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Abstract We shall give a simple (basically) purely in characteristic p proof of the irreducibility of

the Igusa tower over Shimura varieties of PEL type. Our result covers Shimura variety of type A and

type C classical groups, in particular, the Siegel modular varieties, the Hilbert–Siegel modular varieties,

Picard surfaces and Shimura varieties of inner forms of unitary and symplectic groups over totally real

fields.
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Fix a prime p. In [1], we have shown that the geometric automorphism group of the irreducible
component of the mod p Shimura variety of PEL type (of level away from p) associated with
a reductive group G of unitary and symplectic type is almost identical to G1(A(p∞)) modulo
global center (cf. Lemma 1.1). Here G1 is the derived subgroup of G.

In the present paper, based on this result, we give a (basically) characteristic p proof of the
irreducibility of the Igusa tower over a reduction modulo p of the Shimura variety by showing
that the stabilizer of an irreducible component of the tower is as large as possible under the
group theoretic constraints imposed by the PEL data. This is a characteristic p-version of the
proof given in [2] Section 8.4 and [3] where we used mixed-characteristic results to show the
maximality of the stabilizer. Here is a general axiomatic approach to prove the irreducibility
of an étale covering π : Ig → S of an irreducible variety S over an algebraically closed field F.
Assume the following two axioms:

(A1) A group G = M1 × G1 acts on Ig and S compatibly so that M1 ⊂ Aut(Ig/S),
G1 ⊂ Aut(S) and G1 acts trivially on π0(Ig).

(A2) M1 acts on each fiber of Ig/S transitively; so, M1 acts transitively on π0(Ig).
Let I/F be an irreducible component of Ig/F. Then I → S is a connected Galois étale

covering. Condition (A2) provides a canonical group embedding Gal(I/S) ↪→ M1; moreover,
if it is surjective, one concludes by Galois theory that Ig = I. Let H be the stabilizer of
I ∈ π0(Ig) in G . It contains G1. Pick a point x ∈ Ig (which can be a generic point), and
look at the stabilizer Hx ⊂ G of x. By (A2), there exists gx ∈ M1 such that gx(x) ∈ I; by
connectedness of I, we have gxHxg−1

x ⊂ H. Then we show that M1 = G /G1 is generated
by the image modulo G1 of {gxHxg−1

x |x ∈ Ig}. This implies that M1 = Gal(I/S), since
〈gxHxg−1

x 〉x = M1 ↪→ H/G1 ↪→ Gal(I/S).
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When S is the neutral component S(p) of the modulo p Shimura variety Sh(p) of level away
from p and Ig/S is the Igusa tower over S, F = Fp is an algebraic closure of Fp, G1 is given
by G1(A(Σ)) for a well chosen finite set Σ of places of Q containing {p,∞}, M1 is the Levi-
subgroup of the maximal parabolic subgroup of G1(Zp) associated with the connected-étale
exact sequence of the p-divisible Barsotti–Tate group of the universal abelian scheme over S.
In particular, Hx for x moving around Ig(F) contains a subgroup Tx isomorphic to a maximal
torus in each isomorphism class of maximal tori in G anisotropic at ∞, and from this fact, it is
clear that {gxTxg−1

x |x ∈ Ig(F)} and G1 topologically generate G (though we will give a detailed
argument for this fact in Sections §2–3). We say our argument is “basically” of characteristic p,
because we use for simplicity the canonical (characteristic 0) lift of the characteristic p abelian
variety sitting over x ∈ Ig(F) to define Tx ⊂ G1, though the use of the lift could be avoided by
using the determination of the automorphism group Aut(S(p)/F) in [1].

Let us make slightly more precise the reductive group G and its action on the Igusa tower
Ig limiting ourselves to the extent sufficient to formulate our result (more details follow in the
text). The group G is realized as a subgroup of GL(V ) for V = LQ = L⊗Z Q with a well chosen
lattice L (fixed in the PEL data). To be more precise, let D be a central simple algebra D over
a number field F with a positive involution. Fix a maximal order OD of the algebra D stable
under the involution, and take a projective OD-module L of finite type, and put V = L⊗Z Q.
The reductive group G/Q is an appropriate subgroup of AutD(V ); in other words, G(Q) is a
classical group inside AutD(V ).

Fix a prime p. We introduce the (prime-to-p) PEL data and the corresponding Shimura
variety Sh(p) of prime-to-p level. The Shimura variety Sh(p) of PEL type classifies abelian
schemes A with an algebra embedding OD ⊂ End(A), a polarization class λ and a prime-to-p
level structure η(p) : L⊗Z A

(p∞) ∼= T (p)A⊗Z A
(p∞), where T (p)A = lim←−p�N

A[N ] is the prime-

to-p Tate module of A and A
(p∞) is the adele ring away from p and ∞. The level structure

η(p) is supposed to be OD-linear. The Shimura variety Sh(p) is defined over the p-integer ring
OE,(p) = OE ⊗Z Z(p) (Z(p) = Q ∩ Zp) of the reflex field E. Fix embeddings ip : E ↪→ Qp and
i∞ : E ↪→ C for an algebraic closure E/E, and let W be the strict henselization inside E of
the local ring of OE,(p) corresponding to the embedding E ↪→ Qp. Let F be the residue field
W /mW (which is an algebraic closure of Fp). Let Sh

(p)
/W = Sh(p) ×OE,(p) W . Then (under the

existence of a smooth toroidal compactification of Sh
(p)
/W over W ; for example, see [4]), Sh

(p)
/W

is a disjoint union of smooth irreducible subschemes whose generic fiber and special fiber are
geometrically irreducible.

The group G(A(p∞)) acts on Sh(p) by sending (A, λ, η(p)) to (A, λ, η(p)◦g) for g ∈ G(A(p∞)).
Fix an irreducible component S = S

(p)
/F

inside the special fiber Sh
(p)
/F

= Sh
(p)
/W ×W F. Then if G

is of type A or C, the derived group G1(A(p∞)) preserves the component S of Sh
(p)
/F

.

In my book [2], many irreducibility theorems of the Igusa tower Ig over S are proven (The-
orems 3.3, 4.21, 6.27 and Corollary 8.17). In particular, the proof of the first three theorems
Theorems 3.3, 4.21 and 6.27 in [2] consists in showing explicitly that the stabilizer of each
irreducible component is as large as possible under the PEL data (using p-adic mixed char-
acteristic valuation ring of the function field of the characteristic 0 Shimura variety; see [3]
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for a more concise account of the argument). In this paper, we shall give a direct proof of
the statement of the corollary in line with the proof of the first three theorems (without using
mixed characteristic p-adic valuations).

Proofs purely in characteristic p of the fact seem important, because as pointed out by
Chai, it is plausible that one of such arguments may produce a similar result for the p-adic
monodromy group over each (positive dimensional) leaf inside S/F (see [5] 2.2 and 2.8 for a
definition of leaves, and see [6] for the �-adic monodromy of leaves with � 
= p). Indeed, in [7],
Chai gives a sketch of three known purely characteristic p proofs of irreducibility of the Igusa
tower over the Siegel modular variety (and their history), and in [5], Chai and Oort give a proof
of irreducibility of leaves and the maximality of the p-adic monodromy of the leaves in the
Siegel modular variety. Note here that leaves of non-maximal and non-minimal dimension may
not have characteristic 0 lift in general (so the argument using mixed characteristic valuations
does not apply to such middle dimensional leaves). See [7] Section 6 for an indication of how
to prove maximality of p-adic monodromy for leaves without characteristic 0 lift. We also note
that Boyer [8] has given a proof of such maximality (by cohomological means) in the special
cases of the Igusa tower of the first and second kind studied in [9].

Although we concentrate on the groups G of type A and C and do not touch upon type D
groups, our method may be applicable even to the groups of type D, because what we actually
need is the transitivity of the action of a subgroup ˜P in G(A(∞)) on π0(Ig/F) (see Remark 4.1).
Indeed, fixing an irreducible component I of the Igusa tower Ig, by the transitivity of the action,
any closed point x ∈ Ig(F) can be brought into I by an element gx ∈ ˜P ; so, the stabilizer Hx

of the closed point x ∈ Ig can be brought into Gal(I/S) under the conjugation by gx. Since
the choice of x is arbitrary, one expects that Gal(I/S) is as large as possible and hence the
irreducibility. Though for simplicity we use the strong approximation theorem to pin down the
above heuristic into a rigorous proof, the transitivity does not require the strong approximation
(the weaker approximation theorem is enough).

The center of the ring OD is the integer ring O of a field F , and by the definition of PEL
structures (see below in the text), F is either a totally real field F0 or a CM quadratic extension
of a totally real field F0. We take the restriction of scalar G/Q to Q of an inner form of a
symplectic or a unitary group (relative to F/F0) over F0, and assume that G has the associated
Shimura variety of PEL type (thus G is of type A or C). In characteristic 0, the full Shimura
variety Sh/E is well defined and Sh/G(Zp) = Sh(p) for a well specified maximal open compact
subgroup G(Zp) ⊂ G(Qp). We will specify G(Zp) later in (H4–5). Then Sh

(p)
/OE,(p)

classifies a
certain type of abelian schemes under the hypothesis (H1–5). Thus we have a universal abelian
scheme A over Sh

(p)
/F

. We assume throughout this paper that

• The prime p is unramified in F/Q (to have smooth Sh
(p)
/W ),

• G is unramified over Qp, and G(Qp) is a subgroup of GLd(Fp) for a positive integer d

specified later (this condition follows from the condition (H5) and also to have smooth Sh
(p)
/W ),

• A is ordinary over an open dense subscheme of Sh
(p)
/F

.
The last ordinarity condition can be stated under the unramifiedness conditions as a con-

dition of the signature of the symplectic and unitary group G (cf. [10] and [2] Lemma 8.10).
By the ordinarity condition, the connected-étale exact sequence of the p-divisible Barsotti–Tate
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group A[p∞] of A over the ordinary locus gives rise to a maximal parabolic subgroup P of G/Zp

(and ˜P = P (Zp)G(A(p∞))). The Levi-factor L of P has the following subgroup M1 = L ∩G1

whose Zp-points provide a group of geometric automorphisms of the Igusa tower Ig over Sh(p).
Moreover the main theorem (Theorem 0.1 below) of this paper is equivalent to the equality
M1(Zp) = Aut(Ig/Sh(p)).

