximal. In particular, § generate B over K. The m elements 6; generates Op over Oy.

We take the central simple algebra D,r and projective Op-module L as in Section 1, and
recall that C is the opposite algebra of Endp(Lg). Recall d? = dimp C. Since D, = M, (F},),
for each prime factor plp, V, = L ®o Fy = Mpsxm,(Fy) on which D, = M,(F,) acts by
right multiplication. Since Lg is D-projective, m = m,, is independent of p|p. Then we have
Endp(Mpxm(Fy)) = My (Fy) = Cg, and m = d.

We take a semi-simple commutative Fj-algebra B, with an involution j inducing ¢ on F
(we make a convention that c is the identity map if F' = Fp). We assume that

(I0) B, is free of rank d over F,, where d* = dimp C;

(I1) j does not fix any simple component of B,,.

If p is a prime factor of p in Fy splitting into p = PP, then B, = By @ Bq3 and without
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assuming (I1), j interchanges By and By, since j = con F. If F = F, or B|p for a prime P
with ¢ = B, we have d = 2m(P). In such a case, (I0-1) implies

(I2) The p-component B, is isomorphic to By & By for two copies of semi-simple commu-
tative algebra By interchanged by j (and dimp, By = m(%B)).

We write % for the isomorphism classes of commutative semi-simple algebras B, over F},

with involution j satisfying the conditions (I0-1) (and hence also (12)).
Lemma 3.3 If B, satisfies (I10-1), then B, can be embedded into C, = My(F},) so that the

image is stable under x and j coincides with x on B,y.

Proof Let J € GL4(F,) be defined as follows: J, = 14 if p = PP with P # P in F, and
Jp = (1m?m) lmém ) if P|p is a prime factor of p in F with P = P. Since C), = My(F},) has two
involutions * and z — z° 0

= J2¢J 7! the automorphism z +— (2*)° is an inner conjugation
by the theorem of Skolem—Noether. Thus modifying the identification, we may assume that
o =a2% If p = PP (P # P), we embed By into My(Fy) by a regular representation
pg over Fy and By into Mg(Fy) by @ + ‘pp(2?)°. Thus By, = By @ By is embedded
into Cp as desired. If p = P or F = Fy, B, = By ® By as in (12). We take a regular
representation pg : By — My, ) (Fip) of the left component By and embed (z,y) € By @ By
i () 0 . . .
into Cp = Mo,y (Fip) by (2,9) — (po tp(yj)n) € My(Fy) = Cp. This embedding satisfies
the desired property.

For each B, € #, we embed B, into (), as in Lemma 3.3. Then B, is a maximal com-
mutative semisimple subalgebra of C,, and we have V, = V ®q Q, = D, ®F, B,. Indeed,
picking v € V,, which is not killed by any simple component of D, and B,, we have an injection
D, ®p, B, — V) given by d ® b — dbv. Since dimpp Vo =nd = dimpp D ®F By, we have the
isomorphism V), £ D), ®F, By.

Lemma 3.4 Choosing an identification V, = D), ®F, B, as above, we can find Sp € D)5 and
Sp € BJ with'Sf, = £Sp and 'S = FSp such that the involution p® x on D, @, By, is the
adjoint involution with respect to the pairing given by

(d ® b7 d/ & bl) = TrF/FO (TI'DP/FP (tdCSDd/)’I‘I'Bp/FP (chBbl))
forb,b' € B, and d,d € D,.

In other words, to define the algebraic group G q,, we may assume that the original pairing
(-,-) on V}, is given by the pairing in the lemma after identifying V}, with D, ®r, B,.

