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1. Introduction

If one has two canonical rational structures on a given complex vector space, one
can define a period which is the determinant of the linear transformation bringing
one rational structure to the other. This principle applied to cohomology groups on
a projective variety V (defined over a number field F ) yields the classical periods
of F -rational differential forms on V . In this case, one rational structure is given
by Betti cohomology, and another comes from algebraic de Rham cohomology. The
two cohomology groups are put together into one vector space by the comparison
isomorphism. This definition extends to motives, and the periods are conjectured to
give canonical transcendental factors of the critical values of the motivic L-functions
(a conjecture of Deligne; cf. [H94]).

Even if the manifold V is not algebraic, it is feasible to define periods in a similar
way if V is modular, that is,

V = H(Q)\H(A)/UZH(R)C∞,

where H/Q is a classical linear group with center ZH , C∞ is the standard maximal
compact subgroup of H(R), and U is an open compact subgroup of the finite part
H(A(∞)). For a locally constant sheaf L on V coming from a polynomial repre-
sentation of H , we have a canonical rational structure on the cuspidal cohomology
group Hq

cusp(V, L) coming from the rational structure of L. This cohomology group
is often isomorphic to a product of several copies of a space S of cohomological cusp
forms on H(A). If one can specify this isomorphism in a canonical way as Eichler
and Shimura did for elliptic modular forms [S], we have another rational structure
on the cohomology groups provided that the Fourier expansion of cusp forms gives
a good rational structure on S. If H = ResF/QGL(2)/F , there is an optimal func-
tion W , in the Whittaker model of a cuspidal automorphic representation π, giving
the standard L-function under the Mellin transform. The Fourier expansion with
respect to W gives a rational structure on the space of cohomological cusp forms.
Applying the above principle to H and H ×H , I proved rationality and integral-
ity theorems for critical values of standard L and Rankin products in [H94]. This
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was extended to the so-called twisted tensor L-functions of π in [Gh] for imaginary
quadratic F . The results for GL(2) described above could be generalized to GL(n).
Anyway hereafter we assume that H = ResF/QGL(2)/F .

In the investigation in [H94] and [Gh], only the minimal degree cohomology
group is used, and the minimal degree seems to yield rationality only for critical
values. If H has a holomorphic structure yielding a Shimura variety V ( ⇐⇒
F is totally real), the degree of non-trivial cuspidal cohomology is unique (that
is q = [F : Q]), which is the minimal degree I meant, and it is natural from the
conjecture of Deligne that we can get results only for critical values. If F is not
totally real, there are several values of q with non-trivial cohomology. However the
space S of cohomological cusp forms is independent of q.

In this paper, we study the rational structures for the maximal degree and some
middle degree cohomology groups, and we shall prove a rationality result of the
adjoint L-value L(1, Ad(π) ⊗ α) for α with α2 = 1 relative to the period Ω(λ̂)
of a cohomology class of degree depending on K/F , where K/F is the quadratic
extension of F associated to α (Corollaries 3.2 and 4.2 for F = Q, Theorem 6.1
for totally real F and Theorems 7.1 and 8.1 for F with complex places). Here
we write λ for the system of Hecke eigenvalues associated to π, that is, L(s, π) =∑

n λ(T (n))N(n)−s, and we hereafter write L(s, Ad(λ)) for L(s, Ad(π)). This value
L(1, Ad(λ)⊗α) is non-critical if either the character α is odd at some real places of
F or F is not totally real. Thus in the non-critical case, the automorphic period is
close to the Beilinson period [RSS], assuming his conjecture and the existence of a
motive yielding the adjoint L-function. While in the critical case, our automorphic
period should be equal to the Deligne period (see [H94] Section 1). Moreover,
when F = Q and α is a quadratic Dirichlet character, we shall prove, under some
assumptions, that the L-value gives congruences between non-base-change forms on
GL(2)/K and the base change λ̂ of λ (cf. [J] and [L]) to the quadaratic extension K
as conjectured in [DHI] (see Theorem 5.2). This shows that the p-primary part of
the value is close to the order of the Selmer group of Ad(ρ)⊗α, ρ being the p-adic
Galois representation of λ. As is shown by Wiles [W] Chapter 4 (and [TW]), the

p-primary part of
L(1,Ad(λ))

Ω for many p gives the exact order of the Selmer group
of Ad(ρ). Our result (Theorem 5.2) is a partial generalization of this non-abelian
class number formula. Thus we expect the conjectures in [DHI] made originally
for real cyclic extensions to hold even for imaginary cyclic extensions of Q (see
Conjecture 5.1).

Actually the period Ω(λ̂) giving the transcendental factor of the L-value is de-

fined using the base change lift λ̂ to G = ResK/Q(GL(2)) for the quadratic extension
K/F associated to α. Because of this, we need to assume

(cusp) λ̂ remains cuspidal.

This condition is equivalent to the condition that the λ-eigenspace in the space
of cusp forms on H(A) is orthogonal to any theta series associated to the norm
form of the quadratic extension K (see [L] Lemma 11.3). We assume this condition
throughout the paper. When F is totally real, the definition of the automorphic
period is a little more transparent than the other cases, because we are either in
the minimal or maximal degree case where the multiplicity of λ̂ in the modular
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cohomology group for G is basically 1 up to a group action at archimedean places.
If F has complex place, things are more complicated, and we need to use (H, λ)

and (G, λ̂) at the same time (see Sections 7 and 8). In addition to this, the explicit
description of the Eichler-Shimura map obtained in [H94] from a result of Harder
[Ha] is different depending on the shape of K/F , although the general principle is
the same as explained in Section 2.4. This is why we treat the imaginary quadratic
case in Section 3, the real quadratic case in Section 4, the case of totally real F
in Section 6 and general cases in Sections 7 and 8. It is an interesting problem to
study relations among periods of λ of different degrees. We list some of them in
Section 9, which follow easily from our main result. It is also interesting to know
what type of L-values can be dealt with by looking into middle degrees.

It is not an isolated phenomenon that topological rational structure yields a
canonical transcendental factor of an L-value. Starting from a number field K, we
induce the trivial Galois character from K to Q. Then IndKQ id = id⊕χ for an Artin
Galois representation χ. The classical class number formula is written in terms of
L(1, χ) whose main transcendental factor is the regulator of K. As is obvious from
the definition, the regulator is the period of the maximal degree cohomology group
of F 1

A/F
× for the norm 1 ideles F 1

A normalized with respect to the L-function (see
[H89] page 90). The fact that IndKQ id contains the identity representation once is

essentially used to identify the residue of the Dedekind zeta function L(s, IndKQ id)
of K with the Artin L-value L(1, χ) as a product of the regulator and the class
number. Computation of the residue tends to be easier than the computation of
values. In our case, a similar phenomenon occurs. For the contragredient ρØ,
ρ ⊗ ρØ ∼= id⊕Ad(ρ), and the residue formula of the Rankin product L(s, ρ ⊗ ρØ)

is essentially used to obtain the non-abelian class number formula for L(1,Ad(ρ))
Ω

[H81], [H88b] and [H89] (see also [U] for a generalization to imaginary quadratic
K). The transcendental factor Ω is the period of the maximal degree cohomology
group for GL(2) ×GL(2) (see [H81] and Section 8 in the text). Exactly the same

phenomenon happens also for
L(1,Ad(ρ)⊗α)

Ω(̂λ)
, although the period may not be of

maximal degree. The idea of proof is simple, which is summarized in Section 2.4,
although the computation, in order to get an effective integral expression of the
L-value, is a bit demanding. In the process of obtaining the integral expression, it
is necessary to find a Hecke character of K with a prescribed restriction to F . The
argument to find such a character is substantially shortened by a suggestion made
by the referee of this paper, in particular, Lemma 2.1 is supplied by him along with
a concise proof. Here I wish to thank the referee for the suggestion and his careful
reading of the manuscript.

Holomorphy of the adjoint L-function was first dealt with by Shimura [S1] and
then generalized to arbitrary π and F by Gelbart-Jacquet [GJ] (see also [S2] for
another integral expression). The rationality result was dealt with for critical values
by Sturm for F = Q and Im for general totally real F ([St] and [I]). Our proof is a
cohomological interpretation of the Rankin method studied by Shimura and Asai
[A], which is generalized to GL(n) by Flicker [Fl] and [FlZ]. In the course of the
proof of the congruence theorem (Theorem 5.2), we need to use a non-vanishing
result of twisted tensor L-functions, which follows from a more general result of
Shahidi [Sha1], [Sha2].
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Here is general notation. We write FA for the adele ring of F . When F = Q, we
write A for that. The finite part of A is written as A(∞), and the infinite part of FA

is written as F∞. As a subring of A(∞), we write Ẑ for the product of the p-adic
integer ring Zp for all primes p. For the integer ring r of F , we put r̂ = r ⊗Z Ẑ as

a subring of F
(∞)
A . For a number field X, we write IX for the set of embeddings

of X into C. We write ΣX for the set of archimedean places of X and decompose
ΣX = ΣX(R) t ΣX(C) for the set of all real places ΣX(R). For a number field
denoted by F in the text, which is the base field, we drop the subscript “F ” like I
for IF .
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2. Idea of the proof, and preliminaries

In this section, we first describe how we can interpret analytic integration of
cuspidal automorphic forms in terms of group and sheaf cohomology theory in an
algebraic way (Sections 2.1-2.2). Then we define various modular L-functions, and
we study multiplicative relations among the L-functions we defined (Section 2.3).
This relation combined with an integral expression gives a key to our proof of
rationality theorem (Section 2.4). At the end of this section, we describe Γ-factors
of L-functions and criticality of L-values in terms of motives (Section 2.5).
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2.1. Integration of cuspidal cohomology classes. Let G be a classical linear
algebraic group defined over Z. We consider an open compact subgroup S of G(Ẑ)
of G(A(∞)). We write G(R)+ for the identity component of the Lie group G(R).
We put G(A)+ = G(A(∞)) ×G(R)+ and G(Q)+ = G(A)+ ∩ G(Q), where A(∞) is
the finite part of the adele ring. Then we study the modular manifold associated
to S

Y (S) = G(Q)+\G(A)+/C∞+Z(R)S

for the center Z = ZG of G and the maximal compact subgroup C∞+ of G(R)+.
Decompose Y (S) = taYa into a finite disjoint union of connected components Ya.
Then we fix a and write Y = Ya. Then Ya ∼= Γ\Z for a discrete arithmetic subgroup
Γ of G(Q)+ and the symmetric space Z = G(R)+/ZG(R)C∞+. When it is necessary
to indicate the dependence on a, we write Γ(a) for Γ. Then we suppose that we have
a coordinate system (t, x1, ..., xd−1) (d = dim(Y )) of a coordinate neighborhood Us
around the cusp s of Y such that

Us ∼= (t0,∞)× (Γs\Rd−1)

(for an open interval (t0,∞), t0 > 0) with compact quotient Γs\Rd−1 for a discrete
subgroup Γs of Γ acting on Rd−1. This is the case where G has a maximal Q-split
torus of rank 1, and the variable t is given by the variable of the unique Q-split
torus (of a Levi subgroup) in the minimal parabolic subgroup fixing the cusp s. Let
L be a finite dimensional R-vector space with an action of Γ. Let ω be a C∞-closed
p-form on (t0,∞) × (Rd−1) with values in L decreasing exponentially as t → ∞.
We suppose that γ∗ω = γω for γ ∈ Γs. Here γω(x) is the image under the action
γ : L→ L applied to the value ω(x). We write

ω =
∑

i1<...<ip

αi1...ipdxi1 ∧ . . . ∧ dxip +
∑

j1<...<jp−1

βj1...jp−1dt ∧ dxj1 ∧ . . . ∧ dxjp−1 .

Since dω = 0,

∂αi1...ip(t, x)

∂t
=

p∑

k=1

(−1)k−1∂βi1...ik−1ik+1...ip(t, x)

∂xik
.

Then we have

αi1...ip(t, x) =

∫ t

∞

∂αi1...ip(t, x)

∂t
dt =

p∑

k=1

(−1)k−1

∫ t

∞

∂βi1...ik−1ik+1...ip

∂xik
dt.

Let θ =
∑

j1<...<jp−1
(
∫ t
∞ βj1...jp−1 (t, x)dt)dxj1 ∧ . . . ∧ dxjp−1 . Then dθ = ω. Note

that θ is invariant under Γs, that is, γ∗θ = γθ for γ ∈ Γs because t is invariant
under the action of Γs. Thus for a given ω, we can find a canonical lift θ. Let
C be the set of all cusps of Y (S). We take an open neighborhood Us for each
s ∈ C as above. Let us consider the quotient L = Γ\(Z × L) given by the action
γ(z, λ) = (γx, γλ). We write π : L → Y for the projection. Then we consider the
sheaf L made of locally constant sections of π. For each cuspidal closed differential
p-form ω on Y which is a C∞-section of L⊗R Ωp, we take θ(ω|Us) as above so that
dθ(ω|Us) = ω|Us . Then we take a C∞-function φ : Y → R such that φ is identically
1 if t > t1 with a t1 > t0 for every s, and outside ∪s∈CUs, φ is identically 0. Then
we define θφ(ω) =

∑
s∈C φθ(ω|Us). The form ω − dθφ(ω) is compactly supported.
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The cohomology class [ω − dθφ(ω)] in Hp
c (Y,L) is independent of the choice of Us

and φ, because θφ(ω) − θφ′ (ω) is compactly supported for any other choice of φ′.
For Q-rank 1 case, we have a canonical choice of t given by the variable of the
Q-split torus of G and {xi} coming from Q-non-split torus and unipotent radical
of the minimal parabolic subgroup fixing s. Thus we have a canonical section

i : Hp
cusp(Y,L) → Hp

c (Y,L),

which is compatible with Hecke operator action. The compatibility follows from
the expression of the Hecke operators on boundary cohomology groups, for example
for GL(2), the expression is given in [H93] Section 3, and the uniqueness of i([ω]) =
[ω − dθφ(ω)].

We now compactify Y adding the boundary ∞× (Γs\Rd−1) to Us for all cusps
s. We write the compactification as Y . Then Y is a manifold with boundary ∂Y =
ts∞× (Γs\Rd−1). Let C be a C∞-class p-cycle modulo ∂Y . By our construction,
ω − i(ω) = dθφ(ω) is rapidly decreasing towards cusps s. We assume that Y has
finite volume with respect to the Haar measure on G(R). Then if ω is rapidly
decreasing towards cusps s (that is, exponentially decreasing with respect to t),∫
C
ω converges. We see easily from the Stokes theorem

∫

C

ω =

∫

C

i(ω).(it1)

If p = dimY = d, we see that Tr : Hd
c (Y, A) ∼= A by the evaluation at d-relative

cycle Y modulo ∂Y . In particular, if A = C,

Tr([ω]) =

∫

Y

ω =

∫

Y

i(ω).(it2)

This is usually stated for Y smooth (for example, if S is sufficiently small), but
is valid always, because of the following reason. We take sufficiently small normal
subgroup Γ′ of Γ of finite index such that Y ′ = Γ′\Z is smooth. Then Hd(Y,C) =
Hd(Y ′,C)∆ for ∆ = Γ/Γ′, and Tr with respect to Γ′ induces that of Y . This shows
the assertion (it2) for Y ′ implies that for Y .

2.2. Modular cohomology groups. We summarize here the definition of mod-
ular cohomology groups and Hecke operator action on them. A detailed exposition
can be found in [H94] and [H88a]. Let F be a number field with the integer ring r.
We consider the torus T = Resr/ZGm. We fix an algebraic closure Q of Q inside
C. The group of characters X(T ) = Homalg−gr(T/Q

,Gm/Q
) can be identified with

the formal free module Z[I] generated by the set I of all field embeddings of F
into Q. Since any σ ∈ I induces an algebra homomorphism σ : F ⊗Q A → Q for
any Q-algebra A by k ⊗ a 7→ σ(k)a, for each n =

∑
σ∈I nσσ, n as an element of

X(T ) takes a ∈ T (A) to an =
∏
σ σ(a)nσ . Note that T (A) for the adele ring A is

the idele group F×
A . Thus T (A)/T (Q) is the idele class group. A Hecke character

ψ : T (A)/T (Q) → C× is called arithmetic if it induces an element ∞(ψ) inX(T ) on
the identity connected component T (R)+ of the archimedean part T (R) of T (A).
This element ∞(ψ) ∈ Z[I] is called the infinity type of ψ. We write ΞF for the sub-
module of Z[I] = X(T ) made of infinity types of arithmetic Hecke characters. For
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each arithmetic Hecke character ψ, the field generated by ψ(x) for all x ∈ T (A(∞))
is a finite extension Q(ψ) of Q, which is either a totally real or a CM field. A Hecke
character ω is called algebraic if ω(x) ∈ Q for all x ∈ T (A(∞)). There are many
algebraic characters which are not arithmetic (cf [H94] p.467).

We put

H = Resr/ZGL(2)/r and H = H(R)+/C∞+ZH(R).

As S, we take

U0(N) = U0,F (N) =
{(

a b
c d

)
∈ H(Ẑ)

∣∣c ∈ N̂
}

for an ideal N of r, where N̂ = N⊗Z Ẑ. We write Y0(N) = Y0,F (N) for Y (S). For L,
we take polynomial representations of H . Let F cl be the Galois closure of F/Q, and
write rcl for the integer ring of F cl. Writing I for the set of all embeddings of F into
Q, for each rcl-algebra A, each σ induces a projection σ : H(A) → GL2(A) which
coincides with σ on r. In particular, H(F cl) ∼=

∏
σ∈I GL2(F

cl) via a 7→ (σ(a))σ .

Then over F cl, each irreducible polynomial representation of H is isomorphic to
⊗

σ∈I
det(σ(x))vσSym(σ(x))⊗nσ

for integer tuples (vσ) and (nσ) with nσ ≥ 0. Here Sym(σ(x))⊗nσ is the symmetric
n-th tensor matrix of σ(x). Thus irreducible polynomial representations of H are
classified by tuples (n, v) of Z[I], where n =

∑
σ∈I nσσ and v =

∑
σ vσσ. We write

κ for the pair (n, v) sometimes. We can concretely realize the above polynomial
representation on an A-free module L(κ;A) made of polynomials of 2[F : Q] vari-
ables (Xσ , Yσ)σ∈I with coefficients in A homogeneous of degree nσ for each pair
(Xσ , Yσ). We let γ ∈ H(A) act on P ∈ L(κ;A) by

γP (Xσ , Yσ) = det(γ)vP ((Xσ , Yσ)
tσ(γ)ι),

where γι = det(γ)γ−1 and det(γ)v =
∏
σ det(σ(γ))vσ .

By the approximation theorem, choosing a complete set R of representatives for
the class group Cl(S) = T (Q)+\T (A)/det(S)T (R), we have

H(A)+ =
⊔

a∈R
H(Q)+ ( a 0

0 1 )SH(R)+ .

Thus Y (S) = taYa and Ya = Γ(a)\Z, where Γ(a) = tSH(R)t−1 ∩ H(Q)+ for
t = ( a 0

0 1 ). When S = U0(N), for a Hecke character ψ with ψ∞(x) = x−n−2v

for all x ∈ F×
∞ whose conductor is a factor of N , we twist a little the action of Γ(a)

on L(κ;A) as follows:

P (Xσ, Yσ) 7→ ψN(d)det(γ)vP ((Xσ , Yσ)
tσ(γ)ι)

if γ = ( ∗ ∗
c d ) ∈ Γ(a), where ψN is the restriction of ψ to

∏
p|N F

×
p ⊂ T (A). We write

this twisted module as L(κ, ψ;A). To have a non-trivial sheaf, the action of Γ(a) has
to factor through the fundamental group π1(Y ) which is Γ(a)/r×. Therefore, the
center r× of Γ(a) has to act trivially on L(κ, ψ;A). The condition: ψ∞(x) = x−n−2v

for all x ∈ F×
∞ assures this. When ψ is trivial on T (Ẑ), L(κ, ψ;A) = L(κ;A). Thus

L(κ, ψ;A) only depends on the restriction of ψ to units T (Ẑ) = r̂×.
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We describe the cohomology groups

Hq(Y0(N),L(κ, ψ;A)), Hq
c (Y0(N),L(κ, ψ;A)) and Hq

cusp(Y0(N),L(κ, ψ;A))

defined in [H94] Sections 3 and 5. Let Q(κ) be the subfield of Q fixed by the
subgroup

G(κ) =
{
σ ∈ Gal(Q/Q)

∣∣κσ = (nσ, vσ) = κ
}
.

Let Q(ψ) be a subfield of Q generated by ψ(x) for all x ∈ T (A(∞)), which is a CM
field finite over Q. We write Q(κ, ψ) for the composite of Q(κ) and Q(ψ). Write

P (Xσ, Yσ) =
∑

0≤j≤n
ajX

n−jY j ∈ L(κ, ψ, A),

where Xn−jY j =
∏
σX

nσ−jσ
σ Y jσσ , aj ∈ A, and 0 ≤ j ≤ n implies 0 ≤ jσ ≤ nσ for

all σ ∈ I. Then we let σ ∈ Gal(Q/Q) act on L(κ, ψ; Q) by
∑

0≤j≤n
ajX

n−jY j 7→
∑

0≤j≤n
aσjX

nσ−jσY jσ.