For each prime factor P|p of O, the OD,P-rank of the Tate module of each étale quotient
A[P∞]et of the P-torsion points (over the ordinary locus) gives a positive integer m(P). By the
definition of the moduli problem, for the positive integer d (as above) independent of P|p, we
have m(P) + m(P) = d if F is a CM field, where P is the conjugate of P under the generator
c ∈ Gal(F/F0), and 2m(P) = d if F is totally real. The pair of numbers (m(P), m(P)) is the
signature of the symplectic or the unitary group G at the infinite place corresponding to P via
ip and i∞. We have the following explicit description of M1:

M1 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

{

(gP) ∈
∏

P|p
GLm(P)(OP)

∣

∣∀P|p det(gP) = det(gP)
}

, if F 
= F0,

∏

P|p
GLm(P)(OP), if F = F0.

Theorem 0.1 Assume the above three conditions and (H1–5) we will specify later. Let SK/F

be the image of S/F in the quotient of Sh(p) by a compact subgroup K of G(A(p∞)). Let
IgK = (Ig/K) ×Sh(p)/K SK , which is the Igusa tower over SK . Then for each irreducible
component IK of IgK , we have a natural isomorphism

Gal(IK/SK) ∼= M1.

In particular, if F is totally real, IgK is irreducible, and if F 
= F0 and Sh(p) is not projective,
each irreducible component of IgK contains an unramified cusp over the infinity cusp ∞ of SK .

This is exactly Corollary 8.17 of [2]. By definition, L (Zp) acts transitively on each fiber
of IgK over SK (and hence transitively on π0(IgK/F)). Thus Gal(IK/SK) is the stabilizer of
IK ∈ π0(IgK/F) in L (Zp). As shown in the last page of [2] (p. 374), by a geometric argument,
we have an inclusion Gal(IK/SK) ⊂ M1 (see [3] 3.3 for a simpler argument). We will show
M1 ⊃ Gal(IK/SK) by proving basically that the groups gxHxg−1

x (x running over IgK(F))
generate M1 ×G1(A(p∞)) topologically, where Hx ⊂ ˜P is the stabilizer of x and gx ∈ G(A(∞))
brings x into IK(F). The group Hx may be bigger than Tx(Z(p)) ⊂M1 ×G1(A(p∞)), but only
the tori Txs are actually sufficient for our purpose.

In the following section, we give a short description of the Shimura variety we deal with,
state the conditions (H1–5), explain how the number m(P) is determined by A[P∞]et, and
how the group M1 is sent isomorphically onto L ∩ G1(Zp). In the next two sections §2–3, we
prepare necessary lemmas from group theory and algebraic number theory (in order to show
definitely the groups {gxTx(Zp)g−1

x |x ∈ Ig(F)} generate M1). In the final section (§4), we give
the proof of the first assertion of the theorem.

As for the last two assertions, when F = F0, by the construction of Ig, M1 acts tran-
sitively on π0(IgK/F), and hence the irreducibility of IgK follows. If F 
= F0, the group
M =

∏

P|p GLm(P)(OP) ⊂ L acts transitively on π0(IgK/F), and hence IgK is not irreducible.
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Since the action of M sends the infinity cusp ∞ to an unramified cusp of each irreducible
component (if Sh(p) is not projective), the last assertion follows from the first.

Contents

1 Shimura variety 5

2 Group theory 12

3 Algebraic number theory 14

4 Irreducibility 18

Reference 20

1 Shimura Variety

We recall the definition and the assumptions governing the Shimura variety we are looking
into. Let D be a central simple algebra over the field F with a positive involution ρ (thus
TrD/Q(xxρ) > 0 for all 0 
= x ∈ D). Let F0 be the subfield of F fixed by ρ. Thus F0 is
necessarily a totally real field, and either F = F0 or F is a CM quadratic extension of F0 (ρ
restricts to the generator c ∈ Gal(F/F0)). We write O0 (resp. O) for the integer ring of F0

(resp. F ). We have fixed the algebraic closure F of the prime field Fp which is the residue field
of W .

Take a finite subset Σ of rational places including∞ and p. Let F×
+ be the subset of totally

positive elements in F0, and O(Σ) denotes the localization of O at Σ (disregarding the infinite
place in Σ) and OΣ is the completion of O at Σ (again disregarding the infinite place); so,
we have O(Σ) = OΣ ∩ F in FΣ =

∏

v∈Σ Fv with the completion Fv of F at v ∈ Σ. We write
O×

(Σ)+ = F×
+ ∩O(Σ).

Let OD be a maximal order of D stable under ρ. Let L be a projective OD-module with
a non-degenerate F0-linear alternating form 〈 , 〉 : LQ × LQ → F0 for LR = L ⊗Z R such that
〈bx, y〉 = 〈x, bρy〉 for all b ∈ D. We often write V for LQ.

Let C be the opposite algebra of C◦ = EndD(LQ). Then C is a central simple algebra over
F in the same Brauer class of D. We write CR = C ⊗Q R, DR = D⊗Q R and F0,R = F0 ⊗Q R.
The algebra C has involution ∗ given by 〈cx, y〉 = 〈x, c∗y〉 for c ∈ C. The involution ∗ (resp.
ρ) induces the involution ∗ ⊗ 1 (resp. ρ ⊗ 1) on CR (resp. on DR) which we write as ∗ (resp.
ρ) simply. Define an algebraic group G/Q by

G(R) =
{

g ∈ CR

∣

∣ν(g) := gg∗ ∈ (F0,R)×
}

for Q-algebras R. (1.1)

We write G1 for the derived group of G; thus,

G1 = {g ∈ G|NC(g) = ν(g) = 1}
for the reduced norm NC of C over F . We write ZG = G/G1 for the cocenter of G. Then
g �→ (ν(g), NC(g)) identifies ZG with a sub-torus of ResF0/QGm × ResF/QGm. If F = F0, G1

is equal to the kernel of the similitude map g �→ ν(g); so, in this case, we ignore the right
factor ResF/QGm and regard ZG ⊂ ResF/QGm. We write ZG(R)+ for the identity connected
component of ZG(R) and put ZG(Z(Σ))+ = ZG(R)+ ∩ (O×

0(Σ) ×O×
(Σ)); so, ZG(Z(Σ))+ = O×

(Σ)+

if F = F0. Write ZΣ =
∏

�∈Σ−{∞} Z� and Z
(p)
Σ = ZΣ/Zp.
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We suppose to have an R-algebra homomorphism h : C→ CR such that h(z) = h(z)∗ and
(H1) (x, y) = 〈x, h(i)y〉 induces a positive definite hermitian form on LR.
We define X to be the conjugacy classes of h under G(R). Then X is a finite disjoint union of

copies of the hermitian symmetric domain isomorphic to G(R)+/Ch (see [11] Lemma 4.1), where
Ch is the stabilizer of h and the superscript “+” indicates the identity connected component
of the Lie group G(R). Then the pair (G, X) satisfies the three axioms (see [12] 2.1.1.1–3 or
[2] 7.2.1) specifying the data for defining the Shimura variety Sh (and its field of definition,
the reflex field E; see below). In [12], two more axioms are stated to simplify the situation:
(2.1.1.4-5). These two extra axioms may not hold generally for our choice of (G, X) (see [13]
Remark 2.2 on p. 322).

The complex points of Sh are given by

Sh(C) = G(Q)\(G(A(∞))×X)/Z(Q).

The morphism h gives rise to a complex structure on the real vector space LR (by putting
z · v = h(z)v for v ∈ LR and z ∈ C). Thus we can split LC = V1 ⊕ V2 so that z ∈ C acts on
V1 (resp. V2) via multiplication by z (resp. z). Since the action of D commutes with h, we
get a complex representation ρ1 : D ↪→ EndC(V1). Then {Tr(ρ1(δ))|δ ∈ D} generates a number
field E over Q, which is the field of rationality of ρ1. The field E is called the reflex field of
(G, X), and the quasi-projective variety Sh/C canonically descends to a quasi-projective variety
Sh/E (by the work of Shimura and Deligne; e.g., [2] Section 7.1). This variety Sh/E can be
characterized as a moduli variety over E of abelian varieties up to isogeny with multiplication
by OD. For each x ∈ X, we have hx : C → CR given by z �→ g · h(z)g−1 for g ∈ G(R)/Ch

sending h to x. Then v �→ hx(z)v for z ∈ C gives rise to a complex vector space structure on
LR, and Ax(C) = LR/L is an abelian variety (see [14] I.3), because by (H1), 〈 , 〉 induces a
Riemann form on L and a polarization on Ax/C. The multiplication by b ∈ OD is given by
(v mod L) �→ (b · v mod L).

