IMAGE OF A-ADIC GALOIS REPRESENTATIONS MODULO p

HARUZO HIDA

ABSTRACT. Let p > 5 be a prime. If an irreducible component of the spectrum of the ‘big’
ordinary Hecke algebra does not have complex multiplication, under mild assumptions, we prove
that the image of its mod p Galois representation contains an open subgroup of SLa(Fp[[T]]) for
the canonical “weight” variable 7. This fact appears to be deep, as it is almost equivalent to
the vanishing of the p-invariant of the Kubota—Leopoldt p-adic L-function and the anticyclotomic
Katz p-adic L-function and another key ingredient of the proofis the anticylotomic main conjecture
proven by Rubin/Mazur—Tilouine.

Fix a prime p > 5, field embeddings C ) Q &, @p C C,, and a positive integer N prime to p. We
sometimes identify C, and C by a fixed field isomorphism compatible with the above embeddings.
Consider the space of modular forms My 1(To(Np™™1), x) with (pt N,r > 0) (including Eisenstein
series) and cusp forms Sp41(To(Np™™), x). Let the ring Z[x] C C and Z,[x] C @, be generated by
the values x over Z and Z,, respectively. The Hecke algebra H = Hy1(Do(Np™*), x; Z[x]) over
Z[x] is

H =Z[\][T(n)ln=1,2,--] € End(Mp11(To(Np™), X))
For any Z[x]-algebra A C C, Hy41(To(Np™), x; A) = H ®ppy) A is actually the A-subalgebra of
End(Mp11(To(Np™1), x)) generated over A by the T'(I)’s. Simply we write

Hyy1x = Hyy1 0w = Hn(Co(Np™ ), xs W) i= H @pp W

for a p-adic discrete valuation ring W C Q, containing Z[x]. Sometimes our T'(p) is written as
U(p) as the level is divisible by p. The ordinary part Hy 1 ,/w C Hy41,,/w is then the maximal
ring direct summand on which U(p) is invertible. We write e for the idempotent of Hjq /w3 so,
e is the p-adic limit in Hj 4\ w of U(p)™ as n — oo. Via the fixed isomorphism C, = C, the
idempotent e not only acts on the space of modular forms with coefficients in W but also on the
classical space My41(Fo(Np™™), x). We write the image of the idempotent as M, for modular
forms and S,‘c’idl for cusp forms. Let x1 = xn X the tame p-part of y. Then, by [H86a] and [H86b],
we have a unique ‘big’ Hecke algebra H = H,, /1 such that

(1) H is free of finite rank over A := W/[[T]] equipped with T'(n) € H for all n,

(2) if k> 1and e:Z) — ppe is a character,

H/(1+T = x(7)e(7" ) H = Hip1ey, (v =1+ p) for xp == xaw' ™,
sending T'(n) to T'(n) and U(m) to U(m), where w is the Teichmiiller character.

The corresponding objects for cusp form are denoted by the corresponding lower case characters; so,
h = ZDIT I = 1,2, -] € End(Ser1(To(Np™1), %), hs1aw = bt (To(NpT 1) xs W) o=
h ®z,) W, the ordinary part hy 1 C hgy1,, and the big cuspidal Hecke algebra h/y,. Replacing
modular forms by cusp forms (and upper case symbols by lower case symbols), we can construct the
“big” cuspidal Hecke algebra h = h,,. Then, similarly to the case of modular forms, we have the
following characterization of the cuspidal ‘big’ Hecke algebra h = h,:

(1) h is free of finite rank over A equipped with T'(n), U(m) € h with (N, Np) =1, m|Np,

(2) h/(1 + T = x(e()Y ) = hpqrey, (v = 1+ p) for xp = xaw' ™%, if & > 1 and ¢ :

Zy [ pp—1 — ppe is a character.
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We often identify A with the completed group algebra W{[I']] of I" = 1+pZ,, generated by v = (1+p)
by (1+7T) < 7.

We have a surjective A-algebra homomorphism H — h sending T'(n) to T'(n). Each (reduced)
irreducible component Spec(I) C Spec(H) has a 2-dimensional semi-simple Galois representation
pr (of Gal(Q/Q)) with coefficients in the quotient field Qg of T (see [H86b]). This representation
preserves an I-lattice L C Q7 (i.e., an I-submodule of Q? of finite type which span Q? over Qy),
and as a map of Gal(Q/Q) into the profinite group Auty(L), it is continuous. Write a(l) for the
image of T(1) (I t Np) in I and a(p) for the image of U(p). The representation pr restricted to the
p-decomposition group D, is reducible. We write pj® for its semi-simplification over D,,. As is well
known now (e.g., [GME] §4.3), py satisfies

(Gal)  Te(pr(Frob)) =a(l) (11 Np), pi*([7°,Qp)) ~ (407 7) and pf*([p, Qp)) ~ (5§ a(y) ) -

where v* = (1+p)® € Z, for s € Z;, and [z, Q] is the local Artin symbol. We call a prime ideal P C I
a prime dwisor if Spec(I/P) has codimension 1 in Spec(I). If a prime divisor P of Spec(I) contains
(14T — exx(7)7*) with k£ > 1, by (2) we have a Hecke eigenform fp € My 1(Do(Np" @+ exy)
such that its eigenvalue for T'(n) is given by ap(n) := (T'(n)[1 mod P) € Q, for all n. A prime
divisor P with PN A = (1 + T — exx(7)7*) with & > 1 is called an arithmetic point (or prime),
and we write ep = ¢ and k(P) = k > 1 for an arithmetic P. Thus I gives rise to an analytic family
F1 = {fplarithemtic P € Spec(I)} of slope 0 Hecke eigenforms. A component I (or the associated
family) is called cuspidal if Spec(I) C Spec(h). A cuspidal component I is called a CM component if
there exists a nontrivial character ¢ : Gal(Q/Q) — I* such that pr = py ® €. If a cuspidal I is not a
CM component, we call it a non CM component.
Pick and fix a non CM component I of prime-to-p level N. Then we have

(R) plp, = (g %) with 0 unramified.
Consider the following conditions:
(s) There exists o € D,, such that p(c) has two eigenvalues «, 3 € F,, with o? # %

(v) pr(Dp) contains a unipotent element g € GLo(I) with g #1 mod my.

For each prime P € Spec(I), Tr(pr) mod P has values in I/P. Let x(P) be the field of fractions
of I/P. Thus by the technique of pseudo representations, we can construct a unique semi-simple
Galois representation pp : Gal(Q/Q) — GLy(x(P)) such that

Tr(pp(Froby)) = (a(l) mod P).

We call a prime ideal P C T a prime divisor if Spec(I/P) has codimension 1 in Spec(I). Put
®(N) = N? [Tyn (1= ) for an integer N > 1 and its prime factors I.

We consider an involution * of F,[[T]] over F,, such that ¢(T)* = ¢((1+7T)~* —1). Write F,[[T]]*
for the subring fixed by *; so, Fp[[T]] is a quadratic extension of F,[[T]]*. Similarly we write F((T))*
for the subfield of F,,((T')) fixed by .

Theorem. Take a non CM cuspidal component I of cube-free prime-to-p level N, and let P € Spec(I)
be a prime divisor above (p) C Zp[[T]]. Suppose p{ ®(N). If either (s) or (v) is satsified, then the
image of pp contains an open subgroup of SLo(F,[[T]]). If neither (s) nor (v) holds, there exists an
inner form Sy, T+ of SL(2)k, Ty such that pp contains an open subgroup of S(F,((T))*).

We will prove a slightly stronger result as Theorem 6.2. Here is an outline of the proof. For a
prime divisor P above (p) C Z,[[T]], let R(P) be an algebraic closure of x(P). The Zariski closure
of the image Im(pp) N SL(2) in SL(2) /%(p) is an algebraic subgroup G'p of SL(2) /z(p) defined over
k(P). Let G% be the connected component of Gp. Then G% is either a Borel subgroup, a torus
(1+T)75/2 *

0 (1+4T)3/2
If G% is a Borel subgroup or a torus, we prove that P has to be either an Eisenstein ideal or the

family has congruence modulo P with a CM component I' having CM by an imaginary quadratic
field M. In the Eisenstein case, by a result of Mazur-Wiles [MW] and Ohta [O3] combined with the
mod p admissible representation theory of Vigneras [V] (see Corollary 2.2), P divides the Iwasawa
power series of a Kubota-Leopoldt p-adic L-function (under p { ¢(N) = N[]; 5(1 - [71)). This
is impossible as the Kubota—Leopoldt p-adic L-function has trivial py-invariant [FeW]. In the CM

or a unipotent group. Since G%(k(P)) contains ( ), G% is not a unipotent group.
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case, P divides L,(Ad(pr)) = h- L,(¥}) (congruence criterion) for the class number h of M (see
Proposition 5.6), where L,(¥}) is the anticyclotomic p-adic Hecke L-function constructed by de
Shalit, Yager and Katz (see [K] and [H07]). By [Fi] and [H10], the anticyclotomic p-adic Hecke
L-function has trivial g-invariant (under p t ®(N)); so, if p 1 h, this proves the theorem. If p|h, by
computation of the congruence power series, we prove that the congruence between CM components
exhausts the p-part of the congruence power series (Theorem 5.1), and thereby, we conclude that
Gp is SL(2), and (Gal) implies, by a result of Pink [P], that pp to have the open image property.

This type of results, asserting that Im(pp) contains an open subgroup of SLs(Z,) for arithmetic
points P of a non CM family was proven in an Inventiones paper by Ribet [Ri] and [Ril] long ago.
Thus fullness of the Galois image of special prime divisors (arithmetic or residual characteristic
p) characterizes non-CM components (the importance of such characterization is brought up in the
author’s first lecture in the Galois trimester 2010 at Poincaré Institute in Paris, which is summarized
in the last section of [H11b]).

Conjecture. Let Fy be a non CM cuspidal parallel weight Hilbert modular family (in [H88b]) of
prime-to-p level N for a totally real field F. Suppose p > 5, and let P be a prime divisor of 1 over
(p) C Zp[[T]]. Then we have

(1) The mod P Galois representation pp is irreducible over Gal(Q/F),

(2) Suppose p t Pp(N) = N(‘ﬁ)QH”m(l - W) and that O is prime to p and cube free. If
either dimp F'[up) > 2 or the strict class number of F is odd, the image of pp contains a
subgroup isomorphic to an open subgroup of SLa(Fy[[T]]), where det(pr([vi, Qp))) = (1+T)°
for a generator yr of v%» N Nrg(O)).