Then σ takes L(κ, ψ; Q) onto L(κσ, ψσ; Q), where ψσ is the unique Hecke character
such that ψσ(x) = ψ(x)σ for T (A(∞)) and ∞(ψσ) = ∞(ψ)σ. Thus the Γ(a)-module
L(κ, ψ; Q(κ, ψ)) is well defined, and for the integer ring Z(κ, ψ) of Q(κ, ψ),

tL(κ, ψ; Z(κ, ψ)) = tL(κ, ψ; Z(κ, ψ) ⊗Z Ẑ)
⋂
L(κ, ψ; Q(κ, ψ))

is an Z(κ, ψ)-lattice in L(κ, ψ; Q(κ, ψ)) stable under Γ(a) (see the paragraph below
(3.5) of [H94]), where t = ( a 0

0 1 ), and the intersection is taken in

L(κ, ψ; A(∞)(κ, ψ)) for A(∞)(κ, ψ) = Q(κ, ψ) ⊗Q A(∞).

Thus writing tL(A) = tL(κ, ψ;A) for tL(κ, ψ; Z(κ, ψ)) ⊗Z(κ,ψ) A, we have the cov-
ering

⊔
a tL(A) → Y0(N). We write L(κ, ψ;A) for the sheaf of locally constant

sections of this covering. Then, if Y0(N) is smooth, the cohomology groups Hq

and Hq
c are defined in the usual manner, and the cuspidal cohomology group

Hq
cusp(Y0(N),L(κ, ψ; C)) is defined to be the subspace of Hq(Y0(N),L(κ, ψ; C))

spanned by cuspidal harmonic forms ([H94] Section 2). When Y0(N) is not smooth,
we take a normal subgroup S ⊂ U0(N) and define Hq

cusp(Y0(N),L(κ, ψ; C)) by
the subspace of Hq

cusp(Y (S),L(κ, ψ; C)) fixed by U0(N)/S. Similarly, we define
Hq
c (Y0(N),L(κ, ψ; C)) for non-smooth Y0(N). For any Z(κ, ψ)-subalgebra A of C,

we define Hq
cusp(Y0(N),L(κ, ψ;A)) by the intersection of Hq

cusp(Y0(N),L(κ, ψ; C))
with the natural image of Hq

c (Y0(N),L(κ, ψ;A)). Anyway, as seen in 2.1, we have
a canonical section

i : Hq
cusp(Y0(N),L(κ, ψ; C)) ↪→ Hq

c (Y0(N),L(κ, ψ; C)),

and

Hq
cusp(Y0(N),L(κ, ψ; C)) ∼= Hq

cusp(Y0(N),L(κ, ψ; Z(κ, ψ)))⊗Z(κ,ψ) C.

The cohomology groups Hq
cusp(Y0(N),L(κ, ψ;A)) have a natural action of Hecke

operators T (n) for integral ideals n of r and the action of the center Z(A) ([H94]
Section 4) as long as either A is a Q(κ, ψ)-algebra or v ≥ 0 ( ⇐⇒ vσ ≥ 0 for all σ),
and i is equivariant under Hecke operators. When A is not a Q-algebra and v 6≥ 0,
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we need to modify T (n) as in [H94] Section 4 to preserve integrality. By a result of
Harder, the cuspidal cohomology group is trivial if one of the following conditions
is satisfied (i) q < r1(F ) + r2(F ); (ii) q > r1(F ) + 2r2(F ), and (iii) n 6= nc for
complex conjugation c (cf. [Ha],[H94] Section 2), where r1(F ) (resp. r2(F )) is the
number of real (resp. complex) places of F .

We assume that Hq
cusp(Y0(N),L(κ, ψ; C)) 6= 0. Since we have an action of the

center ZH(A(∞)) = T (A(∞)), we can decompose Hq
cusp(Y0(N),L(κ, ψ; C)) into a

product of eigenspaces under this action:

Hq
cusp(Y0(N),L(κ, ψ; C)) =

⊕

ψ′

Hq
cusp(Y0(N),L(κ, ψ; C))[ψ′],

where ψ′ runs over arithmetic Hecke characters such that ψ′ = ψ on T (Ẑ) and
∞(ψ′) = ∞(ψ). We write hκ(N, ψ;A)/F for the A-subalgebra of

EndC(Hq
cusp(Y0(N),L(κ, ψ; C))[ψ])

generated by T (n) for all integral ideals n. Again by Harder ([Ha]), the algebra
hκ(N, ψ;A) is independent of q. Let λ : hκ(N, ψ; C) → C be an algebra homomor-
phism. Then λ-eigenspace is non-trivial in the cohomology group. Its dimension
depends on q and F . To describe this, write Σ = ΣF (resp. Σ(R) = ΣF (R),Σ(C) =
ΣF (C)) for the set of archimedean (resp. real, complex) places of F . We identify
Σ(C) with a subset of complex embeddings in I so that each place is induced by
the corresponding embedding. Note that

H ∼=
∏

σ∈Σ(R)

Hσ ×
∏

τ∈Σ(C)

Hτ ,

where Hσ is a upper half complex plane on which σ(γ) ∈ GL2(R) (σ ∈ Σ(R)) acts
through linear fractional transformation, and

Hτ =

{(
x −y
y x

)∣∣x ∈ C, 0 < y ∈ R

}
,

on which τ (γ) ∈ GL2(C) (τ ∈ Σ(C)) acts as in [H94] (2.2). In [H94] Section 3 (M1-
4), we defined a space of cohomological cusp forms Sκ,J (N ;ψ)/F for each subset J
of Σ(R). Actually, we need to assume that functions in Sκ,J (N ;ψ)/F are rapidly
decreasing towards cusps, which follows from the cuspidal condition [H94] (M4)
if F is different from Q or imaginary quadratic fields. In [H94], this condition is
implicitly assumed when F is Q or imaginary quadratic field (see (m′3) of [H94]
page 460). An element f ∈ Sκ,J (N ;ψ) corresponds to a real analytic modular form
on H holomorphic on the copy Hσ at σ ∈ J and anti-holomorphic at σ ∈ Σ(R) − J
(see the remark in [H94] in page 460 after (m′3)). This space, when F = Q, is
isomorphic to the classical space of elliptic cusp forms. More precisely, Sκ,I(N, ψ)
is isomorphic to the space Sk(Γ0(N), ψN) of holomorphic cusp forms of weight

k = n+2 with Neben character ψN , which is the restriction of ψ to Ẑ× regarded as
a Dirichlet character. The isomorphism is given by f 7→ φ(x+ iy) = yv−1f (( y x0 1 )).
Thus the space itself does not depends on v, but the Hecke operator T (n) = Tv(n)
depends on v in the following way: When v = 0, T0(n) is the classical Hecke
operator acting on Sk(Γ0(N), ψN) defined by Hecke. Then Tv(n) = nvT0(n). In
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other words, by pulling back classical cusp forms in Sk(Γ0(N), ψN) to H(A), we
get the space S(n,0),I(N, ψ) and

S(n,v),I(N, ψ) =
{
f(x)|det(x)|−v

A

∣∣f ∈ S(n,0),I(N, ψ)
}
.

When F 6= Q, S(n,v),J(N, ψ) does not necessarily have such a simple relation to
S(n,0),J(N, ψ).

In [H94] Sections 2-3, we described a very explicit map

δJ,J′ : Sκ,J (N ;ψ) ↪→ Hq
cusp(Y0(N),L(κ, ψ; C))[ψ]

indexed by J ⊂ Σ(R) and J ′ ⊂ Σ(C). The linear map δJ,J′ is Hecke equivariant
and takes a cohomological cusp form f to a differential form holomorphic of degree
1 in the variables of Hσ for σ ∈ J , anti-holomorphic of degree 1 for σ ∈ Σ(R) − J ,
harmonic of degree 1 for σ ∈ J ′ and harmonic of degree 2 for Σ(C) − J ′. Thus the
total degree of the differential form is r1 − |J ′| + 2r2. We will recall the explicit
form of δJ,J′ later in our computation in specific cases. Then, for d = [F : Q],

δ = ⊕J,J′ δJ,J′ :
⊕

J,J′ :#(J′)=d−q
Sκ,J (N, ψ) ∼= Hq

cusp(Y0(N),L(κ, ψ; C))[ψ].

Since the λ-eigenspace of Sκ,J(N, ψ) is 1-dimensional, this completely determines
the dimension of the cohomological eigenspace. Since T (n) leaves stable the coho-
mology group, λ(T (n)) is an algebraic number in a fixed finite extension. We write
Q(λ) for the subfield of Q generated by T (n) for all n, which is a CM field or a
totally real field containing Q(κ, ψ).

For a standard Whittaker function W = Wκ : T (R)+ → L((n∗, 0); C) with
n∗ =

∑
σ∈Σ(C)(nσ + nσc + 2)σ, f ∈ Sκ,J (N, ψ) has a Fourier expansion of the

following form ([H94] Section 6):

f

((
y x
0 1

))
= |y|FA

∑

ξ∈F×

a(ξyd; f)W (ξy∞)eF (ξx),(F )

where ξ runs over all elements in F with ξσ > 0 for σ ∈ J and ξσ < 0 for σ ∈ Σ(R)−
J , y ∈ T (A) with y∞ ∈ T (R)+, n 7→ a(n; f) is a function with values in C supported
by the set of integral ideals, d = dF is the different of F/Q, and eF : FA/F → C
is the standard additive character with eF (x∞) = exp(2π

√−1
∑

σ∈I x
σ). The

function W is the optimal element in the Whittaker model at archimedean places,
whose Mellin transform gives the exact Γ-factor of the standard L-function. Its
explicit form will be recalled later. This Fourier expansion determines the cusp
form uniquely. If f |T (n) = λ(T (n))f with a(r; f) = 1, then a(n; f) = λ(T (n)).
Thus the eigenspace of λ is one dimensional (Multiplicity 1) (cf. [H94] Theorem
6.4). For any automorphism σ ∈ Aut(C), we always have fσ in Sκσ,J (N, ψσ) such
that a(n; fσ) = a(n; f)σ by the Hecke equivariance of δ and the rational structure
of the cuspidal cohomology groups. In particular, λσ(T (n)) = λ(T (n))σ gives an
algebra homomorphism of hκσ(N, ψσ ; C) into C. Sometimes, we call λ a system of
Hecke eigenvalues.
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2.3. Modular L-functions. We fix a system of Hecke eigenvalues λ : hκ(N, ψ; C) →
C and define several L-functions of λ we will study. The standard L-function of λ
twisted by a Hecke character η : T (A)/T (Q) → C× is given by

L(s, λ ⊗ η) =
∑

n⊂r

η(n)λ(T (n))NF/Q(n)−s

=
∏

p

{
(1 − αpη(p)NF/Q(p)−s)(1 − βpη(p)NF/Q(p)−s)

}−1
,

which is continued to an entire function on the whole complex s-plane and has a
functional equation if λ is primitive (that is, λ gives eigenvalues of a primitive form
of conductor N ; cf. [Mi]). When η is arithmetic with infinity type −w ∈ Z[I],
λ ⊗ η : T (n) 7→ η(n)λ(T (n)) for n prime to the conductor C = C(η) of η gives an
algebra homomorphism of hκ′ (N ∩C2, ψη2; C) into C for κ′ = κ+ (0, w). Thus we
can view L(s, λ⊗ η) as the standard L-function of λ⊗ η. The adjoint L-function is
given by

L(s, Ad(λ) ⊗ η) =
∏

p

{
(1 − αpβ

−1
p η(p)

NF/Q(p)s
)(1 − η(p)

NF/Q(p)s
)(1 − α−1

p βpη(p)

NF/Q(p)s
)
}−1

,

which again has a meromorphic continuation to the whole complex s-plane [S1], [S2]
and [GJ]. It has a functional equation after adding finitely many Euler factors if
necessary. For another system µ of Hecke eigenvalues, we define the Rankin product

of λ and µ. Writing the Euler p factor of L(s, µ) as (1− α′

p

N(p)s )−1(1− β′

p

N(p)s )−1, we
put

L(s, λ ⊗ µ)

=
∏

p

{
(1 − αpα

′
p

NF/Q(p)s
)(1 − αpβ

′
p

NF/Q(p)s
)(1 − βpα

′
p

NF/Q(p)s
)(1 − βpβ

′
p

NF/Q(p)s
)
}−1

,

For each primitive Hecke eigensystem λ : hκ(N, ψ; C) → C, it is a well known
conjecture that there exists a compatible system of l-adic representations ρ = ρ(λ)
of Gal(F/F ) with coefficients in Q(λ) such that L(s, ρ ⊗ η) = L(s, λ ⊗ η) (cf.
[H94] Section 1), where F is the algebraic closure of F . This conjecture is known
for totally real F (see [BR]). If such ρ exists, L(s, λ ⊗ µ) = L(s, ρ(λ) ⊗ ρ(µ))
and L(s, Ad(λ)) = L(s, Ad(ρ)), where Ad(ρ) is a three dimensional representation
fitting into the following exact sequence:

0 −→ Ad(ρ) −→ ρ⊗ ρØ −→ id −→ 0

for the contragredient ρØ of ρ and the identity Galois character id.

We take a semi-simple quadratic extension K/F . We allow K = F ⊕ F . We
write α for the quadratic character of T (A)/T (Q) associated to K/F if K is a field.
If K = F ⊕ F , we simply put α = id for the identity character id. We write R for
the integral closure of r in K. We put G = ResR/ZGL(2)/R. If K is not a field, we
simply agree to put G = H ×H . We consider the cohomological modular forms on
G. Thus if G = H ×H and N = C ⊕C ⊂ R, then

S(κ,µ)(N, (ψ, ψ
′)) = Sκ(C, ψ)⊗C Sµ(C, ψ′),



12 H. HIDA

where f ⊗ g(x, x′) = f(x)g(x′) on G(A). We define Y0,K(N) as above for G if
K is a field, and otherwise, Y0,K(N) = Y0,F (C) × Y0,F (C). We write IK for the
set of all non-trivial algebra homomorphisms of K into Q. Thus if K = F ⊕ F ,
IK ∼= ItI canonically. Let µ : hκ(N, χ; C)/K → C be a system of Hecke eigenvalues
for κ ∈ Z[IK ]. Suppose that K is a field and the compatible system ρ = ρ(µ)
exists. Extending a non-trivial automorphism of K/F to σ ∈ Gal(F/F ), we put
ρσ(g) = ρ(σgσ−1). Then Ψ = ρ⊗ρσ is equivalent to Ψσ, and it extends to Gal(F/F )
in two ways. Realizing Ψ on V ⊗ V for a two dimensional vector space V on which
ρ acts, one of the two extensions, writing Ψ+, satisfies Ψ+(σ)(x⊗ y) = y ⊗ ρ(σ2)x
and the other is given by Ψ−(σ)(x⊗ y) = −y⊗ ρ(σ2)x (cf. [Gh] 5.1). We write the
L-function of Ψ+ twisted by a Hecke character η of F as L(s, (µ⊗µσ)+ ⊗η). Then
L(s,Ψ− ⊗ η) = L(s,Ψ+ ⊗ αη) = L(s, (µ⊗ µσ)+ ⊗ αη). See [Gh] 5.1 for an explicit
description of Euler factors of L(s, (µ⊗µσ)+). Although it is assumed in [Gh] that
K is an imaginary quadaratic field, the computation (and the description) is the
same for general K/F . We have

L(s, µ⊗ µσ) = L(s, (µ⊗ µσ)+)L(s, (µ ⊗ µσ)+ ⊗ α),

where µσ is a system of Hecke eigenvalues given by µσ(T (n)) = µ(T (nσ)). When
K = F ⊕ F , we just put

L(s, (µ ⊗ µσ)+) = L(s, λ⊗ λ)

if µ is given by λ ⊗ λ′ taking (T (n), T (m)) to λ(T (n))λ′(T (m)) for two systems of
Hecke eigenvalues λ and λ′ of H . Then we have

L(s+ 1, (µ⊗ µσ)+ ⊗ η) = L(2s, χFη
2)LK/F (s, µ, η),(R1)

where χF is the restriction of χ to F×
A

and

LK/F (s, µ, η) =
∑

n⊂r

η(n)µ(T (n))NF/Q(n)−s−1

for a Hecke character η of F . Here n runs over all ideals of r (not R) extended to
R.

2.4. Idea of the proof. There is a way to get an integral expression of L(1, Ad(λ)⊗
α) for a Hecke character α with α2 = 1. Here we summarize the idea, and in the
following sections, we shall give details of computation. This integral expression
gives a key to prove the rationality theorem. Let µ = λ̂ for the base change lift of λ
of H to G. Here we need to invoke the assumption that λ̂ remains cuspidal. When
K is a field, λ̂ is given by Jacquet [J] so that L(s, ρ(λ)|K ⊗ η) = L(s, λ̂ ⊗ η) for all
arithmetic Hecke character η of K, where ρ|K is the restriction of ρ to Gal(F/K).

If G = H × H , we simply put λ̂ = λ ⊗ λ. Then χ = ψ ◦ NK/F and χF = ψ2.

We write κ̂ = (n̂, v̂) ∈ Z[IK]2 for the weight of λ̂. We have the restriction map
ResKF : Z[IK ] → Z[I] which takes σ to its restriction to F , where F is embedded
into F ⊕ F diagonally if K is not a field. Writing InfKF : Z[I] → Z[IK] for the
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inflation map: Inf(σ) =
∑

τ∈IK ,τ|F =σ τ , we see that n̂ = InfKF (n). Then we get,
again looking into Euler factorization

LK/F (s, λ̂, η)L(2s, (ψη)2) = L(s+ 1, (µ⊗ µσ)+ ⊗ η)

= L(s, αψη)L(s, Ad(λ) ⊗ ψη)

up to finite Euler factors. Let N0 be the least common multiple of the conductor of
η and N ∩ r. Since discrepancy of Euler factors can only occur for primes dividing
N0, we get the following exact identity:

LN0(2s, (ψη)
2)LK/F,N0

(s, λ̂, η) = LN0 (s, αψη)LN0 (s, Ad(λ) ⊗ ψη),(R2)

where we write LN0(s) for the L-function obtained from the original L(s) by remov-
ing Euler factors for primes p dividing N0. Thus assuming αψη = id, LN0 (s, αψη)
has a simple pole at s = 1. Thus we get the following residue formula:

(Res1) {Ress=1ζF,N0 (s)}LN0 (1, Ad(λ) ⊗ α)

= Ress=1

{
ζF,N0 (2s)LK/F,N0

(s, λ̂, αψ−1)
}
.

Thus we need to compute the residue of the right-hand side of (Res1). Keeping
the assumption that αψη = id, we use for that purpose a pull back integration
of δ(g) over Y0,F (N ′) (for a suitable N ′) to get an integral expression of L(s +
1, (µ⊗ µσ)+ ⊗ η), where g is a suitable cohomological modular form having Hecke

eigenvalues related to λ̂. To describe g, we need to express η = αψ−1 = ϕFω for the
restriction ϕF of an arithmetic Hecke character ϕ of K to F and a Hecke character
ω of conductor 1. We will show later that this is possible in most cases. We write
w = −∞(ϕ) and C for the conductor of ϕ. We put N ′ = N ∩ C2 ∩ r. Then up to
finitely many Euler factors

ζF (s)L(s, Ad(λ) ⊗ α) = L(s+ 1, (λ̂⊗ λ̂σ)+ ⊗ η)

= L(s+ 1, ((λ̂⊗ ϕ) ⊗ (λ̂ ⊗ ϕ)σ)+ ⊗ ω).

We choose suitable J ⊂ ΣK(R) and J ′ ⊂ ΣK(C) so that

g ∈ S
κ̂+(0,w),J

(N ∩ C2, χϕ2)[λ̂ ⊗ ϕ]

and δJ,J′ (g) gives a cohomology class in Hq
cusp(Y0,K(N ∩C2),L(κ̂+(0, w), χϕ2; C))

for q = dimY0,F (N ′). The cusp form g is the image of λ-eigenvector f under the
twisting operator R(ϕ) and the (cohomological) rationality of δ(f) and δ(f |R(ϕ))
are equal (see [H94] (6.8) and the proof of Theorem 8.1). Under the assumption:
αψη = id, we have a non-trivial sheaf morphism

π : L(κ̂+ (0, w), χϕ2; C))|Y0,F (N′) → L(0, ω−2; C).

Thus for a suitable Eisenstein series E(s) giving a global section of L(0, ω2; C), we
can prove by a Rankin convolution method that the integral

∫

Y0,F (N′)

π(δJ,J′ (g))E(s)

gives
L(s+ 1, ((λ̂⊗ ϕ) ⊗ (λ̂ ⊗ ϕ)σ)+ ⊗ ω)
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up to the canonical Γ-factor and a constant. Actually,

E(s) = E(x, s) = ω(det(x))E0(x, s)

as a function of x ∈ H(A), where E0(x, s) is the weight 0 Eisenstein series attached
to the trivial character of the Borel subgroup of H . As is well known, E0(x, s) has
a simple pole at s = 1 with constant residue equal to Ress=1ζF (s) up to rational
numbers (see Appendix). Then comparing the residue of the two sides of (Res1),
we finally get, for C ′ = C(ϕ) ∩ r,

LC′(1, Ad(λ) ⊗ α) = C0

∫

Y0,F (N′)

π(δJ,J′ (g))det(ω(x)),(Res2)

where the constant C0 is the product of the Gauss sum G(ψα) and a power of π

up to rational numbers. Thus if the λ̂-eigenspace Hq
cusp(Y0,K(N),L(κ̂, χ; C))[λ̂] is

one dimensional, we see that δ(f) = Ω(λ̂)ξ for a Q(λ̂)-rational cohomology class ξ,

and we know the algebraicity of LN′ (1, Ad(λ) ⊗ α) up to Ω(λ̂) and a power of π.
This happens when K is a CM quadratic extension of totally real F . Let ΣK(R)
be the set of real places of K. When F is totally real, we can further decompose
the cohomology group through the action of C∞/C∞+ = {±1}ΣK(R) into a direct
sum of one dimensional pieces, and hence we can still prove the algebraicity of
the L-value. For general K/F , in place of Hq

cusp(Y0,K(N),L(κ̂, χ; C)), we can use
Hq
c (Y0,F (N ′),C) ∼= C, which is one dimensional. Therefore similarly we can define

the period Ω(λ̂) and get the algebraicity, although the definition of the transcen-
dental factor Ω is not so transparent as the case where F is totally real. This is one
of the reasons why we have divided our argument according to the shape of K/F
at the archimedean places as described in the introduction.

