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VANISHING OF THE p-INVARIANT OF p-ADIC HECKE L-FUNCTIONS 2
First Talk

This series of two lecture is an introductory discussion of problems concerning vanishing
of the Iwasawa p-invariant of p-adic L-functions. This type of results for Kubota-Leopoldt
p-adic L has found good applications in divisibility problems of class numbers (see [W1],
[FW] and [ICF] Chapter 7) and in proofs of the main conjectures in Iwasawa’s theory.
Recently, new methods of proving the vanishing emerged in the work of Vatsal, Finis
and myself. In these two lectures, we describe a geometric method, which was started
by Sinnott in [Si] and [Sil] and has been generalized in [H04], [HO8] and [HO7] via the
theory of Shimura varieties. We rely on a general philosophical principle (proposed by
Chai, Oort and others): “A Hecke invariant subvariety of a Shimura variety is a Shimura
subvariety”, and we can prove this for the Hilbert modular variety and its self-products.
In this talk, we only deal with modular curves and their self-products for simplicity;
however, any essential ingredients for the general facts shows up in this simpler case.
Write G = GL(2) 7 with center Z = G,, /7.

1. MoDULAR CURVES

We study subvariety of self product of modular curves stable under toric action.

1.1. The tower of modular curves. We study classification problem of elliptic curves
E,4 over a ring A (which is an algebra over a base ring B). In other words, we consider
the following moduli functor of level I'(V),

Er(A) = [(E, éx : (Z/NZ)* = EIN])[{¢n(1,0), 6x(0,1)) = (] ,

for all Z[%,C]-algebras A, where ( is a generator of py. Here (-, -) is the Weil pair-
ing. We know classically Ern) ¢(C) = I'(IV)\$. If we remove the contribution upon
¢ and consider the functor &rny(A) = [(E,¢N)/A} defined on the category of Z[%]-
algebras, we have &rn) = |—|C Er(vy,¢, and this functor is represented by a geometri-
cally non-connected scheme Mp(y) and Y(N) defined over Z[| if N > 3. Note that
Y(N) g2 cn) = Ueepx Ye(V) with Ye(N)(C) = T(N)\H.

We can let a constant group a € SLy(Z/NZ) act on Y:(N) (and hence on X.(IV))
by (E,¢) — (E,¢ o «a). Since (¢ o a(1,0),¢ o a(0,1)) = ]C\I,Ct(a), the same action of
a € G(Z/NZ) induces an automorphism of Y(N)/Z[%] (and X(N)/Z[%]), which is induced
by the Galois action (n — C](i,ot(a) on Spec(Z[(n]). The group G(Z) = lim G(Z/NZ)
acts on the limit ¥ = lim Y/(NV) (which is a pro-scheme defined over Q), and SLy(Z)
preserves the connected component Ve =lim Y, (V).

A remarkable fact Shimura found is that this action of G(Z) can be extended to the
finite adele group G(A(*)) (see [IAT] Chapter 6). An interpretation by Deligne of this

fact is equally remarkable (see [PAF] 4.2.1): To explain Deligne’s idea, we define the Tate
module T'(E) = lim E[N] for an elliptic curve E,4 for a Q-algebra A. Strictly speaking,

taking a geometric point s = Spec(k) € Spec(A) (for an algebraically closed field k) in each
connected component of Spec(A), we are thinking of the Z-module T'(E) = lim  E[N](k)
(as is well known, the choice of s does not matter; see [PAF] Chapter 4, Appendix). Then
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T(E) = 72 and V(E) = T(E) ®7 Q = (A))2. Deligne realized that Y represents the
following functor defined over Q-ALG:

£ (A) = {(E,n: (AC))2 = V(E)), 4} /isogenies.

Here A is the finite adele ring. Then g € G(A) sends a point (E,n),4 € £ (A) to
(E,no g(‘x’))/A for the projection ¢(® of g to A(®).

Take the prime-to-p quotient Y = lilanfNY(N) = Y/GLy(Z,). Put VP(E) =
T(E) ®; AP and consider the prime-to-p level structure n® : (A®P>))2 = V#)(E).
Then Y ® represents the following functor defined over Z,-ALG:

EP(A) = {(B,n : (AP)? =2 V)(E)),,}/prime-to-p isogenies,

where an isogeny ¢ is prime to p if the order of the kernel of ¢ is prime to p. This

pro-scheme Y® is defined over Z,); so, its fiber Y/%’) over Spec(F,) is the F,-scheme
p

classifying (E,n®) 4 for Fp-algebras A. On Y®), again G(A®)) acts by n® — n® o g.