If dimp Fup] = 2 and F has a CM quadratic extension unramified everywhere, the p-invariant of
the anticyclotomic p-adic Hecke L-function could be positive [H10] (M1-3); so, irreducibility would
be at most we could expect under such circumstance. The above conjecture is almost equivalent to
vanishing of the p-invariant of the Deligne-Ribet p-adic L—function and of the (multi-variable) Katz
p-adic L projected to the anticyclotomic parallel (single) weight variable.
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1. REDUCED HECKE ALGEBRAS

We want to prove that h is reduced with no nontrivial nilradical if N is cube-free. Let K =
{(&%) € GL2(Zy)}. We start with

Proposition 1.1. Let w be a holomorphic automorphic representation of GLa(A) of weight k + 1
with central character x. Write C(m) for the conductor of 7 in the sense of [AAG] Theorem 4.24.
Fiz a prime l, and write 7, for its l-component. For a new vector f € w, write fIT(l) = a- f, and
define a, 3 to be the two roots of X2 — aX + x()I* = 0 if m is spherical unramified at I. Then the
following is the list of all Hecke eigenvectors in 7 fixed by K whose eigenvalues for T(q) with q # 1
coincide with those for f:
(1) If 11 C(nm), in addition to f, we have fu, f3, fo such that f;|U(l) = - fu (here fo = fg if
a = 3), where the minimal level of fa, f3, fo are, respectively, C(m)l,C(m)l and C(m)l?;
(2) If ||C(7) with flU() = a- f for a # 0, we have fo, = f, fo under the same convention as
above, where the minimal level of fa, fo are, respectively, C(n) and C(m)l;
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(3) If 12|C(m) with fIU(I) =0, f = fo.

The above vector f; is determined by x up to constant multiple.

This follows from the theory of new/old forms, and one can find a proof in [H89] Corollary 2.2,
for example (see also the proof of the following corollary how new/old form theory is used to show
this type of results). Put K, = {a € GL3(Z;)|lao = u mod I" for u € K}. Consider the C-subalgebra
H of End(H°(K,4,,m)) generated by U(l) for m, with l-conductor [”. If r > 3, H has a component
Hy (acting non-trivially on fp) in which U() is nilpotent. Since the set of eigenvalues of U(l) is
{a, 5,0}, we can decompose H = H, & Hg & Hj as a ring direct sum (as long as o # () so that
H, = H/(U(l) — )M H for sufficiently large M (x € {a, 3,0}). Then, we have

Corollary 1.2. Let the notation be as above, and write the l part of C(n) as l”. Then we have the
following description:

(1) Ifv =0 and o # 3, then H, = C, Hz = C and Ho = C[U]/(U"™2) if r > 2;

(2) If v =0 and a = 3, then H, = C and Hy 2 C[U]/(U"7Y) ifr > 1;

(3) If v > 0 with flU(l) =a- f fora#0, then H, = C and Hy = C[U]/(U™™Y) if r > 1;

(4) If v > 0 with f[U(l) =0, then Hy = C[U]/(U") for r >0,
where U is an indeterminate and U(l) is sent to U by the above isomorphism. In particular, if N
is cube free, the Hecke algebra Ho(To(N), x; C) is semi-simple. Similarly, if N is cube free, hg
of level Np? is reduced (i.e., ha, ®z Q is semi-simple) for any character x of (Z/Np'Z)* for any
il

Proof. We may assume that » > 3 if v = 0 and r > 0 in the other cases (as the left-over cases
follow just from the proposition). Writing the action f(z) +— f(Iz) as [l]. Then U(I) o [{] = id, and
hence (fol[l])|U(1) = fol[l]*"t. By the theory of new/old forms, H°(K,,,m) has a basis given
by {f, flll],---, fI[{]"}. This shows that H°(K,,,,m) is generated by f.|[I]* for  running over the
possible eigenvalues above. Note that fo = f — Bf|[l], fs = f — af|[l] and fo = fo — afa][l] in the
spherical case, and fy = f —af|[l] in the case where v > 0 with non-zero eigenvalue a for U(l). Then
we can decompose HY (Kyqp,m) = @m V, for the generalized eigenspaces V, with eigenvalue x for
U(l). Then V; is generated by fo|[l]* for 0 < i < 7 —m with the number m of non-zero eigenvalues
x for U(l), and V, = Cf, for x # 0. On Vo, U(l) is nilpotent and fo|[l]Y|U(l) = fol[l]*"*. This
shows the first four assertions. Assume k = 1. By Coleman-Edixhoven [CE], the case where @ =
and v = 0 never occurs if N is cube-free (and k& = 1); so, U() for [|N is not nilpotent if N is
cube-free by the first four assertions. Since the ordinary part is the image of the p-adic idempotent
e = lim, .o, U(p)™, e obviously kills the nilpotence coming from U(p) for any level Np’. Then the
last assertion follows from this. ]

Corollary 1.3. If N is cube-free, h is a reduced algebra.
This is one of the principal reasons why we assumed N to be cube-free.

Proof. If N is cube-free, by Corollary 1.2, the ordinary part hj .,, must be reduced. Since prime
divisors P. = (14T — x(7)e(7)y) N A for all characters ¢ : ZY — jip(Q,) form a Zariski dense
subset of Spec(A), the diagonal map h — J]_ha ., given by h +— (h mod P;). is an embedding;

so, h is reduced. (I

2. EISENSTEIN COMPONENTS

Let M(N, x1;A) (resp. S(IV, x1;A)) be the space of p-ordinary A-adic modular forms (resp. p-
ordinary A-adic cusp forms). Thus M(N, x1;A) (resp. S(N,x1;A)) is a collection of all formal
g-expansion F(q) = >~ s a(n, F)(T)q™ € A[[g]] such that fp = >~ ((a(n, F) mod P)q™ gives rise

ord ord

to a modular form in M™% (Do(Np" D)) epxppy) (resp. S (Do(Np" ) epxi(p))) for all
arithmetic points P, where p"(P) is the order of ep. Again F — fp induces an isomorphism

M(N, x1;A) @ A/ P 2 M8 (Do (Np" ), yep; Wlep])
[

for all arithmetic points (see [GME] Theorem 3.2.15 and Corollary 3.2.18 or [LFE] §7.3). The A-
module M (N, x1;A) (resp. S(NV, x1;A)) is naturally a faithful module over H (resp. h), and the
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above specialization map is linear with respect to the Hecke operator action. Let @ be the quotient
field of A, and take an algebraic closure @Q of Q. We can extend scalar to a finite extension I/A inside
Q to define S(N, x1;I) = S(N, x1;A) ®a T and M(N, x1;1) = M(N, x1;A) ®4 1. Associating the
family { fp} pespec(n to a form F' € M(N, x1;1), we may regard these as spaces of “analytic families
of slope 0 of modular forms” with coefficients in I (we also call then the space of I-adic p-ordinary
cusp forms and the space of I-adic p-ordinary modular forms, respectively). See [LFE] Chapter 7,
[GME] Chapter 3 and [H86a] for these facts.

Put S(N,x1;Q) = S(NV, x1; A) @ Q and M(N, x1;Q) = M(N,x1;A) ®2 Q. Then there is a

canonical decomposition

M(N, x1;Q) = S(N, x1: Q) ® E(N, x1; Q)

as modules over H. The space E(N, x1; Q) is spanned by A-adic Eisenstein series. Assuming that
N is cube free, we make explicit the Eisenstein series: For any character ¢ : (Z/MZ)* — W*,0 :
(Z/M2Z)* — W with ¥ = x1, MiMs|Np, p|Ms and p { M, there exists a unique A-adic
Eisenstein series in M(N, x1; @) defined by its g-expansion:

a®,9)(T) + 3 | D2 0@wIAT) | o

n=1 \0<d|n

where (d)(T) = (1 + T)"°8»(D/108,(¥) " 4(9,4)) = 0 if 1) is non-trivial, and otherwise, writing 1, for
the trivial character modulo M, a(f,1,) = $G(T) € Q with

G =1) = (1 = Op 1 (p)p") LM (—k, Opy1) forall 0 < k € Z.

Here we agree to put 0(d) = 0 if d has a nontrivial common factor with M> and that ¢ (d) = 0 if
d has a nontrivial common factor with M;, and also 6 is the character of (Z/MapZ)* given by
0r = Ow'~F. The existence of the above Eisenstein series is proven under M;Ms|Np (cf. [H86a]
Theorem 7.2, see also [O3]). By counting number of pairs (6, ), we can prove that they span the
Hecke stable complementary space £ of S if N is cube free (e.g., [H86b] §5 and [O3] §1.4).

Let C, = C.(N) be the set of all cusps of X, := X;(Np"+1)(C), and consider the formal linear
span W[C,]. Write simply I', := I';(Np"*1). Since the Hecke correspondence T, s(c) associated
to the double coset T'sal'y for a € GLy(Q) (with det(a) > 0) sends C, into Cy for r,s > 0, the
Hecke correspondences acts on W[C,]. In particular, W[C,] is equipped with the action of T'(]) and
U(q) (q|Np), (z) = [Tyo.T,] for z € (Z/Np"Z)* for o, € SLy(Z) with o, = (§?) mod Np”, and
[q) = [T(Np") (&9) T1(Np"/q)] (q|N) gives rise to a linear map W|[C,(N/q)] — W[C(N)]. In [03]
§2.1, these operators are computed explicitly, choosing a standard representative set Anpr/ ~ (see
below for Ay, ) for the cusps C,.(N) :=I'1 (Np")\P'(Q) C X,.(C), where the action of T'(I) (I 1 Np) is
denoted by T*(1) and U(q) (¢|Np) is denoted by T*(¢) in Ohta’s paper. The covering map X — X,
for s > r induces a projection 7y, : Cs — C, and we define W[[Coo(N)]] := lim W[C,.(N)]. Since
Hecke operators T'(1), T'(1,1) (in [IAT] Chapter 3), U(q) and [q] are compatible with the projection
s r, these operators act on W[[Cso(N)]]. In particular, T'(1),T(1,1),U(q) € Endp(W[[Co(N)]]) and
[q] : W[[Cxo(N)]] = W[[Coo(N/q)]] are A-linear maps. Then the p-adic projector e = lim,, o, U(p)™
is well defined on W[C;| and hence on W{[[Cw]]. We let the group Z x (Z/NZ)* act on W[[C]] by
the character [ +— [-T(l,1) for primes [ diagonally embedded in Z; x (Z/NZ)*, and hence e- W [[Cw]]
is a A-module on which Hecke operators acts A-linearly. As proved in [O1] Proposition 4.3.14,
e W([[Cx)]] is free of finite rank over A (and the rank is given explicitly there). Ohta’s choice of the
action of Z) x (Z/NZ)* is one time twist of our action by the p-adic cyclotomic character; so, the
definition of E(6,) looks a bit different from ours, but our definition is equivalent to that of [O3]
under this twist. Supposing that p { (N) = |(Z/NZ)*|, we can decompose

e W([Cu]l = @ e WC]I[W],
»

where e - W[[Cu]][¢] is the y-eigenspace of a character ¢ : (up—1 x (Z/NZ)*) — W™ regarding
(p—1 X (Z/NZ)*) C Z); x (Z/NZ)*. Then in [O3] (2.4.6), Ohta obtained a canonical exact sequence
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of Hecke equivariant maps
(2.1) 0 — S(N, x1:A) = M(N, x1;A) 2= e W[[Cu]l[xa] — 0,

where the last map Res is canonical and called the residue map in [03]. Thus as Hecke modules,
e W[Cu][xa] ®a @ = E(N, x1; Q).