Proof Since B,/ F, is semi-simple, identifying D, ®r, B, with M, (B,), we can write (z,y) =
Trp,/r,, Trp,08,/8,("cay) for a € Dy®@F, By, where writing x € D,®F, By, as (z5) € M, (B,),
x — 'z = (x§;) is the involution p@+* of D@, By. Since (-, ) is alternating, we have ‘a® = —a.
Then z°®* = ta=“'za®. Since D, = M, (F,), z — *(z*)¢ for the generator ¢ of Gal(F/Fy)
is a central automorphism of D,. Thus by the theorem of Skolem-Noether, it is an inner

t

automorphism, and x” = st2°s~! for a unique s € Dy /FOXJ) with fs¢ = 4+s. Applying the same

argument to Dy, @r, B, and z +— z*, we find

2P®* = StpegTt
for S € (D, ®F, By)* /B with 'S¢ = £5, where By C B, is the subalgebra fixed by ¢. Thus
S='a"¢=—-a"' mod By and S =s®1 mod B Since § = sa®a~' mod By for a € F),
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we may write S = Sp ® Sp mod B with Sp € Dj and Sp € B, such that tS¢ = +£Sp
and 'S = FSp. Then, to define G(Q,), we may assume (z,y) = Trp g5, /r,(‘c°Sp ® Spy)
on Dy, ®F, B, = V), because our group G only depends on the involution *. In particular, we
may assume that (d®b,d' @b') = Trp/p,(Trp, /F, (tdCSDd’)TTBp/FP(bCSBb’)) for b,b’ € B and
d,d € D.
Lemma 3.5 Let % be a complete set of representatives for isomorphism classes of semi-simple
commutative Fy-algebras B, with involution j satisfying (10-1). If Op, = M,(O,), for any
B, € A, there exist infinitely many semisimple commutative F-algebras B inside C such that

(1) Opp — Oc, for the integral closure Op of O in B,

(2) BogQ, = B,,

(3) B is stable under the involution % which induces the involution j on B,

(4) B is a product of CM fields with j inducing the complex conjugation on each simple
component of B.

For each infinite place v of F, the C-algebra structure C — By induces h = hg : C — Cg
satisfying (H1), which gives rise to a CM point x € X.

Proof The last assertion follows from the first by Lemma 1.4.

By Lemma 3.3, any B, € % as above can be embedded into C), stable under * which induces
j. For each infinite place v of Fyy, (D, = D®p, Fy v, p) is isomorphic to (M, (R),z — ‘z) (in the
type C case) and is isomorphic to (M, (C),z — *x) (in the type A case; see [11] Lemma 2.11).

In these two cases, we have
[ (Ma(C), 2 — I'zI™')  in the type A case,
(Coyx) = { (Mg(R),z — J'=zJ~') in the type C case,
where [ = (10”7' _fm,) and J = (105 701“) for 6 = d/2. See [11] Section 4 or [23] Sections 1
and 2 for these facts. If iy # F and v corresponds to a p-adic place P by 7, and i, we have
(m,m") = (m(P), m(P)), and if F' = Fy with v corresponding to B, we have § = d/2 = m(P)
(see [2] Lemma 8.10). Thus we may choose a maximal semi-simple commutative F,-algebra
B, = C?® inside C,, so that B, is stable under * and * is complex conjugation on each factor C
of B,. Indeed, in the type A case, we may choose (B,, j) to be the algebra of diagonal matrices
in (My(C),z +— I'zI~') and F, = C is embedded into B, by 2z — (Z%’" zlom ). In the type C
case, we choose (B,,7) C (Mg(R),z +— JtzJ ') so that a + by/—1 € C° with a,b € R is sent
to (f;fé :ﬁ‘;) € My(R). Then {z € B)|zx* € Fy,}/F) is compact, the C-algebra structure
of B =[], By induces h : C — Cg in X, and the involution * induces a positive involution

on B,.
We write B for the open subset of {z € By |z* = —2} made up of elements = generating
By, over F. Similarly, at p, we write B, for the open subset of the set {z € Op p|z* = —z}

made up of elements = generating B,, over F},. By Corollary 3.2, B, for { = p, oo is nonempty.
We put C~ = {z € O¢,(x,)|z* = —x} which is an Oy (5)-free module. Choose a norm |- |, on
C, for each ¢ € {p, o0} so that C, is the completion of C~ under |- |, and | - |¢ induces the
standard absolute value on Fy. Pick a generator g, € B, of By over F, for each ¢ € {p,o0}
(this is possible by Corollary 3.2). Since C~ = C~ + (C ) /(C;)®) C Cf is dense under
these norms, for any given € > 0, we can think of an infinite set