We assume the following conditions:
(H2) The derived subgroup G1 is simply connected; so, G1(R) is of type A (unitary groups)

or of type C (symplectic groups);
(H3) The prime p is unramified in F/Q, and Σ contains ∞ and p;
(H4) The pairing 〈 , 〉 induces Lp = L⊗Z Zp

∼= Hom(Lp, O0,p);
(H5) OD,p = OD ⊗Z Zp

∼= Mn(Op) for O� = O ⊗Z Z�.
Put OC = {g ∈ C|gL ⊂ L}. Then OC is an order of C. Under (H5), OC,p

∼= Md(Op); in
particular, OC,p is a maximal order of Cp. Let

G(ZΣ) = {g ∈ G(QΣ)|g · LΣ = LΣ}
for QΣ = Q⊗Z ZΣ and LΣ = L⊗Z ZΣ. At p, under (H3–5), G(Zp) is a hyper-special maximal
compact subgroup of G(Qp). Under (H1–5), a p-integral moduli interpretation due to Kot-
twitz [11] allows us to have a well defined p-integral model Sh(p) over OE,(p) of Sh/G(Zp) over
E of level away from {p,∞} (see below for a brief description of the moduli problem, and a
more complete description can be found in [2] 7.1.3). We then define Sh

(Σ)
/OE,(p)

= Sh(p)/G(Z(p)
Σ ),

where Z
(p)
Σ = ZΣ−{p} = ZΣ/Zp. In other words,

Sh(Σ)(C) = G(Q)\(G(A(∞))×X)/Z(Q)G(ZΣ) (1.2)
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has a well defined smooth model over OE,(p) := OE ⊗Z Z(p) over which Sh
(p)
OE,(p)

is an étale

covering. We write Sh(p) for Sh(Σ) when Σ = {p,∞}. We also write Q
(p)
Σ = QΣ/Qp.

By definition, OE,(p) is contained in W . The scheme Sh
(Σ)
/R classifies, for any R-scheme T ,

quadruples (A, λ, i, η(Σ))/T defined as follows: A is an abelian scheme of dimension 1
2 rankZ L

for which we define the Tate module T (A) = lim←−N
A[N ], T (p)(A) = T (A)⊗Z

̂Z
(p), TΣ(A) =

T (A) ⊗Z ZΣ and V (Σ)(A) = T (A) ⊗Z A
(Σ). The symbol i stands for an algebra embedding

i : OD ↪→ End(A) taking the identity to the identity map on A. Though η(Σ) is called a
level structure away from Σ, it contains some information at places in Σ; indeed, it is an OD–
linear map η(p) : L ⊗Z A

(p) ∼= V (p)(A) modulo G(Z(p)
Σ ) (that is, η(Σ) is a sheaf theoretic orbit

η(p)G(Z(p)
Σ ); see [15] 4.3.1 about sheaf theoretic orbits). The polarization class λ is a class of

polarizations λ up to scalar multiplication by i(O×
(Σ)+) which induces the Riemann form 〈·, ·〉

on L up to scalar multiplication by O×
(Σ)+. There is one more condition (cf. [11] Section 5 or [2]

7.1.1 (det)) specifying the module structure of ΩA/T over OD ⊗Z OT (which we do not recall,
but over E, it imposes that Lie(A/T ) ∼= ρ1 as D-modules). The group N(G(Z(p)

Σ )) × G(A(Σ))
(for the normalizer N(G(Z(p)

Σ )) of G(Z(p)
Σ ) in G(Q(p)

Σ )) acts on Sh(Σ) by

η(Σ) = η(p)G(Z(p)
Σ ) �→ η(p)G(Z(p)

Σ ) ◦ g = (η(p) ◦ g)G(Z(p)
Σ ) = η(Σ) ◦ g.

If G(Z�) is not quasi-split (for example, is anisotropic) at � ∈ Σ, the normalizer N(G(Z�)) is
often bigger than G(Z�); for example, if F = F0 = Q and L = OD for an indefinite quaternion
algebra D ramified at �, then C ∼= D, G is the multiplicative group of D, and N(G(Z�)) =
G(Q�). Over C, this action of g coincides with the right multiplication by g on Sh(Σ)(C) in
(1.2).

Recall the strict henselization W ⊂ E of Z(p); then, W is an unramified valuation ring with
residue field F = Fp. Under the five conditions (H1–5) for Σ = {p,∞}, the existence of smooth
(integral) toroidal compactification of Sh(p) is now known as an algebraic space after the work of
Rapoport [16], Chai–Faltings [17] and Fujiwara [18] (see [4] for a very detailed proof). Although
our moduli problem is slightly different from the one Kottwitz considered in [11], as was done in
[2] 7.1.3, following [11] closely, the p-integral moduli Sh(p) over OE,(p) is proven to be a quasi-
projective scheme; so, the compactified algebraic space is a projective scheme (if we choose
the toroidal compactification data well). We can make the smooth toroidal compactification
of Sh(p) equivariant under the action of the compact group G(Z(p)

Σ ) (cf. [17] Chapter IV), and

hence, for a well chosen toroidal compactification data, once a smooth compactification Sh
(p)

/W

is established for Sh
(p)
/W , for any Σ ⊃ {p,∞}, Sh

(Σ)
/W has smooth compactification Sh

(Σ)

/W such

that Sh
(Σ)

/W = Sh
(p)

/G(Z(p)
Σ )/W .

We have fixed a geometrically irreducible component S
(p)

/E
of Sh

(p)

/E
. The pro-variety S

(p)

/E

is defined over the quotient field K of W as a geometrically irreducible variety. Write simply
S

(Σ)
/K for the image S

G(Z
(p)
Σ )

in Sh
(Σ)
/K . Then we define S

(Σ)
/W by the schematic closure of the

image of S
(Σ)
/K in Sh

(Σ)
/W . By Zariski’s connectedness theorem combined with the existence

of a normal projective compactification (either minimal or smooth) of Sh
(Σ)
/W , the reduction

S
(Σ)
/F

= S(Σ) ×W F is a geometrically irreducible component of Sh
(Σ)
/F

= Sh
(Σ)
/W ⊗W F. The

following result is a version of the result in [1]:
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Lemma 1.1 Assume the five conditions (H1–5). Then the stabilizer of S
(Σ)
/F

(and of S
(Σ)
/W ) in

G(A(Σ)) of the Shimura variety of level away from Σ is given by G (Σ)/G(Z(p)
Σ )Z(Z(p)) for the

following locally compact subgroup G (Σ) of G(A(p)):

G (Σ) = {x ∈ N(G(Z(p)
Σ ))×G(A(Σ))

∣

∣μ(x) ∈ ZG(Z(p))+}, (1.3)

where ZG(Z(p))+ (resp. Z(Z(p))) is the topological closure of ZG(Z(p))+ (resp. Z(Z(p))) in
ZG(A(p)) (resp. in G(A(p))), and N(G(Z(p)

Σ )) is the normalizer of G(Z(p)
Σ ) in G(Q(p)

Σ ). In
particular, the action of G1(A(Σ)) leaves the irreducible component S

(Σ)
/F

stable.

Since G(Z(p)
Σ ) is compact, we have G(Z(p)

Σ )Z(Z(Σ)) = G(Z(p)
Σ )Z(Z(Σ)) inside G(A(p)).

In [1], the full scheme automorphism group Aut(S(Σ)
/F

) is identified with the group in the
lemma (up to an explicit finite error term). Determination of the stabilizer in G(A(Σ)) (not in
the full automorphism group which may contain an extra automorphism outside G(A(Σ))) is far
easier, and we shall give a self-contained proof of this lemma deducing it from the characteristic
0 version in [19], though one can give an argument purely in characteristic p similar to the one
in [1].

Proof The existence of the smooth toroidal compactification of Sh
(Σ)
/W tells us, by Zariski’s

connectedness theorem (e.g., [20] Corollary 11.3 in Chapter III), that the reduction map gives
a bijection between π0(Sh(Σ)(C)) and π0(Sh

(Σ)
/F

) for the residue field F = Fp of W . As already
mentioned, the isogeny action η(Σ) �→ η(Σ) ◦ g on Sh(Σ) coincides with the right multiplication
by g ∈ G(A(Σ)) on the homogeneous space (1.2). Then by the strong approximation theorem
applied to G1(A(Σ)) ⊃ G1(Q), the homomorphism μ : G → ZG induces an isomorphism
π0(Sh(Σ)(C)) ∼= ZG(A(Σ))/ZG(Z(Σ))+ (see [19] and [2] 7.2.3). Since g ∈ G(A(Σ)) acts on
ZG(A(Σ))/ZG(Z(Σ))+ via the right multiplication by μ(g), if Σ = {p,∞}, the stabilizer of each
x ∈ π0(Sh(p)(C)) ∼= ZG(A(p))/ZG(Z(p))+ is given by the group given in the lemma. Since the
bijection

π0(Sh(p)(C))↔ π0(Sh
(p)
/F

)

induced by the reduction map is G-equivariant, the stabilizer of the reduction modulo mW of
the component x is given by the same group.

