Adjoint modular Galois representations and their Selmer groups
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The talk at the conference @fliptic Curvesand Modular Formsat the National Academy
of Sciencewas presentedy the first namedauthor. This noteis a summaryof the talk.
The purposeof thetalk was to describeseveralformulasgiving the characteristiadeal of
the Selmer group of the Galois representation as ititinén termsof their L-values. We
fix a prime p=5. Althoughwe cantreatthe generalcaseof modularGaloisrepresenta-
tions ramifying at finitely many primes and, to keep the papeshortwithin the limit, we

assume that the ramification is concentrated ino¥p,

Although eachauthorhad alreadyworked out someof their shareof the work presented
here before they visited the Mehta Researchnstitute of Mathematicsand Mathematical
Physics (MRI,Allahabad,India) in January-Februaryl, 996, muchof the coordinationin
bringing all theefforts into a generalframework was donewhile they were visiting Alla-
habad. We are grateful to Professor Dipendra Prasad atdviBiving us the opportunity
of working together and to the audience at MRI for patiently listeniogitéectureson the
subject whose formulation was not yet definite.

1. Selmer groups. Let G be the Galoigroupof the maximalextension Q®/Q un-
ramified outside {pe}. Let O be avaluationring finite flat over Z, with residuefield

F. We startwith a 2-dimensionalcontinuousrepresentation¢ : G - GL,(A) for a
complete (noetherian) local O-algebra A with residue flekd A/m,. The power series

ring O[[T4,...,T,]] is an example of such A. For a subfield F @, consider
(Al)  Therestriction of ¢ mod my to H = GalQ®)/F) is absolutely irreducible.

Welet G acton V=Avia ¢ andlet G acts on End(V) by conjugation:

xa 097 (0)x = p(0)xp(0)™*

and look at its 3 dimensional factor AJ( G — GL;(A) actingon tracezerosubspace
V(Ad(¢)) = {x O End(V)OTr(x) =0}. Thus ¢0¢ = Ad(p)01. To guaranteghe
irreducibility of Ad(¢) mod m,, we assume(Alg) for the unique quadraticextension

- PNCETE . o
F=Q(+(-D p). We further assume the following two conditions:
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(Ord) For each decomposition group D over p, ¢ Dg EEE with unramified 9;

(Reg) o mod my # & mod M.

We thenwrite V(0) O V for the &-eigen-subspac@ndfor eachA-submodule X of
V(Ad(9)), let X* = XUaA* for the Pontryagin dual A* = Hog(A,Q//Z,) of A. We
put V,={eO V(Ad(¢)) O End(V)de(V(d)) = 0}. Then wedefinethe Selmergroup
for Ad(¢), as a special case of Greenberg’s definition [G] (see also [H96]):

Sel(Ad@)) = Ker(H{(G,V(Ad($))*) - H'(LV(Ad($))*IV )

for the inertia subgroup | of D. This is obviouslgeneralizatiorof the classgroup; for
example, taking a quadratic characgernf G,

Sel(x) = Ker(H(G,V(X)*) - HY(1,V(x)*)

is the p-class group of the quadratic extension F fixed byxKefthus if A =0 andf
L(1,Ad(d)) # 0, a naive guess is theBel(Ad@)) is finite andthatits orderis the p-part
of L(1,Ad(®)) up to the transcendental factoFhe finitenessis first shownby Flach[F]
and then by Wile$W]. We discusslater somegood caseswvherethis guessworks well.
We generalize above definition to a tensor product Ad(¢)Je with a character

£:G - B replacing A by /@OB, V, by V,(Ad($)Oe) = V+ﬂB:
Sel(Ad@)0e) = Ker(HY(G,V(Ad(9)Te)*) - HY(I,V(Ad(d)Te)*/V (Ad()e)¥)),
which is a discrete module overﬁﬁoB.