If we have a prime-to—p non-central endomorphism a : £ — FE, then E has complex
multiplication by M = Qla], and we can write a o = 1o p(a) for p(a) € G(A)).
Thus if z = (E,n) € Y(A), we find that p(a)(z) = z. For any elliptic curve E, we
have Q C End(E) ®z Q; so, the central element ¢ € Q* C G(A()) acts trivially on Y.
Thus, z = (E£,n) has CM by an imaginary quadratic field M if and only if M*/Q* is the
stabilizer of z in Aut(Y).

Pick an elliptic curve E with complex multiplication by the integer ring RAof M. We
suppose that p splits into (p) = pp in R. Consider W = W (F,) inside C, = Q,. We put
W = W N Q which is a strict henselization of Zpy- We suppose that p = R Nmyy and
E[p™] is étale over W. Assume E(C) = C/R. Since the isomorphism class of E over C
is determined by the principal ideal class of R, we write this elliptic curve as X = X (R).
Then we can pick a level p-structure 79 : e = X[p*] and 0! : Q,/Z, = X[p™]. Write
My = (°my") + ppee X Qp/Zy = X[p™] x X[p™], and define a homomorphism p, of Ry,
into the diagonal torus of G(Z,) by an, = n, o py(a) for a € Rp,). Thus 15 o p,(a) = an,
identifying R, with Z, and ¢’ o p,(a) = an, writing ¢ : R, = Rp.

Fix a base wy, ws of R® over Z(p), and identify M,(foo) with (AP>*))2. The choice induces
prime-to—p level structure n® : (AP>®))2 = R @, AP>®) = V®)(X). We put n =1, x 5.
Define p: R, — G(AP>®) by nop(a) = aon. Thus p = p, x p® : Ry, — G(Z x AP,
Since a € R(Xp) induces an isogeny a : X — X sending an® = n®pP)(a), the point
z(R) = (X(R),n®) is fixed by p(a).

Pick a fractional ideal @ D R prime to p. For any a € (]\/[1(%‘7’00))X with aRN M = a (so,
a~! € R), we define z(a) = p®(a)"}(z(R)) = (X(R),n o p(a~')), which gives another
point on Y. By tensoring X (R) with the exact sequence 0 — R — a — a/R — 0, we
get another exact sequence

0— X(a)[a ) w— X(R)w —— X(R)w@ra=X(a)w — 0,

étale
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where X (a)(C) = C/a. Then, we have the following commutative diagram:

R >, TE(X(R))

77(1’)

! |

R(poe) ~ T®(X (a)).

77(17) op(P) (a)

Thus writing z(a) = (X (a), n®), we have p”)(a)(z(a)) = x(R). From this fact, if a ¢ Ry,
the point z(a) is different from z(R).
Consider the formal completion Y =Y, i of Y/(f& along r = z(a) € Y®)(F,). Then by
the universality of Y, Y satisfies
Y(4)=E(A),
where A tuns through p-profinite local W-algebras with A/my = W/my = F, and
E(A) = [E/A‘E @4 F, = X(a)z, |- Indeed Y classifies (E,n®) 4 with (E,ng’)) x4 F, =

(X (a),n®), but n® uniquely determines ng’); so, we can drop the datum of the level

structure. By the deformation theory of Serre-Tate, Y =G, canonically. Indeed, first
E/4 € E(A) is determined by the extension E[p>]° — E[p®] - E[p>]* of the Barsotti-
Tate groups. By Serre-Tate, such an extension over A is classified by

Hom(E[p™]*, E[p™]°) = Hom(Qy/Zy 4, fipee/a) = 1im e (A) = Gy (A).

n

For this identification, we need to fix 75 : pipe = X(a)[p>] and its dual inverse 75" :
Q,/Z, = X(a)[p™]. Since a, = 1, the above identification is independent of a and a.

Since p(«) fix z(a), it acts on Y. We admit the following lemma.

Lemma 1.1. Identifying Y with G, = Spf(lim Wt t71/(t — 1)), if « € M*, we have

pla)(t) = t"° for complex conjugation c.

Note that if & € M* is not prime to p, the action of p(a) is an endomorphism of Y ®)
not an automorphism. A proof of this can be found in [HO8| as Proposition 3.4.

We regard p(M*) C G(AP>) as the group of Q-rational points of a torus 7,. Then
the action of p(a) on the Serre-Tate coordinate is given by t +— " factoring through
G(AP®)/Z(Q), since Z(Q) acts trivially on the Shimura variety Y.