We can extend the definition of e - W[[Cx]] slightly. Take a prime ¢ outside pN and consider
the C-points of the elliptic Shimura curve X(N;¢7) = GL2(Q)\(GLo(A™)) x (C — R))/A(N¢’)
and its connected component X (N;q¢’) = SLy(Q)\(SLy(A()) x 9)/A(Ng’) N SLy(A), where
A(Ng) =T1(N)NT(¢?) for

T(g) = {x €GLyZ)z=1 mod qﬂ'MQ(Z)} ,

(2.2) R _ _
T1(N) = {x € GLy(Z)|x=(§}) mod NMQ(Z)} :

Note that X(N;¢’) is isomorphic to a disjoint union of copies of X (N;¢?) indexed by (Z/¢'Z)*.
We write C(N;¢’) (resp. C(N;¢’)) be the set of cusps of X(N;¢7) (resp. X(N;¢’)). Then we have
C(Np";¢) = {(An/ ~ xAgi)}/{£1}, where

Ay = { (j) € (Z/NZ)?|2(Z/NT) + y(Z/NZ) = Z/NZ}

with (Z) ~ (Z:) <y=vy and x =2’ mod y(Z/NZ). If {1} acts freely on Ay, we have

C(N;¢') 2= ((An/ ~) x Ap) [{£1} = (An/ ~)/{£1}) x Ags.

Replacing the auxiliary level N by Np" for sufficiently large r (noting p > 5), we may assume that
{%1} acts freely on Anpr. Thus for r > 0, we have

CNp":d) = || ((Anpr/ ~) x Ag) £ = | (Awpr/ ~)/ {21} X Ag).

(Z/g72)> (Z/g72)>

As before (see [0O3] §2.1), GL2(Z4) acts on Ay by natural left multiplication on column vectors.
Then u € GL2(Zg) acts on | |z/4i7)« Ags via this multiplication but also permuting indices in
(Z/@Z)* via multiplication by det(u). The set C(Np";¢?) of cusps inherits the GLs(Z,)-action
from the curve X(Np";¢’), and this action is compatible with the action (including permutation
of the components) on || /4i7)x Agi. Consider W[[C(Np>;¢’)]] = lim W[C(Np";¢’)], which is
naturally a A-module in the same manner as for W[[Co(N)]] through the action of Z)' on (Anypr/ ~).
Then we define V;, = li_n>1j WI[C(Np>;¢’)]], where we regard W[[C(Np>;¢’)]] = W[[Coo(N)]][A4]

as a space of W[[Cxl]-valued functions on [_|(Z Jqizyx Aqi» and by the pull-back of the projection

q7 >
[_|(Z/qj+lz)X Agivr — U(Z/qu)x Agi, we have taken the inductive limit. The idempotent e is well
defined on Vg, and e -V, = lim e - W[[C(Np>;¢’)]]. The group GL2(Q,) acts on Vg by the
correspondence action as already mentioned, and the GL2(Qq)-action induces the action of the
maximal open compact subgroup GLo(Z,) already described on [_|(Z @iz Agi. Plainly V; is a
smooth representation of GL2(Q,) with coefficients in A. At each finite g-level, e - W[[C(Np™; ¢’)]]
is free of finite rank over A as proved by Ohta in [O1] §4.3. Though the curve X;(Np") is dealt
with in [O1] §4.3, the argument for X(Np";¢’) is the same, or actually for a suitable choice of
g € GLy(Q,) (such that g~'T'(¢)qg9 D T'1(¢%), for the principal congruence subgroup I'(¢?), C
GLy(Z,)), the right multiplication by g induces a covering X;(Np”¢*) L X(Np”;¢7)° for any
geometrically connected component X(Np”;¢?)°; so, Ohta’s result actually implies this finiteness.
We have by definition HO(T'(¢7),, e - V,) = e - W[[C(Np*; ¢7)]], which is free of finite rank over A.
Thus e-V;®4 Q (for the quotient field @ of A) is a finitely generated admissible smooth representation
of GL2(Qq), and e - V, is a A-lattice stable under the GL2(Qg)-action. We would like to prove

Proposition 2.1. Suppose p{ ¢(N) and N is cube free. After tensoring the localization A,y at the
prime (p) = pZy[[T)], the Ohta’s exact sequence (2.1) is split as a sequence of H-modules.
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Proof. Taking a pair of characters (0, v) defined modulo M; and M respectively, £(N, x1; Q) is a
direct sum of Hecke eigenspaces spanned by F(6,v). It is easy to see that systems of the Hecke
eigenvalues of E(6,1) are distinct modulo the unique prime divisor P of A over (p) C Zp[[T1]].
Thus e - W([[Cool][X1] () = D 9,4 Awye(0, ) for an eigen basis e(0,¢)) with the same eigenvalues as
E(6,). Writing C(6) for the conductor of 6, if C(0)C(x)) = N or Np and (0,%) # (w™',11), by
(O3] Theorem 2.4.10, up to units in A(,),

(2.3) Res(E(0,1)) = A(T;0,¢)e(0, ),

where taking G(T;&) € A so that G(v* — 1;§) = Lp(—s,éw) (v = 1 + p) for the Kubota-Leopoldt
p-adic L-function L,(s, ) with a primitive even Dirichlet character £, we have

AT;0,9) = G(T;607 ') [ {w@H(@(T) =0 (DI}
IINHC (091
In the exceptional case (6,1) = (w™!,1;) (which is equivalent to the case of (w™2,1;) in Ohta’s
paper), as is well known, the Eisenstein ideal is trivial. Note here that

by the vanishing of p-invariant of the Kubota-Leopoldt p-adic L-function (see [FeW]). Thus
A(T;0,v¢) € A(Xp). So, if N =1, we can define Hecke equivariant section:

e WI[Cul][x1] = M(N, x1;A) by e(0,¢) — E(6,¢)

for (0,1) # (w1, 11), and e(w™1,11) — ((14+T) —y 1) E(w™!, 11) otherwise gives rise to the section
over A(p).
We proceed by induction on the number of prime factors of N. Suppose we have a section of

e W[Coo(N/D)] ) — M(N/q, x15 Ap))
for M(N/q, x1;Apy) = M(N/q, x1;A) ®a Apy. Take (0,7)) with My Ms|N/q. We claim that the
space V spanned by e(6,v)|[q] and e(6,v) in W[[Coo(N)]](p) has rank 2 over Ay, and is a direct
summand of e - W[[Coo(N)]] ).

To prove this claim, we use the admissible representation (e - Vy) ®a Q of GL2(Qq) defined for
the prime to ¢-part N@ of N (in place of N) which is explained just before stating the proposition.
Then e(6, ¥) generates a principal series representation 7, C eV, ®a @ isomorphic to 7(f,, 12)\(1) over
Q, where @ is the quotient field of A, 12)\(1 : Q; — A is unramified character sending the prime g
to ¥(g){(q), and 6, is just the 9|Q§ regarding € as an idele character. Then by Vigneras’ modulo p
representation theory of admissible representations (see [V] Theorem 3), old-new congruence at ¢
occurs only when the ratio of (ﬂ)\q /04)(q) is congruent to ¢* modulo my ., (for the maximal ideal
myp ., of Ag)). Note that A, is a discrete valuation subring of @ of mixed characteristic (0, p).
Since R

(¥q/0q)(q) # qil mod MA ()
(0, 12)\(1) mod my  is irreducible. Thus two vectors e(6,) and e(,v)|[g] modulo mp , in 7y 1=
(mq mod my ) are linearly independent. This shows the above claim.

First assume that ¢ is prime to N/q. Letting (61, ) be the pair with 6; which is 6 regarded

as a character modulo Mg, we have e(61,v) = e(6,v¢) — 8,(q)e(0 ,1/))|[q] up to units in A,y by the

e(6,9) — by(q)e(8, ¥)|lq] for ¢ which is ¢

argument in the previous section. Similarly e(f, 1))
regarded as a character modulo M;q. Then

Res(E(01,v)) = Res(E(0,¥) — 04(¢) E(0,¥)[[q]) = Res(E(0, ) — 04(q)Res(E(0, ¥))][q],

and

Res(E(0,11)) = Res(E(9, %) — $q(0) (0, ¥)|[g]) = Res(E(6,)) — tby(q)Res(E(6,v))|[g].

Thus the section of level N/q extends to the level N.
Note that N is cube-free. Thus the remaining case is when ¢?|N. If C(6) and C(¢)) are both
prime to g, by the irreducibility of 7, := (7, mod my ),

e(0,v), e(0,¥)llg] and e(0,%)|[q)?
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span three dimensional subspace in ;. Thus we have e(61,91) = e(6,¢1) — 0(¢)e(6, 1) which
does not vanish in 7,. Then e(61,91) — E(61,%1) gives a section on (61, 11)-eigenspace. If ¢|C(0)
but ¢ + C(), we define e(0y,v) = e(0,11) — 0(q)e(0, 1), and if ¢ £ C(0) but ¢|C(¥), e(0,1)1) =
e(0,v1) — ¥(q)e(6,4¢1), and the same argument works well. If ¢|C(6) and ¢|C(¢)) but one of the
characters is imprimitive at another prime ¢, we apply our argument to ¢’ in place of ¢, and we get
the section. The case where N|C(8)C(v) is covered by Ohta’s result explained at the beginning of
the proof. This finishes the proof. O

Let E be the image of H in Endp (E(N, x1; A)) and define C = h®u E (the Eisenstein congruence
module; see (5.2) in the text and [MFG] §5.3.3).

Corollary 2.2. Suppose N is cube-free and p{ ¢(N). Then C®x A,y = 0. In other words, there is
no congruence between a A-adic Fisenstein series and an l-adic cuspidal Hecke eigenform modulo a
prime divisor above (p) C Zp|[T]).

Proof. We have a pairing H x M(N, x1; A) given by (h, f) = a(1, f|h). If we define

M(N, x1;A) = {f € M(N,x1;Q)la(n, f) € A for all n > 0}.
Then as is well known (see [H86a] §2), this pairing H x M(N, x1; ) is perfect; i.e., as A-modules,

Homp (H,A) = M(N, x1;A) and Homp (M(N, x1;A),A) = H by (3, a(n, F)¢" — a(n, F)) —
T(n). However, by definition, M(N, x1;A)/M(N, x1:A) < Q/A by f — a(0, f), and the inclusion
f + a(0, f) is T-equivariant. The group I' acts on the constant term by v + =1 (as by our choice
of the action, weight 1 corresponds to the trivial action). This shows that after localizing at (p),
the pairing is perfect over A(,. The A-perfectness of the pairing on h x S(IV, x1; A) holds in the
same way as in the case of H. Note that A, is a discrete valuation ring. Since H,) — h,) is the
Apy-dual of S(N, x1; Apy) = M(N, x1; Agp)), we get Hpy = h,y DE(p, which implies the vanishing
of C(p) . [l

3. CM COMPONENTS
We start with a simple lemma:

Lemma 3.1. For a given integer N and imaginary quadratic fields M and M’, if the set of primes
prime to N inert in M is equal to the set of primes prime to N inert in M', we have M = M’.