Now assume Σ � {p,∞}. In this case, there could be a contribution of the normalizer
of G(Z(p)

Σ ) which slightly complicates the setting. The group N(G(Z(p)
Σ )) × G(A(Σ)) acts on

Sh(Σ) naturally. If g ∈ G(Q(p)
Σ ) is outside the normalizer N(G(Z(p)

Σ )), the action of g brings
Sh

(Σ)
/F

isomorphically onto Sh(p)/g−1G(Z(p)
Σ )g. Recall S(p) (the fixed geometrically irreducible

component of Sh
(p)
/F

). Let S(Σ) be the irreducible component of Sh(Σ) covered by S(p). Write

S
(Σ)
g for the image of S(p) in Sh(p)/g−1G(Z(p)

Σ )g over F. Then S
(Σ)
g is a geometrically irreducible

component of Sh(p)/g−1G(Z(p)
Σ )g. Note that S(p)/S(Σ) is a Galois étale covering with Galois

group G1(Z
(p)
Σ ). For K = G1(Z

(p)
Σ ) ∩ g−1G1(Z

(p)
Σ )g � G1(Z

(p)
Σ ), S(p)/K is a nontrivial étale

covering of S(Σ) (because the action of g ∈ G(Z(p)
Σ ) is an étale action). This shows that

S(Σ) 
= S
(Σ)
g . Thus if g ∈ G(A(p)) stabilizes S(Σ), gp has to be in the normalizer of G(Z(p)

Σ ).
Then again by the bijection: π0(Sh(Σ)(C))↔ π0(Sh

(Σ)
/F

), we arrive at the assertion in the same
manner as in the case where Σ = {p,∞}.
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Remark 1.2 We have taken full polarization classes under scalar multiplication by O×
(p)+

in our moduli problem (while Kottwitz’s choice in [11] is a partial class of multiplication by
Z
×
(p)+). By our choice, the group G is the full similitude group, while Kottwitz choice is a

partial rational similitude group. Our choice is convenient for our purpose because G has
cohomologically trivial center, and the special fiber at p of the characteristic 0 Shimura variety
Sh(p) = Sh/G(Zp) gives rise to the mod p moduli of abelian varieties of the specific type we
study (as shown in [2] Theorem 7.5), while Kottwitz’s mod p moduli is a disjoint union of the
reduction modulo p of finitely many characteristic 0 Shimura varieties associated with finitely
many different pairs (Gi, Xi) with Gi locally isomorphic to each other at every place ([11]
Section 8).

Hereafter, we fix Σ and write S for S(Σ) if confusion is unlikely. We have a universal
quadruple A(Σ) = (A, λ, i, η(Σ)) with the universal abelian scheme A over Sh(Σ). We write
AS = A ×Sh(Σ) S. Suppose that the Hasse invariant H does not vanish identically on Sh

(Σ)
/F

(and hence on S/F). Then we define the ordinary locus to be the open subscheme over which
H does not vanish. We write them as Sord

/F
= S[ 1

H ] and Sh
(Σ),ord
/F

= Sh(Σ)[ 1
H ]. Over Sh(Σ),ord,

the connected component A[pα]◦ of the finite flat group scheme A[pα] = Ker(pα : A → A) is
isomorphic to μpα⊗ZL◦ étale locally as OD-modules for a OD,p-direct summand L◦ of Lp = LZp

.
The isomorphism class (as hermitian OD,p-modules) of Lp is unique as explained in [2] 7.1.5
(2), which determines L◦ as a maximally isotropic subspace (see the following paragraph for an
explicit description of L◦). We have rankZp

L◦ = 1
2 rankZ L.

Identify Lp with Od
p = (On

p )d/n (with column vectors in On
p ) so that the action of OD,p =

Mn(Op) is just the left matrix multiplication on each entry in On
p . Pick a closed point x ∈

Sord(F) carrying an abelian variety (Ax, λ, i, η(Σ)). Then we have a canonical lift Ax/W =
(Ax, λ, i, η(Σ))/W with End(Ax/F) = End(Ax/W ) for W = W (F) = lim←−α

W /pαW by the Serre–
Tate deformation theory. The quadruple Ax/W descends to Ax/W by the theory of complex
multiplication ([21] and [22] combined). By the fixed embedding E ↪→ C, we consider Ax/C =
Ax ×W C. Note that T Ax/E

∼= H1(Ax(C), A(∞)) = H1(Ax(C), Z)⊗Z A
(∞). Then we have an

isomorphism f : H1(Ax(C), Q) ∼= LQ as D-modules so that after tensoring A
(Σ), η(Σ) is induced

by f and that the self-duality of Lp in (H4) is given by the Riemann form on LQ induced by
f and λ (up to p-unit multiple; see [2] 7.1.5). Identifying TpAx/C with Lp = H1(Ax(C), Zp),
the exact sequence Ax/F[p∞]◦ ↪→ Ax[p∞] � Ax[p∞]et (under the reduction map) induces an
exact sequence of OD-modules L◦ ↪→ Lp � Let. Since Ax has complex multiplication, we
can split Lp as L◦ ⊕ Let so that the lift of p-power Frobenius has unit eigenvalue on Let and
nonunit eigenvalues on L◦. Then we have an isomorphism L◦ ∼= ∏

P|p Mn,m(P)(OP) of OD-
modules (where OD,p

∼= Mn(Op) acts by left matrix multiplication), and by the duality induced
by the polarization, we have Let ∼= ∏

P|p Mn,m(P)(OP). The number (m(P), m(P)) gives the
signature of the unitary or symplectic group G at the infinite place i∞ ◦ σ if ip ◦ σ gives the
p-adic place p = P ∩ F0 (by the condition (det) in [2] p. 308). The module structure of L◦

and Let under OD,p and M =
∏

P|p GLm(P)(OP) ⊂ GLd(Op) ∼= O×
C,p can be made explicit

as follows: Identifying Let
P with n × m(P) matrices (suitably), OD,P

∼= Mn(OP) acts by left
multiplication on Let

P = Mn,m(P)(OP), and GLm(P)(OP) acts by right multiplication through
the involution OC,P

∼−→ OC◦,P.
(P) The parabolic subgroup P in the introduction is the stabilizer in G(Zp) of the exact
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sequence L◦ ↪→ Lp � Let (and is independent of the choice of x).
We define the α-th layer (α ∈ N) of the Igusa tower over Sh

(Σ),ord
/F

by

Igα = IsomOD
(μpα ⊗Zp

L◦,A[pα]◦).

Note that OD/pαOD
∼= Mn(O/pαO), and arrange this isomorphism so that ρ corresponds to

x �→ txc. Fixing such an isomorphism and writing ε = diag[1, 0, . . . , 0] for the diagonal matrix
in Mn(Op) whose nonzero entry is only the top entry which is equal to 1, we have

Igα = IsomOD
(μpα ⊗Zp

L◦,A[pα]◦) ∼= Isom(μpα ⊗Zp
εL◦

p, ε(A[pα]◦)).

By the Cartier duality combined with the polarization λ, each isomorphism
η◦

p ∈ IsomOD
(μpα⊗Zp

L◦,A[pα]◦) induces a unique isomorphism ηp : Let⊗Z/pα
Z ↪→ A/A[pα]◦.

Thus
Igα = IsomOD

(Let/pαLet
p ,A[pα]et) ∼= Isom(ε(Let

p /pαLet
p ), ε(A[pα]et)).

By this expression, Ign is an étale finite covering of Sh
(Σ),ord
/F

and has a natural action of

M =
∏

P|p GLm(P)(OP), because εLet ∼= ∏

P O
m(P)
P . Here by our choice of isomorphism

OD,p
∼= Mn(Op) sending ρ to (x �→ txc), ε is invariant under the Rosati involution induced by

λ.
Since M acts on Ig := Ig∞ = Isom(εLet

p ⊗ (Qp/Zp), εA[p∞]et)) through matrix multipli-
cation on εLet

p =
∏

P|p O
m(P)
P , M acts transitively on π0(Ig∞/F) for the Igusa tower Ig∞ over

S. Fix an irreducible component I∞/F of Ig∞/F. Our claim is that the stabilizer in M of I∞
contains M1 and hence Gal(I∞/S) = M1.

Let X+ be the identity connected component of X. Then we may assume that SK(C) is
covered by 1×X+ ∼= X+ inside G(A(∞))×X; so, SK(C) ∼= ΓK\X+ for a congruence subgroup
ΓK = G(Q)+ ∩ G (Σ). Fix a connected component I∞/F of Ig∞/F.

Recall a part of the axiom (A1):
(St) G1(A(Σ)) stabilizes I∞.

Lemma 1.3 Assume (St). Let x ∈ Sh(Σ)(F) be a closed point carrying an ordinary abelian
variety (Ax/F, λ, η(Σ)). If B ⊂ End(Ax/Fp

) ⊗Z Q is a maximal commutative semi-simple F -
subalgebra stable under the Rosati involution j of λ, the stabilizer D in M1 of I∞ contains a
group conjugate (under an element of M) to

Tx(Zp) := {g ∈ O×
B,p|ggj = NB/F (g) = 1}

for OB,p = Bp ∩ End(Ax/Fp
)⊗Z Zp.

Proof Take a level p-structure ηp of (Ax/F, λ, η(Σ)), and regard Ax as sitting over x ∈ Ig∞(F).
The level structure η(Σ) : LA(p∞) ∼= V (p)(A) mod G(Z(p)

Σ ) is a OD-linear isomorphism, and ηp

is the collection of the ordinary level P-structure ηP : O
m(P)
P

∼= ε · T A[P∞]et. By the Cartier

duality combined with the polarization, the level P-structure ηP gives η◦
P : μp∞ ⊗Z O

m(P)
P

∼=
ε ·A[P∞]◦ for the connected component A[P∞]◦ of A[P∞].