1.2. Hecke invariant subvarieties. Write F = F, = W/my = W/myy. Let a be
a fractional ideal of M with a, = R,. We write I, for the irreducible component of
Y/(Hf) = Y® xy, F containing x(a). Note the following fact ([HO8] Proposition 3.8), which

)

is obvious since dim Y/(Hf = 1, but not trivial in the Hilbert modular case:

Fact 1.1. If H C 1//(];’) is an irreducible closed subscheme containing x(a) stable under the
action of a p-adic open subgroup of Ty(Zy), Then either H = {x(a)} or H = I,.
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Let a and b be fractional ideals of M with a, = b, = R, with ab™! = 2R for 2 €
(Mépoo))x. Then p(zf3) gives a morphism of I, onto Iy for any § € R, and we have a
skew diagonal Aag = Im(p(e) % p(20)) C la Xp Iy for o, f € Rj,. We want to give a
sketch of a proof of the following two theorems ([H08] Corollaries 3.16 and 3.19):

Theorem 1.2. Suppose that H C I, X Iy 1s an irreducible closed subscheme containing
(z(a),x(b)) € Iyr xF Iy stable under the action of a p-adic open subgroup of T(Zy)).
Then either H = x(a) x Iy or H = Ia x x(b) or H = Aap for a, 3 € R,

Theorem 1.3. Let H C I, Xp -+ Xg I,, (with n > 2) be a proper closed irreducible
subscheme with a dominant projection to the product of the first n — 1 factor and to the
last factor. If H is stable under the diagonal action of a p-adic open subgroup of T(Zy)),
up to permutations of the first (n—1) factors, we have H = I, X -+ - X I, _, X Ay g, where
A, p is defined with respect to (a,b) = (a,-1,ay).

We start with general lemmas. We suppose that the two projections to I, and Iy
are dominant. Take a; € M) with a;R = a; and a;, = a;00c = 1. Replacing H by
(p(ay) x -+ x play))(H), we may assume that a; = as = -+ = a, = R; so, we write
r=x(R), I =Ig and 2" = (x,2,--- ,x) € I". Let T C T,(R() be the open subgroup
(under p-adic topology) fixing H by the diagonal action of p(a) x -+ X p(a) (o € T).
Then the formal completion EI along ™ is also stable under 7', since z" is fixed by T'. By
the Serre—Tate theory, HcC G /F Let X, (G, /]F) = Z, be the formal cocharacter group.
Then, by a rigidity result of Chai (e.g., [HO8] Lemma 3.7),

(1.1) H=|JGn &z LGy =17,
L

where L runs over (finitely many) Z,-direct summand of X*(@?n) of rank n — 1. Let
‘H — H be the normalization of H. Since H is an excellent irreducible scheme, H is
reduced equidimensional; so, all L as above has rank n — 1. Since H is irreducible, H is
irreducible. By (1.1), each point over 2" of H is indexed by {L}, and for the point y;, € H
over z" corresponding to L, ﬁyL is étale over G,, ® L. Write I™ = I' x I" for I' = [™
and [” = [ for the last component.

Lemma 1.4. The scheme H is finite flat over I' around ™. In particular, each L is

of rank n — 1 and projects down to an open subgroup of X*(@"m‘l) & Z;L‘l. If one of
L surjects down onto X,(I') (I' = @?n‘l), all of L surjects down onto X,(I'), and the
projection H — I' is étale finite around ™ 1.
Proof. Since the projection of the first (n — 1)-factor I’ = I"™"! is dominant, at least one
of L, call it Ly, projects down to an open Z,-submodule of X*(@"m_l). If there is L with
image in X*(f’) of rank < n — 1, the non-flat locus H™' C H of H — I’ is a nonempty
proper closed subscheme of H. Since dim @m ® L =rank L = n — 1, H™ has dimension
n — 1 equal dimH; so, H has to be reducible, a contradiction. Thus H — I’ is finite flat
around ™! via a faithfully flat descent from H / T to H/T.

If one of L, call it Ly, surjects down to X*(f’ ) and another L; has image smaller
than X*(f’ ), the ramified locus H"™™ of H — I’ is nontrivial proper closed subscheme of



VANISHING OF THE p-INVARIANT OF p-ADIC HECKE L-FUNCTIONS 6

dimension n — 1, again a contradiction to the irreducibility of H; so, H — I’ is étale finite
around 2! again via a faithfully flat descent from H /I’ to H/I'. O

When n = 2, by applying a power of the p-power Frobenius or its dual to H (that is,
applying p(«) for ! generatlng pR(y) or its dual p(@)), we may assume that at least one
L surjects down to X, (I’), so, by the above lemma, all L surjects down to X, (I’) Thus
we may assume that H — I’ is étale finite around ™~ !. Now assume n = 2. Then,
over an open dense subscheme U C H containing all points above 22, the two projections
m: U —1I'=1and 7r : U — I" = I are étale finite.