Proof. Write M = Q(v/—D) and M’ = Q(v/—D’) for the two quadratic fields. Replacing N by
NDD’, their sets of split primes outside N also match. Then in MM’/M, all primes outside N
splits. Then by class field theory, MM’ = M; so, M = M’. O

Let Spec(I) be an irreducible component of Spec(h). Recall that the component I is called a CM
component (or I has complex multiplication) if there exists a nontrivial character ¢ : Gal(Q/Q) — I*
such that py =2 pp ® €. If I is a CM component, we call the corresponding family F a CM family
(or we say F has complex multiplication). Suppose that F is a CM family associated to I with
p1 = pr ® €. Taking the determinant of this defining identity, we find that £ must have order 2 if 1

is a CM component, which cuts out an imaginary quadratic field M, i.e., £ = (M—/Q) Let D be the

discriminant of M, and consider M C Q. Thus Ip - Q— @p induces a prime factor p of p in M.

Let O be the integer ring of M, and put O® = 1, (O ®z Z;). For any continuous character
Y+ MX\M; — R* unramified outside Np with values in a p-profinite ring R, the restriction
(U (55(7”))X — R* has to be a finite order character, as 1 is ramified only at finitely many primes
and R* is an almost p-profinite group. Thus we have an integral ideal €()) maximal among ideals
a prime to p with (14 aD®) N (DP)* c Ker(1h). We call €(1)) the prime-to-p conductor of 1. For
a rational prime [, the [-primary part €;(¢) of €(¢) is called the l-conductor of .

Proposition 3.2. Write T be the integral closure of 1 in its quotient field. The following five
conditions are equivalent:

(CM1) F is a CM family with p1 = p1 ® (M—/Q) ;

)
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(CM2) The prime p splits in M, and we have py = Ind% Wy for a character Uy : Gal(Q/M) — I*
with prime-to-p conductor € = &(Vy) unramified outside €p. We have D - N(€)|N;

(CM3) For all arithmetic points P of Spec(I)(Q,), fp is a binary Hecke eigen theta series of the
norm form of M/Q with prime-to-p conductor N(€)D (as a Hecke eigenform);

(CM4) For an arithmetic point P of Spec(I)(Q,), fp is a binary Hecke eigen theta series of the
norm form of M/Q with prime-to-p conductor N(€)D (as a Hecke eigenform,);

(CM5) For an arithmetic prime P, pp is an induced representation of a character of Gal(Q/M)
with prime-to-p conductor €.

Here we say a Hecke eigenform f has conductor C(f) if the automorphic representation generated
by f has conductor C'(f) (in the sense of [AAG] Theorem 4.24); so, f itself could be an old form.
The prime-to-p part C of this conductor C(f) is the Artin prime-to-p conductor of the 2-dimensional
p-adic Galois representation of f (see [GME] Theorem 5.1.8). We put €(I) = €(¥p) and C = C(I) =
N(€(I))D for ¥y as in (CM2), where N(a) is the norm of a fractional ideal a of N. We call a binary
Hecke eigen theta series of the norm form of an imaginary quadratic field a CM theta series. We
call T has CM by M if the above equivalent conditions are satisfied by a specific imaginary quadratic
field M.

Proof. Since this fact is well known, we only give a sketch of the proof. The condition (CM1) is
equivalent to (CM2): py = Ind% Uy for a character Uy : Gal(Q/M) — I* unramified outside Np
(e.g., [IMFG] Lemma 2.15). Since the characteristic polynomial of pr(c) has coefficients in I, its
cigenvalues fall in I; so, the character ¥y must have values in 1% (sce, [H86¢c] Corollary 4.2). Since
Ind% Uy ramifies at prime factors | of D - N(€) for the prime-to-p conductor € of ¥y, we have
[|D- N(€) = [|N for the prime-to-p conductor € of ¥;. Here is how to see D - N(€)|N. Following
E. Artin, we can define the prime-to-p conductor of Ind% Uy, which is equal to D - N(€) (see [GME]
Theorem 5.1.8). The conductor only depends on the restriction of Ind% Up to the inertia group I
at ramified primes [ # p of Ind% Wy, Since I is p-profinite, as we have seen by class field theory,
Ind% Wy|;, has finite image. Since the multiplicative groups 1+ P C I and 14 P- My (I) C GLy(I) are
torsion-free for a prime divisor P with characteristic 0 residue field x(P), the prime-to-p conductors
of pp and Ind% Uy are equal. Taking P to be arithmetic, by the solution of the local Langlands
conjecture, the prime-to-p conductor of the associated modular form is equal to the prime-to-p
conductor of pp (see the paragraph after [GME] Theorem 5.1.9 how to deduce this fact from the
local Langlands conjecture); so, D - N(&)|N.

Regard Spec(I)(Q,) = Hompy.aig([,Q,). Then by (Gal), ¥p = P o ¥y : Gal(Q/M) — Q, for
an arithmetic P € Spec(I) (Q,) is a locally algebraic p-adic character, which is the p-adic avatar
of a Hecke character Ap : M /M* — C* of type Ay of a quadratic field M/Q. Then, fp is the
theta series with g-expansion Y, Ap(a)q’V (9) where a runs over all integral ideals of M. If p is inert
or ramified in M, such theta series is not ordinary (with positive or infinite slope). Thus p must
split in M. By k(P) > 2, M has to be an imaginary quadratic field (as holomorphic binary theta
series of real quadratic fields are limited to weight 1; cf., [MFM)] §4.8). As already remarked, the
prime-to-p conductors of Wy and ¥p are equal for any P € Spec (@p), and similarly by the theory
of new/old forms, the prime-to-p conductors of a A-adic eigenform and its specialization are equal
(see [H86a] Theorem 3.5). This shows (CM1)=(CM2)=(CM3)=(CM4). If (CM3) is satisfied, we
have an identity

M M
Tr(pr(Froby)) = a(l) = (ﬂ> a(l) = Tr((pr ® (ﬂ>)(FTObl)) mod P
for all arithmetic points P and all primes [ outside Np. Density of arithmetic points in Spec(I)

implies
T((From) = at) = (12 ) at) = T & (212 ) From)

for all primes ! outside Np. By Chebotarev density, we have Tr(pr) = Tr((pr ® (M—/Q) )), and we get

(CM1) from (CM3) as py is semi-simple. If an irreducible component Spec(l) contains an arithmetic
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point P with theta series fp of M/Q as above, either I is a CM component or otherwise P is in the
intersection in Spec(h) of a component Spec(I) not having CM by M and another component having
CM by M (as all families with CM by M are made up of theta series of M by the construction of
CM components in [H86a] §7). The latter case cannot happen as two distinct components never
cross at an arithmetic point in Spec(h); in other words, the reduced part of the localization hp is
étale over Ap for any arithmetic point P € Spec(A)(Q,) (see [HMI] Proposition 3.78). Thus (CM4)
implies (CM3), and the converse is trivial. The equivalence of (CM4) and (CM5) can be proven
similarly as in the case of the equivalence of (CM1) and (CM3). O

Proposition 3.3. Let A be a p-profinite local integral domain with quotient field Q. Let M and
L be two distinct imaginary quadratic fields in which p splits, and suppose we have continuous
characters ¢ : Gal(Q/M) — A* and ¢ : Gal(Q/L) — A* with absolutely irreducible Ind% @ over
Q such that Ind%(p >~ Ind(% ¢. If the representations Ind%(p ~ Ind(%(b are ordinary at p, then
@ and ¢ are both unramified at p of finite order, and the anticyclotomic projection @~ defined by
0 (1) = p(1)p(cTe)™t for complex conjugation c factors through Gal(ML/M).

Here the word “ordinary” means that the representation restricted to a decomposition group at
p is isomorphic to an upper triangular representation with an unramified 1-dimensional quotient.
In our case, the restriction of, say, Ind% ¢ to a decomposition group at p is the direct sum ¢ &

or1& (M—/Q) for the identity character 1, where ¢7(7) = p(o70™!) for o € Gal(Q/Q) inducing a

nontrivial automorphism on M. This implies that ¢ is unramified at one prime in M over p.

Proof. For any prime [ outside Np inert in L and split in M (such primes have positive density by
Lemma 3.1),

0 = Tr(Ind® ¢(Frob;)) = Tr(Ind$ o(Frob)) = o(1) + (1)

for o € Gal(Q/Q) inducing a generator of Gal(M/Q). Thus defining = (7) = p(7)p(ora™ 1)L, we
have ¢~ (Frob;) = —1 if [ is inert in M and split in L. In particular, for any other primes ¢ outside
Np inert in M and split in L, ¢~ (Frob;) = —1 = ¢~ (Frob,). Since FrobFrob;' fix ML, by

moving ¢, Chebotarev density tells us that ¢~ factors through Gal(M L/M). Thus ¢ = (M) i

for ¢ (1) = ¢(oro™1). By the remark preceding this proof, we may assume that ¢ is unramified at
one prime factor p? of p, and this identity shows that ¢ is unramified also at p, factoring through
the finite ray class group Clys(c) of M modulo ¢ for the prime-to-p conductor ¢ of . In the similar
manner, we conclude that ¢ is unramified at p of finite order. O

If N is cube-free, h is reduced (Corollary 1.3). Let Spec(I?{)) be the minimal closed subscheme of
Spec(h) containing all irreducible components having CM by a fixed imaginary quadratic field M.
Without assuming reducedness of h, by minimality, Spec(I} ) is a reduced scheme.

Corollary 3.4. Let M and L be distinct imaginary quadratic fields in which p splits. If P €
Spec(I¥ ) N Spec(IL,) is a prime divisor, P N Z,[[T]] contains T.

Proof. For a reduced ring A, write Q(A) for the total quotient ring. We have a Galois representation
pr : Gal(Q/Q) — GLa(Q(T7,,)) such that pe (Frob;) is given by the image of T(1) in I7,,, for all prime
I outside Np (with ? = L, M). Then we find a finite extension Q(I7,,,) of Q(I,,) and two continuous
characters U, : Gal(Q/?) — Q(I%,,)) such that p; = Indg W over Q(IZ,,). By compacity of the
Galois group, the subring I7,, of Q(I%,,) generated by the values of U5 is finite over 17, . Thus we
may replace P and Hzm by prime P; of ﬁém over P such that py; mod Py = pr mod Pr, over a
finite integral domain A over I} /P =1L /P. Apply the above proposition to this A and ¢ = ¥,
mod Py and ¢ = ¥, mod Pr. Then ¢ is unramified at p. By (CM2), p splits into pp in M, and
we have O, = Z,,. Since Wy ([u, My]) = (1 4 T)°8:(W/108,(0) = 1 for u € Z); =9y by (Gal), where
[u, My] is the local Artin symbol at p, we find that T € Py and similarly T' € Py. O

Let T be a CM irreducible component in I and T be a local ring of h with Spec(I) C Spec(T);
i.e., Spec(T) is the connected component of Spec(h) containing Spec(I). Consider the following
condition for any CM component I’ of T:
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(H) If ¥ ramifies at an inert or a ramified prime [ outside p of M, ¥y mod my ramifies at [.