Ue={z € C ||lwg— gel¢ < e forall £ € {p,00}} .
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Then {F[¢]}¢cy. contains infinitely many isomorphism classes of F-algebras (because we may
choose a prime q outside ¥ and &, &’ € U, so that Fy[¢] % Fy[¢'] (and moves q around). If € is
sufficiently small, any x € U, generates an extension of Fj isomorphic to the given B, for all
¢ e {p,c0} (by [24] XI.3 Lemma 1).

Choose € small so that (F[¢],, %) = (Bp,j) and (F[€]eo, *) = (Boo, j). We now show that we
can modify £ so that Op , — O¢,, for F[¢]. Since O¢ is maximal, we may replace V, = L®zQ,
by eV, = F¢ and regard C, = Endp,(eV,) for the idempotent ¢ € D). Then G(Q,) is the
unitary group of the hermitian vector space € - V,,. Pick &€ € U,, and consider F[§] C C. Write
Op[g for the maximal order of F'[¢]. Then Oppe is contained a maximal order R of Cx. Since

Oc,p is maximal in C,, R = gRg™!

= Oc¢,p for g € Cf. We want to show that we can take g
inside G(Q,,). If this is the case, by conjugating F'[¢] in C' by g, we have the desired subalgebra
gF[€lg™! with gOpeg~" C O¢,p whose involution ¢ is induced by *. Let L’ be the Opg-span
of eL,: L' = ZOLGOF[{] a(eLy), which is a lattice in €V, = ¢(D, ®p F[¢]) = F,[¢] stable under

OF,l¢- By Lemma 3.4, G g, is defined with respect to the pairing on V), of the following form:

(s f') = Tepre m (F5O ")

for f, f' € F,[¢] with 6 = —0¢ € F[¢]). Since the different of OF, |¢ is principal (and L, is self
dual), eL, and L’ are maximal lattices in the sense of [25] Section 4.7. Then by Lemma 5.9
in [25], we find g € G(Q,) such that gL' = L. Since G(Q) is dense in G(Q,), take a € G(Q)
sufficiently close to g in B, and replacing & by aéa™!, we get B = aF[¢Ja™! satisfying Op C
Oc¢,p ={z € C|zL, C L,}.

4 Irreducibility

We are now ready to prove Theorem 0.1. Let % be the set of prime ideals of Fj over p and
.7 be the set of all prime factors of p in F. If ' # Fy, we can decompose .¥ = P || .7*
so that .#*F is made up of all prime factors of p split over Fy. We split /P = .7, | |.75p so
that ., = {P°|B € S, ). If F # Fy, we fix a splitting: Homgeq(F, E) = @[ | P compatible
with 7P = .7, | |.7sp. In other words, i, o o induces a place P, in .7, if and only if o0 € &
(as long as i, o o induces a place in .#*?). For the place in .%¢, we just choose splitting ®
as above arbitrarily. Then ) .4 ic 0 0 is a CM type of F. The p-adic group G1(Q,) is
inside O = My(O,), and if F' # Fp, the projection 7o : Ma(Op) — H‘De%puyi Mi(Og)
induces an isomorphism of G1(Q,) C My4(O,) onto its image. We often regard G1(Q,) C
H‘Be%pu&” GLq(Og) if F # Fy. Hereafter we often write X for the conjugate X° for an
object X defined over F' (for example, P = PB°). In particular, we often write P for a prime in
Fsp above p € S and hence P € S, Decompose G(Zy) = [[, ¢ o Gp With

Gy, ={z € Oap’gg* € OOX,p}.