We consider the universal elliptic curve E /1 We pull it back to H: A = 7TLE and
B = 7;E. Pick a point y € H over 2. Then H = H ={(t )t el=GCn}CIxI.
Since 7; : ' H — [ is étale finite around y, we may assume that a,b € Ry = Z); so, we
may assume that b = 1. Identifying X = X(R) s with the fibers A, = By of A and B
at y, we regard the unit @ € End(X[p™]) as a homomorphism a : A,[p>®] = X[p>*] —
X[p>*] = By[p>]. We note the following fact (see [HO8] Proposition 3.15):

Lemma 1.5 (C.-L. Chai). Further shrinking the open neighborhood U of y in H, we
may assume that the isomorphism a : Ay [p>*] = X[p>*] — X[p>*] = By [p™] extends to

a: Apy[p™] — By[p™]. This implies that Hy = Gy by (t,t%) < t at any point u € U(F).

Here is a sketch of a proof of the above lemma. Since a can be approximated p-adically
by a, € Ry modulo p", a can be extended to p(a,) : A[p"]; — B[p"|z. Passing to
a limit, we have an extension @ : A[p®|y; — B[p®|g. Write O for the stalk of Oy at
Y; SO, H = Spf(@). Since @ is determined by its restriction a to A,[p™], it is a unique
extension of a. Smce O ®0 O is reduced (because of excellency of @), the pull back of @

by two projections H X H—H coincides; so, @ satisfies the descent datum with respect
to O/O getting desired U. O

Proof of Theorem 1.2. Since the two projections m; : H — I (j = L,R) are
dominant, we have End(A) ® Q = End(B) ® Q = Q. Let Y, = A x4 B. Thus
there are only two possibilities of End?(Y) = End(Y 3) ® Q: Either End®(Y) =Q x Q
or End%(Y) = M,(Q). Suppose that End%(Y) = M,(Q). By semi-simplicity of the
category of abelian schemes, we have two commuting idempotent e; & EndQ(Y) such
that e4(Y) = A and ep(Y) = B. Since End%(Y) = M,(Q), we can find an invertible
element B in GLy(Op)) C My(Q) such that go es = ep; SO, B : A — B is an isogeny,
whose specialization to the fiber of A and B at y gives rise to an endomorphism § €
End(X(R)) ® Q. Thus the isogeny [ is induced by p(3), and we conclude A; g = H.

We suppose End?(Y) = Q x Q and try to get a contradiction (in order to prove that
End®(Y) = M,(Q)). We pick a sufficiently small open compact subgroup K C G(A®P>))
maximal at p so that the normalization Hx of Hx C Yx X Yk is smooth at the image
of y. The variety Yy is naturally defined over a finite extension F,/F, as the solution
of the moduli problem g /K. The universal elliptic curve Eg is therefore defined over
Ixr,, and Hy is a variety of finite type over F,. Let n be the generic point of Hg/,,
and write 7 for the geometric point over n and F ( )*? for the separable algebraic closure
F,(m)* of Fy(n) in F, (7). Take an odd prime ¢ # p, and consider the f-adic Tate
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module T;(Y7) for the generic fiber Yz of Y. We consider the image of the Galois
action Im(Gal(F,(77)**/F4(n))) in GLo,x0,(Te(Y7)). Then by a result of Zarhin ([DAV]
Theorem V.4.7), the Zariski closure over Q of Im(Gal(F,(7)*?/F,(n))) is a reductive
subgroup G of GLq,xq,(T:(Y7) ® Q), and Im(Gal(F,(77)*?/F,(n))) is an open subgroup
of G(Q¢). Moreover, by Zarhin’s theorem, the centralizer of G in Endg,xq,(T2(Y7) ® Q) is
End(Y)®Qy. Since the reductive subgroups of GL(2) are either tori or contain SL(2), the
derived group G;(Qy) of G(Qy) has to be SLy(Q; x Q;). By Chebotarev’s density, we can
find a set of closed points u € Hy (IF) with positive density such that the Zariski closure in
G of the subgroup generated by the Frobenius element F'rob,, € Im(Gal(F,(77)** /F,(n))) at
w with m;(u) = u; (u; € Ix(IF)) is a torus containing a maximal torus T, = (T, X T1,) NG,
of the derived group G; of G. In particular the centralizer of T, in G is itself. Thus Y,
is isogenous to a product of two non-isogenous elliptic curves Y} = E,, and Yo = E,,
defined over a finite field. The endomorphism algebra M; = End%(Y, ;) is a CM quadratic
extension of Q generated over @Q by the relative Frobenlus map ¢; induced by Frob,.