2. Elliptic curve over Q. Supposethat ¢, is the Galois representatioron
HY(E 5.
that E has multiplicative reduction at p and has good reduction outsidibigs just to
simplify the presentation. Thuswe canembed E into the jacobian J = J(p) of the
modular curve ¥(p). Takingthe dual of theinclusion E [0 J, we havea quotientmap
mn:J- E. Then J=EA for A=Ker(m and B A is afinite groupof squareor-
der. For a Néron differentiab on theNéronmodel E,7, by aresultof Mazur[M] Cor-

Z,,) for a modular elliptic curve /&. In addition to ouassumption, we assume

ollary 4.1, we may assumethat 1w = 2(2nify(z)dz) for a primitive form
fo O S(Ig(p)) and e1Z. Choosing a base, of *+-eigenspacef H;(E(C),Z) un-
der complex conjugationye define Q. by Icw after normalizing c, asdescribede-

low. The following formula was proven 15 years ago in [H81]:



LALAA@0) e a :
(IN1) —— =A|EnA|0OZ (Intersection number formula),

CY(2n)Q.,Q_

where C = 22%(p-1) for 2=[H,(E(C),Z):Zc,0Zc_]. We definethe canonicalpe-

riod U(fy) of fy by C(2n)Q.,Q_. In[H81], to get(IN), we usedthe period determi-
nant

fj(io J'wE

u=0Odetd® “2CQ
0w [w
C1 C2

for a Z-base {g,c,} of H{(E(C),Z) in placeof Q,Q_ (see[H81] (6.20b)). Writing
W, = (0 ®), we see fw = ifv+wi' andthus Q, O R and Q_0O +-1R. Re-
placing ¢, and c_ by their negativeif necessarywe may assumethat Q, > 0 and
J-1Q_>0. Underthis normalization the formula (IN1) is correct. Then by defini-
tion, 2% = /-1Q,Q_, andwe candeducethe formula (IN1) from [H81] Theorem6.1
by just remarking that Lgj/Ls, UEl A under the notation of the theorem quoted.

In [H81], actually a formulaimilar to (IN1) is provenfor the modularGaloisrepresenta-
tion attachedo any holomorphicprimitive form of weight = 2. The formulais general-
ized later to cohomologicalcuspforms on GL(2) over imaginary quadraticfields in
[U95].

Let H be the subalgebra of End(J) generated by Hecke operators T(n)rt Theuces
the projection A : H - Z O End(E) and anotherprojection A': H - End(A).
Then we define two finite modules:

Co=Im@A)Oyxim(A") and G = Quz04 M) = Ker(\)/Ker(\)?.
It is proven in [H88] (5.8b) that
(El A), O0(Cyp? as H-modules.

Note that Spec(g} is the scheme theoretic intersection of Spe@())mand Spec(InX())
in Spec(H). Thus we get

L(1AA@®o) _ . .
(IN2) p-part of ———————— =[ICy [ (Intersection number formula in Spec(H)).

c(en)Q.,Q_



Recently,R. TaylorandA. Wiles ([W] and[TW]) haveshownthat [ICq 11 = [IC4 L],

and A. Wiles [W] has shown, using Mazudsformationtheory of Galoisrepresentations
(cf. [MT]),

CypUSel(Ad®o)),

which is a key to his proof dfermat’slasttheorem. Thusundervariousassumption®n
p we made, we finally get a formula for the order of Selpg(

L(1,Ad($o))

(CN1) p-part of
c(en)Q.,Q-

= OSel(Ad(®,)) 0.

3. Onevariable case. The cusp form U Sy(Iy(p)) can be lifted to a p-adiamily
of p-ordinary common eigenformf, = ijla(n;fk)q” 0 Sea(To(p),w ™) (k=0) for
the Teichmullercharacter w (cf. [H] Chapter7, Theorem7.3.4). For this, we actually
need to fix an embedding,, : QGO Gp. Then “p-ordinarity” of f, impliesthatthe
g-expansion coefficient of, fin g° satisfies Ha(p;f)0, = 1. Note that, by multiplica-
tive reduction hypothesis, a(p;fy) =*1. This family yields a Galois representation
¢ : G - GLy(A) for a finite flat O[[T]]-algebra A ([H] Section7.5). For simplicity,
we assume A = O[[T]]. Thenwriting the specializationof ¢ via 1+T a u€  for
u=1p as¢, ¢, istheGaloisrepresentatioof the cuspform f,. Thenthe Pontry-