In this paper, we only study the pull back integration of degree q = dimY0,F (N ′)
cohomology class. Presumably the same process for degree q′ < q would yield
another integral expression of LK/F (s, µ, η). In this case, the Eisenstein series E(s)
has to be replaced by an Eisenstein differential form. When K is an imaginary
quadratic field, Ghate [Gh] treated the case of minimal q′, that is, q′ = 1 (while
q = 2) and obtained a rationality result for critical values of L(s, (µ⊗ µ)+), which
implies rationality of some critical values of L(s, Ad(λ)⊗η). Since our result covers
the non-critical value L(1, Ad(λ)⊗α) in this case, the two results are disjoint. For
a general quadratic extension, there are several values of q′ between maximal q and
the minimal one. It is an interesting problem to study the integral for intermediate
values q′.

Here, we study extensibility of ψ′ = αψ−1 to a Hecke character ϕ of K up to
Hecke characters of F of conductor 1. Here is a general lemma supplied by the
referee of this paper:

Lemma 2.1. Let K/F be a Galois extension. Let J ′′ be the set of archimedean
places of F which ramify in K. A Hecke character χ of finite order of F×

A extends
to a Hecke character of finite order of K if and only if χσ = 1 for all σ ∈ J ′′.

Proof. Here is a proof which is a version of the proof supplied by the referee.
For a multiplicative Gal(K/F )-module A, we write Hr(A) (resp. Ĥr(A)) for the
group cohomology group Hr(Gal(K/F ), A) (resp. the Tate cohomology group
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Ĥr(Gal(K/F ), A)). Thus Ĥr(A) is defined also for negative r, Ĥr(A) = Hr(A) for

r > 0 and Ĥ0(A) = H0(A)/NK/FA. Let CX = X×
A
/X× for a number field X be

the idele class group. Write DX for the identity component of CX . Thus by the
Artin reciprocity map, CX/DX is isomorphic to the Galois group of the maximal
abelian extension of X. Note that CF and CF/CF ∩ DK are closed subgroups of
CK and CK/DK , respectively. Thus we see

(1) A character χ : CF → C× is of finite order ⇐⇒ χ is trivial on DF ;
(2) χ extends to a finite order character of CK ⇐⇒ χ is trivial on CF ∩DK .

By Hibert’s theorem 90 applied toK×, we haveH0(CK) = CF , and hence H0(DK ) =
CF ∩ DK . For each complex place σ ∈ ΣK(C), we write Tσ = {z ∈ Kσ =
C
∣∣|z|σ = 1} and D′

K for the image of K×∏
σ∈ΣK(C) Tσ in CK. By [AT] Theo-

rem 4 in page 91, Ĥr(D′
K) = Ĥr(DK ) for all r. Applying this to r = 0, we get

H0(DK ) = H0(D′
K)NK/F (DK) in DK . Let J be the subset of ΣK made of places

above J ′′. Then writing {±1}σ for the subgroup of order 2 in Tσ, we consider the
image D′′

K of K×∏
σ∈J{±1}σ. Then by [AT] Theorem 5 (or its proof) in page 92,

H0(DK ) = D′′
KDF , which shows the assertion.

By this lemma, our question of the extensibility is reduced to the study of the
infinity type of the characters in question. Let ΞX be the set of all infinity types
of arithmetic Hecke characters of a number field X. We write Ξ for ΞF . We have
a typical element 1X =

∑
σ∈IX

σ ∈ ΞX . We write 1 for 1F . If a number field X
contains a CM field, we write XCM for the largest CM subfield in X. Then

Ξ =

{
InfF/FCM

(ΞFCM ) if F contains a CM field

Z1 if F does not contains any CM field.

First suppose that F contains a CM field. If KCM 6= FCM , KCM and F are linearly
disjoint over FCM , and hence,

ResK/FΞK = ResK/F InfK/KCM
(ΞKCM ) = InfF/FCM

ResKCM/FCM
(ΞKCM ).

Note that ResKCM /FCM
(ΞKCM )+Z1FCM = ΞFCM , which follows from the fact that

for any CM field X, {τ − τc}τ∈IX and 1X =
∑
τ∈IX

τ generate ΞX . Similarly, if K

contains a CM field but F does not, ResKF ΞK = Ξ. Thus we have

(ResK/FΞK) + Z1 = Ξ

if one of the following three conditions is satisfied: (i) KCM 6= FCM , (ii) F does not
contains any CM field, and (iii) K does not contains any CM field. If K contains
a CM field and KCM = FCM , we have

ResK/FΞK = 2Ξ.

Suppose that K contains a CM field L and either KCM 6= FCM or F does not
contains a CM field. Let ΦL be a CM type of L and Φ = InfKL ΦL. Then Φ ∈ ΞK .
Choose any Hecke character ξ of infinity type Φ, and put β = ξF | |−1

FA
. Then we

have βσ = ασ for all σ ∈ J ′′. If ∞(ψ) ∈ ResKF ΞK , then we take a Hecke character

ϕ′ of K with ResKF ∞(ϕ′) = ∞(ψ) and ϕ′(x∞) = x
∞(ϕ′)
∞ for all x∞ ∈ K×

∞. Then
ψ′ϕ′

F = αψ−1ϕ′
F is of finite order. Since ψ(x∞) = x−n−2v

∞ , we see (ψ−1ϕ′
F )∞ = 1.

Thus (αψ−1ϕ′
F )∞ = α∞ and hence, by Lemma 2.1, we can find a finite order
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Hecke character ϕ′′ of K such that αψ−1ϕ′
Fβ = ϕ′′

F . Thus αψ−1 = ϕFω for
ϕ = (ϕ′)−1ϕ′′ξ−1 and ω = | |FA

. If ∞(ψ) 6∈ ResKF ΞK, then ∞(ψ−1| |−1
FA

) ∈ ResKF ΞK .

In this case, choosing an arithmetic ϕ′ such that ϕ′
F (x∞) = xn+2v−1

∞ for all x ∈ F×
∞.

Then (αψ−1| |−1
FA

(ϕ′
F )−1)σ = 1 for all σ ∈ J ′′ and hence, by Lemma 2.1, we can

find a finite order character ϕ′′ of K such that αψ−1| |−1
FA

(ϕ′
F )−1 = ϕ′′

F . Thus again

we get αψ−1 = ϕFω for ϕ = ϕ′ϕ′′ and ω = | |FA
.

Now suppose that F does not contains any CM field and J ′′ 6= ∅. Then
ResKF ΞK = Z1 + Ξ and n + 2v = m1 for an integer m. We see that m is even if
and only if n + 2v ∈ ResKF ΞK . Suppose that m is odd. Then (αψ−1| |−mFA

)σ = 1
for all σ ∈ J ′′. Thus by Lemma 2.1, we can find a finite order Hecke character ϕ′

such that αψ−1| |−mFA
= ϕ′

F . Thus αψ−1 = ϕFω with ϕ = ϕ′ and ω = | |mFA
. If K

contains a CM field and m is even, we can argue in the same way, replacing m by
m− 1 and requiring ∞(ϕ′) = Φ.

Now suppose only that ∞(ψ) ∈ ResKF ΞK . Thus by the above argument, if there
exists a finite order character ω of conductor 1 such that α∞ = ω∞, we can find an
arithmetic character ϕ of K such that αψ−1 = ϕFω. In particular, if α∞ is trivial,
then we can find ϕ and ω.

Note that ∞(ψ) = −n−2v and n = nc by the unitarity of cuspidal automorphic
representations if Hq

cusp(Y0(N),L(κ, ψ; C)) 6= 0. Thus we see that if x ∈ K×
∞+,

then xn̂ ∈ F×
∞+ for the identity connected component X×

∞+ of X×
∞. Thus we have

a unique positive square root xn̂/2 of xn̂, and there exists a Hecke character ϕ′ of

K such that ϕ′
∞(x∞) = x

n̂/2+v̂
∞ for all x∞ ∈ K×

∞+. Then ε = ψϕ′
F is a finite order

character. In particular, if J ′′ = ∅ (for example, if F is totally imaginary), we can
find a finite order Hecke character ϕ′′ with αε = ϕ′′

F , and hence αψ−1 = ϕF for
ϕ = ϕ′(ϕ′′)−1. We record what we have proven as follows:

Lemma 2.2. (o) Suppose that ∞(ψ) ∈ ResKF ΞK . If there exists a finite order
character ω of conductor 1 such that α∞ = ω∞, we can find an arithmetic
character ϕ of K such that αψ−1 = ϕFω. In particular, if α∞ is trivial,
then we can find ϕ with αψ−1 = ϕF .

(i) Suppose that K contains a CM field. Suppose either that KCM 6= FCM or
that F does not contains a CM field. Then Ξ = Z1 +ResKF ΞK . Moreover
we can find an arithmetic Hecke character ϕ of K such that ϕFψ| |FA

= α.
(ii) Suppose that F does not contain a CM field and there is a real place of F

which extends to a complex place of K. Then Ξ = Z1 + ResKF ΞK . Write
n + 2v = m1 for m ∈ Z. Then we can choose ϕ and ω, up to finite order
characters of conductor 1, so that α−1ψ = ϕFω and

ω =

{
| |mFA

if m is odd,

| |m−1
FA

if m is even and K contains a CM field,

∞(ϕ) =

{
0 if m is odd,

Φ for a CM type Φ, if m is even and K contains a CM field.

(iii) If F is totally imaginary, then we can find an algebraic Hecke character ϕ
of K such that ϕFψ = α and ∞(ϕ) = 1

2
(n̂+ 2v̂).
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2.5. Motivic interpretation and criticality. We already mentioned the con-
jecture associating λ to a compatible system ρ(λ) of l-adic Galois representations.
As is well known, we can state a stronger version of the conjecture in terms of pure
motives of dimension 2. This is a special case of a generalization by Langlands
of the Shimura-Taniyama conjecture, because H1 of an elliptic curve is a rank 2
motive. A precise statement can be found in [H94] Conjecture 0.1. The point of
the conjecture is that there exists a finite extension E/Q(λ), which is either totally
real or a CM field, and a pure simple rank 2 motive M(λ) with coefficients in E
such that L(s,M(λ) ⊗ η) = L(s, λ ⊗ η). In particular, the system ρ(λ) is obtained
from the étale realization of M(λ), and the Hodge type of M(λ)⊗F,σ C is given by

(nσ + 1 + vσ, vσc), (vσ , nσ + 1 + vσc)

for complex conjugation c of C. Thus w = nσ+1+vσ+vσc is the weight ofM(λ) and
is independent of σ, which is known without supposing the conjecture. Then the
Galois representation Ad(ρ(λ)) corresponds to a rank 3 motive Ad(M(λ)) sitting
inside M(λ) ⊗M(λ)Ø for the dual M(λ)Ø of M(λ). The functional equation of
L(s, Ad(λ)) has the Γ-factor exactly equal to that predicted by the theory of motives
[GJ]. To describe the Γ-factor of L(s, Ad(λ)⊗η), we write ησ(−1) = −(−1)νσ with
νσ ∈ {0, 1} for the restriction ησ of η to Fσ for each σ ∈ ΣF (R). Then the Γ-factor
of L(s, Ad(λ) ⊗ η) coincides with that of L(s, Ad(M(λ)) ⊗ η) and is given by, for a
finite order character η

Γ(s, Ad(λ) ⊗ η) =
∏

σ∈I
ΓC(s+ nσ + 1) ×

∏

σ∈Σ(C)

ΓC(s)2 ×
∏

σ∈Σ(R)

ΓR(s+ νσ),(Γ)

where ΓC(s) = (2π)−sΓ(s) and ΓR(s) = π−s/2Γ( s
2
). Since Ad(M) is self dual, the

functional equation gives the reflection: s 7→ 1 − s, which is known to be true for
L(s, Ad(λ) ⊗ η) with finite order η. A motivic L-value L(m,M) at an integer m
is called critical if the value of the Γ-factor at m and at its reflection point (of the
functional equation) is finite. Therefore L(1, Ad(λ) ⊗ η) is critical if and only if F
is totally real and νσ = 1 for all σ ∈ I (that is, η is totally even). Moreover we have

Γ(1, Ad(λ)⊗ η) = ΓF (k)

(2π)k+2Σ(C)πΣ+(η) ,

ords=0Γ(s, Ad(λ) ⊗ η) = #Σ−(η) + 2r2(F ),

where ords=0 is the order of the pole at s = 0; Σ−(η) = {σ|νσ = 0}; Σ+(η) =
{σ|νσ = 1}; k =

∑
σ∈I (nσ + 2)σ; ΓF (k) =

∏
σ Γ(kσ); x

k =
∏
σ x

kσ ; and for a

subset X of I, xX = x#X . The number ords=0Γ(s, Ad(λ)⊗η) is a good measure to
know how the value L(1, Ad(λ)⊗ η) is far from being critical. It is interesting that

the period Ω(λ̂) defined independent of ords=0Γ(s, Ad(λ)⊗η) in purely automorphic
way gives the Beilinson and Deligne period if one admits the various conjectures
including the above one and the Deligne-Beilinson conjecture for motivic L-values
[RSS]. Moreover, we can prove a very close relation of the L-value L(1, Ad(λ)⊗α) to
the congruence of cohomological cusp forms and hence, presumably, to the Selmer
group of Ad(λ) ⊗ α if K is quadratic over Q (see Section 5). This is striking

because the definition of Ω(λ̂) is topological (and automorphic) and has nothing
to do, in an apparent way, with the algebro-geometric property of Ad(M(λ)) ⊗
α. Thus the quantity Ω(λ̂) should be very close to the volume at infinity of the
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Tamagawa measure (of Bloch and Kato) of Ad(M(λ)) ⊗ α divided by the order of
H0(Q, (Ad(M(λ)) ⊗ α) ⊗ Q/Z) as in [BK] (5.15.1).

3. Imaginary quadratic case

Let K be an imaginary quadratic field with discriminant −D (D > 0). Thus
the different d of K/Q is generated by

√
−D. We write σ for the unique non-

trivial automorphism of K. Then H = GL(2)/Q and G = ResK/QGL(2)/K . We
write S

κ̂
(N, χ)/K for the space S

κ̂,∅(N, χ) of cohomological cusp forms on G(A) of

weight κ̂. Let ψ : Q×\A× → C× be a Hecke character such that ψ∞(x) = x−n−2v

for all x ∈ R×. We put χ = ψ ◦NK/Q and consider the isomorphism for κ̂ = (n̂, v̂):

δ = δ∅,∅ : S
κ̂
(N, χ)/K ∼= H2

cusp(Y0,K(N),L(κ̂, χ; C))[χ].

We write I = IQ = {τ} and use the same symbol τ to indicate a fixed extension of
τ to K. For complex conjugation c of C, στ = τc. Then χ is an arithmetic Hecke
character whose ∞-type is −n̂ − 2v̂ = −nτ τ − nττc − 2vτ τ − 2vτ τc for 0 ≤ n̂ =
nττ + nττc ∈ Z[IK] and v̂ = vτ τ + vτ τc ∈ Z[IK ]. Let f ∈ S

κ̂
(N, χ) be a cusp form,

and write f(a) ∈ S
κ̂
(Γ(a), χ) for the classical cusp form corresponding to f (see [H94]

(3.5)). In other words, we consider f(a)(w) = f (( a 0
0 1 )w) for w ∈ SL2(C) ⊂ G(R)

and a ∈ R ⊂ T (A(∞)) (see 2.2). The Fourier expansion of f(1) is given as follows
(cf. [H94] (6.1)):

f(1)(w) = |y|nτ |y|KA

{ ∑

ξ∈K×

a(ξyd, f)ξ−v̂W (ξy)eK (ξx)
}
,

where w = y−1/2 ( y x0 1 ) ∈ SL2(C) and

W (y) =
∑

0≤α≤n∗

(
n∗

α

)( y√
−1|y|

)nτ+1−α
Kα−nτ−1(4π|y|)Sn

∗−αTα (n∗ = 2nτ + 2)

with values in L((0, n∗); C) =
∑

αCSn
∗−αTα. We now write down δ(f(1)) fol-

lowing the process described in [H94] Section 2.5. For that, we write f(1) =∑
0≤α≤n∗ fα

(
n∗

τ
α

)
Sn

∗−αTα and

(XτV − YτU)nτ (XτcU + YτcV )nτ (AV −BU)2

=
∑

0≤jτ≤n{(−1)jτ
(
nτ

jτ

)
Xnτ−jτ
τ Y jττ V nτ−jτU jτ

×∑0≤jτc≤n
(
nτ

jτc

)
Xnτ−jτc
τc Y jτc

τc U
nτ−jτcV jτc}

×(A2V 2 − 2ABUV + B2U2)

=
∑

0≤j≤n̂(−1)jτ
(
n̂
j

)
Xn̂−jY j{V nτ−jτ +jτc+2Unτ+jτ−jτcA2

−2V nτ−jτ+jτc+1Unτ+jτ−jτc+1AB + V nτ−jτ+jτcUnτ+jτ−jτc+2B2},

where
(
n̂
j

)
=
(
nτ

jτ

)(
nτ

jτc

)
. Then we have, replacing UαV n

∗−α by (−1)n
∗−αf(1)

α , (A,B)

by (y−1/2A, y−1/2B), and (A2, AB,B2) by y−1(dy ∧ dx,−2dx∧ dx, dy ∧ dx),

δ(f(1)) = w
∑

0≤j≤n̂

(−1)nτ−jτc

(
n̂

j

)
Xn̂−jY j

{
fnτ+jτ−jτcy

−2dy ∧ dx(δ)

−fnτ +jτ−jτc+1y
−2dx ∧ dx+ fnτ+jτ−jτc+2y

−2dy ∧ dx
}
,
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where w acts on (Xτ , Yτ , Xτc, Yτc) as

(Xτ , Yτ , Xτc, Yτc) 7→ (Xτ , Yτ , Xτc, Yτc)

(
twι 0
0 twι

)
.

Now we restrict δ(f(1)) to the upper half complex plane H from Z = Hτ and write
the pull back as δ(f(1))|Q. Then we have, for w as above

δ(f(1))|Q

= (−1)nτw
∑

0≤j≤n̂

(−1)jτc

(
n̂

j

)
Xn̂−jY j

{
fnτ+jτ−jτc + fnτ+jτ−jτc+2

}
y−2dy ∧ dx.

This differential form has values in

L(κ̂, χ; C)|H ∼= L(κ, χF ; C)⊗ L(κ; C).

Noting that χF = ψ2, we know that

L(κ, χF ;A) ⊗ L(κ;A) ∼= ⊕0≤i≤nτL((2nτ − 2i, 2vτ + i), ψ2;A)

for any Q(κ, ψ)-algebra A ([H94] (11.2a)). In order to write down the projection to
L((0, 2vτ + nτ ), χF ;A), we introduce a differential operator:

O =
∂2

∂Xτc∂Yτ
− ∂2

∂Xτ ∂Yτc
=

∂2

∂Xστ ∂Yτ
− ∂2

∂Xτ∂Yστ
.

Following the expression of the projection in [H94] p.498, it is given by (nτ !)
−2

O
nτ .

Thus we need to compute (Onτ δ(f(1))|Q). We see

O
m =

∑

0≤k≤m
(−1)m−k

(
m

k

)
(

∂2

∂Xστ∂Yτ
)k(

∂2

∂Xτ ∂Yστ
)m−k

and k!−1( ∂
∂T

)kTm =
(
m
k

)
Tm−k. The differential operator O decreases the degree

by (1, 1) either in (Xτ , Yστ) or in (Xστ , Yτ ). Thus applying O to a monomial nτ
times, we see

O
nτXn−jY j = 0 unless nτ = jτ + jστ .

If nτ = jτ + jστ , we get

(nτ !)
−2

O
nτXnτ−jτ

τ Y jττ Xnστ−jστ
στ Y jστ

στ = (−1)jτ
(jτ !jστ !)

2

(nτ !)2

(
nτ
jτ

)
= (−1)jτ

(
nτ
jτ

)−1

.

Thus noting the fact that

O
nτ (wP ) = O

nτP if det(w) = 1,

and writing j for jτ , we have

(nτ !)
−2(Onτ δ(f(1))|Q)

=
∑

0≤j≤nτ

(
nτ
j

)2

(nτ !)
−2

O
nτXnτ−jY jτ X

j
τcY

nτ−j
τc

{
f2j + f2j+2

}
y−2dy ∧ dx

=
∑

0≤j≤nτ

(
nτ
j

)
(f2j + f2j+2)y

−2dy ∧ dx,
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which is the explicit form of the pull back differential form we have written as
π(δJ,J′ (f)) in Section 2.4.