Slightly more generally than the setting of the lemma, let B ⊂ End(Ax/Fp
) ⊗Z Q be

a commutative semi-simple F -subalgebra stable under the Rosati involution j of λ. Put
OB = B ∩ EndOD

(A/F), which is an order of B. Then we have an embedding ρ(Σ) of B
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into EndD(LA(Σ)))
involution∼= C

(Σ)
A

given by α ◦ η(Σ) = η(Σ) ◦ ρ(Σ)(α). Though slightly more com-
plicated, we define the p-component of the embedding as follows. Consider

∏

P|p(Mm(P)(OP)⊕
Mm(P)(OP)) ⊂ ∏

P Md(OP) = OC,p (embedded diagonally in blocks), where P runs over the
prime factors of p in F . Thus if F = F0 or P = P, d = 2m(P), we have two identical
copies of Mm(P)(OP)) = Mm(P)(OP)) in the product (which is diagonally embedded into
CP = Md(OP)). If P 
= P, d = m(P) + m(P), and again Mm(P)(OP) ⊕Mm(P)(OP) is diag-
onally embedded in CP = Md(OP). We define the embedding ρP : OB,P = OB ⊗O0 OP ↪→
(Mm(P)(OP)⊕Mm(P)(OP)) by ρP × ρ◦P given by αηP = ηP ◦ ρP(α) and αη◦

P = η◦
P ◦ ρ◦P(α).

We may assume that ρ◦
P

= tρc
P. Then we define ρp =

∏

P ρP. We put

Hp = ρp(O×
B,p) ∩M1 and H (Σ) = ρ(Σ)((OB ⊗Z (Z(p)

Σ × A
(Σ)))×) ∩G1(Z

(p)
Σ × A

(Σ)).

The product Hp×H (Σ) is isomorphic to the group of (ZΣ×A
(Σ))-points of a reductive subgroup

Hx of G1 with Hx(Z(Σ)) = (Hp ×H (Σ)) ∩ (OB ⊗Z Q).
Since M acts transitively on π0(Ig∞/F), we find g ∈M such that x ∈ g·I∞(F). Each element

in Hx(Z(Σ)) is of the form ρ(α) for a prime-to-p isogeny α : Ax → Ax, where ρ = ρp × ρ(Σ).
Thus (Ax, λ, η ◦ ρ(α)) = (Ax, λ, α ◦ η) for η = ηp × η(Σ) with ηp =

∏

P ηP, and Hx(Z(Σ)) fixes
x. Thus Hx(Z(Σ)) (diagonally embedded in G1(ZΣ × A

(Σ))) leaves g · I∞ stable. Write D for
the stabilizer of I∞ in M1. Note that h ∈ G1(A(Σ)) acts on Ig∞ by (ηp, η

(Σ)) �→ (ηp, η
(Σ) ◦ h).

By (St), H (Σ) ⊂ G1(A(Σ)) stabilizes each element of π0(Ig∞/F). Then the closure of the
group Hx(Z(Σ))H (Σ) in G1(A(Σ) × ZΣ) stabilizes g · I∞ ∈ π0(Ig∞/F). Here Hx(Z(Σ)) is
embedded diagonally into G1(A(Σ)×ZΣ). The closure is equal to Hp×H (Σ), and in particular,
Hp = Hx(Zp) ⊂ gDg−1.

If B is maximally commutative in EndOD
(A/F)⊗Z Q, Hx is a maximal torus Tx in G1. The

Zp-points of Tx = Hx is given as in the lemma.
We can reverse the argument to prove the above lemma: Give ourselves a semi-simple

commutative F -algebra B with nontrivial positive involution j embeddable into C such that
the embedding factors through

∏

P|p(Mm(P)(FP) ⊕ Mm(P)(FP)) ⊂ Cp. We suppose that
the projection of Bp to each Mm(P)(FP) is maximal among commutative semi-simple FP-
subalgebras in Mm(P)(FP); thus, dimF B = d. Since C = EndD(LQ)◦, we have B ∩ D = F .
Suppose that B is stable under the involution ∗ and that the involution j is induced by ∗.
By the maximality of Bp, B is its own commutant inside C. Since dimF B = d = dimF LQ,
LR is free of rank 1 over BR = B ⊗Q R. Since j is positive acting nontrivially on all simple
components of B, we have BR

∼= F d
R
∼= C

[F :Q]d/2 as C-algebras. The C-algebra structure
C ↪→ BR induces hB : C ↪→ CR. Since j is positive, identifying LR with BR, the inner product
(x, y) = 〈x, hB(

√−1)y〉 is definite. Replacing hB by its complex conjugate hB◦c if necessary, we
may assume that (·, ·) is positive definite; so, h satisfies (H1) (and hence in X by [11] Section 2
or [2] Lemma 7.3). Thus we have proven

Lemma 1.4 Let the notation and the assumption be as above. Then there exists x ∈ X such
that hB = hx, replacing hB by its complex conjugate hB ◦ c if necessary.

Write j for the involution of
∏

P|p(Mm(P)(FP)⊕Mm(P)(FP)) sending (x, y) ∈Mm(P)(FP)⊕
Mm(P)(FP) to (tyc, txc) ∈Mm(P)(FP)⊕Mm(P)(FP). Going in the reverse direction, if we start
with a maximal semi-simple commutative subalgebra Bp ⊂

∏

P|p(Mm(P)(FP) ⊕Mm(P)(FP))
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stable under j, we can choose (infinitely many nonisomorphic) global F -algebra B inside C

stable under ∗ so that

• B is a product of CM fields,

• ∗ induces j on B, and

• j is the complex conjugation on each CM simple component of B.

For a proof of this fact, see Lemma 3.5. Then by the above argument LR
∼= BR has complex

structure (given by h as above), and LR/L gives a complex torus A with OB ⊂ End(A), where
OB = {α ∈ B|αL ⊂ L}. By the Riemann form 〈·, ·〉, A(C) is the complex manifold of the
complex points of a CM abelian variety A over C. We can then descend it to W by the theory
of complex multiplication (see [21] and [22]). By our choice, A/W = A/W ⊗W W is ordinary;
so, we can fix a level structure ηp and η(Σ). Taking its reduction modulo p, we get a point
x = x(Bp) in Ig∞(F) such that Tx(Bp)

∼= M1 ∩ B×
p and Ax

∼= A ×W F. The point x(Bp) lies
on one of the components g · I∞ of Ig∞. Replacing x(Bp) by g−1(x(Bp)), we may assume that
x(Bp) ∈ I∞(F).

In the following two sections, we will prove that M1 is generated by Tx(Bp) where Bp runs
through sufficiently many Fp-algebras. Then in the final section, we prove (St) for a suitable
choice of Σ (see Lemma 4.2), and then we reduce the proof of Theorem 0.1 to this slightly
weaker statement.

2 Group Theory

We prepare necessary items (for the proof of the theorem) from group theory. Fix a local
field K/Qp (a finite extension) with p-adic integer ring OK and residue field κ. Write m for
the maximal ideal of OK ; so, OK/m = κ. Let B be a complete representative set for the
isomorphism classes of all commutative semi-simple algebras of dimension d over K. Fix a
basis over OK of the integral closure OBp

of OK in Bp ∈ B and embed OBp
into Md(OK) by

the regular representation ρBp
. If confusion is unlikely, we write B for Bp.

We start with

Lemma 2.1 If B and B′ are linearly disjoint field extensions of K of degrees d ≤ d′, respec-
tively, we have Md×d′(K) = ρB(B)xρB′(B′) for any 0 
= x ∈ Md×d′(K), where Md×d′(K) is
the ring of d× d′ matrices with coefficients in K.

Proof By the assumption, B ⊗K B′ has dimension dd′. Then we can make Md×d′(K) as
B ⊗K B′-module by (b ⊗ b′)(x) = ρB(b)xρB′(b′). Since B and B′ are commutative, this gives
a module structure of Md×d′(K) over the semi-simple algebra B ⊗K B′. Since B and B′ are
linearly disjoint, B ⊗K B′ is a field extension of K of degree dd′. Thus Md×d′(K) is a vector
space of dimension 1 over B ⊗K B′; in particular, any nonzero d × d′ matrix x is a basis; so,
we have Md×d′(K) = (B ⊗K B′)x = ρB(B)xρB′(B′).

We write Md for Md×d.

Lemma 2.2 Let B/K be an unramified semi-simple extension of degree d and B′/K be a fully
ramified field extension of degree d = d′. Then Md(OK) = ρB(OB)1dρB′(OB′) for the d × d

identity matrix 1d, where ρB (resp. ρB′) is the regular representation of OB (resp. OB′) over
OK .
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Proof Split B =
⊕

i Bi for simple components Bi. Since we may replace ρB and ρB′ by their
conjugates gρBg−1 and gρB′g−1 for g ∈ GLd(OK), we may assume that ρB =

⊕

i ρi for ρi :
Bi → Mdi

(K) for di = [Bi : K]. Then by Lemma 2.1, we have ρi(Bi)xiρB′(B′) = Mdi×d(K),
where xi is any non-zero di×d matrix. Thus we need to show ρi(OBi

)xiρB′(OB′) = Mdi×d(OK)
for xi ∈ Mdi×d(OK) with invertible reduction modulo the maximal ideal m of OK . Thus we
may replace B by Bi and write d for di ≤ d′. By Nakayama’s lemma, we only need to show
ρB(OB/mOB)xρB′(OB′/mOB′) = Md×d′(κ) for a nonzero element x ∈ Md×d′(κ) of rank d.
Since

OB′/mOB′ ∼= κ[X]/(Xd′
)

for the residue field κ = OK/m, over the field extension OB/mOB of κ, ρB′(Xi) for i =
0, . . . , d− 1 are linearly independent. Thus by counting dimension, we find the desired identity.

Corollary 2.3 The Lie algebra gld(OK) := Md(OK) is generated by {ρB(OB)}B∈B.

