IRREDUCIBILITY OF THE SIEGEL-IGUSA TOWER

HARUZO HIDA

We prove the irreducibility of the Igusa tower over a Shimura variety by studying the
decomposition group of the prime p inside the automorphism group of the arithmetic
automorphic function field. This is the method employed in [PAF] Sections 6.4.3 and 8.4,
which uses characteristic 0 results to prove the characteristic p assertion. As explained
below (and in more details in [H06]), one can also give a purely characteristic p proof
following the same line. There are some other arguments (of purely in characteristic p) to
prove the same result (covering different families of reductive groups giving the Shimura
variety) as sketched in [C] for the Siegel modular variety.

Here is a general axiomatic approach to prove the relative irreducibility of an étale
covering m : I — S of an irreducible variety S over an algebraically closed field F. Suppose
the following two axioms:

(A1) A group G = M x Gy acts on [ and S compatibly so that M C Aut(I/S),
G1 C Aut(S) and G, acts trivially on mo([).
(A2) M acts on each fiber of I/S transitively; so, M acts transitively on mo(/).

Let I7; be an irreducible component of /z. We want to prove [° = 771(S) = I (relative
irreducibility). Then Gal(I°/S) C M, and if M = Gal(I°/S), we get I° = 7 1(5). Let D
be the stabilizer of I° € my(/) in G. Pick a point € I (which can be a generic point),
and look at the stabilizer D, C G of x. Since g,(z) € I° (9. € M) by the transitivity
of the action, we have g,D,g;' C D. Then we show that M = G/G, is generated by
{9:D.g; |z € I}, which implies M = Gal(I°/5).

In the study of the Igusa tower I,g, IF is an algebraic closure of the finite field F,, and
S is the ordinary locus of the reduction modulo p the Shimura variety (of level away
from p) which is defined over a valuation ring of mixed characteristic with residue field
F. We can take G to be a closed subgroup of the automorphism group of the p-integral
Shimura variety (studied by Shimura, Deligne and Milne-Shih in depth). In the case of
the Siegel-Shimura variety, we have

G = M(Z,) x Gy with Gy = Span(AP>)

for the standard Levi-subgroup M of the Siegel parabolic subgroup P of Sp(2n). Then
we can take x to be the generic point of I7; containing the infinity cusp (so, = = I°).
The group M(Z,) is isomorphic to GLy,(Zy) via GLy(Zy) 3 a — (4.2%) € M(Z,). Ir-
reducible components of I are in bijection with p-adic valuations v of the function field
of the characteristic 0 Shimura variety (of level I'; (p™)) unramified over vy extending

Date: November 5,2007.

A one hour talk given on 7/18/2006 at the conference on “p-Adic Modular Forms and Applications” at
CIRM, Luminy (France), July 17-21, 2006. The author is partially supported by the NSF grants: DMS
0244401 and DMS 0456252.

1



IRREDUCIBILITY OF THE SIEGEL-IGUSA TOWER 2

the valuation vy given by the g-expansion coefficients at the infinity cusp of automorphic
functions of level away from p (Lemma 2.2). This observation of the one-to-one corre-
spondence between such valuations and irreducible components was first made by Deuring
when he factored the modular equation of Xy(p™) over P(.J) into irreducibles (and he
could have proven the irreducibility of the elliptic Igusa tower by his argument before
Igusa if he had the tower; of course, the special case for Xy(p) of his result is the congru-
ence relation of Kronecker). We show that the stabilizer D of a valuation v, unramified
over vy contains M(Z ) for Z,) = Z,NQ (Lemma 1.1) and that Gi = Spa,(AP>)) fixes
mo(I) (Lemma 2.3), and therefore, D, D M(Zy))Span(A®>)), which implies D, = G and
hence M(Z,) = Gal(I°/5).

This choice of the generic point works well for Shimura varieties of Resp/gSp(2n) and
Resp/@SU(n,n) for totally real fields F' (as was done in [H05] Section 10). If the Shimura
variety of PEL type comes from a simply-connected inner form of a symplectic or unitary
(G over a totally real field, we can have at least two choices of the points x € I:

(cm) all CM points = € I(F), whose stabilizer covers all maximal tori 7}, of G anisotropic
at oo (this choice is taken in [HO06]);

(gn) Taking the Serre-Tate coordinates T' = (T},...,T,;) around = and take the valu-
ation v, (>, c(a, f)T*) = Inf, ord,(c(a, f)). Then the decomposition group D of
v, contains T, (for all z € I°), and D is the stabilizer of the generic point of I°
containing x (this choice is taken in [PAF] 8.4.4).