The relative Frobenius map Frob, acting on X*(ful) O, has one eigenvalue: gb(l e
for the CM type X1 = {0} of Y, which differ from the elgenvalues of ¢ € End(Y3) on
X*(fuz) = O,. Since we have proven that over the open dense subscheme U of H, the
formal completion of U at u € U with u = (u1,u2) € X C V2 is canonically isomorphic to
a formal subtorus Z C IAU1 X fuZ with co-character group X*(E ) = Z,,, we may assume that
our point u = (uy,uz) as above is in the (open dense) image Uk of U in Hg. Projecting
X.(Z) down to the left and the right factors Ix, the projection map X,(Z) — X*(fuj)
is actually an injection commuting with the action of Frob,. Thus Frob, has more
than one distinct eigenvalues on X*(E ), which is a contradiction. Thus we conclude that
End?(Y) = M,(Q) for any choice of small open compact subgroups K maximal at p.

As we have remarked at the beginning, End%(Y) = M,(Q) implies that we have an
isogeny B : A — B over H. Writing 77)(»‘” ) (j = A, B) for the prime-to—p level structure of
A and B inducing the prime-to—p level structure already chosen for X(R) = A, = B,,
we find that 3 o 77A = ng’ og for g € G(A(f”‘x’ ) Specializing at y, we have g = p(0)
for # € End%(X(R)) = M. Thus H CHpCYxVYis given by {t, 17" )|t e Gm} for
nonzero 3 € R,). Suppose that y corresponds to L; so, H C I x I coincides with G ® L.
On the other hand, we have the skew-diagonal Az = A1 s={(z ,0( )(z ))|z elycIxl.
The formal completion Ag along (x, x) therefore coincides with H and G,, ® L C H(m 2)

inside 72. Thus Ag C H. By the irreducibility of H, we conclude H = Ag. Since Ag is
smooth, Ag = H, and hence H is smooth everywhere. 0]

There are two way of proving Theorem 1.3. One is an induction reducing things to
Theorem 1.2, and another is to prove that End(Y) ® Q = M(Q) x Q"* for Y = [, /E
for the projection 7; of H to j-th component I (after a permutation of the factors I).
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Second Talk

In this second talk, we relate the result proven in the first talk with linear independence
modulo p of classical and p-adic modular forms.

2. GEOMETRIC MODULAR FORMS

We study classification problem of elliptic curves E,4 with a differential w over a ring
A.

2.1. Moduli Problem. Consider the following moduli functor of level I'( V),
PI‘(N)@(A) = [(E>¢N>w)‘HO(E>QE/A) = Aw, (E>¢N)/A € gF(N),C(A)} R

for all Z[%, (]-algebras A. Again we remove the contribution upon ¢ and consider the
functor Prin)(A4) = [(E,QSN,w)/A} defined on the category of Z[%]-algebras, we have
Prvy = |—|C Pr(n),c, and this functor is represented by a geometrically non-connected
affine scheme M(N) = Spec(Rr(x)) defined over Z[<:] if N > 3. When N = 1, over Z[z],
Prq) is represented by M(l)/z[%] = Spec(R) for R = Z[g, g2, g3, ) for A = g5 — 2743,
where g9, g3 are variables. So, for simplicity, we assume that our base ring B has 1/6 in
it.
The universal elliptic curve with universal differential is given by

(E>w)/./\/l1 = (PI‘OJ(R[X, Y> Z]/(ZY2 - 4X3 + 92X22 + 9323))7 dTX) .
We can let a € Gm/z[%] act on Prvy by (E,w) — (E,aw); so, R is naturally a graded
algebra Rrvy = @,z Rn(I'(N)). In particular, g; has degree 2j for j = 2,3. Then
Y(N) = Proj(R(I'(N)) = Spec(Ro(T'(N)). Write G = Z[z, g2,935) C R and define
G(I'(N)) by the integral closure of G. Then G(I'(N)) is naturally a graded algebra,
and X(N) = Proj(G(I'(N)) is a smooth compactification of the affine curve Y (N).