Since D - Npy/q(€(I'))|N for the discriminant D of M, (H) holds if N is square-free. By the following
lemma, it also holds if p t ®(V).

Lemma 3.5. The condition (H) holds if pt N(I) — 1.

Proof. The image of the inertia group at [ in the Galois group of the maximal abelian extension of
M over M is isomorphic to O by class field theory. Thus a character 1 : Gal(Q/M) — R* (for a
p-profinite local ring R) ramifies at [ if and only if its reduction modulo the maximal ideal ramifies
at [ as long as [(O/0)*] is prime to p. O

Recall the Euler function p(N) = N [[; 5 (1 - 7).

Corollary 3.6. Let Spec(T) be a connected component of Spec(h), and let P be a prime divisor
of T above (p) C Zp[[T]]. If either (H) with p t ¢(N) holds or p t ®(N), for any CM component
I of T with Spec(Ip) C Spec(Tp), the prime-to-p conductor €(I) of Uy as in (CM2) is determined
by Tp. In other words, any CM component I of T with Spec(Ip) C Spec(Tp) has CM by a unique
imaginary quadratic field M and has prime-to-p conductor depending only on Tp. In particular, the
prime-to-p conductor of pp = pr mod P is equal to the prime-to-p conductor of pr = Ind% .

Proof. By Corollary 3.4, the CM components of Spec(Tp) can have complex multiplication by a
unique imaginary quadratic field M. Then if two components Ip and I%5 of Spec(Tp) with CM
by M have different prime-to-p conductor €(Ip) and €(I’s), for a prime [ appearing in the reduced
expression of €(I)/&(I'), ¥1 = ¥y mod P implies ¥1/¥p mod P is unramified at [ but ¥p/ Ty
ramifies at [. Thus, by the proof of the above lemma, p must be a factor of the order of (O/I)*.
As N(€(I))D and N(&(I'))D divide N, if either (H) with p ¥ ¢(N) holds or p t ®(N), we must
have €(I) = €(I'). This proof shows that the prime-to-p-conductor €(I) is equal to the prime-to-p
conductor of U1 mod P. Since the prime-to-p conductor of pp is given by N(€(I))D (see [GME]
Theorem 5.1.8), this proves the last assertion. O

For a fractional ideal a of M, taking a generator a of a” for sufficiently large 0 < h € Z, we
define log,(a) = flog, () for the Iwasawa p-adic logarithm log,. The value log,(a) is determined
independently of the choice of a. Now p-adically interpolating the eigenvalues of members of a CM
family over its CM component, as was done in [H86a] §7, [LFE] §7.6 (2a) and [H86¢] §4, we get
an [-adic Hecke eigenform which interpolates CM theta series new at primes outside p. We call an
I-adic Hecke eigenform F' new of prime-to-p conductor C'(F) if it interpolates Hecke eigenforms of
prime-to-p conductor C(F'). Then incorporating also CM old forms as in Proposition 1.1, we get

Proposition 3.7. Let Spec(I) C Spec(I* ) be a CM component associated to the character ¥ = ¥ :
Gal(Q/M) — I* as in (CM2) unramified outside €p for the prime-to-p conductor ¢ = €(¥) of V.
Let C; be the l-primary part of C = N(€)D for the discriminant D of M. Regard ¥ as a character
of the fractional ideal group of M made of fractional ideals prime to €p and write U(a) = ¥([a, M])
for the value at a fractional ideal a prime to €p, and put ¥(a) = 0 if a is a fractional ideal not prime
to €p. Here [a, M] is the global Artin symbol. Write ¢ for complex conjugation. Let N;(I) be the
l-part of the minimal prime-to-p level N(I) of I (i.e., h — I factors through the big Hecke algebra of
prime-to-p level N(I)). Then C|N(I), and for primesl outside N, we have

(0O1) a(l) =W(l) + W(1¢) if I = U° with [ £ ¢, where
W) =¢(1+ T)logp(f)/ log, () and W) =¢'(1+ T)logp(fc)/logp(v)
for roots of unity ¢,¢'. In particular, U(l) #£ U(I¢).
(02) a(l) =0 if (I) is inert in M/Q.
We have the following possibility of a(l) for a prime l|N:
(N1) If1 is prime to € and | = ¢ with [ # ¢, we have a(l) = VU(I) or ¥(I¢) where
W) =¢(1+ T)logp(f)/ log, () and W(1) = C/(l + T)logp(fc)/logp(v)
for roots of unity ,¢’". In particular, ¥ () # U(I¢), C; =1 and N;(I) = 1.
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(N2) If I = 1° with U # (¢ and 1°|€ with [ €, we have a(l) = ¥(I) and Ni(I) = C;, where for a
root of unity ¢, W(I) = ¢(1 + T)°8»(N/108,(7)

(N3) a(l) = £4/¥(l) when 1 is inert and C; = 1 with Ny(I) = I, where, for a root of unity C,
W(l) =C(1+ T)logp(l)/logp('y).

(N4) If 1 = 1? is ramified outside € with Ny(I) = C}, we have a(l) = ¥(I), where

U =(¢(1+ T)logp(f)/logp(v)

for a root of unity C.
(N5) We have a(l) = 0 in the following cases:
(a) I =12 is ramified in M with [|C,

(b) NZ(H) = l2 and Cl = 1,
(¢) 1 =0 with L #£ 1€ and 1|C,
(d) 1= 11° with 1 £ 1€, (| and (€, Ny(I) = - O,

(e) 1 s inert in M and 1|C;.

Proof. Regard first ¥ as an ideal character. Then for a fractional ideal a of M prime to €p, it is
well known that W(a) has shape (1 + T)18(9)/198,() up to roots of unity (see [H86a] §7 or [LFE]
§7.6), since ¥ mod (T) is of finite order. From this, the explicit formula of the value in (O1-2) and
(N1-4) follows.

Regard now ¥ as an idele character U : M\ M — T*. Since ¥ is unramified outside ¢p and the

Sylow p-subgroup of O = [Tje O is finite, almost p-profiniteness of T* tells us that V| has finite
<

order. For any P € Spec(I)(Q,) regarded as a prime ideal, P/P™ is a torsion-free additive group; so,
1+PC T* is a torsion-free multiplicative subgroup. Now regard P as an algebra homomorphism
P:I— @p. Then, on any finite subgroup p of I, P (regarded as an algebra homomorphism
P:I— @p) induces an injection P : y — @; because of torsion-freeness of 1+ P C I*. Thus for
Up=PoV,
Ker(vp : Of — @:) = Ker(V : OF — 1),

and hence €(Up) = (V). If P is arithmetic and Up is the p-adic avatar of Ap : M*\M; — C*,
the theta series 0(Ap) = > o q1peo Ap(@)gN(® (cf. [MFM] §4.8) is a p-stabilized cusp form new
outside p whose prime-to-p conductor is C' (see [MFM] §4.8-84.9). Here Ap(a) = Up([a, M]) for the
Artin symbol [a, M] as long as a is prime to p&(¥), and Ap(a) = 0 if a + p&(¥) C O. Similarly
we define ¥(a) = ¥([a, M]) a is prime to p&(¥) and otherwise ¥(a) = 0. Then F = {6(A\p)}p is
an analytic family corresponding to an I-adic Hecke eigenform © = 3 U(a)gV (@, Since
O|T () = a(1)© for

aCO,a+p=9O

(1) + T(1¢) if (1) = [ with [ £ [,
a(l) = { (1) if (1) = Lor (I) = 12,

0 otherwise

for prime ideals [ in M, we get a projection 7 : h — I by sending h € h to the eigenvalue m(h) of
O: O|h = w(h)©. This projection gives rise to a primitive irreducible component I corresponding
to ©. Any other component giving rise to the same Galois representation Ind% U is a family of old
Hecke eigenforms made out of C-new eigenforms in Fj. Therefore the old form family has the same
Hecke eigenvalues for T'(I) for [ outside N. This proves (01-2) and (N1-5) for the family of cusp
forms new at I|N. Write wp for the automorphic representation generated by the p-stabilized Hecke
eigenform 6(Ap) new outside Cp.

We now study family of old forms coming from the above family F = {#(Ap)}p of C-new forms.
For each primes I|N/C, choose a root a of det(X — pp(Frob;)) = 0if I + C, and put o« = 0
otherwise. Extend scalar I to I[a]. Then ap = P(«) gives rise to a root of the polynomial det(X —
pp(Froby)) if a # 0. Then we can think of the Hecke eigenform f,, with f,,.|U(l) = apfa, in 7p
as in Proposition 1.1. This family F, = {fa,|P : arithmetic} has associated Galois representation
identical to p; but is made up of old forms f,,. By the proof of Corollary 1.2, this family F,
corresponds to the I[a]-adic Hecke eigenform ©,(q) = ©(q) — O(q¢') where f3 is another root of
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det(X — pr(Frob;)) =0 if I 1 C and we take = o otherwise. Then (N1-5) will be proven once we
can determine « as specified in (N1-5). If [ splits or ramifies in M and « # 0, we have a = U([) for
a prime factor [l as py = Ind% P. If [ is inert in M and « # 0, we have o = £4/¥(l). Then the
description of N;(I) in terms of C follows from Proposition 1.1 (and its corollary).

Corollary 3.8. Let Q be the quotient field of Z,[[T]] and Q be an algebraic closure of Q. Let I and
I’ be two distinct CM components in Spec(IM ) embedded in Q and write a(l) and a'(l) for the image
of T(1) in T and I' respectively. If a(l) = a’(I) for almost all 1, the intersection Spec(I) N Spec(I') in
Spec(h) does not contain any of prime divisors P over (p) = pZy[[T]].

Proof. Let I' = 1 + pZ, C Z,. Then we can identify for any complete local p-profinite ring A,
A[[T]] with the completed group ring A[[I']] = lim A[L/T?"] by 1 + T « v € T. Then the group
element of v* € T in A[l'] C A[[[']] corresponds to (1 +T)% = (1 + T)*°&(7)/1°8,(3) " In particular,
{(1 4 T)'°ex(W/108,(M |y, € TP} for some n > 0 is linearly independent over A. Take A = F for
a finite field F of characteristic p. Then if P € Spec(I) and P’ € Spec(I') is over (p) = pZ,[[[T1]],
we may assume by Proposition 3.7 that I/P and I'/P’ are isomorphically embedded into F[[T"]]
for T" with (1 4+ T7")?" = (14 T) for some n > 0. Since a(l) = a’(I) for almost all primes I, by
the above corollary, we can find a prime ¢|N such that a(q) # a'(¢) with a(q) = ¢{(1 +T)° and
a'(q) = C'(1+T)* (¢,¢" € F) with s # ' if both ¢ and ¢’ are nonzero. Thus P cannot be equal to
P’ in Spec(h), and the result follows. O

Consider the ray class group Cly (€p") modulo €p”, and put Z = lim Cly (€p™). Assume that

¢ is prime to p. Let Z, be the Sylow p-part of Z. Then we have Z = Z ®) x 7, with finite group
Z®) of order prime to p. We write A for the maximal finite subgroup of Z,. Let Spec(I) be a CM
irreducible component and Spec(T) be the connected component of Spec(h) containing Spec(Il). Let
€ be the prime-to-p conductor of the associated character ¥y. The character Uy restricted to Zp[A]
has image Wy C I that is a discrete valuation ring finite flat over Z,; so, I D Wi[[T]]. We define
Spec(Iem) to be the minimal closed subscheme in Spec(T) containing all CM components of Spec(T).