Now we start computing the integral
∫
Y0,Q(N′)

π(δJ,J′ (f)). We put

Φ = H(Q) ∩ U0(N
′)H(R)+ = Γ0(N

′)

for H = GL(2)/Q and N ′ = N ∩ Q. Then Y0,Q(N ′) = Φ\H. We now define

Φ∞ =

{
±
(

1 m
0 1

)
| m ∈ Z

}
,

which is the stabilizer of the cusp ∞ in Φ. Then we look at
∫

Φ∞\H

(nτ !)
−2(Onτ δ(f(1))|Q)ys =

∑

0≤j≤nτ

(
nτ
j

)∫ ∞

0

∫ 1

0

(f2j + f2j+2)dxy
s−2dy.

Now we assume that f |T (n) = µ(T (n))f for a system of Hecke eigenvalues µ of G
and f is normalized so that a(n, f) = µ(T (n)). We compute

∫ ∞

0

∫ 1

0

f2jdxy
s−2dy

=
∑

ξ∈K×

µ(T (ξd))ξ−v̂
( ξ

i|ξ|
)nτ+1−2j

∫ ∞

0

ynτ +sK2j−nτ−1(4π|ξy|)
∫ 1

0

e(Tr(ξ)x)dxdy

= Dvτ

∑

0 6=m∈Z

µ(T (m))m−2vsgn(m)nτ +1−2j

∫ ∞

0

ynτ +sK2j−nτ−1(4πD
−1/2|my|)dy

= Dvτ (1 + (−1)nτ+1+2v)

∞∑

m=1

µ(T (m))m−2v

∫ ∞

0

ynτ +sK2j−nτ−1(4πD
−1/2|my|)dy

=
2nτ+s−1(1 + (−1)nτ+1+2v)Dvτ

(4πD−1/2)nτ +s+1
Γ(
s+ 2j

2
)Γ(

2nτ + s+ 2 − 2j

2
)LK/Q(s, µ, ω),

where ω(a) = |a|nτ+2vτ

A
and thus ω((`)) = |`|−nτ−2vτ (see Lemma 2.2 (ii)). Similarly

we get

∫ ∞

0

∫ 1

0

f2j+2dxy
s−2dy

=
2nτ+s−1(1 + (−1)nτ+1+2v)Dvτ

(4πD−1/2)nτ +s+1
Γ(
s+ 2j + 2

2
)Γ(

2nτ + s− 2j

2
)LK/Q(s, µ, ω).

We see from Γ(s+ 1) = sΓ(s) that

Γ( s+2j
2

)Γ(2nτ+s+2−2j
2

) + Γ( s+2j+2
2

)Γ(2nτ+s−2j
2

)

= 2nτ+s−2j
2 Γ( s+2j

2 )Γ(2nτ+s−2j
2 ) + s+2j

2 Γ( s+2j
2 )Γ(2nτ+s−2j

2 )

= (nτ + s)Γ( s+2j
2 )Γ(2nτ+s−2j

2 ).

Note that by [H94] p.505

m∑

j=0

(
m

j

)
Γ(
s+ 2j

2
)Γ(

2m+ s− 2j

2
) =

Γ( s2)Γ( s2 )Γ(s+m)

Γ(s)
.
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This shows
∫

Φ∞\H

(nτ !)
−2(Onτ δ(f(1))|Q)ys

=
(1 + (−1)nτ +1+2v)2nτ+s−1Dvτ

(4πD−1/2)nτ+s+1

Γ( s2 )Γ( s2 )Γ(s+ nτ + 1)

Γ(s)
LK/Q(s, µ, ω),

because (cf. (Γ) in 2.5)

(nτ + s)
Γ( s

2
)Γ( s

2
)Γ(s+ nτ )

Γ(s)
=

Γ( s
2
)Γ( s

2
)Γ(s+ nτ + 1)

Γ(s)
.

We now apply convolution method and rewrite the above integral as an integral
of the product of (nτ !)

−2(Onτ δ(f(1))|Q) and an Eisenstein series. There are two
ways of associating a Dirichlet character to a Hecke character ξ of Q. Let C be a
positive multiple of the conductor C(ξ) of ξ. Restricting ξ to

∏
`|C Z×

` ⊂ A×, we

get a character ξC of (Z/CZ)×. On the other hand, for each prime ` prime to C, we
consider `(C) ∈ A× which is equal to 1 at all places dividing C and coincides with `
outside C. Then ξ∗ : ` 7→ ξ(`(C)) induces a Dirichlet character ξ∗ : (Z/CZ)× → C×.
Since ξ(`) = 1, ξ∗ = ξ−1

C . We note that L(s−∞(ξ), ξ) =
∑∞

n=1 ξ
∗(n)n−s = L(s, ξ∗)

identifying ΞQ with Z via τ 7→ 1. Let N ′ be a positive integer generating N ∩ Z

and ψ2
N′ = (χQ)N′ be the restriction of χ to Ẑ×. We extend ψN′ to Φ so that

ψN′ :
(
a b
c d

)
7→ ψN′ (d). We have

∫
Φ∞\H

(nτ !)
−2(Onτ δ(f(1))|Q)ys =

∫
Φ\H

∑
γ∈Φ∞\Φ{(nτ !)−2(Onτ δ(f(1))|Q)ys} ◦ γ

=
∫
Φ\H

(nτ !)
−2(Onτ δ(f(1))|Q)ys

∑
γ∈Φ∞\Φ ψ

2
N′ (γ)|j(γ, z)|−2s.

Thus writing

E(s) = E(s, ψ2
N′ ) = LN′ (2s, (ψ∗)2)ys

∑

γ∈Φ∞\Φ
ψ2
N′ (γ)|j(γ, z)|−2s,

we get
∫

Φ\H

(nτ !)
−2(Onτ δ(f(1))|Q)E(s)

=
(1 + (−1)nτ+1+2v)2nτ+s−1Dvτ

(4πD−1/2)nτ+s+1

Γ( s
2
)Γ( s

2
)Γ(s+ nτ + 1)

Γ(s)
L(s+ 1, (µ⊗ µσ)+ ⊗ ω).

This follows from (R1) because ω = | |mA for m = nτ + 2vτ and

LN′ (2s, (ψ∗)2) = LN′ (2s, (ψω)2) = LN′ (2s, χQω
2).

On the other hand, we have

E(z; s, ψ2
N′ ) =

1

2
ys

∑

(m,n)∈Z2−(0,0)

ψ2
N′ (n)|mNz + n|−2s.

As will be seen in Appendix (see also [H] Chapter 9, p.293 (1)), the Fourier expan-
sion of the Eisenstein series is given by

E(− 1
N′z ; s, ψ

2
N′) = 21−2sN ′−s(2πy)1−s Γ(2s−1)LN′(2s−1,(ψ∗)2)

Γ(s)2

+ Fourier expansion with coefficients in entire functions of s.
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This shows that

Ress=1E(z; s, ψ2
N′ ) = 2−1πN ′−2

φ(N ′)δψ2
N′
,id,

where δε,ε′ is 1 or 0 according as ε = ε′ or not, and φ is the Euler function. From
this we get, if n+ 1 + 2v is even,

(Res3) Ress=1L(s+ 1, (µ⊗ µσ)+ ⊗ ω)

=
(2πD−1/2)n+2φ(N ′)

N ′2Dvτ Γ(nτ + 2)
δψ2

N′
,id

∫

Φ\H

(nτ !)
−2(Onτ δ(f(1)))|Q.

Let ϕ : K×\K×
A → C× be a Hecke character of infinity type −w with conduc-

tor C = C(ϕ). We replace f in the above formula by the twist g = f |R(ϕ) ∈
S
κ̂+(0,w)

(N ∩ C2, χϕ2) defined in [H94] p.480 whose Fourier coefficients are given

by a(n, f |R(ϕ)) = G(ϕ)a(n, f)ϕ(n). Here G(ϕ) is the Gauss sum given by

G(ϕ) = ϕ(d)−1
∑

u∈R
ϕC(u)eK(d−1u),

where R is a complete set of representatives of C−1/R in
∏

p|C Kp and d ∈ K×
A

with d(d) = 1 such that dR is the different d = dK of K/Q. We write N ′ for
the positive generator of N ∩ C2 ∩ Z. Then we have from [H94] (6.8), writing
E(s) = E(s, (ψϕ)2N′ ),

∫

Φ\H

(nτ !)
−2(Onτ δ(g(1))|Q)E(s)

=
(1 + (−1)n+1+2v+Res(w))2n+s−1Dvτ

√
−Dw

G(ϕ)

(4πD−1/2)nτ +s+1

×Γ( s
2
)Γ( s

2
)Γ(s+ nτ + 1)

Γ(s)
LC′(s+ 1, ((µ⊗ ϕ) ⊗ (µ⊗ ϕ)σ)+ ⊗ ω),

where C ′ = C ∩ Z, and ω(x) = |x|nτ+2vτ+Res(w)
A writing Res(w) for ResKQ w ∈ Z.

If ψϕQω = α and ω = | |nτ+2vτ +Res(w)
A , then 1 + (−1)n+1+2v+Res(w) = 2, and the

above integral does not vanish trivially (it could vanish by a different reason). Now
as in (Res2) in 2.4, we get

Proposition 3.1. Let F = Q and K = Q(
√
−D) be an imaginary quadratic field

with discriminant −D and κ = (nτ τ, vτ τ ) ∈ Z[I] with I = {τ}. Let ϕ be an
arithmetic Hecke character with ∞(ϕ) = −w ∈ Z[IK] and the conductor C. Let
χ = ψ ◦ NK/Q for an arithmetic Hecke character ψ with ψ∞(x) = x−nτ−2vτ for

all x ∈ A×
∞ = R×. Suppose that α = ϕQωψ with ω(x) = |x|nτ+2vτ +Res(w)

A and
α =

(−D ). If a primitive system µ : h
κ̂
(N, χ; C)/K → C is a base change lift of

λ : hκ(N0, ψ; C)/Q → C, then we have

∫

Y0,Q(N′)

(nτ !)
−2(Onτ δ(g(1))|Q) = C−1

0 LC′ (1, Ad(λ)⊗ α),
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where g = f |R(ϕ) for the normalized primitive form f with f |T (n) = µ(T (n))f for
all n ⊂ R, N ′ is the positive generator of N ∩ C2 ∩ Z, C ′ = C ∩ Z and

C0 = (2πD−1/2)nτ+2D−v√−D−w{G(ϕ)Γ(nτ + 2)}−1φ(N ′)N ′−2

= (χϕ)∞(
√
−D)D−1{G(ϕ)Γ(1, Ad(λ) ⊗ α)}−1φ(N ′)N ′−2

.

If µ : h
κ̂
(N, χ; C)/K → C is not a twist of any base change lift, then

∫

Y0,Q(N′)

(nτ !)
−2(Onτ δ(g(1))|Q) = 0.

Proof. We only need to show the vanishing when µ is not a base change lift from H .
We follow the argument in [HLR] 3.12 (and [Fl] Section 5). For that, it is sufficient
to show that L(s, ((µ ⊗ ϕ) ⊗ (µ ⊗ ϕ)σ)± ⊗ ω) is holomorphic at s = 2. Since
µ ⊗ ϕ is not a base change lift, we may rewrite µ for µ ⊗ ϕ. Then we see, writing
κ′ = κ̂+(0, w) = (n′, v′) for the weight of µ, L(s, (µ⊗µσ)+⊗ω) = L(s+m, (µ⊗µσ)+)
for m = nτ + 2vτ + Res(w). Note that m1K = n′ + 2v′ + n′c+ 2v′c. Looking into
Euler factorization, we get

L(s, (µ ⊗ µσ)+)L(s, (µ ⊗ µσ)−) = L(s, µ⊗ µσ)

with the notation of 2.3. Since µ 6= µσ for non-base change µ, L(s, µ ⊗ µσ) is an
entire function of s ([J], [U] and [GJ]). We show that L(s, (µ ⊗ µ)−) is entire. For
that, we recall a result in [Gh]. Let φ : hκ′′(M, ξ; C) → C be a system of Hecke
eigenvalues of weight κ′′ = (n′′, v′′) for G. Then writing δ′ = δ∅,J : Sκ′′(M, ξ) ∼=
H1
cusp(Y0,K(M),L(κ′′, ξ; C))[ξ] for J = {τ}, we have

∫

Y0,Q(M ′)

[δ′(h) ∧ E2(s)]

= C1Γ(s+ n′′
τ + 2)Γ

(s+ 2

2

)2
Γ(s+ 2)L(n′′

τ + Res(v′′) + s, (φ⊗ φσ)+),

if n′′
τ ≡ Res(v′′) mod 2 [Gh] 7.3 (21) and 7.4, where h satisfies h|T (n) = φ(T (n))h.

Here E2(s) is a degree 1 Eisenstein differential form of weight 2 which is finite at
s = 2 and C1 6= 0. We choose ϕ′ such that ϕ′

F ((m)) = α(m)mRes(w′) for all m ∈ Z.
Then Res(w′) is odd, and for φ = µ⊗ ϕ′,

L(n′′
τ +Res(v′′) + s, (φ⊗ φσ)+) = L(n′

τ +Res(v′) + s, (µ⊗ µσ)−).

We can check the condition n′′
τ ≡ Res(v′′) mod 2 using the fact that Res(w′) is odd

and ψϕQω = α. This shows the holomorphy of L(s, (µ⊗µσ)−). On the other hand,
by a result of Shahidi [Sha1] Theorem 5.1 and [Sha2] p.564 (see also [Fl] Section 5
and [FlZ]), L(s, (µ⊗ µσ)±) does not vanish at m+ 2. Then the result follows from
the holomorphy of L(s, µ ⊗ µσ).

Let A be a Dedekind domain in C containing the values µ(T (n)) for ideals n ⊂ R.
Then it is easy to see that A contains χ(n) for ideals n ⊂ R. We further suppose that
H2
cusp(Y0,K(N),L(κ̂, χ;A))[µ] = Aξ(µ). This condition holds for discrete valuation

rings A and the integer ring A of sufficiently large finite extension of Q(µ). We
define Ω2(µ

ρ;A) by

δ2(f
ρ) = Ω2(µ

ρ;A)ξ(µ)ρ,
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where ξ(µ)ρ is the Galois conjugate of ξ(µ) under the cohomological rational struc-
ture, and similarly, fρ is the Galois conjugate of f under the rational structure with
respect to Fourier expansion. This is the definition of modular (second) periods in
imaginary quadratic case. We put Ω2(µ; Q(µ)) = (Ω2(µ

ρ; Q(µρ)))ρ as an element
of Q(µ) ⊗Q C =

∏
ρ C, where ρ runs over all embeddings of Q(µ) into C. Since

R(ϕ) sends H2
cusp(Y0,K(N),L(κ̂, χ;A))[µ] into

H2
cusp(Y0,K(N ∩C2),L(κ̂+ (0, w), χϕ2;A))[µ⊗ ϕ]

as seen in the proof of Theorem 8.1 of [H94],

G(ϕ)Ω2(µ⊗ ϕ; Q(µ ⊗ ϕ)) = Ω2(µ; Q(µ))

in Q(µ⊗ϕ)⊗Q C up to factors in Q(µ⊗ϕ)×, where G(ϕ) = (G(ϕρ))ρ ∈ Q(ϕ)⊗C.

For each ρ ∈ Aut(C/Q), we takem(ρ) ∈ Ẑ× such that the Artin symbol [m(ρ),Q]
coincides with ρ on the maximal abelian extension of Q. We now look into the ratio:
G(ϕ)

G(αψ−1)
. We conclude from αψ−1 = ϕQω with ω of conductor 1 that

( G(ϕ)

G(αψ−1)

)ρ
=

ϕ(m(ρ))G(ϕρ)

αψ(m(ρ))G((αψ−1)ρ)
=

G(ϕρ)

G(α(ψρ)−1)
.

Hence G(ϕ)
G(αψ−1) ∈ Q(ϕ). We then put

L(λρ) =
(χϕ)(∞)(

√
−D)DΓ(1, Ad(λ) ⊗ α)LC′(1, Ad(λρ) ⊗ α)

G(αψρ)Ω2(λ̂ρ;A)
.

Now assume that A is a valuation ring in Q(λ). In the process of proving Proposi-
tion 3.1, the only point where we might get a denominator in the L-value is through
the maps: R(ϕ) and (nτ !)

−2
O
nτ . Thus if ϕ = id and the residual characteristic

of the valuation ring A is prime to nτ !, we get an A-integral value. Then from
Proposition 3.1, we conclude

Corollary 3.2. If A = Q(λ), we have, for all ρ ∈ Aut(C),

L(λ)ρ = L(λρ).

This shows that {L(λρ)}ρ ∈ Q(λ) ⊗ 1 in Q(λ) ⊗Q C. Moreover, if A is a discrete
valuation ring in Q(λ) with residual characteristic prime to 6(n!) and if ϕ = id,
then for the positive generator N0 of N ∩ Z,

N0
2φ(N0)

−1 (χ)(∞)(
√
−D)DΓ(1, Ad(λ) ⊗ α)L(1, Ad(λ) ⊗ α)

Ω2(λ̂;A)
∈ A.
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4. Real quadratic case

We assume that K = Q(
√
D) is a real quadratic field with discriminant D >

0. Let IK = {τ, στ} be the set of real embeddings of K for the generator σ of
Gal(K/Q). Let ϕ : K×\K×

A
→ C× be a Hecke character of infinity type −ŵ =

−wτ − wστ with conductor C. Put ω = | |n+2v+2w
A

identifying Z[I] ∼= Z by
nτ ↔ n. We keep the notation for λ introduced in Section 3. Thus χ = ψ ◦NK/Q

and ψ∞(x) = x−n−2v for x ∈ A×
∞. Let J be a subset of IK with |J | = 1. We

consider a normalized primitive form f ∈ Sk,J(N, χ) with f |T (n) = µ(T (n))f for
all integral ideals n, where κ = (n̂, v̂) with n̂ = nστ + nτ and v̂ = vστ + vτ . We
may assume that J = {τ}. Then, for y−1/2 ( y x0 1 ) ∈ SL2(F∞), we see

f(1)(y−1/2

(
y x
0 1

)
)

= yn̂/2|y|KA
{

∑

ξ∈K×,ξστ<0,ξτ>0

µ(T (ξd))|ξ|−v̂ exp(−2π(|ξστyστ | + |ξτyτ |))e(ξx)},

δ(f(1)) = δJ(f(1))

= (yn̂/2|y|KA
)−1f(1)(−1)n(Xτ − zτYτ )

n(Xστ − zστYστ )
ndzτ ∧ dzστ .

This shows, as in the same manner in the previous section,

(n!)−2(Onδ(f(1))|Q)

= (z − z)n{
∑

ξστ<0,ξτ>0

µ(T (ξd))|ξ|−v̂ exp(−2π(|ξτ |+ |ξστ |)y)eK (Tr(ξ)x)}dz ∧ dz,

where the summation is taken over ξ ∈ K× with ξστ < 0 and ξτ > 0. Replacing f
by g = f |R(ϕ), we get

(n!)−2(Onδ(g(1))|Q)

= G(ϕ)(−2iy)n{
∑

ξ

µ(T (ξd))
ϕ(ξd)

|ξ|v̂+ŵ
exp(−2π(|ξτ | + |ξστ |)y)eK(Tr(ξ)x)}dz ∧ dz.

Then, noting dz ∧ dz = 2idy ∧ dx
∫

Φ∞\H

(n!)−2(Onδ(g(1))|Q)ys

= −(−2i)n+1G(ϕ)(4πD−1/2)−s−n−1Dv+wΓ(s+ n+ 1)L(s, µ, ϕQω).

By Rankin convolution method, writing E(s) = E(s, (ψϕ)2N′ ) for N ′ = N ∩C2 ∩ Z
as in the previous section, we get

∫

Φ\H

(n!)−2(Onδ(g(1))|Q)E(s)

= −(−2i)n+1G(ϕ)Dv+wΓ(s+ n+ 1)

(4πD−1/2)s+n+1
LC′ (s+ 1, ((µ⊗ ϕ) ⊗ (µ ⊗ ϕ)σ)+ ⊗ ω),
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where C ′ = C ∩ Z. In particular, if µ = λ̂,
∫

Φ\H

(n!)−2(Onδ(g(1))|Q)E(s)

= −(−2i)n+1G(ϕ)Dv+wΓ(s+ n+ 1)

(4πD−1/2)s+n+1
LC′(s, Ad(λ) ⊗ ψϕQω)L(s, ψαϕQω).

Thus assuming that α = ψϕQω for α =
(
D
)

and comparing the residues at s = 1,
we have
∫

Φ\H

(n!)−2(Onδ((f |R(ϕ))(1))|Q)

= −(−i)n+1φ(N ′)−1N ′2√Dn+2v+2w+2
G(ϕ)Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α).

In the real quadratic case, H2
cusp(Y0,K(N),L(κ̂, χ; C))[λ̂] is two dimensional.