2.2. Modular forms of I'; (p"). Let B be a base Z)-algebra, and A denote a general B-
algebra. A level I'y (p")-structure on (£, w) 4 is an embedding ¢ : p» — E[p"] defined over
A. Consider the following I't-version of the moduli functor: Pr,m)(A) = [(E,i,w) 4] -
Then Pr, () is again representable by an affine scheme R(I'; (p")). We take the following
moduli theoretic definition of modular form on I'; (p"): a modular form f € G,(I'1(p"); B)
is a functorial morphism for all B-algebras A,

Prypmy(A) = [(E,i,w)a] — AN(A) = A
satisfying the following conditions: Regarding f as a function of isomorphism classes of
(E,i,w)/a with f((E,i,w)/a) € A satisfying
(Gl) .f((E>Z> CLW)/A) = a_k.f((E>i>w)/A) fora € A* = Gm(A)a
(G2) If p: A — A’ is a morphism of B-algebras, then we have
FUE i w)ja xa AT) = p(f((E,i,w)4));

(G3) The function has g-expansion in B[[¢"/] (0 < d|p") at the Tate curves with level
[y (p™)-structure.
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The direct sum G(I'1(p"); A) = @o<pez Gr(I'1(p"); A) is a normal graded algebra. In
particular, when n = 0, we have P*(j),a = Proj(G(I'i(1); A)) = Proj(G), and I,
Proj(G(I'y(p™); F ))/Pl( ) r, is the Igusa tower. We can think of I'p-version, replacmg i
by a subgroup C' C E[p"] isomorphic to u,» étale locally. Then elements in Gk(FO( "); A)
are functorial rules Prym)(4) = [(E,C,w);a] — A'(A) = A satisfying the conditions
(G1-3) replacing I'y (p™)-level structures i by Io(p™)-level structures C.

2.3. p-Adic modular forms. A p-adic modular form f over a p-adic base ring B =
lim B/p"B is a functorial rule: (E,i =1 : fipee — E[p>])/a — f(E,1) € A for a p-adic
B-algebra A = llnn A/p™A. In other words, f satisfies the following conditions:

(P1) f((E,ai);a) = a " f((E,i)/a) for a € A% = Gy (A);
(P2) If p: A — A’ is a p-adically continuous morphism of p-adic B-algebras, then

fFUE D)4 xa A) = p(f((E,7)4));
(P3) We have the g-expansion f(q) in B[[q]] at the Tate curves with the canonical i, :
e — Tate(q) and the t-expansion f(t) = f(ﬁ,n;) € Wﬁl] =WI[[T]] (T =t—-1)
for the universal deformation E of X (R) over A (x = z(R)).
By definition, the functor Pr,(y~)/p : p-adic B-ALG — SETS given by

Pry)(A) = [(E,i: ppeo = E[p™]°) /4]

is pro-represented by the formal completion of /T/l\oo = !ﬂln Spec(Rr, (m)/(B/pnB)) along
1ts mod p i fiber. The level I';(p™)-structure i induces an isomorphism of formal group
i: Gy 2 E, and Wy 1= z*(‘ff) on E. Thus if f is a modular form on I'y(p") as above, we
can define f(E,z) = f(E,i(ppn),wp), and in this way, we may consider a modular form
as a p-adic modular form. They have the same ¢-expansion and t-expansion. Write So,
for the formal completion of y () along the ordinary locus of Y/(];’). Let I — S be the
[gusa tower whose reduction mod p is the irreducible component containing x = x(R)
mod p. We have

(2.1) fl@)=0 modp < f(t)=0 mod p < f|;, =0 mod p,

because of the irreducibility of the Igusa tower over Iz (a result of Igusa).

2.4. Hecke invariant subvarieties. We recall the result we proved in the first lecture.
Recall the imaginary quadratic field M in which the prime p splits. We write I for the
irreducible component of Y/(];’) =Y ® x,y F containing z(R). Recall

n

Theorem 2.1. Let H C T xp I xp--+ xXp 1 (with n > 2) be a proper closed irreducible
subscheme with a dominant projection to the product of the first n — 1 factor and to the

last factor. If H is stable under the diagonal action of a p-adic open subgroup of T(Zy)),
n—2

. —
up to permutations of the first (n — 1) factors, we have H = I x --- x I x/A, 3, where
A, p is the skewed diagonal {(p(a)(z), p(B)(2)|z € I} C I x 1.
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Consider ay,...,a, € Ry /Z; distinct modulo Ry /7, = Tu(Z)) (thus a;/a; & M*
if i £ ).
Corollary 2.2. Fiz a weight k > 0. Let h € Gip(I'o(p"); W) be a lift of the Hasse

invariant. Prepare an (m + 1)-set {h, fi1,..., fim} C Ge(I'1(p"); W) of modular forms
linearly independent modulo myy (for m > 0). Then the nm-set of mod p modular forms

{fiat*), ..., fim(t*)}i; modulo myy is linearly independent in Fﬁt\—l]