Again we can prove D O G (A®P*). If we make the choice (cm), by p-adic approximation,
{T:(Zy)) Yaeror) and G1(AP>®)) topologically generate M x Gi(AP®)) and we get M =
Aut(I°/S). If we make choice (gn), again D contains {7%(Z))}zereo(r), and the desired
result follows by the same argument. Our axiomatic argument covers all type A and type
C classical groups (as detailed in [PAF] 8.4, [HO5] Section 10 and [HO06]).

1. SIEGEL MODULAR FUNCTION FIELDS

Fix a prime p and an algebraic closure F of F,. We fix a strict henselization W C Q of
Zpy with quotient field K and residue field F. For any integer N prime to p, we regard
Zluy] as sitting inside WW. We have a continuous embedding i, : W — Q,. We fix a
complex embedding i, : W — C. Put G = GL,(Z,) X Spgn(A(p‘X’)) (with GL,, identified
with the standard Levi subgroup M of the Siegel parabolic subgroup of Sp(2n)).

We consider the Mumford moduli 9t(NV) JZi L] for an integer /N prime to p which classifies
triples (X, A, ¢n)/a, where X is an abelian scheme over A of relative dimension n, A :
X — !X is a principal polarization, ¢y : (Z/NZ)* = X[N] with (¢ (), on(y))a = (77
for J = (10n _é”) and a fixed primitive root of unity (5 € pux (by the pairing (-,-)) :
X[N] x X[N] — pn induced by the polarization). If we consider level p™-structure ¢,
of type I' = I'»(p™) (? = 0,1) given as follows: ¢, is a subgroup isomorphic to pm
étale locally if I' = T'o(p™) and ¢, : pp — X[p™] if I' = T'y(p™), we can think of the
moduli space MM(N,T"),p for the base ring B = F and B = Q which classifies quadruples
(X, A\, &N, ¢p) /4 over B-algebras A. The quasi-projective schemes M(N) (resp. M(N,T))
can be regarded as a scheme over Spec(Z[, pun]) (resp. over Spec(Q[uy])) by the pairing
(-, )a. Note that Z[1, un] CWif pt N.
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We can think of the p-integral Siegel-Shimura variety
() _7;
Sh/Z(p) - linm(N)/Z(p)’
ptN

and more generally over Q,
Shrjg = m M(N, T) g
PIN

(regarding these schemes as Z,)-schemes or Q-schemes). The scheme Sh®) is the p-
integral model (of level away from p) Kottwitz considered. Let

QJI(N, P)/]C = QJI(N, F)/Q[HN] XQ[un] K and QJI(N)/W = EIYI(N)/Z[“N%] XZ[M\“%] W.
The pro-schemes

Mr e = HmM(N, ')k and E)JIF/W = lim M(N)

N PIN
give geometrically irreducible components of Shr /g and S h%)(p) (the neutral components).

If convenient, we write Shr, (,0) JZy) for S h%( : (abusing the notation). By the interpreta-
tion of Deligne-Kottwitz, we have
{(X A (AP =V (X), ¢p)/A}

prime-to-p isogenies
where A runs over Z-algebras if I' = 'y (p°) and B-algebras (B =F or Q) if I' = I'»(p™)
withm >0(?7=0,1), V(X) = A(poo)®1i_mp)fNX[N], and ) is a polarization class principal
modulo multiplication by Z, . Thus (a,g) € G (a € M(Z,) and g € Span (AP®))) acts
on Shr by

(1.1) Shr(A) =

(X, Am, ¢p) = (X, A mog,¢poa),
where a € GL,(Z,) = M(Z,). Write §r for the function field (M) and FP for
JC(OM®) (the arithmetic automorphic function fields). By the above action, we have an
isomorphism
7 GH{EL} = Aut(r, ) /) = Aut(DMr, <) /x)-

By Shimura (e.g., [PAF] Theorem 6.26), the action of 7(a,g) on the function field §p
has the following property: For a € GL,(Z)) (corresponding to (0 ¢ 71) in M(Zy))
diagonally embedded in Spy,(A())), we have for f € Fr

(

(1.2) 7(a) f)( )= fla™'z"a™);
so, we have 7(a)(f) = f(a™*(2)) for a = (§.2:). This formula is valid for general
a € GSpgn(Z(p)) if f e 3'(‘” .