Thus we need to further decompose this space into 1 dimensional pieces. As
explained in [H88a] Section 7 (see Proof of Theorem 7.2), the finite group S =
C∞/C∞+ acts on Z = G(R)+/C∞+, S

κ̂,J
(N, χ) and H2

cusp(Y0,K(N),L(κ, χ;A)),

where C∞ (resp. C∞+) is the standard maximal compact subgroup of G(R) (resp.
G(R)+). We can identify S ∼= {±1}IK by taking the determinant and S with
the power set of IK by c 7→ {v|cv = +1}. Thus we can think of cJ ⊂ IK for
each J ⊂ IK . Identifying F∞ with R × R via ξ 7→ (ξτ , ξστ ), we identify Z with
Hτ × Hστ for copies of upper half planes Hστ and Hτ . Then for f ∈ S

κ̂,J
(N, χ),

cf(x) = f(xc) for c = (cτ , cστ) with cv ∈ {
(±1 0

0 1

)
}. Then cf ∈ S

κ̂,cJ
(N, χ) with

a(n, cf) = a(n, f) for all n. Thus c takes S
κ̂,J

(N, χ) into S
κ̂,cJ

(N, χ), and this

action of S commutes with Hecke operators T (n). When there is a unit ε ∈ r×

with ερdet(cρ) > 0 for both ρ = τ and στ , cf(a)(z) = f(a)(εz), where εzρ = ερzcρ

with zcρ =

{
zρ if det(cρ) = 1,

zcρ if det(cρ) = −1.
If there is not such a unit, we find ε ∈ F× and

another member a′ of the complete set {a} of representatives for ClF such that (i)
ερdet(cρ) > 0 for both ρ = τ and στ , (ii) ar = εa′r, and (iii) cf(a′)(z) = f(a)(εz).

We take a character ε : S → {±1} and consider the projection

πε : H2
cusp(Y0(N),L(κ, χ;A)) → H2

cusp(Y0(N),L(κ, χ;A[
1

2
]))[ε]

given by πε(x) = #(S)−1
∑

c∈S ε(c)c(x). Through the Eichler-Shimura isomor-
phism introduced in Section 2.2

δ :
⊕

J⊂IK

Sκ,J (N ;χ)/K ∼= H2
cusp(Y0(N),L(κ, χ; C))[χ],

we can attach Fourier expansion to cohomology classes in the right-hand-side of the
above formula, which we write as H2

cusp. Thus φ ∈ H2
cusp has Fourier coefficients

a(n; φ) for ideals n given by a(n; δ(f)) = a(n; f). The action of S preserves the
Fourier coefficients: a(n; c(φ)) = a(n; φ). Note that

cδ((f)(a))

= {c}(yn̂/2|y|KA
)−1(cf)(a

′)(−1)n{(Xτ − zcτYτ )
n(Xστ − zcστYστ )

n}dzcτ ∧ dzcστ ,
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where identifying S = {±1}IK , we write {c} =
∏
v∈IK

cv and

zcv =

{
zv if cv = −1,

zv if cv = +1.

Note that, identifying S with the power set of IK , if either c = J or −J , the
restriction δ((cf)(a)) to H just vanishes, where Jτ = +1 and Jστ = −1 because
J = {τ}. Let c = (−1τ ,−1στ ). Then we have

cδ((f)(1)) = (yn̂/2|y|KA
)−1f(1)(−z)(−1)n{(Xτ−zcτYτ )n(Xστ−zcστYστ )n}dzτ∧dzστ .

We execute the computation done for δ(g(1)) replacing it by cδ(g(1)) and obtain
∫

Y0,Q(N′)

(n!)−2(Oncδ(g(1))|Q)ys = (−1)n+1

∫

Y0,Q(N′)

(n!)−2(Onδ(g(1))|Q)ys.

Therefore, assuming ε(−1τ ,−1στ ) = (−1)n+1, µ = λ̂ and α = ψϕQω, we have

∫

Y0,Q(N′)

(n!)−2(Onπεδ((f |R(ϕ))(1))|Q)

= −(−i)n+1φ(N ′)−1N ′2√Dn+2v+2w+2
G(ϕ)Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α).

As seen in the proof of Theorem 8.1 in [H94], the twisting operator R(ϕ) takes
H2
cusp(Y0,K(N),L(κ̂, χ;A))[εϕ∞] intoH2

cusp(Y0,K(N∩C2),L(κ̂+(0, ŵ), χϕ2;A))[ε],

where we identify S with {±1}IK ⊂ K×
∞ and consider ϕ∞ as a character of S.

Since α = ψϕQω, ϕ∞((−1,−1)) = (−1)n. This shows that ε0 = εϕ∞ satisfies
ε0(−1,−1) = −1. We record what we have proven:

Proposition 4.1. Let F = Q and K = Q(
√
D) be a real quadratic field with

discriminant D > 0 and κ = (nτ, vτ ) ∈ Z[I]2 with I = {τ}. Let ϕ be an arithmetic
Hecke character with ∞(ϕ) = −w(τ+στ ) ∈ Z[IK ] and of conductor C. Let χ = ψ◦
NK/Q for an arithmetic Hecke character ψ with ψ∞(x) = x−n−2v for all x ∈ A×

∞ =

R×. Suppose that α = ϕQωψ with ω(x) = |x|nτ+2vτ+2w
A and α =

(
D
)
. If a primitive

system µ : h
κ̂
(N, χ; C)/K → C is a base change lift of λ : hκ(N0, ψ; C)/Q → C, then

we have
∫

Y0,Q(N′)

(n!)−2(Onπεδ(g
(1))|Q)

= −(−i)n+1φ(N ′)−1N ′2√Dn+2v+2w+2
G(ϕ)Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α),

where g = f |R(ϕ) for the primitive form f with f |T (n) = µ(T (n))f for all n ⊂ R,
C ′ = C∩Z, and N ′ is the positive generator of N∩C2∩Z. If µ : h

κ̂
(N, χ; C)/K → C

is not a twist of any base change lift, then
∫

Y0,Q(N′)

(n!)−2(Onπεδ(g
(1))|Q) = 0.

Proof. The proof of the vanishing is given in [HLR] 3.12 and is basically the same
as that of Proposition 3.1.
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We now define the modular periods. Let A be a Dedekind domain in C containing
all values of µ(T (n)) for ideals n ⊂ R. We assume that

H2
cusp(Y0,K(N),L(κ̂, χ;A))[ε, µ] = Aξε(µ)

for a character ε of S. Then we define Ω1(ε, µ
ρ;A) ∈ C× by

πε(δ(f
ρ)) = Ω1(ε, µ

ρ;A)ξ(µ)ρ,

where fρ is the primitive form in S
κ̂,J

(N, χρ) with fρ|T (n) = µ(T (n))ρfρ. This

period Ω1 is well defined up to units in A. We also define

Ω1(µ; Q(µ)) = (Ω1(µ
ρ; Q(µρ))ρ ∈ Q(µ) ⊗Q C.

The period Ω1(µ; Q(µ)) is well defined as an element of (Q(µ) ⊗Q C)×/Q(µ)× ⊗ 1.
Again we have

Ω1(µ⊗ ϕ; Q(µ ⊗ ϕ)) = G(ϕ)−1Ω1(µ; Q(µ)).

Corollary 4.2. If A = Q(λ), we have, for all ε : S → {±1} with ε(−1,−1) = −1,

(1 ⊗ in+1
√
D
n
Γ(1, Ad(λ) ⊗ α))LC′(1, Ad(λ) ⊗ α)

G(αψ)Ω1(ε, λ̂; Q(λ))
∈ Q(λ)

in Q(λ) ⊗Q C, where

LC′(s, Ad(λ) ⊗ α) = (LC′(s, Ad(λρ) ⊗ α))ρ

has values in Q(λ) ⊗Q C. Moreover, if A is a discrete valuation ring in Q(λ) with
residual characteristic prime to 6(n!) and if ϕ = id, then for the positive generator
N0 of N ∩ Z

in+1N0
2φ(N0)

−1

√
D
n+2v+2

Γ(1, Ad(λ) ⊗ α)L(1, Ad(λ) ⊗ α)

Ω1(ε, λ̂;A)
∈ A.

5. Congruence and the adjoint L-values

Here we study a simple consequence of Corollaries 3.2 and 4.2 on congruence
of systems of Hecke eigenvalues. To describe such congruence among cusp forms
in terms of Hecke algebras and deformation rings of Galois representations, we
here introduce a general notion of congruence modules and differential modules:
Let R be an algebra over a Dedekind domain A. We assume that R is an A-flat
module of finite type. Let φ : R → A be an A-algebra homomorphism. We define
C1(φ;A) = ΩR/A⊗R,φIm(φ), which we call the differential module of φ. We suppose
that R is reduced (that is, the nilradical of R vanishes). Then the total quotient
ring Frac(R) can be decomposed uniquely into Frac(R) = Frac(Im(φ)) × X as
an algebra direct product. Let a = Ker(R → X). Then we put C0(φ;A) =
(R/a) ⊗R,φ Im(φ) ∼= Im(φ)/(Im(φ) ∩R) (cf. [H88b] Section 6), which is called the
congruence module of φ but is actually a ring. Here the intersection Im(φ) ∩ R is
taken in Frac(R). Suppose now that A is a subring of a number field in Q. Since
Spec(C0(φ;A)) is the scheme theoretic intersection of Spec(Im(φ)) and Spec(R/a)
in Spec(R), a prime p is in the support of C0(φ;A) if and only if there exists an A-
algebra homomorphism φ′ : R → Q factoring through R/a such that φ(a) ≡ φ′(a)
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mod p for all a ∈ R. In other words, φ mod p factors through R/a and can be lifted
to φ′.

Let K/Q be a quadratic extension with discriminant D. Let α =
(
D
)
. We

consider a system of Hecke eigenvalues λ : hκ(D,ψ;A) → A for a discrete valuation
ring A in Q(λ) with residue field F of characteristic p > 2, where ψ(x) = α(x)|x|−nA .
From our assumption that ψ∞(x) = x−n−2v for all x ∈ R×, we conclude that v = 0
and

n is

{
odd if K is imaginary,

even if K is real.

The space we are looking into has the Neben character α and level D, under the
classical notation, Sn+2(Γ0(D),

(
D
)
). Let O be the completion under the mA-adic

topology for the maximal ideal mA of A. Let m be the maximal ideal of O. We
consider the Galois representation ρλ : Gal(Q/Q) → GL2(O) which is the mA-adic
member of the compatible system ρ(λ) associated to λ. We define the residual
representation ρ : Gal(Q/Q) → GL2(F) by ρλ mod m. Let G = Gal(K(p)/Q)
for the maximal extension K(p)/K unramified outside {p,∞}. Then ρλ factors
through G. Let E be a number field in K(p), and put H = Gal(K(p)/E). For any
representation ρ of G, we write ρE for the restriction of ρ to H. We consider the
following condition:

ρE is absolutely irreducible.(AIE)

We now consider deformations of ρ, introduced by Mazur [M], over the category
CNLO of complete local noetherian O-algebras with residue field F. A Galois
representation ρ : H → GL2(B) for B ∈ CNLO is a deformation of ρE if ρE
mod mB coincides with ρ as matrix representations. We look into the deformation
functor F : CNLO → SETS given by

FE(B) =
{
ρ : H → GL2(B)

∣∣ρ mod mB = ρ
}
/ ≈,

where “≈” is the conjugation by elements in 1 +M2(mB). We impose more condi-
tions on deformations. A deformation ρ is called p-ordinary over a number field E
if ρ|D ∼=

(
δD ∗
0 εD

)
with an unramified character δD on every decomposition subgroup

D of H at p|p. We like to impose some of the following two conditions depending
on the situation:

(ordE) ρ is p-ordinary over E with two distinct characters δD and εD for all D;

(flE) ρ|D is realized on the generic fibre of a finite flat group scheme over rp for
all p|p.

For primes l|D outside p, we impose the following condition:

ρ ∼=
(

1 0
0 α

)
on the inertia subgroup Il ⊂ H for each prime l|D and l - p.

(alE)

Let ν be the p-adic cyclotomic character. By class field theory, we regard ψ as a
character of G. Then det(ρλ) = νψ. Hereafter we suppose that p - D. We consider
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the following subfunctor of FE:

F ′
E(B) =
{{

ρ ∈ FE(B)
∣∣ ρ satisfies (ordE), (αE) and det(ρ) = (νψ)E

}
if n > 0,{

ρ ∈ FE(B)
∣∣ ρ satisfies (ordE), (flE ), (αE) and det(ρ) = (νψ)E

}
if n = 0.

Under (AIE) and (ordE) for ρ, this functor is representable by a universal couple
(RE , %E) (see [M] and [H96] Appendix).

We put hκ(D,ψ;O) = hκ(D,ψ;A) ⊗A O and define hκ(Dp, ψ;O) similarly. Let

e0 = lim
n→∞

T (p)n! ∈ hκ(D,ψ;O) and e = lim
n→∞

T (p)n! ∈ hκ(Dp, ψ;O).

Since T (p) of level D and that of level Dp are different, we know e0 6= e and we have
a surjective O-algebra homomorphism of ehκ(Dp, ψ;O) onto e0hκ(D,ψ;O) taking
T (n) to T (n) for all n prime to p [MT]. If n > 0, e0hκ(D,ψ;O) ∼= ehκ(Dp, ψ;O),
which is a consequence of [H86] Proposition 4.7. We assume that λ factors through
e0hκ(D,ψ;O), which is equivalent to λ(T (p)) ∈ A× and implies that ρλ is p-
ordinary. Let h = hQ (resp. h′Q) be the unique local ring of e0hκ(D,ψ;O) (resp.
ehκ(Dp, ψ;O)) through which λ factors. Thus if n > 0, hQ

∼= h′Q. As is well known,
under (AIQ), there is a unique Galois representation ρQ, up to isomorphisms, such
that Tr(ρQ(Frob`)) = Th(`) for all primes ` outside Dp (for uniqueness, see [C]),
where Frob` is the Frobenius element in G at the prime `, and Th(`) is the pro-

jection of T (`) to hQ. Let k(E) = E(
√

(−1)(p−1)/2p). It has been proven by
Taylor and Wiles [W] and [TW] (see also [F] when n = 0) that, under (AIk(Q))
and (ordQ) for ρ, F ′

Q is representable by the pair (hQ, ρQ). Thus in this case, the
natural morphism πQ : RQ → hQ with πQ%Q ≈ ρQ is a surjective isomorphism
in CNLO. When E is totally real, this result is generalized by Fujiwara [F] un-
der certain assumptions. We describe it here for real quadratic K. Since K(p)

is unramified outside {p,∞}, F ′
K is (basically) defined by ramification condition

(ordK) and the determinant condition. We define in the same way the idempotent
e = limn→∞ T (p)n! ∈ h

κ̂
(p, id;O) and e0 ∈ h

κ̂
(1, id;O). Let hK (resp. h′K) be the

local ring of e0hκ̂(1, id;O) (resp. eh
κ̂
(p, id;O)) through which the base change lift

λ̂ factors through. We again have hK ∼= h′K if n > 0. We have a modular defor-
mation ρK : H → GL2(hK). Then Fujiwara has proven that F ′

K is representable
by (hK , ρK) under the following conditions in addition to (AIk(K)) and (ordK) for
ρK :

(unr) p is unramified in K;
(cl) the class number of K is prime to p.

We write πK : RK ∼= hK for the isomorphism inducing πK%K ≈ ρK .

When it is necessary to indicate the dependence on E, we write λQ for λ and

λK for λ̂. Since the conductor of the Neben character coincides with the level, hE
and the Hecke algebras are reduced. In the course of the proof of the above result:
RE ∼= hE for E = K or Q, it is shown that RE is a local complete intersection.
This fact is basically equivalent to

|C1(λE ;O)| = |C0(λE ;O)| for E = Q and real K,(C1)
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where λE : hE → O. When E = Q, the above fact implies that, for any given
character ε : S = {±1} → {±1},

H1
cusp(Y0,Q(D),L(κ, ψ;O))[hQ, ε] ∼= hQ

∼= RQ as hQ-modules,(mltQ)

where the left-hand-side is the eigenspace for hQ, in other words, writing 1h for the
idempotent of hQ in hκ(D,ψ;O),

H1
cusp(Y0,Q(D),L(κ, ψ;O))[hQ, ε] = 1h(H

1
cusp(Y0,Q(D),L(κ, ψ;O))[ε]).

Since E = Q, there are only two ε; one is trivial, which we write as “+”, and we
write the other as “−”. By virtue of (mltQ), we can compute C0(λ;O) using co-
homology groups. To explain this, we write L(B) = H1

cusp(Y0,Q(D),L(κ, ψ;B))[ε].
Then L(O) = L(A) ⊗A O. Decomposing Frac(hκ(D,ψ;A)) = Frac(Im(λ)) ×X,
we define Lλ(A) be the image of L(A) in L(A) ⊗hκ(D,ψ;A) Frac(Im(λ)) and a
cohomological congruence module by

CH0 (λ;A) = Lλ(A)/(L(A) ∩ Lλ(A)).

Then (mltQ) shows that C0(λE ;O) ∼= CH0 (λ;A). It is shown in [H81] and [H88b]

that the p-adic absolute value of Γ(1,Ad(λ))L(1,Ad(λ))
Ω1(+,λ;A)Ω1(−,λ;A) is the inverse of the order of

the right-hand-side module of the above equation. That is, under (AIQ) and (ordQ)
for ρ, if p - 6D,

∣∣∣
Γ(1, Ad(λ))L(1, Ad(λ))

Ω1(+, λ;A)Ω1(−, λ;A)

∣∣∣
−r

p
= #(CH0 (λ;A)) = #(C0(λ;A)) = #(C1(λ;A)),

(C2)

where r = r(O) = rankZp O, and | |p is the p-adic absolute value of A normalized so
that |p|p = p−1. It is easy to see that for a non-zero element η(λ) ∈ A, C0(λ;A) ∼=
A/η(λ)A, and (C1) is equivalent to saying that the L-value is equal to η(λ) up to
A-units. Even if p|D, there is a similar formula (see [H88b] for details).

The Selmer group over E of Ad(ρλ) is defined as follows. Let V (λ) be the O-
free module of rank 2 on which G acts via ρλ. For each decomposition subgroup
Dp ⊂ H at p|p for primes p of E, we write Vp for the δD eigenspace in V (λ). For
primes l|D prime to p, we write Vl for the subspace fixed by the inertia at l. Let
K = Frac(O). We identify Ad(ρλ) with trace 0 subspace W of HomO(V (λ), V (λ)).
We put Wl =

{
φ ∈ W

∣∣φ(Vl) = 0
}

for l|Dp. Define, for l ramifying in K(p)/E,
writing Il for the inertia subgroup of l in H,

Ll = Ker(H1(Dl,W
∗) → H1(Il, (W/Wl)

∗)),

where X∗ = X ⊗O K/O. Then we put

Sel(Ad(ρλ))/E =
⋂

l

Ker(H1(H,W ∗) → H1(Dl,W
∗)/Ll),

where l runs over all primes ramifying in K(p)/E. It is a general fact [MT] (see also
[H96] 3.2) that

Sel(Ad(ρλ))/E ∼= HomZp(C1(λE ◦ πE : RE → O;O),Qp/Zp) if n > 0.(C3)
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Thus combining all we said, we get the following order formula of the Selmer group
under (AIk(Q)), (ordQ) for ρ and p - 6D,

Γ(1, Ad(λ))L(1, Ad(λ))

Ω1(+, λ;A)Ω1(−, λ;A)
= η(λ) up to A-units, and(CN1)

∣∣∣
Γ(1, Ad(λ))L(1, Ad(λ))

Ω1(+, λ;A)Ω1(−, λ;A)

∣∣∣
−r(O)

p
= #(Sel(Ad(ρλ))/Q) if n > 0.(CN2)

This is a non-abelian generalization of a classical analytic class number formula
(see [W] Chapter 4 and [HTU]). The definition of the Selmer group can be inter-
preted by Fontaine’s theory, and the above formula can be viewed as an example
of the Tamagawa number formula of Bloch and Kato for the motive M(Ad(λ)) (see
[W] p.466 and [BK] Section 5). By using this interpretation, we can modify the
definition of the Selmer group, and the formula (CN2) is valid even for n = 0 for
the modified Selmer group.

There is a partial generalization of the above facts for quadratic fields K. We

define LK(B) = H
r1(K)+r2(K)
cusp (Y0,K(1),L(κ̂, id;B))[ε], where we fix for the mo-

ment a character ε : S → {±1} when K is real. If K is imaginary, we just for-

get about ε. Then we define the cohomological congruence module CH0 (λ̂;A) by

Lλ̂K(A)/(Lλ̂K (A)∩LK(A)), where decomposing Frac(h
κ̂
(1, id;A)) = Frac(Im(λ̂))×

X, Lλ̂K(A) is the image of LK(A) in LK (A) ⊗h
κ̂
(1,id;A) Frac(Im(λ̂)). It has been

proven by Urban [U], under (ordQ) for ρ, when K is imaginary and p - 6D,

∣∣∣
Γ(1, Ad(λ̂))L(1, Ad(λ̂))

Ω1(λ̂;A)Ω2(λ̂;A)

∣∣∣
−r(O)

p
= #(CH0 (λ̂;A)).(C4)

Here are several remarks to be made. In [U], (0) the result is more general covering
non-base change lift, (i) the normalization of the period is different from the one
we made here by a power of 2π, (ii) there is a rational constant αn showing up
in [U] Theorem A, which is not explicitly computed (see [U] 5.5a) as a product of
factorials. The computation of αn can be done (see c1(s) below (∆) in Section 8 in
the text), and αn is included in the Gamma factor. Finally (iii) it is assumed in [U]

that the level N of λ̂ is sufficiently large to ensure the smoothness of Y0,K(N), which

guarantees the duality between (the p-ordinary parts of)H1
cusp(Y0,K(N),L(λ̂, χ;A))

and H2
cusp(Y0,K(N),L(λ̂, χ;A)). The duality is a key to the proof of the above

formula. However, for any N , we can take a multiple N ′ so that Y0,K(N ′) is
smooth. Then if p - [Y0,K(N ′) : Y0,K(N)], by using the restriction-corestriction
technique, we can recover the duality. By varying N ′, the common divisor of the
covering degree [Y0,K(N ′) : Y0,K(N)] is made of primes appearing in the order of
elliptic elements in SL2(K), which is in turn a product of primes dividing the order
of roots of unity ζ such that [K(ζ) : K] = 2 (see [H88a] Lemma 7.1). Since K is
imaginary quadratic, the possibility of such primes are only 2 and 3. In this way,
we get the result for p > 3 and for level 1.