Proof We take a fully ramified field B′/K of degree d and an unramified field extension B/K

of degree d. Then any element gld(OK) can be written as a linear combination of XY for
X ∈ ρB(OB) and Y ∈ ρB′(OB′) (by the above lemma); so, sld(OK) = {x ∈ gld(OK)|Tr(x) = 0}
is generated by

{[X, Y ]|X ∈ ρB(OB), Y ∈ ρB′(OB′)}.
Since gld(OK) = Z⊕ sld(OK) for the center Z ⊂ ρB(OB) ⊂Md(OK), we get the desired result.

Lemma 2.4 The group GLd(OK) (resp. SLd(OK)) is generated topologically by {ρB(O×
B)}B∈B

(resp. {ρB(Ker(NK/B))}B∈B), where NB/K : O×
B → O×

K is the norm map.

Proof Let H ⊂ GLd(OK) be the closed subgroup topologically generated by {ρB(O×
B)}B∈B.

The Lie algebra gld(OK) is generated by {ρB(OB)}B∈B by Corollary 2.3, because we have an
unramified extension B/K of degree d and a fully ramified extension B′/K of degree d in B.
Thus applying the p-adic exponential map, we find that an open subgroup S ⊂ GLn(OK) is
contained in H. If p is unramified in K/Qp, exp converges on p · gld(OK) and hence, we may
assume that S = 1d + p · gld(OK); so, GLn(OK)/S = GLd(κ) for the residue field κ of OK .

Now we show that GLn(κ) is generated by ρB((OB/mOB)×) for B running through B. It is
enough to show that the image H of H in GLd(κ) intersects nontrivially with every conjugacy
class of GLd(κ). If x ∈ GLn(κ) is a unipotent element, we may assume that x is in the Jordan
canonical form. Then it is easy to find semi-simple ramified extension B ∈ B such that the
image of O×

B in GLn(κ) contains a conjugate of x. If x ∈ GLn(κ) is semisimple, we can of
course find an unramified B ∈ B such that the image of O×

B in GLn(κ) contains a conjugate of
x. Thus H = GLd(κ). This shows the result for GLd(OK) if K/Qp is unramified.

If K/Qp ramifies, by the above proof in the unramified case, we have H ⊃ GLd(Zp). Since
H is OK-Lie group, for any unipotent subgroup U ⊂ GLd(K) generated by a root, the Lie
algebra of U ∩H is an OK-module. Since H ⊃ GLd(Zp), any simple roots are in U ∩ H; so,
any integral upper triangular unipotent elements are in H. Since H contains an open subgroup
S, by [1] Proposition 3.2, H contains SLd(OK). Taking an unramified extension B/K, we find
that NB/F (O×

B) = O×
K ; so, det(H) = O×

K , and we have H = GLd(OK).
The above proof for GLd can be performed also for SLd without much modification, and

the work is left to the reader.
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Let K now be a semi-simple commutative algebra over Qp. We take a complete set B

of representatives of isomorphism classes of K-algebras B free of rank d over K. We fix a
regular representation ρB : OB → Md(OK) for each B ∈ B. Since GLd(OK) =

∏

i GLd(OKi
)

and SLd(OK) =
∏

i SLd(OKi
) for simple components Ki of K, we have the following obvious

version of the above lemma for the semi-simple base ring K:

Corollary 2.5 The group GLd(OK) (resp. SLd(OK)) is generated topologically by
{ρB(O×

B)}B∈B (resp. {ρB(Ker(NK/B))}B∈B), where NB/K : O×
B → O×

K is the norm map.

3 Algebraic Number Theory

We prepare necessary items (for the proof of the theorem) from algebraic number theory. In
this section, K is a local field. We start with the following well-known fact:

Lemma 3.1 Let K/k/Qp be finite field extensions. Then the p-adic integer ring OK is
generated by a single element over the p-adic integer ring Ok.

Proof First suppose that K/k is fully ramified. Let � be the uniformizer of K and Fq be the
common residue field of OK and Ok. Let R = μq−1 � {0} ⊂ Ok be the Teichmüller lift of Fq.
Then by �-adic expansion, any x ∈ OK can be written as

∑∞
n=0 an�n with an ∈ R. Thus

OK = Ok[�] = Ok[� + a] for any a ∈ Ok. In particular, we may assume that the generator
is a unit in OK . If K/k is unramified, writing Q = |κ| (so, κ = FQ) and taking an element
θ0 ∈ OK whose image in κ generate κ over the residue field Fq of Ok, we have Ok[θ0] = OK .
In general, we choose θ0 as above in the maximal unramified extension Kur/k inside K so that
OKur = Ok[θ0]. Taking the fixed subfield Kr in K of any lift of the Q-power Frobenius map in
Gal(Kgal/k) for the Galois closure Kgal of K/k, we find a subfield Kr/k of K fully ramified.
We choose a uniformizer � of Kr. Put θ = � + θ0. Since OK = OKr ⊗Ok

OKur , the different
of θ and the different of � over Kur generate the same ideal, and θ generates OK over Ok.

Corollary 3.2 For any semi-simple commutative extension B/K, B is generated over K by
a single element, and OB is generated at most by m elements if m is the number of simple com-
ponents of B. Moreover, we can choose an element ξ ∈ OB so that OK [ξ] projects surjectively
to the p-adic integer ring of each simple component of B.

Proof Let Bi be a simple component of B. Choose a generator θi of OBi
over OK by the above

lemma, then θ = (θi) ∈ B generates an order of B whose projection to any simple component
is maximal. In particular, θ generate B over K. The m elements θi generates OB over Ok.

We take the central simple algebra D/F and projective OD-module L as in Section 1, and
recall that C is the opposite algebra of EndD(LQ). Recall d2 = dimF C. Since Dp

∼= Mn(Fp),
for each prime factor p|p, Vp = L ⊗O Fp

∼= Mn×mp
(Fp) on which Dp = Mn(Fp) acts by

right multiplication. Since LQ is D-projective, m = mp is independent of p|p. Then we have
EndD(Mn×m(Fp)) ∼= Mm(Fp) = C◦

p , and m = d.

We take a semi-simple commutative Fp-algebra Bp with an involution j inducing c on F

(we make a convention that c is the identity map if F = F0). We assume that

(I0) Bp is free of rank d over Fp, where d2 = dimF C;
(I1) j does not fix any simple component of Bp.

If p is a prime factor of p in F0 splitting into p = PP, then Bp = BP ⊕ BP and without
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assuming (I1), j interchanges BP and BP, since j = c on F . If F = F0 or P|p for a prime P

with Pc = P, we have d = 2m(P). In such a case, (I0–1) implies
(I2) The p-component Bp is isomorphic to BP⊕BP for two copies of semi-simple commu-

tative algebra BP interchanged by j (and dimFp
BP = m(P)).

We write B for the isomorphism classes of commutative semi-simple algebras Bp over Fp

with involution j satisfying the conditions (I0–1) (and hence also (I2)).

Lemma 3.3 If Bp satisfies (I0–1), then Bp can be embedded into Cp = Md(Fp) so that the
image is stable under ∗ and j coincides with ∗ on Bp.

Proof Let J ∈ GLd(Fp) be defined as follows: Jp = 1d if p = PP with P 
= P in F , and
Jp =

(

0 1m(P)
1m(P) 0

)

if P|p is a prime factor of p in F with P = P. Since Cp = Md(Fp) has two

involutions ∗ and x �→ xδ := J txcJ−1, the automorphism x �→ (x∗)δ is an inner conjugation
by the theorem of Skolem–Noether. Thus modifying the identification, we may assume that
x∗ = xδ. If p = PP (P 
= P), we embed BP into Md(FP) by a regular representation
ρP over FP and BP into Md(FP) by x �→ tρP(xj)c. Thus Bp = BP ⊕ BP is embedded
into Cp as desired. If P = P or F = F0, Bp = BP ⊕ BP as in (I2). We take a regular
representation ρP : BP →Mm(P)(FP) of the left component BP and embed (x, y) ∈ BP ⊕BP

into Cp = M2m(P)(FP) by (x, y) �→
(

ρ(x) 0

0 tρ(yj)c

)

∈ Md(FP) = Cp. This embedding satisfies
the desired property.

For each Bp ∈ B, we embed Bp into Cp as in Lemma 3.3. Then Bp is a maximal com-
mutative semisimple subalgebra of Cp, and we have Vp = V ⊗Q Qp

∼= Dp ⊗Fp
Bp. Indeed,

picking v ∈ Vp which is not killed by any simple component of Dp and Bp, we have an injection
Dp ⊗Fp

Bp → Vp given by d ⊗ b �→ dbv. Since dimFp
Vp = nd = dimFp

D ⊗F Bp, we have the
isomorphism Vp

∼= Dp ⊗Fp
Bp.

Lemma 3.4 Choosing an identification Vp
∼= Dp ⊗Fp

Bp as above, we can find SD ∈ D×
p and

SB ∈ B×
p with tSc

D = ±SD and tSc
B = ∓SB such that the involution ρ⊗ ∗ on Dp ⊗Fp

Bp is the
adjoint involution with respect to the pairing given by

(d⊗ b, d′ ⊗ b′) �→ TrF/F0(TrDp/Fp
(tdcSDd′)TrBp/Fp

(bcSBb′))

for b, b′ ∈ Bp and d, d′ ∈ Dp.

In other words, to define the algebraic group G/Qp
, we may assume that the original pairing

〈·, ·〉 on Vp is given by the pairing in the lemma after identifying Vp with Dp ⊗Fp
Bp.