agindual Sel*(Ad(¢)) of Sel(Ad@)) is shownby Wiles and Taylor to be a torsion
O[[T]]-module of finite type, and its characteristic power seisegiven by the characteris-
tic power series of the\-adic congruencemodule Cy 5. To defineCg 5, we needto in-
troducethe space Sy of p-ordinary/A-adic cuspforms. For that, we considerthe sub-
space gz(ro(p),w‘k;ﬁ) of S(+2(F0(p),w‘k) made of cusp forms Wwith a(n;f)0 Q
for all n. We considerthe Q ,-span S.»(Mo(P)w ™ Q) 0f Sea(Mo(p).w ™ Q) in
Gp[[q]] via g-expansion. We write Sﬁfﬁjz(l’o(p),w‘k;ﬁp) for the subspaceof
Sk+2(l'o(p),w‘k;6p) spannedy all p-ordinaryeigenforms. An element F O S, is a
formal g-expansion 3 ,..02,(T)q" O A[[q]] such that the specialization F, via

14T a U* is the g-expansion of an element inR& (Mo(p).w™; Q) forall k=0. In
particular, we have a uniqué suchthat F, = f, forall k>0. Then S, is freeof

finite rank over A on which Hecke operators T(n) naturally act ([H] Section 7.3). H.et
be theA-subalgebra of EndL) generated byT(n) for all n. Then FUh =A(h)F de-

fines aA-algebra homomorphismk : H - A. We also haveA' : H - Endy(Ker(A))
given by multiplication by i H on Kerd). Then we define



Con = ImMA)OyIM(AY) and G A = QA aIm(A) = KerQ\)/Ker(\)2.

Then itis easyo seethat Cy , OA/(n(T)) for anelementn(T) O A. We candeduce
from the result of Wiles and Taylor in [W] Theorem 3.3 and [TW] that

(n(T)) = chap(CyA) and G, OSel*(Ad©)).

Herethe characteristiedeal chap(M) for atorsion A-moduleof finite type M over a

normal noetherian ring A is given ltiye productof prime divisors P in A with expo-
nentgivenby lengthy Mp of the localization Mp at P. Notethat, asshownin [H88]

Theorem 0.1, for a canonical period Y(&ssociated to,f

(CL2) n(u-1) = ul&# up to p-adic units.

This formulais not completelysatisfactory becausehe p-adicL-function n(T) is deter-
mined only up to units iM\. ForA-adic forms of CM type, we can choossuitableKatz
p-adicL-functionin placeof n ([T88-89], [MT90], [HT94]). In general,we can only
make a conjecture predicting the existence of a canonical p-falction Ly(Ad(9)) with
precise interpolation property [H96a], which generates ,¢Bal*(Ad($))) = (n(T)) after
extending scalar to the p-adic integer ring ©f the p-adic completiof2 of the algebraic
closure Q, of Q.

3. Two variable case. Now we look at the universalcharacter v : G -~ O[[S]]*
deforming the identity character of G. Writirg,, for the cyclotomicZ ,;-extension ofQ

and I' = Gal@Q./Q), thetautologicalcharacter:I" [0 O[[I']] inducesthe above v for

S =y-1 for a generatoy of . Then weconsider Sel*(Ad($)0v 1), which is a mod-
ule over OI[T,S]] of finite type. Recentlywe have proven a control theorem for

Sel(Ad@)Ov™Y) giving

Theorem 1 (H. Hida [H96b]). The module Sel*(Ad(@)Ov™Y) is a torsion
O[[T,S]]-module of finite type.  Moreover, the characteristic power series of
Sel*(Ad(¢)Ov™) isof theform SW(T,S) in O[[T,S]] and W(T,0)0n(T)L3(T) in
OI[T]], where a(T) istheeigenvalueof T(p) for Flifting f.