Although only imaginary quadratic fields K are treated in [U], all argument can
be generalized to arbitrary E at least for p-ordinary λ. In particular, we get for
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real K, supposing (ordQ) for ρ and p - 6D (see Section 8 in the case of K = F ×F ),

∣∣∣
Γ(1, Ad(λ̂))L(1, Ad(λ̂))

Ω1(ε, λ̂;A)Ω1(−ε, λ̂;A)

∣∣∣
−r(O)

p
= #(CH0 (λ̂;A)),(C5)

where (−ε)(−1τ ) = −(ε(−1τ )) for embeddings τ ∈ IK .

We consider the following condition:

Hr1(K)+r2(K)
cusp (Y0,K(1),L(κ̂, id;O))[hK, ε] ∼= hK ∼= RK as hK-modules.

(mltK )

WhenK is real, it is plausible to get (mltK ), under (cl) and (unr), as an application
of the method of Taylor, Wiles and Fujiwara [F], where a similar statement is proven
for the modular cohomology group obtained from everywhere unramified definite
quaternion algebra over K. When K is imaginary, the assertion (mltK ) might
follow similarly, but it is certainly more difficult. Anyway in this paper, we do not
touch this point, but we just like to remark that the generalization of (CN1-2) for
quadratic K follows from (mltK ).

As we have shown in [DHI], there is a natural action of Gal(K/Q) = 〈σ〉 on hK .

This action brings T (n) to T (nσ) and induces an action on C1(λ̂;O). When p is
odd, we get a decomposition:

C1(λ̂;O) = C1(λ̂;O)[id]⊕ C1(λ̂;O)[α],

where “[α]” indicates α-eigenspace regarding α as the unique non-trivial character
of Gal(K/Q).

Conjecture 5.1. Suppose (AIK ), λ(T (p)) ∈ A×, (ordQ) for ρ and that p - 6D.
Then

∣∣∣
Γ(1, Ad(λ) ⊗ α)L(1, Ad(λ) ⊗ α)

Ωd(ε, λ̂;A)

∣∣∣
−r(O)

p
= #(C1(λ̂;O)[α]),(CN3)

where ε(−1,−1) = −1 when K is real, we disregard ε if K is imaginary, and

d =

{
2 if K is imaginary,

1 if K is real.

When K is real, we have

Ω1(ε, λ̂;A)

Ω1(+, λ;A)Ω1(−, λ;A)
∈ A×.(P )

This conjecture is made in [DHI] for even Dirichlet characters in place of quadratic
α. Some numerical example supporting the conjecture is given there for real K.
The point here is the inclusion of imaginary quadratic characters α into the scope.
We prove here a consequence of the conjecture on congruence among systems of
Hecke eigen values without referring to the conjecture.

Let M be a sufficiently large number field containing all Hecke eigenvalues on
S
κ̂
(1, id) and such that Hq

cusp(Y0,K(1),L(κ̂, id;O))[ε, µ] is O-free of rank 1 for all
Hecke eigensystems µ : h

κ̂
(1, id;O) → O, where O is the integer ring of M .
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Such M always exists because the above module is an O-module projective of
rank 1. For two systems λ̂ 6= µ of Hecke eigenvalues, we write, for a prime p

in O, λ̂ ≡ µ mod p if λ̂(T (n)) ≡ µ(T (n)) mod p for all integral ideals n ⊂ R.

If this happens, λ̂ mod p factors through C0(λ̂;O). Thus we call primes in the

support of C0(λ̂;O) congruence primes of λ̂. We write λ̂ ≡H µ mod p if for

a generator ξ(λ̂) of Hq
cusp(Y0,K(1),L(κ̂, id;O))[ε, λ̂], there is an element ξ(µ) ∈

Hq
cusp(Y0,K(1),L(κ̂, id;O))[ε, µ] such that

ξ(λ̂) − ξ(µ) ∈ pHq
cusp(Y0,K(1),L(κ̂, id;O)),

where q = r1(K) + r2(K). Of course, we have

λ̂ ≡H µ mod p ⇒ λ̂ ≡ µ mod p.

The converse follows if (mltK ) holds. The cohomological congruence λ̂ ≡H µ mod

p is equivalent to p ∈ Supp(CH0 (λ̂;O)). Conjecture 5.1 implies that for non-base
change µ : h

κ̂
(1, id;O) → O,

λ̂ ≡ µ mod p for a non-base change µ ⇐⇒ p|Γ(1, Ad(λ)⊗ α)L(1, Ad(λ) ⊗ α)

Ωd(ε, λ̂;O)

under the assumption and the notation of the conjecture.

Theorem 5.2. Let the notation be as in the conjecture.

(1) Suppose that p - 6D(n!). If λ̂ ≡H µ mod p for a prime p|p of O and a
non-base-change µ, then

p|Γ(1, Ad(λ)⊗ α)L(1, Ad(λ) ⊗ α)

Ωd(ε, λ̂;O)
∈ O[

1

6D(n!)
].

(2) Let K be a real quadratic field. Suppose the assertion (P ) of the conjecture
for a choice of ε in addition to p - 6D, λ(T (p)) ∈ A×, (AIk(Q)) and (ordQ).

Then if a prime p with p|p of O divides Γ(1,Ad(λ)⊗α)L(1,Ad(λ)⊗α)

Ω1(ε,̂λ;O)
but is prime

to Γ(1,Ad(λ))L(1,Ad(λ))
Ω1(+,λ;O)Ω1(−,λ;O)

, then there exists a non-base-change lift µ such that

µ ≡ λ̂ mod p.

Proof. Let A be the valuation ring Op. We consider the following sequence of maps:

i∗ : Hq
cusp(Y0,K(1),L(κ̂, id;A)) −→ Hq

cusp(Y0,Q(1),L(κ̂, id;A)|Y0,Q(1));
π∗ : Hq

cusp(Y0,Q(1),L(κ̂, id;A)|Y0,Q(1)) −→ Hq
c (Y0,Q(1), A) ∼= A.

The map i∗ is induced by the inclusion i : Y0,Q(1) ↪→ Y0,K(1) and π∗ is induced by
the morphism of sheaves π : L(κ̂, id;A)|Y0,Q(1) → A, which is induced by P (X, Y ) 7→
(n!)−2

O
nP (X, Y ). Thus the composite Ev = π∗ ◦ i∗ is well defined integrally over

A if p is prime to n!. Suppose that ξ(λ̂) − ξ(µ) ∈ pHq
cusp(Y0,K(1),L(κ̂, id;A)). By

Propositions 3.1 and 4.1 and their proof, Ev(ξ(λ̂)) is equal to the L-value

Γ(1, Ad(λ)⊗ α)L(1, Ad(λ) ⊗ α)

Ωd(ε, λ̂;O)

up toA-units because p - 6D. On the other hand, if µ is not a base change lift, twists
of µ by any Hecke characters cannot be base change lift, because µ is of level 1. Thus
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again by Propositions 3.1 and 4.1, Ev(ξ(µ)) = 0. Thus Ev(ξ(λ̂)) = Ev(ξ(λ̂)−ξ(µ)),
which is divisible by p by definition of the cohomological congruence. This proves
the assertion (1).

Under the assumption (P ), we see that

p|Γ(1, Ad(λ)⊗ α)L(1, Ad(λ) ⊗ α)

Ω1(ε, λ̂;O)
⇒ p|Γ(1, Ad(λ̂))L(1, Ad(λ̂))

Ω1(ε, λ̂;O)Ω1(−ε, λ̂;O)
,

because

Γ(1, Ad(λ̂))L(1, Ad(λ̂))

Ω1(ε, λ̂;A)Ω1(−ε, λ̂;A)
=

Γ(1, Ad(λ))L(1, Ad(λ))Γ(1, Ad(λ) ⊗ α)L(1, Ad(λ) ⊗ α)

Ω1(+, λ;A)2Ω1(−, λ;A)2

up to A-units. Thus by (C5), we have a congruence λ̂ ≡ µ mod p. As shown in

[DHI], C1(λ̂;A)[id] ∼= C1(λ;A). This combined with (CN1) shows that the factor

p has to be an associated prime of C1(λ̂;A)[α], which shows the result.

6. The case of quadratic extensions of totally real fields

Let F be a totally real field and K be a quadratic extension of F . We use the
notation introduced in Section 2. Thus H = Resr/ZGL(2) and G = ResR/ZGL(2).
We consider a weight κ = (n, v) ∈ Z[I]2 with n ≥ 0. Then we write κ̂ =
(n̂, v̂) = Inf(κ) in Z[IK ]2. We then consider a cohomological primitive form
f0 ∈ Sκ,I (N0, ψ)/F with f0|T (n) = λ(T (n))f0 . We choose a subset Ψ of IK such
that IK = Ψ t σΨ for the generator σ of Gal(K/F ). Then we put J = ΣK(R) ∩ Ψ
and choose ΣK(C) in IK so that Ψ = ΣK(C) ∪ J . Let f ∈ Sκ,J (N, χ)/K be the

base change lift of f0 with f |T (n) = λ̂(T (n))f . Thus χ = ψ ◦ NK/F . For each

t = ( a 0
0 1 ) ∈ H(A(∞)), we consider

Ua = tU0(N)t−1, Γ(a) = UaG(R)+ ∩G(Q) and Φ(a) = H(Q)+ ∩ Γ(a),

where H(Q)+ = H(Q) ∩ H(R)+. Here note that Y0,F (N ′) = taΦ(a)\H for H =
H(R)+/C∞+, where a runs over a complete set of representatives for F×

A /F
×r̂×F×

∞+

with the identity component F×
∞+ of F×

∞. Let d = dK be the absolute different of
K/Q. Let ClX be the strict class group of X, that is

{fractional ideals of X}/{(ξ)|ξ ∈ X, ξ � 0},
where ξ � 0 means that image of ξ is positive for every real embedding of X.

For z = y−1/2 ( y x0 1 ) ∈ SL2(K∞) ⊂ G(R)+ for real positive y

f(a)(z) = f(tz) = yn̂/2|ay|KA
{
∑

ξ∈K×

λ̂(T (ξad))ξ−v̂W (ξy)e(ξx)},

where ξ runs over all elements in a−1d−1 such that ξτ > 0 for all τ ∈ J and ξτ < 0
for all τ ∈ ΣK(R) − J . Here, writing n∗

τ = 2nτ + 2 for τ ∈ ΣK(C)

W (y) =
∏

τ∈ΣK

Wτ (yτ )
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with

Wτ (y) =

{∑
α

(
n∗

τ
α

)(
y√

−1|y|
)nτ+1−α

Kα−nτ−1(4π|y|)Sn
∗

τ−α
τ Tατ if τ ∈ ΣK(C),

exp(−2π|y|) if τ ∈ ΣK(R),

where α runs over integers with 0 ≤ α ≤ n∗
τ .

For each subset Y of IX and m ∈ Z[IX ], we write m! =
∏
τ mτ ! and m(Y ) =∑

τ∈Y mτ τ ; in particular, we write n(C) = ResKF n̂(ΣK(C)) and n(R) = ResKF n̂(J).
For x ∈ X ⊗Q C, we write xm =

∏
τ∈IX

xτmτ and xY =
∏
τ∈Y x

τ . For some

specific number, x = π or x = 2i, we write xm and xY identifying x with a tuple

(x, x, . . . , x) ∈ ∏τ∈IX
C = X⊗Q C; thus, for example, (2πi)m = (2πi)

∑
τ
mτ . Note

that ΣK(C)c = σΣK (C). Then we consider Oτ = ∂2

∂Xστ∂Yτ
− ∂2

∂Xτ∂Yστ
and write

O
n =

∏
τ∈Ψ O

nτ
τ . We then compute the pull back O

nδ(g(a))|F = i∗Onδ(g(a)) for
g = f |R(ϕ) and i : H ↪→ Z:

(n!)−2
O
nδ(g(a))|F = (n!)−2

O
nδJ(g(a))|F

= (−1)J(−2i)n(R)+J
∑

0≤j≤n(C)

(
n(C)

j

)(
(g(a))2j + (g(a))2j+2

)
yn(R)dµ(z),

where we write g(a) =
∑

0≤α≤n∗ g
(a)
α

(
n∗

α

)
Sn

∗−αTα for n∗ =
∑

τ∈ΣK (C)(nτ + nτσ +

2)τ , and

dµ(z) =
∧

τ∈IF

y−2
τ dyτ ∧ dxτ .

We now choose ∆ ∈ K× such that ∆σ = −∆, ΣK(C) = {τ ∈ IK(C)| Im(∆τ) >
0} and J = {t ∈ ΣK(R)|∆τ > 0}, where IK(C) = ΣK(C)tΣK(C)c is the set of all
complex embeddings of K into C. Then we see

ξ∆−1 ∈
{
x ∈ a−1d−1|xσ = −x

}
⇐⇒ ξ ∈ a−1d−1∆ ∩ F.

Note that a−1d−1∆ is an ideal of F and IK = Ψ t σΨ. For ξ ∈ F ,

NF/Q(ξ∆−1d) = |NF/Q(ξ)|DF |∆−Ψ|NF/Q(DK/F )1/2,

where ∆−Ψ =
∏
τ∈Ψ(∆τ )−1.

The stabilizer Φ
(a)
∞ of the cusp ∞ of Φ(a) is an extension of ar by r×+ = {ε ∈

r×|ε� 0}, that is, the following sequence is exact:

0 −→ ar −→ Φ(a) det−−→ r×+ −→ 1.

Let ϕ be an arithmetic Hecke character of conductor C and with infinity type
−w. Note that (n!)−2(Onδ(g(a))|F ) is a differential form on Y0,F (N ′) with values
in L((0, n+ 2v + Res(w)), (ψϕF )2; C) because we have (cf. [H94] (11.2a))

L((n̂, v̂ +w), χϕ2; C)|F ∼=
⊕

0≤j≤2n

L((2n− 2j, 2v + Res(w) + j), (ψϕF )2; C).
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Let ω = | |mFA
for m1F = n+ 2v +Res(w). Thus we have

∫

Φ\H

(n!)−2(Onδ(g(a))|F )|a|sKA
ys1 = (−1)J(−2i)(n(J))+J |a|sKA

×
∫

FR/r
×

+

∫

F∞/ar

∑

0≤j≤n(C)

(
n(C)

j

)
((g(a))2j + (g(a))2j+2)dxy

(s−2)1+n(R)dy

= ω(a)−1c1(s)G(ϕ)La(s, λ̂, ϕω),

where r2 = r2(K) is the number of complex places of K and

La(s, λ̂, ϕω) =
∑

0�ξ∈a−1d−1∆∩F λ̂(T (ξa∆−1d))ϕFω(ξad∆−1)NF/Q(ξa∆−1d)−s−1

c1(s) = (−1)n(J)
√
−1

n(J)+J
2J(1−s)−21|DF |(3/2)+m+sN(DK/F )−(m+s+1)/2

×{∏τ∈Ψ(C)(1 + (−1)m+1)}
(

Γ( s
2 )Γ(s

2 )

Γ(s)

)r2(K)

{∏τ∈I ΓC(s+ nτ + 1)}.

Here ξ � 0 implies ξτ > 0 for all τ ∈ I, and we have used the fact that
∫

FR/ar

dx = |DF |1/2|a|−1
FA

for the discriminant DF of F/Q;

f(a)(z) = yn̂/2|ay|KA

∑

ξ

λ(T (ξad))ξ−v̂W (ξy)eK (ξx),

where ξ runs over all elements in a−1d−1 such that ξτ > 0 for all τ ∈ J and ξτ < 0
for all τ ∈ ΣK(R) − J , and

yn̂/2 = yn and |a|KA
= |a|2FA

.

We now look into

∑

a∈ClF
ω(a)

∫

Φ
(a)
∞ \H

(n!)−2(Onδ(g(a))|F )|a|sFA
ys1.

As a runs over a complete set of representatives in F×
A for ClF , the set of ideals

{a∆d} gives again a complete set of representatives for the ideal class group ClF
because ∆d is an ideal of F . Thus we get

∑

a∈ClF
ω(a)

∫

Φ
(a)
∞ \H

(n!)−2(Onδ(g(a))|F )|a|sFA
ys1 = c1(s)G(ϕ)L(s, λ̂, ϕFω).

By the Rankin convolution method, we get
∫

Φ
(a)
∞ \H

(n!)−2(Onδ(g(a))|F )ys1 =

∫

Φ(a)\H

(n!)−2(Onδ(g(a))|F )ys1E (a)(s),

where

E (a)(s) =
∑

δ∈Φ(a)/Φ
(a)
∞

ϕ2
N′ψ2

N′ (γ)ys1 ◦ γ.
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We now put

E(s) = E(x, s) =
∑

a∈ClF
ω(a)|a|sFA

E (a)(s)

as a function of x ∈ H(A). Writing Y = Y0,F (N ′) = ta∈ClF Y (a), if (ωψϕF )2 = id,
by (RES3) in Appendix, we get

Ress=1ζF,N′ (2s)

∫

Y

E(s)(n!)−2(Onδ(g)|F )

= NF/Q(N ′)−2φ(N ′)
2[F :Q]−1π[F :Q]R∞

w(F )|DF |
∑

a

ω(a)

∫

Y (a)

(n!)−2(Onδ(g)|F ),

where R∞ is the regulator of F . Let ε : S = C∞/C∞+ = {±1}ΣK(R) → {±1} be a
character such that

ε((−1,−1)τ ) = (−1)nτ+1 for all τ ∈ J,

where (−1,−1)τ is an element of S whose component is equal to 1 outside {τ, στ}
and is equal to −1 at τ and στ . We consider the projection πε to the ε-eigenspace.
In the same manner as in Section 4, under the condition of the parity of ε as above,
the application of πε on the integrand does not have any effect on the outcome of
the computation. Thus if ωψϕF = α,

Ress=1ζF,N′

F
(2s)

∫

Y

E(s)(n!)−2(Onπεδ(g)|F )

= c1(1){Ress=1ζF,N′

F
(s)}L(1, Ad(λ) ⊗ α).

Thus we get

Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α) = c0N(DK/F )1/2G(ϕ)−1in(J)+J

×h(F )−1
∑

a

ω(a)

∫

Y (a)

(n!)−2(Onπεδ(g)|F ),

where

c0 = 2r2(K)−(r1(K)/2)−1(NF/QN
′)−2φ(N ′)|DF |−m−3NF/Q(DK/F )(m+1)/2 ∈ Q.

Let µ be a system of Hecke eigenvalues of level N and with character χ. Let
d = [F : Q] and A be a Dedekind domain in Q containing µ(n) for all ideals n ⊂ r.
For each character ε : S → {±1}, we consider Hd(Y0,K(N),L(κ̂, χ;A))[ε, µ] which
is projective of rank 1 over A. Extending A a bit, we may assume that it is free of
rank 1 over A. Let ξ be the generator of this free A-module of rank 1. Let f be
the normalized Hecke eigenform with eigenvalues µ. We define

[πεδJ,∅(f)] = ΩΣK(R),2ΣK(C)(ε, µ;A)ξ,

where [φ] indicates the cohomology class of a closed form φ. Here the subscript
“ΣK(R), 2ΣK(C)” indicates that the cohomology class is of degree 1 at archimedean
places in ΣK(R) and of degree 2 at archimedean places in ΣK(C). When A = Q(µ),
we have the cohomological conjugate

ξρ ∈ Hd(Y0,K(N),L(κ̂ρ, χρ;A))[ε, µρ]
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and define automorphic conjugate fρ by a(n, fρ) = a(n, f)ρ. Then we define

[πεδJ,∅(f
ρ)] = ΩΣK(R),2ΣK(C)(ε, µ

ρ;A)ξρ,

and put

ΩΣK(R),2ΣK(C)(ε, µ;A) = (ΩΣK(R),2ΣK(C)(ε, µ
ρ;A))ρ∈IQ(µ)

as an element of (Q(µ) ⊗Q C)×. Then we get similarly to Corollaries 3.2 and 4.2
the following result.

Theorem 6.1. Suppose that we have an arithmetic Hecke character ϕ of K and ω
of F such that (i) the conductor of ω is 1 and (ii) ψϕFω = α. Then we have

(1 ⊗ Γ(1, Ad(λ)⊗ α))LC′(1, Ad(λ)⊗ α)

(1 ⊗NF/Q(DK/F )1/2in(J)+J)G(ψα)ΩΣK(R),2ΣK(C)(ε, λ̂; Q(λ))
∈ Q(λ) ⊂ Q(λ)⊗Q C

for any ε with ε((−1,−1)τ ) = −1 for all τ ∈ J . Moreover if ϕ can be chosen
to be the identity character, then for all valuation ring A of Q(λ) with residual
characteristic prime to 2e(n!)DK , we have

(NF/QN0)
2φ(N0)

−1NF/Q(DK/F )1/2in(J)+JΓ(1, Ad(λ) ⊗ α)L(1, Ad(λ) ⊗ α)

ΩΣK(R),2ΣK(C)(ε, λ̂;A)
∈ A,

where N0 = N ∩ r and e is the least common multiple of the order of maximal
torsion subgroups of Γ(a)/R× for all a.