We define a valuation vp(f) = infe ord,(c(&, f)) defined on Siegel modular forms f =
doeclé, gt € HY(OM(N,T) i, det(w)®*), where w = m,Qx on(n,r) for the universal abelian
scheme X onnv,r). Thus w is a vector bundle of rank n, and det(w) = A" w, which is a line
bundle. We write v,, for vp if I' = I';(p™). Since all ¢ € §r can be written as ¢ = f/g
for homogeneous polynomials f and g (of equal degree) of theta constants (existence of
the minimal compactification over Q), even if I' = T';(p™) with m > 0, the valuation
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vr(¢) = vr(f) — vr(g) is well defined. Thus the valuation vy : F? — Z U {oo} has a
standard unramified extension vr : §r — Z U {co}. Here are some easy facts:

Lemma 1.1. (1) If a € GLn(Zyy) = M(Zy)) (with M(Zy,)) embedded diagonally in
G), then c(&,7(a)(f)) = c(‘a&a, f). In particular, M(Zy)) C G preserves the
valuation vr;

(2) The vertical divisor Sﬁ%) = Sﬁ%)v Qw F of Sﬁ%)v is a prime divisor (geometrically
irreducible) and gives rise to a unique valuation of I, whose explicit form is
given by the valuation vy.

Proof. The first assertion follows directly from (1.2). By the existence of a smooth toroidal
compactification (and the associated minimal compactification) of 9M® over W (due to
Chai-Faltings [DAV]), Zariski’s connectedness theorem tells us that Sﬁ%) = M) xyy F is

irreducible. Thus the vertical Weil prime divisor Sﬁ%) gives rise to a unique valuation.

By the irreducibility of Sﬁ%), a W-integral modular form of level away from p vanishes
on the divisor Sﬁ%) if and only if its g-expansion vanishes modulo p. Thus the valuation

Vg is the one corresponding to the vertical prime divisor Sﬁ%) C Sﬁ%)v O

2. MOD p CONNECTED COMPONENTS AND THE VALUATION v,

Let S be the ordinary locus MM®[L] p for the Hasse invariant H. Then S is an irre-
ducible variety over F, because H is a global section of the ample sheaf det(w)®®~1 of the
minimal compactification of Sﬁ%). Consider the valuation ring V of §® of the valuation
vo. Thus the residue field V/my is the function field F(S) of S. Let V = lim V/p"V.

Let X on be the universal abelian scheme. Then we consider the Cartesian diagram
for Xy = X X gne Spec(V):

Xy, —/ X

| !

Spec(V) —— M@,

Since any lift of H is inverted in V, Xy is an ordinary abelian scheme. Thus we can
think of Iy, = Isomy (4 v, Xv[p™]/v), which is the scheme representing the functor

sending a V-acheme R to the set of closed R-immersions: juj.,p, — Xv[p™]/p. Let

Xp = Xy xy V. We can restrict the above functor to p-adically complete formal V-
schemes R. Then it is represented by the p-adic formal completion IAV7m along the special
fiber of Iv,,. Since Xy[p™] has a well defined connected component Xy [p™]°, Ty is
canonically isomorphic to Isomy ((Z/p™Z)", X [p™]) by sending ¢ : Lpm g = X‘;[pm]jR
to its cartier dual inverse ‘¢~'. Then choosing a standard basis ey, ..., e, of (Z/p™Z)"
and sending ‘¢! to tp1(ey) x tp7l(eg) x +-+ x t9p7(e,) we have an isomorphism from

A

Ty onto an étale closed formal subscheme of Xv [p™] X xp Xp [pm]e? over Spf(V).
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Indeed, writing det : X P xp - xp Xplp ]e — /\Z/me X [p™"] for the determinant
map, IVm is identified with det™ 1(/\Z/pmZ olpme - /\Z/pm 12 X [P ).