Proof. We consider the completion O = (5?@ L= Fﬁt\—l] along z = (z(R) mod my) €
JF

Y®)(F). Then R} acts on W[t,t=!] by ¢ — t%. Thus we can think of

@ @y@),m QF - - - QF Oy(p),; -0
given by o(fi(t) @ -+ @ fu(t)) = fi(t") fa(t2) -~ fu(t™). Note that £(t) = f(t) for
f € Gp(T1(p"); W) (since we may assume that h = 1 mod myy). If Ker(¢) = 0, we get
the desired result, since { fi1/h, ..., fim/h} C Oyw ,. If not, Ker(¢) defines an irreducible

A

closed subscheme X of Spec(@y(m@ QF - - - QF Oy(p>7;) = I". Let X be the Zariski closure
1—c

of X in I™. Then X is invariant under the action of o € T,(Z,)) since it acts by ¢ — t*
commuting with ¢. By induction on n, we may assume that the projection to the first
(n — 1)-factor I’ of I"™ of X and the last factor is dominant. Then by the above theorem,
permuting the indices i < n, we find a, 3 € M* such that X C I"? x A, s, which
implies a,,—1/a, = a/f € M* after permuting indices of a; for j < n, a contradiction.
Thus Ker(p) = 0, and we are done. O

3. p-ADIC HECKE L-FUNCTIONS AND ITS H-INVARIANT
In 1899, Hurwitz studied an analogue of the Riemann zeta function:
1
Lik) = >,
a+bieZ[i]—{0} (a+bi)
of Gaussian integers Z[i] and showed that for positive integer k,

L(4k bod d
g(24k) €eQ (2= 2/0 \/%7:54 = [{5 : period of the lemniscate).

Nowadays, we regard this value as a special value of a Hecke L-function:

L(s,\) = Z A(a)N(a)™® of the Gaussian field Q[i].

Here ) is a Hecke ideal character of Q[i] with A\((a)) = a~%* and L(4k) = 4L(0, \).

We shall give a sketch of a proof of non-vanishing modulo p of almost all Hecke L—
values for general imaginary quadratic fields M = Q[v/—D]. The Hurwitz formulation is
modular: For any lattice L = Zw, + Zws C C, we can think about

1 1 . . .
Eoy(L) = 3 ; . (awr + b (Eisenstein series),
awi +bws
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which is a function of lattices satisfying Eor(aL) = a *Ey,(L). The quotient C/L
gives rise to an elliptic curve X (L) C P? by Weierstrass theory. Since X (L) has a
unique nowhere vanishing differential du for the variable u of C and we can recover
out of (X(L),du) the lattice L as {fﬁ{ duly € Hi(E,Z)}, we can think of Ey, as a
function of the pairs (F,w) of an elliptic curve E and a nowhere vanishing differen-
tial w satisfying Eo(E, aw) = o **Ey(E,w). Note that Ey(F,w) = 1592(E,w) and
Es(F,w) = ﬁgg(E,w). More generally, Ey is a rational isobaric polynomial of g, and
g3. Thus Fy is a modular form f of weight 2k.

Fix an imaginary quadratic field M. Write R for the integer ring of M. We assume
that p splits into p = pp in R so that p gives rise to a p-adic place i, : Q — @p. Recall
the ring W of Witt vectors with coefficients in the algebraic closure F := F, of F, and
regard it as a valuation subring of C, D @p (in other words, W is the closure in C, of
the p-adic integer ring of the maximal unramified extension of Q). So W =i YW) with
maximal ideal B = myy. Important facts are

(E1) For a lattice a C R prime to p (a is prime to p if [R : a] is prime to p), X(a) is
p-integrally defined over W C Q;

(E2) Es (up to a simple constant which we ignore in this lecture) is defined over Q
(actually over Z,) for almost all k) by the g-expansion principle;

(E3) Let w = Qdu be a generator of HY(X(R),Qxr),w) (& H(X(a), Qx@,mw) =
Wuw, because a is prime to p). Thus Q = fﬁ/w for a l-cycle v with R,y =

H\(X(a),Z)). Then EaX(9) i5 the partial L-value of the ideal class of a=:

A(a)
Ep(X(a),w)  Bn(X(a),Qdu)  Ex(X(a),du)  Lea(2k2)  —
MNa) @) ST - o @

(
because W = La-1(2k, ) = Y o0t A(b)N(b) 2% for a Hecke character

with A\((a)) = a2k,
In order to get p-integrality and an U(p)-eigenform, we modify the Fisenstein series Eo
into Esx(2) = Far(2) — Far(pz). Then we have Ex(X(a),w) € W.