If either K is totally real or a CM field, we can always find ω and ϕ as in the
theorem (see Lemma 2.2). If K has both complex and real places, this condition
really imposes a restriction. Probably one could remove this condition taking the
integral over Y (S) for a smaller subgroup S in U0(N

′) allowing ω with non-trivial
conductor, but we might lose more Euler factors of the adjoint L in the process.
Since this would further complicate our computation, we do not look into this point
in the present paper.

We can formulate the divisibility of the L-value by congruence primes of λ̂ as is
done in Section 5 for quadratic fields, which we leave to the reader.

The parity restriction on ε is explained by the following fact:

ϕ((−1,−1)τ ) = ϕF ((−1)τ ) = ψ((−1)τ )α((−1)τ ) = (−1)nτ .

Thus the condition that ε((−1,−1)τ ) = −1 is equivalent to εϕ∞((−1,−1)τ) =
(−1)nτ+1, and we have

ΩΣK(R),2ΣK(C)(εϕ∞, λ̂⊗ ϕ; Q(λ)) = G(ϕ)−1ΩΣK(R),2ΣK(C)(ε, λ̂; Q(λ)).
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7. Quadratic extensions K of an imaginary quadratic F

Now we assume F to be an imaginary quadratic field and keep notation intro-
duced in the previous sections. We write σ for the generator of Gal(K/F ), and
fix an embedding τ : K → C. We then write J ′ = {στ}. For each ι ∈ IK , we
write [ι] for the archimedean place arising from ι. Thus this correspondence in-
duces a linear map [ ] : Z[IK] → Z[Σ] for the set Σ = ΣK = IK/〈c〉 of archimedean
places. If no confusion is likely, we write Σ for ΣK to simplify the notation. We
decompose IK = Ψ t σΨ with Ψ = {τ, τc}. We identify Σ with {τ, στ}. Let f
be a cohomological modular form on G of weight (n̂, v̂). Then we can write for
z ∈ Z = G(R)/Z(R)C∞ given by y−1/2 ( y x0 1 ) ∈ SL2(K∞)

f(a)(z) = f

(
ty−1/2

(
y x
0 1

))
= yn̂/2|ay|KA{

∑

ξ∈K×

λ̂(T (ξad))ξ−v̂W (ξy)e(ξx)}

where

W (y) =
∑

0≤α≤n̂∗

(
n̂∗

α

)( y√
−1|y|

)n̂+1−α
K
α−n̂−1

(4π|y|)Sn̂∗−αTα (n̂∗ = [n̂] + 2Σ).

We write f(a)(z) =
∑

0≤α≤n̂∗
f

(a)
α (z)

(
n̂∗

α

)
Sn̂

∗−αTα. Then by a computation similar

to (δ) in Section 3 and [H94] Section 2, z−1δJ′(f(a)) for z = y−1/2 ( y x0 1 ) is given by
the following formula through replacing UαρUβθ by f[αρρ+βθθ]:

y−1
στ y

−2
τ

∑
0≤j≤n̂(−1)nτ−jτc+nστ−jστc

(
n̂
j

)
Xn̂−jY j

×
{
Unτc+jτ−jτcdyτ ∧ dxτ − 4Unτc+jτ−jτc+1dxτ ∧ dxτ + Unτc+jτ−jτc+2dyτ ∧ dxτ

}
∧{

Unστc+jστ−jστcdxστ − 2Unστc+jστ−jστc+1dyστ − Unστc+jστ−jστc+2dxστ
}
,

where we have written Xn̂−jY j for
∏
ρ∈IK

X
n̂ρ−jρ
ρ Y

jρ
ρ ,

(
n̂
j

)
for
∏
ρ∈IK

(
n̂ρ

jρ

)
, and j

runs over j ∈ Z[IK] with 0 ≤ jρ ≤ n̂ρ for all ρ ∈ IK . We get a non-trivial result
only for base change lift; so, we may assume that nτ = nτc = nστ = nστc. The
action of z does not affect the outcome of the differential operator O

n = (OτOτc)
nτ

applied to δJ′ (f)|F (Oρ = ∂2

∂Xσρ∂Yρ
− ∂2

∂Xρ∂Yσρ
); so, we forget about it. We then

restrict the differential form to H = H(R)/ZH(R)C∞ and hence, we may assume
that y = yτ = yστ and x = xτ = xστ . Thus we get

(n!)−2
O
nδJ′ (f)|F

= (−1)nτ

∑

0≤j≤n
−(−1)j

(
n

j

)
{f[n′+2J′ ] − 8f[n′+Σ] + f[n′+2(Σ−J′)]}dµ(z),

where dµ = y−3dy ∧ dx ∧ dx,
(
n
j

)
=
(
nτ

jτ

)(
nτc

jτc

)
, and n′ = n̂(Σ) + j# for j# =

(jτ − jτc)τ + (jτc − jτ )στ . We now compute for X = J ′,Σ − J ′,Σ, writing x for
the number of elements in X and g for f |R(ϕ),

∫

Φ
(a)
∞ \Z

g
(a)
[n′+2X]|ay|sFA

dµ(z)



NON-CRITICAL VALUES OF ADJOINT L-FUNCTIONS 41

= −(−1)j+x22nτ+2s
√−1vol(FR/ar)G(ϕ)|a|s+2

FA
(|DF |NF/Q(DK/F )1/2)1+s

×Γ(nτ+1+s)2Γ(nτ+s+jτ−jτc+x)Γ(nτ+s+jτ−jτc+2−x)
Γ(2nτ+2+2s)

×∑ξ∈F× λ̂(T (ξa∆−1d))ϕ(ξa∆−1d)ξ−n−2v−Res(w)∆v̂+w+n̂/2NF/Q(ξ∆−1d)−1−s,

where ∆ ∈ K× satisfies ∆σ = −∆ and we have used the identity:

NF/Q(∆−1d) = |DF ||∆−τ |2NF/Q(DK/F )1/2

along with the convention that λ̂(T (n)) = 0 for non-integral ideals n.

Now we suppose to have a Hecke character ω of conductor 1 of F×
A /F

× with
∞(ω) = n + 2v + Res(w). For that, we may need to allow algebraic character ϕ
not necessarily arithmetic to have such ω (see Lemma 2.2). Note that

ω(ξa∆−1d) = ω(a∆−1d)ξn+2v+Res(w).

Then we have, for g = f |R(ϕ),
∫

Φ
(a)
∞ \H

(n!)−2(OnδJ′(g(a))|F )|ay|sFA

= (−1)nτ+122nτ+2s(4π)−2nτ−2−2s
√−1vol(FR/ar)G(ϕ)(|DF |NF/Q(DK/F )1/2)1+s

×ω(a∆−1d)−1∆v̂+w+n̂/2Γ(nτ + 1 + s)2{G0(s) + 8G1(s) +G2(s)}La(s, λ̂, ϕFω),

where

La(s, λ̂, ϕFω) =
∑

ξ∈F×/r× λ̂(T (ξa∆−1d))ϕω(ξa∆−1d)NF/Q(ξa∆−1d)−1−s,

Gx(s) =
∑

0≤j≤n
(
n
j

)Γ(nτ+s+jτ−jτc+x)Γ(nτ+s+jτ−jτc+2−x)
Γ(2nτ+2+2s)

for x = 0, 1, 2. Using the formula in [H94] p.505 twice, we get

Gx(s) = Γ(s+x)Γ(s+2−x)
Γ(2+2s) ,

G0(s) + 8G1(s) +G2(s) = 2(5s+ 1)Γ(s)Γ(s+1)
Γ(2+2s)

.

Then using the fact that vol(F∞/r) = 2−1|DF |1/2, we have

∑

a∈ClF
ω(a)

∫

Φ
(a)
∞ \H

(n!)−2(OnδJ′ (g(a))|F )|a|sFA
ys1 = c1(s)L(s, λ̂, ϕFω),

where

c1(s) =
√
−1|DF |1/2(|DF |NF/Q(DK/F )1/2)1+sG(ϕ)ω(∆−1d)−1∆v̂+w+n̂/2

×(−1)nτ +122nτ+2s(4π)−2nτ−2−2s(5s+ 1)Γ(s)Γ(s+1)
Γ(2+2s)

Γ(nτ + 1 + s)2.

By Rankin’s convolution method, we get
∫

Φ
(a)
∞ \H

(n!)−2(OnδJ′ (g(a))|F )ys1 =

∫

Φ(a)\H

(n!)−2(OnδJ′ (g(a))|F )E (a)(s),

where

E (a)(s) =
∑

γ∈Φ(a)/Φ
(a)
∞

ϕ2
N′ψ2

N′ (γ)ys1 ◦ γ.
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Put E(s) =
∑

a∈ClF ω(a)|a|sFA
E (a)(s). If (ωψϕF )2 = id, by (RES3) in Appendix,

we get for Y = Y0,F (N ′) = ta∈ClF Y (a)

Ress=1ζF,N′ (2s)

∫

Y

E(s)(n!)−2(Onδ(g)|F )

= NF/Q(N ′)−2φ(N ′)
2π2R∞
|DF |

∑

a∈ClF
ω(a)

∫

Y (a)

(Onδ(g(a))|F ).

On the other hand, if α = ψωϕF , we have

Ress=1ζF,N′ (2s)

∫

Y

E(s)(n!)−2(Onδ(g)|F )

= c1(1){Ress=1ζF,N′ (s)}LC′ (1, Ad(λ) ⊗ α).

Comparing the two expressions, we get

Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α) = c0G(ϕ)−1ω(∆−1d)∆−v̂−w−n̂/2

×
√
−1h(F )−1

∑

a∈ClF
ω(a)

∫

Y (a)

(n!)−2(Onδ(g(a))|F ),

where c0 = 2(−1)nτ+1|DF |−3NF/Q(DK/F )−1 ∈ Q.

At the beginning, we fixed an embedding τ of K into C. We study what happens
if we start with στ instead of τ . The result is the same, but J ′ will be replaced by
{τ}. Note that {δJ′ (f)}J′⊂ΣK(C) forms a base of H3

cusp(Y0(N),L(κ̂, χ; C))[λ̂]. Thus

H3(Q(λ))[λ̂] = H3
cusp(Y0(N),L(κ̂, χ; Q(λ)))[λ̂] ∼= Q(λ)2.

Then σ acts on Y0(N) via the Galois action: x 7→ xσ on G(A), because Nσ = N .
We let σ act on L(n; Q(λ)) by σ(Xτ , Yτ) = (Xστ , Yστ ). Thus for a differential form
φ on Z with values in L(n̂; C) such that γ∗φ = γφ, we see

γ∗(σ(σ∗φ)) = σσ∗(γσ)∗φ = σγσ(σ∗φ) = γσ(σ∗φ).

Thus via φ 7→ σσ∗φ, Gal(K/F ) acts on H3
cusp(Y0(N),L(κ̂, χ; C)). We see that

σ∗δ{τ}(f) = σδ{στ}(f). Since λ̂ is stable under σ, H3[λ̂] is stable under the action

of σ. Thus H3(Q(λ))[λ̂][σ − 1] is one dimensional, and we take a generator ξ such
that

H3(Q(λ))[λ̂][σ − 1] = Q(λ)ξ.

The action of σ defined above commutes with the Galois action induced covariantly
by the Galois action on L(κ̂, χ; Q(λ)). We write ξρ for the Galois conjugate of ξ

under the latter action. We note that H3(C)[λ̂ρ][σ− 1] = C(δ{τ}(fρ) + δ{στ}(fρ)).

We then define a complex number Ω(1,2)(λ̂
ρ; Q(λ)) ∈ C× by

(δ{τ}(f
ρ) + δ{στ}(fρ)) = Ω(1,2)(λ̂

ρ; Q(λ))ξρ.

We put

Ω(1,2)(λ̂,Q(λ)) = (Ω(1,2)(λ̂
ρ; Q(λ)))ρ∈IQ(λ)

∈ (Q(λ) ⊗Q C)×.
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Note that ∆−1d = dF ξ. Thus for a finite idele d of F generating dF , we have
ω(∆−1d) = ω(d)ξn+2v+Res(w) because ω is of conductor 1. We choose ϕ as in
Lemma 2.2. Then it is easy to see that ξn+2v+Res(w) ∈ Q. This shows that

ω(∆−1d)−1G(ϕ)/G(ψ−1α) ∈ Q(λ).

Since G(ψ−1α)G(ψα) ∈ Q, we finally get

Theorem 7.1. Suppose that we have an arithmetic Hecke character ϕ of K and ω
of F such that (i) the conductor of ω is 1 and (ii) ψϕFω = α. Then we have

(1 ⊗ ∆v̂+w+n̂/2Γ(1, Ad(λ) ⊗ α))LC′(1, Ad(λ) ⊗ α)

(1 ⊗
√
−1)G(ψα)Ω(1,2)(λ̂; Q(λ))

∈ Q(λ) ⊂ Q(λ) ⊗Q C.

If ϕ and ω are algebraic Hecke characters satisfying (i) and (ii), then we have

Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α)

Ω(1,2)(λ̂; Q(λ))
∈ Q.

Since the L-value in Theorem 7.1 does not depends on the choice of ϕ, even if ϕ
is not arithmetic, presumably, the Q(λ)-rationality would hold in general. Further
study has to be done to prove this.

The period Ω(1,2) is only defined for the base change lift λ̂, while we have defined
similar periods for any system µ of Hecke eigenvalues in the previous sections when
F is totally real. When µ 6= µσ, the action of σ on H3(Q(µ)) does not preserve
H3(Q(µ))[µ], and this causes a trouble. If F has complex places, the same problem
shows up as will be seen in the following section.

8. General quadratic extensions

Let K/F be a semi-simple quadratic extension of a number field F . Thus we
allow here K = F ⊕ F . When K = F ⊕ F , we regard DK/F = 1 and α = id; oth-

erwise, α denotes the quadratic character of F×
A /F

× corresponding to K/F . We
shall prove the rationality theorem of L(1, Ad(λ)⊗α) in this general case. Compu-
tation is the same as in the previous sections. Since the definition of f 7→ δ(f) is
given in [H94] by a procedure which is basically a tensor product of definitions over
archimedean places, the computation of the pull back δ(f)|F is again essentially
the tensor product of the pull back over archimedean places of K. Thus the com-
putation is the same as in Section 3 for a complex place of K over a real place of
F , the same as in Section 4 for two real places of K over a real place of F and the
same as in Section 7 for two complex places of K over a complex place of F . After
computing δ(f), the computation of the Rankin product is fairly standard. Thus
our exposition of the computation will be brief, but we state the result in a precise
form. When K = F ⊕F , we regard that every archimedean place of F splits in K.

We decompose I = I(C) t I(R) and I(C) = Σ(C) tΣ(C)c. Similarly we decom-
pose IK = IK (R) t IK(C). We decompose IK = Ψ t σΨ for the generator σ ∈
Gal(K/F ) and Ψ = Ψ(R) tΨ(C), where Ψ(R) is the subset of all real embeddings
of Ψ. When K = F⊕F , we have σ(x⊕y) = y⊕x. We write J ′ (resp. J ′′) for {στ ∈
σΨ(C)|ResK/F (τ ) ∈ Σ(C)} (resp. {τ ∈ I(R)|τ extends to a complex place of K})
and put J = Ψ(R). When K = F ⊕F , we identify IK with I t I through the right
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and left projections of K to F . Then we identify Ψ with the left component I in
IK . Then we shall make use of the isomorphism

δJ,J′ : S
κ̂,J

(N, χ) ↪→ Hq(Y0(N),L(κ̂, χ; C)) (κ = (n, v))

defined in [H94] Proposition 2.1, where q = [F : Q]+r1(F )+r2(F ) = dim(H). When
K = F ⊕ F , then Y0,K(N) = Y0,F (N0) × Y0,F (N0) for the ideal N = N0 ⊕ N0 ⊂
r ⊕ r = R. In this case,

L((n̂, v̂), χ; C) ∼= L((n, v), ψ; C) ⊗C L((n, v), ψ; C).

For normalized Hecke eigenforms f0 ∈ Sκ,I(R)(N0, ψ; C)[λ] and f ′0 ∈ Sκ,∅(N0, ψ; C)[λ],
the base change lift f ∈ S

κ̂,J
(N, χ; C) to G = H ×H is just f(z, z′) = f0(z)f

′
0(z

′)

for (z, z′) ∈ H × H = Z and

δJ,J′ (f) = δI(R),I(C)(f0)(z) ∧ δ∅,∅(f ′0)(z′),
which gives a cohomology class in

Hq(Y0,N(N0),L((n, v), ψ; C)) ⊗C H
q′ (Y0,F (N0),L((n, v), ψ; C))

⊂ HQ(Y0,K(N),L((n̂, v̂), χ; C))

forQ = q+q′ = dimH as real manifolds, q′ = r1(F )+2r2(F ) and q = r1(F )+r2(F ).
In this case, we have a standard choice of ϕ: ϕ = id×ψ−1.

We compute the integral of πε(O
nδ(g)) on Y0,F (N ′) for g = f |R(ϕ). At each real

place ρ of K, we follow the computation done in the real quadratic case, at each
complex place ρ over a real place of F , we follow the computation in the imaginary
quadratic case, and for each ρ over complex place of F , we follow the computation
done in the case of quadratic extension of an imaginary quadratic field.

We have

f(a)

(
y−1/2

(
y x
0 1

))
= yn̂/2|ay|KA

{ ∑

ξ∈K×

λ̂(T (ξad))ξ−v̂W (ξy)e(ξx)
}
,

where, writing n∗
τ = 2nτ + 2 for τ ∈ ΣK(C),

W (y) =
∏
τ∈ΣK

Wτ (yτ ),

Wτ (y) =

{∑n∗

τ

α=0

(
n∗

τ
α

)(
y
i|y|
)nτ+1−α

Knτ+1−α(4π|y|)Sn
∗

τ−α
τ Tατ if τ ∈ ΣK(C),

exp(−2π|y|) if τ ∈ ΣK(R).

We consider Oτ = ∂2

∂Xστ∂Yτ
− ∂2

∂Xτ∂Yστ
and write O

n =
∏
τ∈Ψ O

nτ
τ .

Take an algebraic Hecke character ϕ of K and an everywhere unramified Hecke
character ω of F with ∞(ϕ) = −w ∈ 1

2
ΞK such that ψωϕF = α. We then compute

the pull back (n!)−2(OnδJ,J′ (g(a))|F ) = ι∗((n!)−2
O
nδJ,J′ (g(a))) for g = f |R(ϕ) and

ι : H ↪→ Z induced by the inclusion H ⊂ G. Here we identify J ′ with a subset of
I by ResKF and J ′′ with {τ ∈ I(R)| τ extends to a complex place of K}. We put
n̂∗ =

∑
τ∈ΣK (C)(2nτ + 2)τ . We write I′ for I(C) ∪ J ′′. For each j ∈ Z[I′], we

also write n′ (resp. j′) for n(I′) (resp. n̂(ΣK(C)) + 2j(J ′′) + j#), where j# =∑
τ∈J′ (jτ − jτc)τ + (jτc − jτ )τc. Then we have

(n!)−2
O
nδJ,J′ (g(a))|F
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= (−1)n(J∪J′)(2i)n(J)+J
∑

j∈Z[I′ ],0≤j(I′)≤n(I′)(−1)j(I(C))
(
n′

j

)
dµ(z)

×
{
− g

(a)
j′+2J′ + g

(a)
j′+2J′′+J′+σJ′ − g

(a)
j′+2σJ′

−g(a)
j′+2J′′+2J′ + g

(a)
j′+2J′′+J′+σJ′ − g

(a)
j′+2J′′+2σJ′

}
,

where

dµ = {∧τ∈I(R) y
−2
τ dyτ ∧ dxτ} ∧ {∧τ∈Ξ y

−3
τ dyτ ∧ dxτ ∧ dxτ},

g(a) =
∑

0≤α≤n̂∗ g
(a)
α

(
n̂∗

α

)
Sn̂

∗−αTα.

We choose ∆ ∈ K× such that

∆σ = −∆ and Ψ(R) = {τ ∈ IK(R)|∆τ > 0}.(∆)

If K = F ⊕F , as already explained, there is a standard choice of J, J ′. In this case,
∆ = (1,−1) ∈ K is an optimal choice of ∆. Anyway we see

ξ∆−1 ∈
{
x ∈ a−1d−1|xσ = −x

}
⇐⇒ ξ ∈ a−1∆d−1

⋂
F.

Thus we have

∑

a∈ClF
ω(a)

∫

Φ
(a)
∞ \H

(n!)−2(OnδJ,J′ (g(a))|F )|a|sFA
ys1 = c1(s)L(s, λ, ϕF ω),

where

c1(s) = ω(∆−1d)−1∆v̂+w+n̂/2|DF |1/2G(ϕ)(|DF |NF/Q(DK/F )1/2)1+s

×2n+sI(C)+sJ′′+J (−1)n(J∪J′)+J′√−1
n(J)+J+J′

(4π)−n−(s+1)1

×2−J
′′ ∏

τ∈J′′(1 + (−1)nτ+1+2vτ +Res(w)τ )

×
( (5s+1)Γ(s)Γ(s+1)

Γ(2+2s)

)r2(F )(Γ(s
2 )2

Γ(s)

)|J′′|∏
τ∈I Γ(nτ + 1 + s).