Lemma 2.1. The formal scheme IVm/Spf( ) is an étale finite covering with a natural
GL,(Z,)-action, and IVm is a GL,(Z/p™Z)-torsor over Spf(V)

We may regard the moduli scheme (N, T)r as a scheme over 9M(N)[+] (forgetting
the level p—structure) Since IVm is étale faithfully flat over Spf (V), it is affine, and we
may write IVm = Spec(V ). Then Vm is a semi-local normal V- algebra étale falthfully

flat over V and hence is a product of finitely many valuation rings unramified over V.
We put My /p = li—mpw IM(N,T) k. Then

M, (pmyyr = Isoms(pgm, X[p™]°) =: I,

gives rise to the Igusa tower I, = -+ — [, = -+ — [} — S over S.
By the definition of the action of (a,g) € G:

(XA 1,6p) = (X, N, n0g,dy0a),

G = M( ) X Spon(AP®) acts on Iy, (m =1,2,...,00), Spec(V) (by Lemma 1.1 (2)),
Spf( ) Sty L, Mpe and Mp/c. Thus we can make the étale quotient Ipo(p my 1=
IV7m/GLn(Z/me) Again we have Ipo(p = Spf(VpO(p y), and by Lemma 2.1, Vpo(pm)
is a valuation ring unramified over 1% sharing the same residue field. Thus XApr(pm) = V.
Indeed, there is a unique connected subgroup of X (isomorphic to p. étale locally) if
(X, X, 0n)/a gives rise to an A-point of M(N, To(p™)) k. Thus M(N,To(p™))r = Syw.
This shows that the residue field of Vpo(pm) is the function field of S and that the quotient
field of Vp,pm) = ‘//\i"o(pm) N 81y (pm) 18 Sro(pm)- This shows

Lemma 2.2. We have the following one-to-one onto correspondences:
{v 8 pm) — Z‘v|§r0(pm) = 'Ul"o(pm)} — Max(V,) < mo(1n),

where v is a p-adic valuation of §r, ) unramified (of degree 1) over vy and Max(V,,) is
the set of mazimal ideals of V,,,.

Proof. By the above argument, Vo owF = I1 ero(Im) F(I2); so, mo(1,,) injects into the set
of valuations in the lemma. Since GL,(Z/p™Z) = Gal(Fr,pm)/Sropm)) acts transitively

on m(I,,) and the set of valuations (by Hilbert’s theory of extension of valuations), the

injection is onto. O
Lemma 2.3. The action of G1 := Spa,(AP®) fizes v, = vp, (pmy and each element of
7T0(Im).

Proof. Since Fr, pm) /S, (pm) s a finite Galois extension, the set of extensions of vpm) to
81, (pm) is a finite set, and by the above lemma, it is in bijection with my(/,,). Thus the
action of Spa, (AP>®)) on 74(1,,) gives a finite permutation representation of Spa, (AP>)).
Since Spa, (k) of any field k of characteristic 0 does not have nontrivial finite quotient group
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(because it is generated by divisible unipotent subgroups), the action of Spa, (AP>)) fixes
every irreducible component of my(1,,). O

3. PROOF OF IRREDUCIBILITY OF I,
Let Voo = U, (p), and define
D, = {:E € (M(Z,) x Spgn(A(poo)))/{jzl}‘voo oT(x) = voo}.

Since M(Z)) and Spa,(AP>)) fixes vo, (Lemmas 1.1 and 2.3) and M (Z,))Span(AP>)
is dense in (M(Z,) x Spa,(AP>®))), we have

Theorem 3.1. We have D, = M(Z,) x Spa,(AP>®))/{£1}.

Let K be an open compact subgroup of Spa, (A®>®)) and K = K®) x GSp,,(Z,). Put
My = MP) /KP) (which is the level K Siegel modular variety). Let I = I./K®, which
is the Igusa tower over My. Since I is irreducible by Gal(1°/S) = GL,(Z,) = M(Z,)
(the above theorem), Ik is irreducible. Thus we have reproved

Corollary 3.2 (Chai-Faltings). The Siegel-Igusa tower I over My r is irreducible for
any open compact subgroup K of Span(A)) mazimal at p.
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