A ray class character x modulo p" with values in C; is called p-anticyclotomic if
x(a¢) = x(a)~! for complex conjugation c. Let C, be the ring class group of R,, = Z+p"R.
Then y as above is anticyclotomic if and only if y factors through C,,. Let C = linn Ch.
The profinite group Cy, is isomorphic to A x I' for a finite group A and a multiplicative
group I' isomorphic to the additive group Z,.

By results of Hurwitz, Damerell, Weil, Shimura, Katz combined, we have

(2k — 1)ILP(0, Ax)
Q2k

where L® (0, \x) = {(1 — Ax(p)p~")(1 — Ax(p))} L(0, \x). Katz and others constructed
a p-adic measure duy on Cy such that

2k — 1)IL® (0, A
/ de:( )sz (0, Ax)

€ W for p-anticyclotomic Y,

€ W for f-anticyclotomic Yy.
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We project down the measure to I', getting the anticyclotomic p-adic Hecke L-function
Ly € W[[I']}. Since W([I']] = W[[T]] is a UFD, we can decompose L, = p"L for a power
series L € W/[[T]] prime to p. Then we have

Theorem 3.1. If p > 2, we have p = 0.

The result in the above imaginary quadratic cases are also treated by Finis (see [F1]
and [F2]) under different assumptions by a different method (see also Vatsal’s papers [V1],
[V2] and [V3] for related topics).

Here we shall give a very brief sketch of the proof of this special case, assuming for
simplicity that I' = 1 + pZ, and M/Q ramifies only at one prime. If we take a represen-

tative set ay, ..., a, of ideals representing Cy /I, under the above assumption that the
projection A; of a; to I' is independent modulo R(Xp) in the following sense:
(3.1) AiJA; € {a'Cla e M*}ifi# 5.

We can identify I' with a subgroup of R /Z, which is isomorphic to Z) by R) = R x
RZ > (a,b) — ab™' € ZY. Thus the image of A; € Z) satisfies A" = a}_c for a; =1
mod p generating a;? Choose a; € M, with a;R = a; and a;, = a0 = 1.

Consider & = . We regard £ as a p-adic modular form. Recall X = X (R) over
W and over W = lim W/p"W. Tts formal group X is isomorphic to G by the level
structure 7, = 1, : ppe = X[p>] over W, we have a canonical identification X = Gm
induced by 7, over W. Then X, has a differential w, = ? writing G = Spf(WE?—l]),

where WE,?*] = lim W@l] /(s?" —1). The modular from £ has t-expansion with
respect to the Serre Tate coordinate ¢ around z(R) € I.

Since z = [(2,1)] € T4(Zy)/Z2(Zy) = (Ry x R7)/Z, acts on V¥ = G, (for z =
z(R)) by t — t*, we can think of £(t*), which is only defined over Gn =1, = VP,
Since p(a)(xz(a)) = x(R) for an idele a € M) with a, = aex = 1, we can think of
Elp(a™N(E,n®, w) = E(E,n™ o p(a™),w). Then &|p(a~") is a modular form with

Elp(a™)(X(R), n(R), w(R)) = £(X(a),n(a),w(a)).

The automorphic proof of this theorem consists of the following two steps.

(Stepl) t-expansion: Essentially, the ¢-expansion of )\(aj)_1€|p(a;1)(tA;1) gives the
expansion of the p-adic L-function L, putting ¢ = 1 + 7. This follows from
Katz’s construction of the measure (mainly his explicit relation of the invariant

differentiation on ?p(p ) = G,, with the Maass-Shimura differential operator via the
Gauss-Manin connection).

If we write w, = (19)+(%) = Qw, by a result of Katz/Shimura, we have

0"Elimr _ oMo AT Enn(e () _ 0 Me) e " S Ean(a(an)  L(0, M)

Q2k+2n - )2k+2n ()2k+2n - O2k+2n

where § = ¢% 65 is the Maass-Shimura differential operator and A, is a Hecke character

whose infinity type is 2k 4+ n(1 — ¢) (defined modulo p) and A, (a;) = A(a;)A?. Thus the
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n-th moment of the anticyclotomic Katz measure is basically given by the right-hand side
of the above equation, and hence, £(t) € W][[t — 1]] is the power series associated the
A-branch of the Katz measure.

(Step2) Linear independence: By g-expansion principle (and computation), we find h
and A(a;)~'E |,0(a;1) are linearly independent modulo myy for a lift A of Hasse-
invariant. By Lemma 2.2, we find {)\(aj)_1€|p(a;1)(tA;1)}j is linearly independent

—

in F[t,t~!]. This implies the vanishing of the p-invariant.
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