The detailsof the proof will be publishedin [H96b]. In early 1980’s, we constructedn

[H90] a two variable p-adit-function L(T,S) in n(T)™*O[[T,S]] suchthatfor even m
with -k < m < 0,



L(1-m,Ad©}))
(2r)~2"U(f)

N(U*=1)L(u*=1,U"-1) =«E(k,m)

for a factor E like an Euler p-factor angienple constant . This L-function nL again
hasambiguityby unitsin A, although L(T,S) is uniquelydetermined. In [H96a], the
existenceof a canonical p-adic L-functions Lp(Ad(cp)Dv‘l) in  QI[T,S]] (for
Ad(¢)0v™Y) with preciseinterpolationpropertyis conjectured. In particular,we should
L(Ad(¢)Ov ™
Lo(Ad(¢))

are not yet knowro existin generalin spite of the known existenceof theratio L(T,S).
Because of this, we need to ug€l) as a replacement df(Ad(9)).

have an equality(T,S) =

. Anyway the denominat@ndthe numerator

The Euler factor E vanishes on the line m =0. Thus we can write
n(mL(T,S) = 3p(T,S). Onthe automorphicside of p-adic L-functions, very recently,
Greenberg and Tilouine have proven the following limit formula:

Theorem 2 (R. Greenberg and J. Tilouine [GT96)Ve have  ®(0,0) =r|(0)%(0)
up to unitsin O.

By the theorem of St. Etienne [BDGP] (duefoair people: Barré-Sirieix,Diaz, Gramain,
and Philibert at Université de St. Etienne, Franc@(O) # 0. Thus if onecanprovethe

divisibility: W in O[[T,S]], the following conjecture follows:
Main Conjecture. Wehave ® =W uptoaunitin O[[T,S]].

Actually this conjectureis closeto be proven(but not yet completely)[U96]. Let us ex-
plain Urban’s strategy. First of all, thereis a theoryof nearlyp-ordinary O[[T,S]]-adic
forms on GSp(4), developed mainly by Tilouine and Urban [TU95-96], and gheisy
sauer's modular Galois representations, Urban associated to each O[[T,S]]-adic eigen cusp
forms G a Galoisrepresentationpg : G - GSp(4)) for afinite extension | of

OI[[T,S]] with explicitly given characteristiqgpolynomialsof Frobeniaioutside p. This
construction is a non-trivial endeavor, although gluing looks easy, becausein
GSp(4)-caseresidual Galois representationgre often reducible. We look at the Klin-
gen-style O[[T,S]]-adic Eisenstein series E induced fronvtkelic form F. The Galois

representatiorpg attached to E is of the following form:

K O C
pe U EO td)_leED GSp(41).



Note here thaty is self dual up to defif, and hencepg has values in GSp(4). Thken-
stanttermof E atthe non-standargbarabolicsubgroup P is almostequalto F times
n(TL(T,S). Here we mean by “non-standard” the parabolic subgroup given by:

0 GSp(4)}.

By
1]
==aainls

o oo

g
g
g
0

H-Sh H

Thus the Eisenstein ideal giving congruebeéveen E andanother O[[T,S]] cuspform
G shouldbe generatedby n(T)L(T,S). In particular,Urbanhasshownfor suchEisen-
stein primes P dividingP(T,S), if GEE mod P for a cusp form &g is irreduci-
ble, and hence, we conclude P dividBsby a Gsp(4)-versiorof an argumentof Wiles
in [W1] applied to GL(2), assuming that; is nearly p-ordinary (thas, theimageof D
is in a Borel subgroup).The representationp; hasdenselypopulatedspecializationn
Spec() which arecrystallineat p andbelongsto a compatiblesystemof Galois repre-

sentations. Thus we have two characteristic polynomiafs &if eachcrystallinespeciali-
zation. One is that of the crystallifgobenius L (X), andtheother L (X) is thatof

the Frobenius at p of non-p-adic member of the compatible system. This near p-ordinarity
follows if one can provelL .(X) = Lo(X) for denselypopulatedspecializationsywhich

is a standard conjecture and is known to be true at least for coststanes (thatis, so to
speak, weight 0 specilization). In order to establish the congrudreeE mod F for
PO® with maximal possible exponemd, we needto havepreciseinformationof E (not

just its existence), likéhat of Fourier coefficientsof non-constantermsandits Whittaker
model.
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