We apply the Rankin convolution method. For that we put

E(s) =
∑

a∈ClF
ω(a)|a|sFA

E (a)(s),

where

E (a)(s) =
∑

γ∈Φ(a)/Φ
(a)
∞

ϕ2
N′ψ2

N′ (γ)ys1 ◦ γ.

Write Y = Y0,F (N ′) =
⊔
a∈ClF Y

(a), if (ωψϕF )2 = id, by (RES3) in Appendix, we
get in exactly the same manner as in the previous sections,

Ress=1ζF,N′ (2s)

∫

Y

E(s)(n!)−2(OnδJ,J′ (g)|F )

=
φ(N ′)2[F :Q]−1π[F :Q]R∞
NF/Q(N ′)2w(F )|DF |

∑

a∈ClF
ω(a)

∫

Y (a)

(n!)−2(OnδJ,J′ (g(a))|F ).

Then by choosing a character ε : C∞/C∞+ → {±1} with ε((−1,−1)τ ) = (−1)nτ+1

for all τ ∈ J as in Section 5, we compute the residue using the Euler factorization of
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the zeta function of the right hand side, and we get, choosing ϕ so that ωϕFψ = α

Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α)

= c0G(ϕ)−1ω(∆−1d)−1∆−v̂−w−n̂/2√−1
−n(J)+J+J′

×
∑

a∈ClF
ω(a)

∫

Y (a)

(n!)−2(OnπεδJ,J′ (g(a))|F ),

where c0 is an explicit non-zero constant in Q.

We now define a modular transcendental factor of the above L-value. When
F has more than one complex places, we cannot define the transcendental factor
solely using the data of cohomology group for Y0,K(N) as in the previous sections.
Instead we need to use cohomology groups for Y0,K(N) and Y0,F (N ′). Because of

this, we can define the period only for λ̂ and not for general non-base-change lift.
Let ε : S = C∞/C∞+ → {±1} be a character satisfying ε((−1)τ , (−1)στ ) = −1 for
all τ ∈ J . We start with a system of Hecke eigenvalues λ for H with character ψ
and write its base change lift to G as λ̂, whose conductor is N . Let q = dim(H) =
2r1(F ) + 3r2(F ). We write

H(A)[λ̂, ε] = Hq
cusp(Y0,K(N),L((n̂, v̂), χ;A))[λ̂, ε]

for the subspace on which T (n) acts via λ̂ and S acts via ε. Note that {πεδJ,J′ (f)}J′ ,
J ′ running through all subsets of ΣK(C) of cardinarity #(Σ(C)), forms a base of

H(C)[λ̂, ε]. Let Nϕ = N ∩ C2 for the conductor C of ϕ. We have the following
sequence of maps:

R(ϕ) : H(A)[λ, ε] −→ Hq
cusp(Y0(Nϕ),L((n̂, v̂ + w), χϕ2;A))[λ, εϕ∞];

i∗ : Hq
cusp(Y0(Nϕ),L((n̂, v̂ + w), χϕ2;A)) −→ Hq

cusp(Y,L((n̂, v̂ +w), (χϕ2);A)|Y );
π∗ : Hq

cusp(Y,L((n̂, v̂ + w), (χϕ2)F ;A)) −→ Hq
c (Y,L(0, ω−2;A));

ω∗ : Hq
c (Y,L(0, ω−2;A)) −−−−−−→

∪[det(ω)]
Hq
c (Y, A) ∼= A.

The map i∗ is induced by the inclusion i : Y ↪→ Y0,K(Nϕ), and π∗ is induced by the
morphism of sheaves π : L((n̂, v̂ + w), χϕ2;A)|Y → L(0, ω−2;A) (here χϕ2 is well
chosen under the condition that ωϕFψ = α so that the map π exists). The last
map is induced by the cup product with the global section det(ω) of L(0, ω2;A).
We consider the composition Ev = Evϕ = ω∗ ◦ π∗ ◦ i∗ ◦ R(ϕ). Then by the
above computation, Ev([πεδJ,J′ (f)]) 6= 0. We write M for the image under Ev
of H(A)[λ, ε]. We suppose that M ⊂ A is free of rank 1 over A and write its
generator as ξε(f). Since the value Ev([πεδJ,J′ (f)]) is independent of J ′, we can

define Ω′
1,2(ε, λ̂;A) ∈ C× by the following formula:

Ev([πεδJ,J′ (f)]) = Ω′
1,2(ε, λ̂;A)ξε(f),

where f is the cohomological modular form whose Fourier coefficient at ideal n is
given by λ̂(T (n)). For the moment, we assume that ϕ and ω are arithmetic, and A

is a Dedekind domain inside a finite extension of Q(λ̂, ϕ, ω). Here we note that

Ev([πεδJ,J′ (f)]) =
∑

a∈ClF
ω(a)

∫

Y (a)

(n!)−2(OnπεδJ,J′ (f |R(ϕ))|F ).
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We also define for ρ ∈ Aut(C) a constant Ω′
1,2(ε, λ

ρ;A) by

Ev([πεδJ,J′ (fρ)]) = Ω′
1,2(ε, λ

ρ;A)ξε(f
ρ).

If we have two choices of (ϕ, ω), say (ϕ, ω) and (ϕ′, ω′), the ratio:

Evϕ([πεδJ,J′ (f)])/Evϕ′ ([πεδJ,J′ (f)])

is just equal to the identity component of

(ω(∆−1d)−1 ⊗ 1)G(ϕ)/(ω′(∆−1d)−1 ⊗ 1)G(ϕ′)

in Q(λ, ϕ, ϕ′)⊗Q C, and therefore, by an argument on Gauss sums close to the one

given just above Theorem 7.1, (G(ψρα)−1Ω′
1,2(ε, λ̂

ρ;A))ρ is a well defined element
in

(Q(λ) ⊗Q C)×/(Q(λ)× ⊗ 1),

which we write Ω(1,2)(ε, λ̂; Q(λ)) = (G(ψρα)−1Ω′
1,2(ε, λ̂;A))ρ. When ϕ or ω is

algebraic (but not arithmetic), we write simply Ω(1,2)(ε, λ̂; Q) for Ω′
(1,2)(ε, λ̂; Q).

Then we have

Theorem 8.1. Let α be a Hecke character of F×
A /F

× with α2 = 1. We allow
α = id. Suppose that we have an arithmetic Hecke character ϕ of K and ω of F
such that (i) the conductor of ω is 1 and (ii) ψϕFω = α. Then we have

(1 ⊗ ∆v̂+w+n̂/2Γ(1, Ad(λ)⊗ α))LC′(1, Ad(λ) ⊗ α)

(1 ⊗
√
−1

n(J)+J+J′

)G(ψα)Ω(1,2)(ε, λ̂; Q(λ))
∈ Q(λ) ⊂ Q(λ) ⊗Q C

for each character ε : S → {±1} with ε((−1,−1)τ ) = −1 for all τ ∈ J . If ϕ is an
algebraic Hecke character satisfying (i) and (ii), then we have

Γ(1, Ad(λ) ⊗ α)LC′(1, Ad(λ) ⊗ α)

Ω(1,2)(ε, λ̂; Q)
∈ Q.

9. Period relation.

We shall list here several period relations which follow easily from the main
theorems. Some of them is a partial generalization of such relations for totally real
extensions studied by Shimura, Harris and Yoshida (cf. [Y1], [Y2]). For simplicity,
we suppose that F is totally imaginary. Let φρ be a unique cohomological form on
H whose Mellin transform is the standard L-function of λρ. We write C0 for the
conductor of φ. Then we choose a generator ξm(φρ) (m = 1, 2) of

Hmq
cusp(Y0,F (C0),L((n, v), ψ; Q(λρ))[λρ]

for q = [F : Q]/2 so that ξm(φρ) = ξm(φ)ρ, where ρ ∈ Aut(C) acts on the cohomol-
ogy group through covariant functoriality of its action on L((n, v), ψ; Q(λ)). We
then define a constant Ωm(λρ; Q(λ)) (m = 1, 2) by

[δ(φρ)] = Ωm(λρ; Q(λρ))ξm(φρ).

Of course, we can give more integral definition of Ωm(λρ;A) for, say, a discrete
valuation ring A of Q(λρ). However, here we just want to discuss rational and



48 H. HIDA

algebraic relations among modular periods Ωj and Ω1,2. In other words, we like to
study relations among periods of harmonic forms of different degree but belonging
to the same system of Hecke eigenvalues.

First we apply Theorem 8.1 to K = F ⊕ F with the standard choice of ϕ =
id×ψ−1 . Then it is easy to conclude from an argument given in Urban [U] for
imaginary quadratic fields K that

Γ(1, Ad(λ))L(1, Ad(λ))

Ω1(λ; Q(λ))Ω2(λ; Q(λ))
∈ Q

×
.

Thus writing a ∼ b if a/b ∈ Q
×

, we see that

Ω1,2(λ̂; Q(λ)) ∼ Ω1(λ; Q(λ))Ω2(λ; Q(λ)).

This is one of the reasons why we have written the period as Ω1,2. This type of
relation can be shown in a little more general case. These quantities Ωj are defined
depending only on F (and λ), but Ω1,2 is defined relative to K/F (and λ). Thus we

fix λ and write ΩFj (λ) (resp. Ω
K/F
1,2 (λ)) for Ωj(λ; Q(λ)) (resp. Ω1,2(λ̂; Q(λ)) relative

to K/F ). When α = id, we get from the above identity

Ω
F⊕F/F
1,2 (λ) ∼ ΩF1 (λ)ΩF2 (λ).(P 1)

Applying (P 1) to λ̂ in place of λ, we get

ΩK1 (λ̂)ΩK2 (λ̂) ∼ Γ(1, Ad(λ̂))L(1, Ad(λ̂))
= Γ(1, Ad(λ))L(1, Ad(λ))Γ(1, Ad(λ)⊗ α)L(1, Ad(λ) ⊗ α)

∼ ΩF1 (λ)ΩF2 (λ)Ω
K/F
1,2 (λ),

On the other hand, it is proven in [H94] Theorem 8.1 that

(2π)2j+21ΩK1 (λ) ∼ L(0, λ⊗ η ◦NK/F ) = L(0, λ⊗ η)L(0, λ⊗ ηα)
∼ (2π)2j+21ΩF1 (λ)2

if 0 ≤ j ≤ n and ∞(η) = j + v + 1, as long as the modular standard L-values are
non-zero for some j, for example, if nτ > 2 for all τ . Thus we conclude (see (P ) of
Conjecture 5.1), if nτ > 2 for all τ ,

ΩK1 (λ̂) ∼ ΩF1 (λ)2 .(P 2)

This shows
ΩF1 (λ)2ΩK2 (λ̂) ∼ ΩK1 (λ̂)ΩK2 (λ̂)

∼ ΩF1 (λ)ΩF2 (λ)Ω
K/F
1,2 (λ),

and hence

ΩF1 (λ)ΩK2 (λ̂) ∼ ΩF2 (λ)Ω
K/F
1,2 (λ).(P 3)

We put

Ω′F
2 (λ) = ΩF1 (λ)−1Ω

K/F
1,2 (λ).

Then we have

ΩK2 (λ̂) ∼ ΩF2 (λ)Ω′F
2 (λ).(P 4)
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This formula seems to be a generalization of (P 2) for Ω2. It is an interesting

problem to find out its motivic meaning. Suppose that λ = λ̂0 for a system of
Hecke eigenvalues λ0 for GL(2)/L for a totally real subfield L with [F : L] = 2. We
further assume that K = FF ′ for two totally imaginary quadratic extensions F/L
and F ′/L. Then one can prove easily from the above relations that, if nτ > 2 for
all τ

Ω′F
2 (λ) ∼ ΩF

′

2 (µ), Ω
K/F
1,2 (λ) ∼ ΩF1 (λ)ΩF

′

2 (µ) and ΩK2 (λ̂) ∼ ΩF2 (λ)ΩF
′

2 (µ),

(P 5)

where µ is the base change lift of λ0 to GL(2)/F ′ .

Appendix A. Eisenstein series of weight 0

Here, for the reader’s convenience, we shall prove the residue formula of the
Eisenstein series we used in the principal text, which seems not to be found in the
literature in its exact form.

Let F be a number field. We consider the algebraic group H = ResF/QGL(2)/F .
We use the same symbol introduced in [H91] Section 4, where F is assumed to be
totally real, but symbols themselves have meaning. For a finite order character
χ and θ of the idele class group F×

A
/F× modulo an ideal C of r, we consider the

following Eisenstein series E(x, s) = E(x, χ, θ; s) : H(A) → C:

E(x, s) =
∑

γ∈r×B(Q)\H(Q)

χ∗(γx)θ(γx)η(γx)s ,

where

B(A) =

{(
a b
0 1

)
|a ∈ (F ⊗Q A)× and b ∈ F ⊗Q A

}
⊂ H(A)

for Q-algebras A, and for the identity component H(R)+ of H(R),

χ∗(x) =





χC(dC) for x =

(
a b

c d

)
if x ∈ B(A)U0(C)H(R)+,

0 otherwise,

θ(x) =





θ(a) if x ∈

(
a b

0 1

)
ZH(A)H(Ẑ)C∞+

0 otherwise,

and η = θ for θ = | |FA
. We normalize the Eisenstein series in the following way:

E∗(x, χ, θ; s) = NF/Q(C)2−r2 |DF |1/2
∑

a

χ−1(a)E(au, χ, θ; s),

where a runs over a complete set of representatives for F×
A /F

×r̂×F×
∞ and r2 is the

number of complex places of F . We further put

E(x, χ, θ, s) = LC(2s, χ−1θ2)E∗(x, χ, θ; s).
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We now compute the Fourier expansion of the above Eisenstein series. We put
following [H94] Appendix

ζ(y, t; s) =

∫

C

exp(−2πiTr(tτ ))(|τ |2 + y2)−sdτ.

Then for the modified Bessel function Ks(t) as in [H94] Section 6,

ζ(y, t; s) =

{
(2π)sΓ(s)−1y1−s|t|s−1Ks−1(4π|t|y) if t 6= 0,

π(s− 1)−1y2−2s if t = 0.

We take ε =
(

0 −1
1 0

)
and compute the residue at s = 1 of E(x, s) = E(xε(∞), s) via

its Fourier expansion. Let w be a variable of H(R)+. Then we write z = w(z0),
where z0,σ =

√−1 if σ is real and ε if σ is complex. We write y(z) = (yσ) ∈ F∞ when

zσ = xσ +
√
−1yσ for σ real and zσ =

(
xσ −yσ

yσ xσ

)
for σ complex. For γσ =

(
aσ bσ

cσ dσ

)
,

we define an automorphic factor by

j(γσ , zσ) =

{
cσzσ + dσ if σ is real,

det(ρ(cσ)zσ + ρ(dσ)) if σ is complex,

where ρ(x) = ( x 0
0 x ). Then by [H91] Lemma 6.4, we have

χ∗((εaα(x)

(
a′ 0
0 1

)
ε−1)(∞)) = χ(aCa

′
C),

η((εaα(x)

(
a′ 0
0 1

)
ε−1)(∞)) = |(a2a′)(∞)|FA

,

η((εaα(x)w)∞) = |a2
∞y(z)|FA

∏
σ∈I/〈c〉 |j(εaα(x)σ, zσ)|−2,

θ((εaα(x)

(
a′ 0
0 1

)
ε−1)(∞)) = θ(a2a′r) if a′C = 1,

θ((εaα(x)w)∞) = 1,

where α(x) = ( 1 x
0 1 ). Then the Fourier coefficient b(ξ, u, s) at ξ ∈ F of E(x, s) given

by
∫

FA/F

E(α(x)u, s)eF (−ξx)dx,

we get from [H91] Lemma 6.6 that for u = x ( a 0
0 1 )w with a∞ = aC = 1 and

x ∈ ZH(A(∞))

ξ ∈ a−1C−1d−1 if b(ξ, u, s) 6= 0,

where d is the absolute different of F/Q and a = ar. Then we see from [H91] (6.11)

b(ξ, u, s) = NF/Q(C)−1|DF |−1/2χθ−1(a(∞))χ(x)NF/Q(a)s−1

×
∫
F∞

η(εxα(v∞)w)seF (−ξv∞)dv∞
×∑n∼xa θ

2χ−1(n)NF/Q(n)−2s
∑

b⊃n+ξaCd µ(n/b)NF/Q(b),

where a ∼ b means that the two ideals belong to the same ideal class. As seen
in [H91] (6.12b), from its definition combined with the above formula, the Fourier
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coefficient at ξ for E∗(u, χ, θ; s) is given by

χθ−1(a(∞))NF/Q(a)s−1LC(2s, χ−1θ2)−1
∫
F∞

η(εα(v∞)w)seF (−ξv∞)dv∞

×
{∑

b⊃ξaCb χ
−1θ2(b)NF/Q(b)1−2s if ξ 6= 0,

LC(2s− 1, χ−1θ2) if ξ = 0.

Following [H94] Appendix, we get for a complex place σ

2−1

∫

C

η(εα(vσ)σwσ)
seF (−ξvσ)dvσ = |yσ |2sζ(y, ξ; 2s, 0)

=

{
(2π)2sΓ(2s)−1yσ|ξ|2s−1K2s−1(4π|ξy|) if ξ 6= 0,

π(2s− 1)−1y2−2s
σ if ξ = 0.

For real σ, we get from [H91] (6.9b)

∫

R

η(εα(vσ)σwσ)
seF (−ξvσ)dvσ

=

{
πsΓ(s)−1 |ξ|s−1 exp(−2π|ξy|)ω(4π|ξy|; s, s) if ξ 6= 0,

πΓ(s)−2Γ(2s− 1)(4yσ)
1−s if ξ = 0,

where ω(t; s, s) is the hyper-geometric function defined in [H91] Section 6. By this
computation, we know that the Eisenstein series has meromorphic continuation to
the whole complex s-plane. Moreover the non-constant term of E(x, χ, id, s) is an
entire function of s, and hence the residue is constant. The constant term is given
by

χ(a(∞))NF/Q(a)s−1(π41−sΓ(s)−2Γ(2s− 1))r1(π(2s− 1)−1)r2 |y|1−sFA
LC(2s− 1, χ).

This shows

(RES1) Ress=1E(x, χ, id, s)

=

{
0 if χ 6= id,

NF/Q(C)−1φ(C)
2r1+r2−1π[F :Q]R∞h(F )

w(F )|DF |1/2)
if χ = id,

where φ is the Euler function: φ(C) = #(r/C)×, R∞ is the regulator of F and
w(F ) is the number of roots of unity in F .

We now show that the Eisenstein series E(x, χ; s;C) = E(x, χ, id; s) gives a sec-
tion of the sheaf L((0, 0), χ−1; C) over Y0,F (C). The identity

(
a b
c d

)
= γt

(
y x
0 1

)
= γ

(
y x
0 1

)
t ∈ B(A)U0(C)H(R)+

for t = ( a 0
0 1 ) implies that

γ

(
y x
0 1

)
∈ B(A)U0(C)t−1H(R)+ = B(A)tU0(C)t−1H(R)+.
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Thus (c, d) is the second row of a matrix in Φ(a) = H(Q) ∩ tU0(C)t−1H(R)+.
This shows that we can choose the γ modulo r×B(Q)+ inside Φ(a). Note that

Φ(a) ∩ r×B(Q)+ = Φ
(a)
∞ . Then for w = ( y x0 1 )

γwt = γ∞wtt
−1γ(∞)t ∈ γ∞wtU0(C).

This shows that, for z = w(z0) which is the image of ( y x0 1 ) in H,

η(γwt) = |a|FA
y1 ◦ γ (for 1 =

∑

σ∈I
σ) and χ∗

(
γ

(
y x
0 1

)
t

)
= χC(d).

Thus we get

E(t

(
y x
0 1

)
, χ; s, C) = |a|sFA

∑

γ∈Φ(a)/Φ
(a)
∞

χC(γ)ys1 ◦ γ = |a|sFA
E (a)(z).

This shows the claim.

Out of (RES1), we compute the residue of E . We shall make use of the following
identity:

∑
ϕE

∗(x;χϕ) = NF/Q(C)2−r2 |DF |1/2
∑

ϕ

∑
a∈ClF (χϕ)−1(a)E(ax, χ)

= NF/Q(C)2−r2 |DF |1/2
∑

a∈ClF χ(a)−1
∑
ϕ ϕ(a−1)E(ax, χϕ)

= h(F )NF/Q(C)2−r2 |DF |1/2E(x, χ),

where ϕ runs over all characters of the class group ClF of F . We know from the
above residue formula that

(RES2) Ress=1LC (2s, χ−1)E∗(x;χ)

= δχ,idNF/Q(C)−1φ(C)
2r1+r2−1π[F :Q]R∞h(F )

w(F )|DF |1/2
,

where δχ,id =

{
1 if χ = id,

0 otherwise.

In the principal text, we have used the residue formula when χ = ω−2 for ω
chosen so that α = ψϕFω under the notation of Section 2.4. In this case, C = N ′.
Since the Euler product for LC(2s, ω2) converges at s = 1, we note that LC(2, ω2) 6=
0. This shows that if χ = ω−2 = (ψϕF )2,

Ress=1|a|sFA
E (a)(z) = ζF,N′(2)−1NF/Q(N ′)−2φ(N ′)

2[F :Q]−1π[F :Q]R∞
w(F )|DF |

.

(RES3)
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