Proof Since Bp/Fp is semi-simple, identifying Dp ⊗Fp
Bp with Mn(Bp), we can write 〈x, y〉 =

TrBp/F0,p
TrDp⊗Bp/Bp

(txcay) for a ∈ Dp⊗Fp
Bp, where writing x ∈ Dp⊗Fp

Bp as (xij) ∈Mn(Bp),
x �→ txc = (xc

ji) is the involution ρ⊗∗ of Dp⊗Fp
Bp. Since 〈·, ·〉 is alternating, we have tac = −a.

Then xρ⊗∗ = ta−ctxctac. Since Dp
∼= Mn(Fp), x �→ t(xρ)c for the generator c of Gal(F/F0)

is a central automorphism of Dp. Thus by the theorem of Skolem–Noether, it is an inner
automorphism, and xρ = stxcs−1 for a unique s ∈ D×

p /F×
0,p with tsc = ±s. Applying the same

argument to Dp ⊗Fp
Bp and x �→ x∗, we find

xρ⊗∗ = StxcS−1

for S ∈ (Dp ⊗Fp
Bp)×/B×

0 with tSc = ±S, where B0 ⊂ Bp is the subalgebra fixed by c. Thus
S ≡ ta−c = −a−1 mod B×

0 and S ≡ s⊗1 mod B×
0 . Since S ≡ sα⊗α−1 mod B×

0 for α ∈ F×
p ,
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we may write S = SD ⊗ SB mod B×
0 with SD ∈ D×

p and SB ∈ B×
p such that tSc

D = ±SD

and tSc
B = ∓SB . Then, to define G(Qp), we may assume 〈x, y〉 = TrDp⊗Bp/Fp

(txcSD ⊗ SBy)
on Dp ⊗Fp

Bp = Vp, because our group G only depends on the involution ∗. In particular, we
may assume that 〈d⊗ b, d′ ⊗ b′〉 = TrF/F0(TrDp/Fp

(tdcSDd′)TrBp/Fp
(bcSBb′)) for b, b′ ∈ B and

d, d′ ∈ D.

Lemma 3.5 Let B be a complete set of representatives for isomorphism classes of semi-simple
commutative Fp-algebras Bp with involution j satisfying (I0–1). If OD,p

∼= Mn(Op), for any
Bp ∈ B, there exist infinitely many semisimple commutative F -algebras B inside C such that

(1) OB,p ↪→ OC,p for the integral closure OB of O in B,
(2) B ⊗Q Qp

∼= Bp,
(3) B is stable under the involution ∗ which induces the involution j on Bp,
(4) B is a product of CM fields with j inducing the complex conjugation on each simple

component of B.
For each infinite place v of F , the C-algebra structure C → BR induces h = hB : C ↪→ CR

satisfying (H1), which gives rise to a CM point x ∈ X.

Proof The last assertion follows from the first by Lemma 1.4.
By Lemma 3.3, any Bp ∈ B as above can be embedded into Cp stable under ∗ which induces

j. For each infinite place v of F0, (Dv = D⊗F0 F0,v, ρ) is isomorphic to (Mn(R), x �→ tx) (in the
type C case) and is isomorphic to (Mn(C), x �→ tx) (in the type A case; see [11] Lemma 2.11).
In these two cases, we have

(Cv, ∗) ∼=
{

(Md(C), x �→ ItxI−1) in the type A case,

(Md(R), x �→ J txJ−1) in the type C case,

where I =
(

1m 0
0 −1m′

)

and J =
(

0 −1δ
1δ 0

)

for δ = d/2. See [11] Section 4 or [23] Sections 1
and 2 for these facts. If F0 
= F and v corresponds to a p-adic place P by ip and i∞, we have
(m, m′) = (m(P), m(P)), and if F = F0 with v corresponding to P, we have δ = d/2 = m(P)
(see [2] Lemma 8.10). Thus we may choose a maximal semi-simple commutative Fv-algebra
Bv
∼= C

s inside Cv so that Bv is stable under ∗ and ∗ is complex conjugation on each factor C

of Bv. Indeed, in the type A case, we may choose (Bv, j) to be the algebra of diagonal matrices
in (Md(C), x �→ ItxI−1) and Fv = C is embedded into Bv by z �→ (

z1m 0
0 z1m

)

. In the type C
case, we choose (Bv, j) ⊂ (Md(R), x �→ J txJ−1) so that a + b

√−1 ∈ C
δ with a, b ∈ R

δ is sent
to

(

a1δ b1δ

−b1δ a1δ

)

∈ Md(R). Then {x ∈ B×
v |xx∗ ∈ F×

0,v}/F×
v is compact, the C-algebra structure

of B∞ =
∏

v Bv induces h : C ↪→ CR in X, and the involution ∗ induces a positive involution
on Bv.

We write B−
∞ for the open subset of {x ∈ B∞|x∗ = −x} made up of elements x generating

B∞ over F∞. Similarly, at p, we write B−
p for the open subset of the set {x ∈ OB,p|x∗ = −x}

made up of elements x generating Bp over Fp. By Corollary 3.2, B−
� for � = p,∞ is nonempty.

We put C− = {x ∈ OC,(Σ)|x∗ = −x} which is an O0,(Σ)-free module. Choose a norm | · |� on
C−

� for each � ∈ {p,∞} so that C−
� is the completion of C− under | · |� and | · |� induces the

standard absolute value on F�. Pick a generator g� ∈ B−
� of B� over F� for each � ∈ {p,∞}

(this is possible by Corollary 3.2). Since C− ∼= C− + (C−
A

)(Σ)/(C−
A

)(Σ) ⊂ C−
Σ is dense under

these norms, for any given ε > 0, we can think of an infinite set
Uε =

{

x ∈ C−∣

∣|x� − g�|� < ε for all � ∈ {p,∞}} .
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Then {F [ξ]}ξ∈Uε
contains infinitely many isomorphism classes of F -algebras (because we may

choose a prime q outside Σ and ξ, ξ′ ∈ Uε so that Fq[ξ] 
∼= Fq[ξ′] (and moves q around). If ε is
sufficiently small, any x ∈ Uε generates an extension of F� isomorphic to the given B� for all
� ∈ {p,∞} (by [24] XI.3 Lemma 1).

Choose ε small so that (F [ξ]p, ∗) ∼= (Bp, j) and (F [ξ]∞, ∗) ∼= (B∞, j). We now show that we
can modify ξ so that OB,p ↪→ OC,p for F [ξ]. Since OC is maximal, we may replace Vp = L⊗Z Qp

by εVp
∼= F d

p and regard Cp = EndFp
(εVp) for the idempotent ε ∈ Dp. Then G(Qp) is the

unitary group of the hermitian vector space ε · Vp. Pick ξ ∈ Uε, and consider F [ξ] ⊂ C. Write
OF [ξ] for the maximal order of F [ξ]. Then OF [ξ] is contained a maximal order R of CΣ. Since
OC,p is maximal in Cp, R = gRg−1 = OC,p for g ∈ C×

p . We want to show that we can take g

inside G(Qp). If this is the case, by conjugating F [ξ] in C by g, we have the desired subalgebra
gF [ξ]g−1 with gOF [ξ]g

−1 ⊂ OC,p whose involution c is induced by ∗. Let L′ be the OF [ξ]-span
of εLp: L′ =

∑

α∈OF [ξ]
α(εLp), which is a lattice in εVp

∼= ε(Dp ⊗F F [ξ]) = Fp[ξ] stable under
OFp[ξ]. By Lemma 3.4, G/Qp

is defined with respect to the pairing on Vp of the following form:

〈f, f ′〉 = TrF [ξ]/F0(f
cδf ′)

for f, f ′ ∈ Fp[ξ] with δ = −δc ∈ F [ξ]×p . Since the different of OFp[ξ] is principal (and Lp is self
dual), εLp and L′ are maximal lattices in the sense of [25] Section 4.7. Then by Lemma 5.9
in [25], we find g ∈ G(Qp) such that gL′ = L. Since G(Q) is dense in G(Qp), take α ∈ G(Q)
sufficiently close to g in Bp and replacing ξ by αξα−1, we get B = αF [ξ]α−1 satisfying OB ⊂
OC,p = {x ∈ C|xLp ⊂ Lp}.

4 Irreducibility

We are now ready to prove Theorem 0.1. Let S0 be the set of prime ideals of F0 over p and
S be the set of all prime factors of p in F . If F 
= F0, we can decompose S = S sp � S i

so that S sp is made up of all prime factors of p split over F0. We split S sp = Ssp

⊔

S sp so
that S sp = {Pc|P ∈ Ssp}. If F 
= F0, we fix a splitting: Homfield(F, E) = Φ

⊔

Φ compatible
with S sp = Ssp

⊔

S sp. In other words, ip ◦ σ induces a place Pσ in Ssp if and only if σ ∈ Φ
(as long as ip ◦ σ induces a place in S sp). For the place in S i, we just choose splitting Φ
as above arbitrarily. Then

∑

σ∈Φ i∞ ◦ σ is a CM type of F . The p-adic group G1(Qp) is
inside C×

p
∼= Md(Op), and if F 
= F0, the projection πΦ : Md(Op) �

∏

P∈Ssp	S i Md(OP)
induces an isomorphism of G1(Qp) ⊂ Md(Op) onto its image. We often regard G1(Qp) ⊂
∏

P∈Ssp	S i GLd(OP) if F 
= F0. Hereafter we often write X for the conjugate Xc for an
object X defined over F (for example, P = Pc). In particular, we often write P for a prime in
Ssp above p ∈ S0 and hence P ∈ S sp. Decompose G(Zp) =

∏

p∈S0
Gp with

Gp = {x ∈ O×
C,p

∣

∣gg∗ ∈ O×
0,p}.

Similarly we can decompose G1(Zp) =
∏

p∈S0
G1

p for G1
p = G1(Zp) ∩Gp.