Proposition 3.9. Let the notation be as above, and let T be a CM component Spec(l) C Spec(Lem)
having CM by an imaginary quadratic field M. Put € = €(I). Assume

(1) the prime-to-p level N of h is cube free;

(2) either (H) withptp(N) orpt ®(N).
If P is a prime divisor of h over the principal prime ideal (p) C Z,[[T]] in Spec(ll), the localization
Iem,p is a local complete intersection canonically isomorphic to the localization of W[[Zp]] at a prime
divisor over (p) = pZy[[T]].

Proof. Since N is cube free, h is reduced (see Corollary 1.3). Thus Spec(Iep,) is reduced. We only
need to look into a local ring Tp containing Spec(Ip). By Corollary 3.6, after localization at P, each
local ring of hp contains CM components of a single imaginary quadratic field M and the prime-
to-p conductor of the components is independent of the component I. Thus we may ignore other
components of Spec(T) coming from another imaginary quadratic field and of different level. Thus
we assume that Spec(I) C Spec(I¥)). By Corollary 3.6, a CM component Spec(I) with nontrivial
intersection with Tp comes from a character ¥ : Gal(Q/M) — I* whose prime-to-p conductor € is
determined by Tp. The character ¥ ramifies at p but is unramified at p. Thus we may regard ¥ as
a character of Z. Since for primes [ inert in M, a(l) is either 0 or /¥ () (which is in Z,[[T1]]), the
CM component I is generated by a(l) of split or ramified primes, and such a(l) is given by

Here we put ¥(l) = 0 if [|Cp.
Write O for the integer ring of M and Z, C Z for the natural image of O, in Z. Thus Z/Z, =
Cl(1). For each ideal a prime to €p, we write [a] for its class in Z. In [H86¢] §4, we have constructed
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a continuous Zp[[T']]-algebra homomorphism © : h — W/[[Z]] such that

[+ [ if (I) = [l with [ # [ for primes [ outside Np,

(3.1) o(T()) = {[[] if (1) =2 and [} €,

and by [H86¢] Proposition 4.1, Zy acts (by translation) trivially on Coker(©). In other words, T kills
Coker(0); so, after localization at P, © is surjective. Since © factors through T as we remarked,
after localization at P, © induces an isomorphism of the desired local ring L., p with the local
ring of W{[Z]] localized at P, which is canonically isomorphic to the localization of W[[Z,]] at the
image of P. Since a completed group algebra is a local complete intersection (e.g., [H86¢c| §1), its
localization is also a local complete intersection. O

4. IRREDUCIBILITY AND (GORENSTEIN-NESS

Let T be a local ring of h. Then the reduced spectrum Spec(T"?) is a union of its irreducible
components: Spec(T)"¢¢ = Uspecycspee(r) Spec(l). Let pr : Gal(Q/Q) — GLo(Q(T"*%)) be the
Galois representation associated to this component, that is, pr := HSpcc(H)cSpcc(T) pr- Let P be
a prime in Spec(T); so, P € Spec(I) C Spec(T), and we have the associated semi-simple Galois
representation pp : Gal(Q/Q) — GLa(k(P)) for the residue field k(P) = Q(T/P) of P as described
in the introduction. We would like to prove a version of the result given in [MW1] Proposition 2 in
§9:

~

Theorem 4.1. If pp is absolutely irreducible and pp|r, = (§%) with 6 # 1 for the inertia group
I, C Gal(Q/Q) at p, then the localization Tp is a Gorenstein ring.

To prove this, we apply Mazur’s argument giving Lemma 15.1 of [M]: irreducibility = Gorenstein-

ness. We prove
HOHlAP (TP, Ap) =2Tp
as Tp modules (which implies Gorenstein-ness of Tp).

We prepare some notation and a lemma to prove the theorem. Let Ji(Np") be the jacobian of
the modular curve over Q. We consider its p-adic Tate module T},J1(Np") and its projective limit
lim T,Ji(Np") via Albanese functoriality. The limit is a Gal(Q/Q)-module. The ordinary part J of
lim T},J1(Np") (that is the image of e = lim;, oo U(p)™ of the limit) still carries the Galois action.
By Diamond operators, (Z/NZ)* x p,—1 C (Z/NZ)* x Z,; acts on J. We can take the maximal
quotient L of J ®z, W on which (Z/NZ)* x p,_1 acts by x2. The Galois module L is naturally an
h[Gal(Q/Q)]-module. The Galois representation of h is realized on L as L ®z,_ 7y @ is free of rank
2 over h ®z,(i77) @ (see [H86D]).

First suppose that the p-part of x2 is non-trivial. Then the x2-part of the Barsotti-Tate group of
J1(Np")[p>®] @z, W extends to the valuation ring A, = Z, [, ]¥**2) (see [AME] Chapter 14). Thus
regarding the Pontryagin dual of L as the injective limit of the generic fiber of these Barsotti-Tate
groups over A.,, we have a connected-étale exact sequence: L™%* < [ — L¢. As Ohta remarked
in [O] §4, we have a perfect A-linear pairing

(h):LxL—A
such that (hz,y) = (z,hy) for h € h, L™ is isotropic and is dual to L. Moreover the Galois

group Gal(Q/Q) acts by (o(z),0(y)) = k(0)(x,y), where k(o) = xa(0)(1 4 T)&W(@)/log,(7) for
the p-adic cyclotomic character . As seen in [H86b] Theorem 9.3, we have

L™ =~ h and L° = Homy (h, A)

as h-modules. This comes out as follows: by the g-expansion of points of order p of the good
reduction part of J;(Np) (exploited in the proof of Lemma 14.7 of [M]; see also [H81] §5), we get
L /mLe =~ Homyy (h/mh, W/my/) as h-modules, where m C A and myy C W are maximal ideals.
By Cartier duality, we get L™ /mL™" = h/mh. So, by Nakayama’s lemma, we have a surjective
h-linear map h — L™ Since h acts faithfully on L™*" (by definition), we have h = L™ and
again by duality, we get L¢* = Homy (h, A).
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If the p-part of xo is trivial, the connected component of the Barsotti-Tate group still extends (as
Barsotti-Tate subgroup of the Néron model of J;(Np")). Thus we have L™** C L. Then we can
define L¢" = L /L™, Under this definition of L and L™%*  Ohta proved

h = ™ and L = Hompy (h, A)
in [O2] Corollary (in the introduction), via Tate’s Z,-integral p-adic Hodge theory. Thus we have

Lemma 4.2. We have a canonical connected-étale evact sequence L™ — L — L with A-free
L™ < L and A-free Lt = L/ L™, Moreover we have, as h-modules,

L™ >~ h, and L = Hompy (h, A).

Proof of Theorem 4.1. We follow the proof of [M] Lemma 15.1 and Corollary 15.2. Take a prime
P € Spec(T) C Spec(h) as in the theorem and put V = Lp/PLp as Galois module. Then, by [O2]
Theorem (where actually the Galois module V’ := V@det (pp) ! is studied), Vult .= [mult | pmult
(isomorphic to v iv just as vector spaces) is the eigen subspace of L on which the inertia group acts
by the nontrivial character §. By the above lemma, V™! is one dimensional over x(P). If V is two
dimensional, we have dim(L%/PL%) = 1, and hence by Nakayama’s lemma L% = Tp = hp. Since
L =~ Homy (h, A), this shows

TP = hp = HOHlAP(hP,Ap) = HOIDAP(TP,AP)

as desired.

To show dimV = 2, let ®;(X) = det(X — pp(Frob;)) € [[X] for primes | outside Np. Since L is
killed by ®;(Frob;), by the irreducibility of py, V is killed by ®;(Frob;). Irreducible subquotients of
V' are all isomorphic to pp. Thus the semi-simplification V*% is isomorphic to p'5 for m > 0. The
subspace Vmult .= pmult /prmult « V/ ig the unique 1-dimensional subspace on which I, acts by 6.
Then I, acts trivially on L% /PL% = V/V™  Since multiplicity of 6 on V% is m, we have m = 1
and hence dim Lp/PLp = 2, which finishes the proof. O

5. CONGRUENCE MODULES

Assume that N is cube free. Let I be a CM irreducible component in I¥ and T be a local
ring of h with Spec(I) C Spec(T). Write € = €(I) for the prime-to-p conductor of the associated
character ¥y : Gal(Q/M) — I*. Write Spec(T2,) = Spec(I},) N Spec(T); so, Spec(TH ) is minimal
closed subschemes in Spec(T) containing all components with CM by M. Pick a prime divisor P
in Spec(TX ) over (p). Since ¥y mod P restricted to I, has infinite order and is unramified at p,
pp is absolutely irreducible (so, Tp is Gorenstein by Theorem 4.1). By Proposition 3.9, we have
']I‘%l) p =lem,p, and ']I‘%l) p is a local complete intersection (and hence Gorenstein). For the torsion-
free part I'ps := Cp/A of Cp, I = W([[T'a]]; so, I is a regular ring. We have therefore the projection
maps

Tp — T%,P — lp
where all rings involved are Gorenstein rings. Now we suppose the condition (H) stated in a slightly

different way:

(H) If an inert or a ramified prime I’ of M divides €(I') for any component I' of T2 | ¥, mod my

is ramified at [.

Theorem 5.1. Suppose (H) and that N is cube free with p11—1 for all prime factorsl of N. Let
P € Spec(Tem) be a prime divisor over (p) C Zy[[T]]. Then, we have Tp = T%)P. In other words,
CM components of Spec(T) does not have congruence modulo a prime divisor over (p) C Zp[[T]]

with non CM components.

We prepare some notation, three lemmas and a proposition for the proof of the theorem. For
simplicity, we write A, for the localization of A at (p) and the sequence Tp — ']I‘%l) p — Ip as

RL S Aand we put A =pof: R — A. Since N is cube-free, h is reduced by Corollary 1.3.
Then Q(R) is a product of fields, and we have Q(R) = Qs ® Q(S) for the complementary semi-
simple algebra Qs. Let Rg be the projection of R in Qg. Then we have the following (unique)
decomposition
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(1) Spec(R) = Spec(Rg) U Spec(S) made of closed subschemes inducing R — (Rg @ S) with
A-torsion module Cy(0, S) := (Rs @ S)/R.

Similarly, we have Q(S) = Q4 & Q(A) and Q(R) = Q'y ® Q(A) as algebra direct sums. Write Sa
(resp. Ra) for the projected image of S (resp. R) in Q4 (resp. @’4). Then we have

(2) Spec(S) = Spec(Sa) U Spec(A) made of closed subschemes inducing S — (S4 @& A) with
A-torsion module Co(u, A) := (Sa @ A)/S.