Similarly we can decompose G1(Zy) = [[,c.4, Gy for G, = G1(Z,) N Gy,

Recall the universal abelian scheme A over the ordinary locus of Sh(®). For each p|p in Fp,
we consider the exact sequence A[p>]° — A[p>] — A°’. The collection of g € G}, whose action
on the level p-structure preserves this exact sequence forms a maximal parabolic subgroup P,
of Gy (as seen in (P) in Section 1). We put P =[], 5 Py. The Levi subgroup of PNG1(Zp) is
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isomorphic to M;. Here for each p € .7, if p = PP in F with P € S5, (99, 9‘43) is embedded
into P in the upper triangular form via

(99, 99) — (gff *g:)-
B

If B € .77, the embedding is given by

gp  *
o= (0 )

identifying the involution * with z — fz := tz¢.

As mentioned in the introduction, our strategy to prove Theorem 0.1 is to produce suf-
ficiently many closed points = € I (F) whose stabilizers in the Levi subgroup M of P span
the group M; in order to show M; C Gal(I./S). Note that Endp,(A;) ® Q is a semi-simple
F-algebra for each point z € I. We will therefore first list commutative semi-simple algebras
B,/ F, inside C, which is the p-completion of a global semi-simple algebra B embeddable into
Endeo, (A;) ® Q for a good choice of x; thereby, we produce maximal commutative subgroups
T, (indexed by a suitable finite set of points € I) whose Z,-points taken modulo G;(A®*))
generate M (Zy). Since B, = [[gc o By, we shall describe the possible algebras By over Fip.
To describe the data {Bg}, we first suppose F' # Fy. Pick p € .7 splitting into p = PP in F.
In this splitting case, we take Ky and K‘B such that By = K @ K(43 = Bq3 for a finite semi-
simple extension Kg and Ky, of Fyy = Fyy with dimp, Ky = m(P) and dimp, Ky = m(P).
Note that

dimp, By = diqu) By, = m(P) + m(P) = d.

If P e 7%, we take Kqg/Fy semisimple of dimension m () = d/2 and put By = Kg & Ky
(so, dimp,, By = 2m() = d for P € /" above p). Then we put B), = Dpes By UP € 0
by the unramifiedness of Fi/Fp ,, we have the Frobenius automorphism o € Aut(Kg/Fo,)
corresponding to the generator ¢ of Gal(Fiyp/Fp ). We embed Fy into Ky @Ko by « — (2®27),
and write j € Aut(By/Fop) given by By = Kg @ Ky 3 (2,y) — (y,2) € K ® Ky = Byp.
Thus j induces ¢ € Gal(F/Fy) on Fig C By. When P € .#°P, we have two identical factors By
and By in By, and we write j for the interchange of the two components. Thus we have well
defined involution j € Aut(B,/Fy,) inducing the generator ¢ of Gal(F/Fp).

Now we suppose F' = Fy. In this case, we take semi-simple commutative B, /F, of dimension
m(p) = d/2. Then we put By, = [[, (B, & By). We write j for the automorphism interchanging
the two identical components of B,.

We now describe the embedding of a subgroup of B/ into the parabolic subgroup P. If
P e Sy (with p = PN Fy), Gy = SLy(Og), Cp = My(O,) and the Levi factor of P, N Gy is
isomorphic to

Mip = {(9%: 95) € GLun(p)(Op) X GL,,, (g3 (Og)| det(gp) = det(gg)} — Gy,

0
t —1
Iy

where (gg, ggp) is sent to (983 ) € SLa(Og) = G} (identifying Oy and Oy, by ¢). We can

embed By into Ciyy so that

By = {(bmabq}j) € O, X Ozx(m|NKgp/Fm(bp) = N, /ry (by)°} C By
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. —jy by
is in M. In other words, (bqg,bmj) is sent to (

0 .
; tb;) € My R e S or F =R,

(bmabq}j) in
32%3 = {(b%bq_gj) € Ozxc,} X O;;HNK(B/Fw(bm) = Nig/ry (b)) C qu3

by O
is sent to ( g tba) € Mj p. In this way, we have an embedding of B, into C}°.
p