Recall the universal abelian scheme A over the ordinary locus of Sh(p). For each p|p in F0,
we consider the exact sequence A[p∞]◦ → A[p∞] � Aet. The collection of g ∈ Gp whose action
on the level p-structure preserves this exact sequence forms a maximal parabolic subgroup Pp

of Gp (as seen in (P) in Section 1). We put P =
∏

p∈S0
Pp. The Levi subgroup of P ∩G1(Zp) is
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isomorphic to M1. Here for each p ∈ S0, if p = PP in F with P ∈ Ssp, (gP, gP) is embedded
into P in the upper triangular form via

(gP, gP) �→
( gP ∗

0 tg−1
P

)

.

If P ∈ S i, the embedding is given by

gP �→
( gP ∗

0 tg−1
P

)

identifying the involution ∗ with x �→ tx := txc.
As mentioned in the introduction, our strategy to prove Theorem 0.1 is to produce suf-

ficiently many closed points x ∈ I∞(F) whose stabilizers in the Levi subgroup M of P span
the group M1 in order to show M1 ⊂ Gal(I∞/S). Note that EndOD

(Ax)⊗Q is a semi-simple
F -algebra for each point x ∈ I. We will therefore first list commutative semi-simple algebras
Bp/Fp inside Cp which is the p-completion of a global semi-simple algebra B embeddable into
EndOD

(Ax)⊗Q for a good choice of x; thereby, we produce maximal commutative subgroups
Tx (indexed by a suitable finite set of points x ∈ I) whose Zp-points taken modulo G1(A(Σ))
generate M1(Zp). Since Bp =

∏

P∈S BP, we shall describe the possible algebras BP over FP.
To describe the data {BP}, we first suppose F 
= F0. Pick p ∈ S0 splitting into p = PP in F .
In this splitting case, we take KP and KP such that BP = KP ⊕KP = BP for a finite semi-
simple extension KP and KP of FP

∼= FP with dimFP
KP = m(P) and dimFP

KP = m(P).
Note that

dimFP
BP = dimFP

BP = m(P) + m(P) = d.

If P ∈ S i, we take KP/FP semisimple of dimension m(P) = d/2 and put BP = KP ⊕ KP

(so, dimFP
BP = 2m(P) = d for P ∈ S i above p). Then we put Bp =

⊕

P∈S BP. If P ∈ S i,
by the unramifiedness of FP/F0,p, we have the Frobenius automorphism σ ∈ Aut(KP/F0,p)
corresponding to the generator c of Gal(FP/F0,p). We embed FP into KP⊕KP by x �→ (x⊕xσ),
and write j ∈ Aut(BP/F0,p) given by BP = KP ⊕KP � (x, y) �→ (y, x) ∈ KP ⊕KP = BP.
Thus j induces c ∈ Gal(F/F0) on FP ⊂ BP. When P ∈ S sp, we have two identical factors BP

and BP in Bp, and we write j for the interchange of the two components. Thus we have well
defined involution j ∈ Aut(Bp/F0,p) inducing the generator c of Gal(F/F0).

Now we suppose F = F0. In this case, we take semi-simple commutative Bp/Fp of dimension
m(p) = d/2. Then we put Bp =

∏

p(Bp⊕Bp). We write j for the automorphism interchanging
the two identical components of Bp.

We now describe the embedding of a subgroup of B×
p into the parabolic subgroup P . If

P ∈ Ssp (with p = P ∩ F0), G1
p = SLd(OP), Cp = Md(Op) and the Levi factor of Pp ∩ G1 is

isomorphic to

M1,p = {(gP, gP) ∈ GLm(P)(OP)×GLm(P)(OP)
∣

∣det(gP) = det(gP)c} ↪→ G1
p,

where (gP, gP) is sent to
( gP 0

0 tg−1
P

)

∈ SLd(OP) = G1
p (identifying OP and OP by c). We can

embed BP into CP so that

B1
P := {(bP, b−j

P
) ∈ O×

KP
×O×

KP
|NKP/FP

(bp) = NKP/FP
(bp)c} ⊂ B×

P
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is in M1,p. In other words, (bP, b−j

P
) is sent to

(

bP 0

0 tb
−1
P

)

∈ M1,p. If P ∈ S i or F = F0,

(bP, b−j
P ) in

B1
P := {(bP, b−j

P ) ∈ O×
KP
×O×

KP
|NKP/FP

(bP) = NKP/FP
(bP)c} ⊂ B×

P

is sent to
(

bp 0

0 tb
−1
p

)

∈M1,p. In this way, we have an embedding of B×
p into C×

p .
We now globalize Bp/Fp

finding an F -subalgebra B ⊂ Bp such that B ⊗Q Qp = Bp with
B ⊂ EndD(Ax)⊗Q for some x ∈ I∞(F). By Lemma 3.5, we find a CM semi-simple commutative
algebra B ⊂ C such that B× ∩G1 gives the maximal commutative subgroup of the stabilizer of
a point x ∈ Sh(Σ). At complex place σ : F ↪→ C, C ⊗F,σ C ∼= Md(C) and D ⊗F,σ C ∼= Mn(C).
Thus V ⊗F,σC ∼= Mn×d(C), where (α, β) ∈ Dσ×Cσ acts on Vσ by x �→ αxtβ. Thus again we can
choose an idempotent ε ∈Mn(C) = Dσ so that ε = diag[1, 0, . . . , 0] stable under ρ (in this case,
we may assume that xρ = tx). By our choice of Bσ (in the proof of Lemma 3.5), we may assume
that the action of Bσ for σ ∈ Φ on ε · Vσ = ε(V ⊗F,σ C) gives rise to a representation whose
trace is given by m(Pσ)σ +m(Pσ)σc for each σ ∈ Φ. Thus we can give a complex structure on
V∞ = LR so that on its tangent space, the action of B is given by

∑

σ∈Φ m(Pσ)σ + m(Pσ)σc.
Then Ax(C) = V∞/L is a complex torus with a Riemann form sitting over x ∈ Sh(C). Since
H1(Ax, Q) = V canonically, we get a level structure η : LA(∞) ∼= V (Ax). Since L is naturally
a D ⊗F B-module, Ax is an abelian variety with complex multiplication by D ⊗F B. Thus
Ax = (Ax, λ, η(Σ)) descends to a finite extension ˜W of W . By our choice again, Ax/F

= Ax× ˜W
F

is an ordinary abelian variety giving rise to a point x ∈ Ig(F). Since the action of G(A(Σ))×M

on π0(Ig∞/F) is transitive, by moving x by an element in G(A(Σ))×M , we may assume that x

is in the connected component I∞ we have chosen (see Lemma 1.3).

Remark 4.1 Although we used the strong approximation theorem in the proof of Lemma 1.1,
what we really need is the transitivity of the action of G(A(Σ)) ×M on π0(Ig∞/F) (which is
true for all Shimura variety of PEL type by the approximation theorem).

Lemma 4.2 Choose Σ so that for all � outside Σ, G1/Q�
is isomorphic to a quasi-split special

unitary group or a split symplectic group according as F 
= F0 or F = F0. Then G1(A(Σ)) fixes
π0(Ig∞/F) element by element for the Igusa tower Ig∞ over S(Σ).

Proof Write S = S(Σ). By Lemma 1.1, G1(A(Σ))/{global center} ⊂ Aut(S/F), and G1(A(Σ))
is isomorphic to Spd(F

(Σ)
0,A ) if F = F0 and quasi-split SU(m, m′)(F (Σ)

0,A ) (so, |m − m′| ≤ 1) if
F 
= F0. The classical groups Sp(d) and SU(m, m′) (with |m − m′| ≤ 1) are almost simple
and simply connected, and hence they are generated by (divisible) unipotent subgroups (cf.
[1] Section 3). Thus G1(A(Σ)) does not have nontrivial finite quotient groups. Since G1(A(Σ))
gives permutations of the finite set π0(Igα/F) (α <∞), it has to fix Iα and hence I∞ = IK for
K = G(Z(p)

Σ ).
Thus we have verified (St) for the above choice of Σ. Since Tx(Z(Σ))Tx(A(Σ)) is dense in

Tx(ZΣ × A
(Σ)) and Tx(Z(Σ)) fixes the point x ∈ I∞, Tx(Zp) has to fix I∞, because Tx(A(Σ)) ⊂

G1(A(Σ)) fixes I∞ ∈ π0(Ig∞/F) by (St) now verified. By Lemma 1.3, Gal(I∞/S) contains a
group isomorphic to

∏

P B1
P. By Corollary 2.5, Gal(I∞/S) contains the derived group D(M1) ∼=

∏

P∈S SLm(P)(OP) of M1. For totally split Bp
∼= F d

p ,
∏

P B1
P surjects down to M1/D(M1),

and hence Gal(I∞/S) contains M1. Since Gal(I∞/S) ⊂M1 by construction (see the argument
in [2] p. 374 or [3] 3.3), we get the identity Gal(I∞/S) = M1.
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Let I
(p)
∞ be the irreducible component of the Igusa tower over S(p). The function fields of

S(p)/S and I∞/S are linearly disjoint over the function field of S, and the function field of
I
(p)
∞ is the composite of function fields of S(p) and I∞ over the function field of S. From this

we conclude Gal(I∞/S(p) = M1. Then for any compact subgroup K of G(A(p∞)), SK is a
quotient of S(p); so, we get Gal(IK/SK) = M1. This finishes the proof of the first assertion of
Theorem 0.1. As already explained after the theorem, the rest of Theorem 0.1 follows from the
first assertion.
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