(3) Spec(R) = Spec(R4) U Spec(A) made of closed subschemes inducing R — (R4 @& A) with
A-torsion module Cy(\, A) := (R4 ® A)/R.

Again by Corollary 1.3, S is a reduced algebra, and by Theorem 4.1 and Proposition 3.9, we have
(5.1) HOmA(p) (R, A(p)) =R, HOmA(p) (S, A(p)) =~ S and HOmA(p) (4, A(p)) >~ A as R-modules.

Write 75 : R - Rgs and m : R — S for the two projections and (-,-)p : R x R — A, and
(,-)s : Sx S — Ay for the pairing inducing the above self-duality isomorphisms. We recall Lemma
1.6 of [H86¢|:

Lemma 5.2. The S-ideal Ker(mwg : R — Rg) is principal and S-free of rank 1.

Proof. Let a = Ker(m : R — S) and b = Ker(nrg : R — Rg). Since T is the direct summand of h,
R is A,)-free of finite rank. By Proposition 3.9, S is A(,-free; so, a is A(p)-free, and by duality,

we have an exact sequence 0 — S* ™, R* — a* — 0. Note that a* is naturally an Rg-module
which is free of finite rank over A(,). Thus identifying S = S* and R* = R by (5.1), we have
7*(5*) = (Q(S) ® 0) N R = b inside Q(R), and hence 7* induces S = S* = b. O

By [H88a] Lemma 6.3 (or [MFG] §5.3.3), we get the following isomorphisms:
(5.2) Co(M;A)=Ra®r A, Cp(0;S) =Rs®r S and Co(u; A) =S4 ®s A

as R-modules. For the reader’s convenience, we give a proof of the following fact first proved in
[H88a] as Theorem 6.6:

Lemma 5.3. We have the following exact sequence of R-modules:
0 — Co(p; A) = Co(A; A) — Co(6; 5) ®s A — 0.
Proof. Write M* = Homy ,, (M, A¢y)) as an R-module for a R-module M. Note that
Ker() = RsNSCRs@ S, Ker(A) =RANACRs® Aand Ker(p) =SaNACSad A

From an exact sequence 0 — Ker(f) — R — S — 0 (noting S is A(,)-free by Proposition 3.9), we
have the following commutative diagram with exact rows (for b = Ker(wg : R — Ryg)):

— —

S R* Ker(6)*
| | |
§=b —— R — Rs,

which shows Rg 2 Ker(0)* = (Rg N R)* as R-modules. Similarly, we get Ker(A)* 2 Ry, Ker(u)* =
Sa and (RN S)* = S as R-modules, where RN.S = RN (06 S) is taken in Rg & S. We have a

commutative diagram with exact rows:

Ker(6) R S 0
| S
0 A A 0

Applying the snake lemma, we get an exact sequence of R-modules:

0 — Ker(#) — Ker(A) — Ker(u) — 0.
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By A(p)-freeness of A and S, all the terms of the above exact sequence are A(,)-free. Thus the above
sequence is split as a sequence of A(,)-modules, and we have the dual exact sequence:

Ker(p)* —— Ker(\)* —— Ker()*

| | |
Sa — R4 — Rg.

Tensoring A over R, from (5.2), we get an exact sequence:
Torg(Rs, A) — Co(p; A) — Co(\; A) — Co(6;S) @r A — 0.

Thus we need to show the vanishing: Torp(Rg, A) = 0. To see this, we recall (SN R)* = S, and
taking the dual, we get (SN R) =2 S§* =2 S (where (SN R) C (Rs ®S5)). Thus the exact sequence
(RNS) — R —» Rg can be rewritten as S — R — Rg. Tensoring A over R, we get an exact
sequence

0 = Torg(R, A) — Torg(Rs, A) - S@r A% RRp A — Rs®p A — 0.

Since we have a commutative diagram:

S®r A A

RrA ——— A
and Coker(a) is a torsion A-module, « is a nontrivial A-linear map of the integral domain A into
itself; so, a is injective, and we conclude Tory(Rg, A) = 0 as desired. O

By (5.2), the three congruence modules Cy(u; A), Co(A; A), Co(0; S) @ A are residue rings of R;
so, cyclic A-modules. Moreover they are given A modulo principal ideals, as Acy = ANR C (Ra®A),
Ac, =ANS C (Sa®A)and Scp =SNRC (Rs®S) (e.g., see [H86c] Lemma 1.6). Thus we have
Co(NA) = AJenA, Co(i; A) = Afc, A and Cy(6; S) ®s A = A/9A for the image g € Aof ¢y € S.
By the above lemma, we conclude the following result:

Corollary 5.4. We have Tg - ¢, = cx up to units in A.

We have a natural morphism (Z/(€NZ))* — Clp () sending ideal (n) for an integer n prime
to € to its class in Clp/(€), and we write h™ (&) for the order of cokernel of this map. Write I([) for
the residual characteristic of [. Then

h—(¢)
h’(M) ’ H[|¢,[: inert primc(l([) + 1) H[|¢,[: split prime with l([)|¢(l([) - 1)
is prime to p (if p > 3), where h(M) is the class number of M. Write € for €(I).

Lemma 5.5. Let the notation be as in Theorem 5.1. Then we have ¢, = h™ (€) up to units in Ip,
where € is the prime-to-p conductor of ¥y in (CM2).

Proof. Since S is the p-localization of the group algebra W{[[Z,]] by Proposition 3.9, this follows
from Lemma 1.9 and Lemma 1.11 in [H86c]|. O

Let U7 (1) = ¥p(ere '771) be the anticyclotomic projection of ¥y and L, (V1) be the anticy-
clotomic Katz p-adic L-function as in [H06] and [HO7]. We regard L,(¥; ) € I (though strictly
speaking, we may need to extend scalar to an unramified extension of Z, to have L,(¥, ) € I).

Proposition 5.6. Let the notation be as in Theorem 5.1, and assume that p is prime to l — 1 for
all prime factors | of N. If N = N(€)D, then we have ¢y = h™ (€)L, (¥ ) up to units in Ip for the
prime-to-p conductor € of Uy in (CM2).

Proof. The fixed field M/M of Ker(¥) for ¥ = ¥y has Galois group Gal(M/M) >~ Im(W¥). The

maximal torsion-free quotient I'ys of Gal(M /M) is a Zy-free module of rank 1. Fix a decomposition

Gal(M/M) = A x I'ps for the maximal finite subgroup A of Gal(M/M). Let 9 := ¥|a (which has
values in W*). By Proposition 3.9 (and its proof), the character ¥ induces an algebra isomorphism
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W, : W[Iy]] =1 and i(p) = Ip). Then the maximal p-abelian extension L/ M unramified outside

p has Galois group X which is naturally a W[[Gal(M /M)]]-module (in the standard manner of
Iwasawa’s theory). Let X(¢) = X ®w(a),y W which is the maximal quotient of X on which A acts
by . Thus X (¢) is naturally an T-module via W, , and it is known to be a torsion T-module of finite
type. Let F~(¥1) be the Iwasawa power series in T of X (v); i.e., the characteristic power series of
X (1) as a torsion [-module of finite type (see [MFG] page 291 for the characteristic power series).
By the proof of the main conjecture over M by K. Rubin [Ru] or the proof of its anticyclotomic
version by Tilouine/Mazur ([T] and [MT]), we know F~ (¥ ) = L, (¥y) up to units in 1. By [HOY]
Corollary 3.8, if p > 5 and N = N(€)D, we have proven that h™ ()L, (¥ )|cx in i(p) =1I. By
[MT], we also know cx|h™ (€)F~ (¥; ). Combining all of these, we conclude the equality of the
proposition. If ¥y # ¥¢ mod my (i.e., the residual representation of py is absolutely irreducible),
actually, the above identity is proven in [H09] without using the solution of the main conjecture
(and in this way, the anticyclotomic main conjecture is proven in [H09]). O

Proof of Theorem 5.1. Let C = N(€)D, and first assume N = C. Note that the assertion of
the theorem is equivalent to the vanishing Cy(8;.S) = 0, which is in turn, by Nakayama’s lemma,
equivalent to Cy(0;S) ®r A = 0. We study Cy(0;S) ®r A. By the above two lemmas and the
proposition, we find that ¢¢ = cy/c, (Corollary 5.4); so, ¢¢ = L,(V; ) up to units in A. Let
p* (0 < pu € Q) be the exact power dividing L,(¥; ) in A. Then ¢ = 1 (up to units in A)
< Cp(6;S) ®r A =0 & p = 0. The vanishing of u is proven in [H10] and [Fi] under (H) and the
theorem follows if N = N(€)D.

We now assume to have a prime {|(N/C). We now proceed by induction on N. On the contrary
to the desired outcome, expecting absurdity, we assume that the CM component Spec(Ip) intersects
another component Spec(I’s) without CM by M in Spec(Tp) for the prime divisor P in the theorem.
By Proposition 3.9 (and Corollary 3.6), if I' has CM, it has CM by M, and I’ has prime-to-p level
C; so, I' cannot have CM. Write p for pr, p’ for pr and p/p, for o/ mod P’ (with P’ € Spec(I')). Let
C’ be the prime-to-p Artin conductor of p'. If C = C’, the family of T (resp. I') is induced by a
unique family of prime-to-p level C' made up of C-new forms giving rise to an irreducible component
Spec(Ip) (resp. Spec(I)) of the spectrum of the big Hecke algebra of prime-to-p level C. Since
Spec(lp) and Spec(lf)) must have an intersection at a prime divisor above (p), by the theorem for
the lesser level C, this cannot happen. Thus C # C’. Let P’ € Spec(I') be the prime divisor
induced by P. Since the prime-to-p conductor C of p/p, is a factor of the prime-to-p conductor C’
of p/, we have a prime [|(C'/C). Thus the family F associated to I is made up of I-old forms. Let
F{ (resp. F') be the Ij-adic form (resp. the I-adic form) giving rise to the family associated to the
component I (resp. I). If I { C, each arithmetic specialization of F{ is new at [ with the same central
character as the corresponding member of F. If C - 1?|C’, then Fj|U(l) = 0 (by Corollary 1.2) and
Ho(I1, p') = 0 for the inertia group I; at | (by the definition of Artin conductor; e.g., [GME] (5.2)).
Since pp; = pp, | is unramified for p’ mod P’; so, H := p/(I;) is a p-profinite group with non-trivial
p-profinite abelian quotient H?. Then, by local class field theory, its p-profinite abelian quotient
H® is a surjective image of Z). Since [ # p, we conclude that p divides [(Z/IZ)*| =1 — 1, against
our assumption. Thus C’ = C'-[, and each arithmetic specialization of F{, generates an automorphic
representation Steinberg at I, and p'|p, 2 n ® (/\gl ’1‘) for an unramified character n : D; — I'™

such that n(Frob;) = (/I7(l) for a root of unity ¢ (e.g., [MFM] Theorem 4.6.17 (2)), where D,
is the decomposition group at [ and N is the cyclotomic character. On the other hand, pp|p, is
irreducible if I does not split in M and is isomorphic to ¥|p, ® ¥¢|p, if I splits in M. Thus pp = plp
is impossible by Proposition 3.7. Thus we conclude I|C.