We now globalize B, finding an F-subalgebra B C B, such that B ®q Q, = B, with
B C Endp(A,)®Q for some x € I (F). By Lemma 3.5, we find a CM semi-simple commutative
algebra B C C such that B* NGy gives the maximal commutative subgroup of the stabilizer of
a point x € Sh(¥). At complex place o : F — C, C @, C = My(C) and D ®p, C = M, (C).
Thus V®p,,C 2 M, xq(C), where (o, ) € Dy xC,y acts on V,, by z — az'(. Thus again we can
choose an idempotent € € M,,(C) = D,, so that ¢ = diag[1,0,...,0] stable under p (in this case,
we may assume that ¥ = *z). By our choice of B, (in the proof of Lemma 3.5), we may assume
that the action of B, for 0 € ® on ¢ -V, = e(V ®@p, C) gives rise to a representation whose
trace is given by m (B, )o +m (P, )oc for each o € . Thus we can give a complex structure on
Voo = Lr so that on its tangent space, the action of B is given by > 4 m(Bs)o +m(P,)oc.
Then A,(C) = Vo /L is a complex torus with a Riemann form sitting over z € Sh(C). Since
Hq(A;,Q) =V canonically, we get a level structure 7 : L) = V(A,). Since L is naturally
a D ®p B-module, A, is an abelian variety with complex multiplication by D ®p B. Thus
A, = (A, \,n™)) descends to a finite extension W ot W. By our choice again, A, 5 = A, x ;F
is an ordinary abelian variety giving rise to a point 2 € I¢(FF). Since the action of G(A®)) x M
on 7o (1 gs/r) is transitive, by moving x by an element in G(A®)) x M, we may assume that z
is in the connected component I, we have chosen (see Lemma 1.3).
Remark 4.1 Although we used the strong approximation theorem in the proof of Lemma 1.1,
what we really need is the transitivity of the action of G(A®)) x M on m(Igs.r) (Which is
true for all Shimura variety of PEL type by the approximation theorem).

Lemma 4.2 Choose ¥ so that for all £ outside 3, G g, is isomorphic to a quasi-split special
unitary group or a split symplectic group according as F # Fy or F = Fy. Then Gl(A(E)) fizes
70(Igoo/r) element by element for the Igusa tower Igs, over S

Proof Write S = S®). By Lemma 1.1, G;(A®))/{global center} C Aut(S,r), and G1(A®))
is isomorphic to Spd(Fo(i)) if FF = Fy and quasi-split SU(m,m’)(Féi)) (so, |m —m/| < 1) if
F # Fy. The classical groups Sp(d) and SU(m,m’) (with |m —m/| < 1) are almost simple
and simply connected, and hence they are generated by (divisible) unipotent subgroups (cf.
[1] Section 3). Thus G;(A®)) does not have nontrivial finite quotient groups. Since G (A®))
gives permutations of the finite set mo(/ga/r) (o < 00), it has to fix I, and hence I, = Ik for
K =G(Z{).

Thus we have verified (St) for the above choice of ¥. Since T (Zx))T(A®)) is dense in
T,(Zs, x A®)) and T, (Zx) fixes the point z € I, T;(Z,) has to fix I, because T, (A®*)) C
G1(A®)) fixes I, € 70(Igoosr) by (St) now verified. By Lemma 1.3, Gal(//S) contains a
group isomorphic to [ [y By By Corollary 2.5, Gal(I/S) contains the derived group D(M;) &
[Ipes SLim(p)(Op) of Mi. For totally split B, = Fd, [y By surjects down to My /D(My),
and hence Gal(I,/S) contains M;. Since Gal(I/S) C My by construction (see the argument
in [2] p. 374 or [3] 3.3), we get the identity Gal(I,/S) = M;.
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Let Iég) be the irreducible component of the Igusa tower over S®® . The function fields of

S®) /S and I,/S are linearly disjoint over the function field of S, and the function field of

I3

we

is the composite of function fields of S®) and I, over the function field of S. From this
conclude Gal(I,,/S®) = M;. Then for any compact subgroup K of G(A®P>)) Sk is a

quotient of S); so, we get Gal(Ix/Sk) = M;. This finishes the proof of the first assertion of
Theorem 0.1. As already explained after the theorem, the rest of Theorem 0.1 follows from the

first assertion.
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