By the definition of prime-to-p Artin conductor (cf. [GME] (5.2)), ¢! =1 - C and l|C implies
dim Ho(I;, p') = 0 and dim Ho(I;, pp) = dim Ho(I;, p1) = 1. This shows [ { (C/1), and 1 1 (C'/I?).
Thus the [-primary part N; coincides that C] of C’ as N is cube-free. Since N is cube-free with
N, = CJ|(C - 1)|N, I cannot be inert in M (as otherwise, [2|C). Writing F' (resp. F’) for the I-
adic form giving rise to the component I (resp. I'), we see F|U(l) = aF for o # 0, because the
eigenvalue 0 for U(I) can show up only at the level C - I? or higher by Corollary 1.2 (or else, by
dim Ho(I;, pp) = dim Ho(I}, p1) = 1). Here we even know o Z 0 mod P, as we have a = ¥(I) as
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(I) =Mor (I) = [ in M (by Proposition 3.7). Since dim Hy(1;, p') = 0, F'|U(l) = 0, we cannot have
F =F' mod P as long as N is cube-free. Thus non CM Spec(I’s) cannot exists in Spec(Tp). This
finishes the proof. (I

6. PROOF OF THE THEOREM

Recall G% in the introduction, which is the connected component of the Zariski closure (over
R(P)) of Im(pp) N SL(2). We first prove

Proposition 6.1. Suppose (H) and that

(1) N is cube-free,
(2) if N> 1, p is prime tol — 1 for all prime factor l of N.

Then if T is a non CM component of the Hecke algebra h, for each prime divisor P € Spec(I) over
(p) = PZy[[T]], G% is equal to SL(2) /z(p)-

Proof. Since py 2 pr as long as Tr(pr(Frob;)) = Tr(pr (Frob;)) for almost all primes [ outside Np,
we may assume that N is the minimal prime-to-p level; i.e., we may assume that members of the
associated p-adic analytic family are N-new forms. If a prime [ # p is unramified for pp but ramified
for pr, then py = 1 mod P over the inertia subgroup I; C Gal(Q/Q) of I. Thus H := py(I;) is p-
profinite (and hence p-nilpotent); so, its maximal abelian quotient H® is nontrivial. By local class
field theory, H® is covered by Z/, we find p|l — 1, which is impossible by our assumption (2). Thus
pp ramifies at all prime factors of N. Therefore for the prime-to-p conductor C(pp) of pp, we have
[IN < 1|C(pp) (i.e., they have the same prime factors).

Write p1 := p1 ® / <det(pﬂ)>71 mod P : Gal(Q/Q) — GLa(k(P)), where (-) is the projection of
the group I* onto its p-profinite part 1 + my (and the square root is the unique one congruent to 1
modulo my). Since Im(p;) is compact, it has values in the discrete valuation subring of x(P), which
has the form F[[X]] C x(P) for the algebraic closure F of F, in x(P). By construction, det(p1)
has finite image; so, G% C SL(2) is the connected component of the Zariski closure of Im(p;) in
GL(2)/z(p)- Writes sp C sl(2) for the Lie algebra of G%. The semi-simplification of py|7, either has
values in a torus in GL(2). The torus contains an element with two distinct eigenvalues (which are
1 and (1 +T)° for some s # 0). Thus the semi-simplification of p;|7, has values in a split torus
of SL(2), and hence sp contains a split Cartan subalgebra 9; so, dimsp > 1. We need to prove
sp = 5((2). There are only three possibilities of Lie subalgebra of 5[(2) /z(p) containing a split Cartan
subalgebra: either sp is equal to a split Cartan subalgebra $ or is contained in the Borel subalgebra
B, or sp = sl(2).

If sp = ), we can find an open normal subgroup H C Gal(Q/Q) such that p |y is isomorphic
to the direct sum of two abelian characters. Write pgy = p|g, then py is completely reducible.
Write pg = (§9), extending the scalar F[[X]] if necessary. Since p; extends pu, g — pl(g) =
pr (hgh™Y) = p(h)pw (g)p(h)~1 is equivalent to py for all h € Gal(Q/Q). Thus G := Gal(Q/Q) acts
on {4, e} by inner conjugation. Indeed,

(6.1) (50) =pm) (59)p(m) ™"

Let A C G be the stabilizer of 6. Then M = @A is at most a quadratic extension of Q. If
M = Q, the two characters extend to d,¢ : G — I* (e.g. [GME] §5.1.1), and pj® = § @ e. Thus
this case can be classified in the case where sp C B, which will be dealt with later. So, we
suppose that p is absolutely irreducible over the quotient field F((X)) of F[[X]]. Then [G : A] =2

and by Frobenius reciprocity, p; =2 Ind% 0 = Ind% e for the quadratic extension M = Q  of Q;
80, pp = p1 ® +/(det(pr)) = Ind%@ for a Galois character 6 : A = Gal(Q/M) — F[[X]]*. We
have therefore pp|a = 0 @® 0° with 6°(0) = O(coc™) (¢ € G) for ¢ € G inducing a generator of
G/A = Gal(M/Q). By (Gal), 6 is ramified over a decomposition group D, at p, and the other 6°
is unramified at the decomposition group. Then, the two images in Im(pp) of the decomposition
groups D, and c - D]Dcf1 must be distinct; so, p splits in M into pp with D, = D,. If M is a
real quadratic field, by the existence of infinite order units in the integer ring of M, 0 restricted to
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the inertia subgroup of D, cannot be of infinite order, contradicting (Gal). Thus M must be an
imaginary quadratic field.

Let € be the prime-to-p conductor of 8. The prime-to-p Artin conductor N(€)D of pp = Ind% 0 is
a factor of the prime-to-p conductor N of pr (e.g., [GME] Theorem 5.1.8). Here D is the discriminant
of M/Q. As already remarked, {|N < I|C(pp) = N(€)D.

As before, let Z = @n Cly(€p™) and Z, be the maximal p-profinite quotient of Z. We claim to

be able to lift 6 to a character © : Gal(Q/M) — W{[Z,]] with Im(6) D Z, so that
=0 mod P for a prime P’ € Spec(W([[Z,]])

without changing its ramification outside p. Let us prove this claim via Galois deformation theory.
We may assume that W and I have the same residue field F. Let (R, 6 : Gal(Q/M) — R*) be the
universal couple with the universal character unramified outside p€ deforming (f# mod m) over W.
This couple (R, 5) is characterized by the following universal property: For any local pro-artinian
W-algebra A with residue field F and any character ¢ : Gal(Q/M) — A* unramified outside p&
with ¢ mod my = 6 mod m (for the maximal ideal m4 of A), there exists a unique W-algebra
homomorphism ¢ : R — A such that ¢ = 1 0 6. Such a pair (4, ) is called a deformation of 6 (see
[M1] for general theory of Galois deformation).

We now show R = W/[[Z,]] by class field theory. To see this, we pick a deformation ¢ :
Gal(Q/M) — A* of § unramified outside p€; thus, A is a local artinian W-algebra sharing the
residue field F with W and ¢ mod my = # mod m for the maximal ideal m4 of A. Let 6y be
the Teichmiiller lift of # mod m; so, ¢’ = @b ! has p-power order. For a prime [|€, by class field
theory, the image 2 of the inertia group I; C Gal(Q/M) in the Galois group of the maximal abelian
extension of M over M is isomorphic to the multiplicative group O of the [-adic integer ring of
M. Since ¢’ has p-power order and p # I, ¢’ must be trivial on 1 + (O C O. Thus [-conductor
of ¢ is at most [, and hence ¢ = ¢'6y factors through Z. Thus ¢’ factors through the maximal
p-profinite quotient Z, and extends to a unique W-algebra homomorphism ¢ = ¢, : W[[Z,]] — A
such that ¢|z, = ¢'. Since Z, is the maximal p-profinite quotient of Z, by class field theory, we have

the corresponding subfield M of the ray class field modulo p*>°€ such that Gal(M /M) = Z, by Artin
symbol. Writing the inclusion Z, C W[[Z,]] as v — [7] and identifying Gal(M /M) = Z,, define a
character © : Gal(Q/M) — W([Z,]] by ©(c) = 6y(0)[o]37]- Then by our construction to © = ¢;

so, (W[[Z,]], ©) satisfies the universal property of (R,#) for deformations ¢ of . Then the claim
follows from the universality. In other words, taking ¢ : W[[Z,]] — F[[X]] such that t 0 © = 0, we
have P’ = Ker ().

Since [|N < I|N(€)D, the Hecke operators at [|N of level N and of level N(€)D are both U(l)
(not T'(1)), therefore, the character © gives rise to an algebra homomorphism h — W/[[Z,]] as in
(3.1), which we still write ©. Take an irreducible CM component Spec(I’) of Spec(h) carrying the
point P’ through the projection ©. We write p’ for pp, plp for p’ mod P’ and a/(I) for the image of
U(l) in I'. Then we have the identity of Galois representations pp = plp, = Ind% Op/. This implies

(6.2) Tr(pp(Frob;)) = Tr(pp (Frob;)) for all I prime to Np.

Let h' C h be the A-subalgebra generated by T'(I) for all [ prime to Np. The identity (6.2) implies
P'Nnh/ = PNnh'. Since the possibility of a(l) for {|N in I/P is uniquely determined by py as I is
associated to a family of N-new Hecke eigenforms. Indeed, by the solution of the local Langlands
conjecture (see [GME] §5.1.3 for some explanation on this and references for the local Langlands
conjecture), we have, for [| N,

CL(Z) o 0 if HO(Ila PH) = Oa
o for the eigenvalue a of Frob, on Ho(I;, p1) # 0, otherwise.

If dim,py Ho({1, pp) = dim Ho({y, pr), by this, we have a(l) mod P = a/(I) mod P’. If we have
an inequality dim,py Ho(11, pp) > dim Ho(I;, p1), we have dim Ho(f;, pr) = 0 as I[N < [|[N(€)D
(so, dimy(py Ho(I;, pp) is at most 1). Then ord;(N) = 1 + ord;(N(€)D) = 2, and we have a [-old
component I with ppr = pp in which U(l) = 0. Indeed, writing F' for the I'-adic form associated to
the component I', I” is associated to F' = F — a/(I)F|[](¢) which still has level a factor of N (see
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the proof of Corollary 1.2). In this way, we can find an irreducible component Spec(I”’) C Spec(I})
with which Spec(I) intersects at P. However, as we have proven in Theorem 5.1, this is impossible,
and sp = 9 does not happen.

Now we may assume that sp C B and either (i) that sp has nontrivial nilpotent radical or (ii)
that p; is completely reducible. Since conjugation by pi(o) has to preserve sp and its nilpotent
radical, in Case (i), p1 has to be reducible. In Case (ii), it is reducible by assumption. Again write

pp = (953 1/;0,:) :
The prime-to-p conductor of p% is the product C(6p)C(1p) of the prime-to-p conductors C(6p)
and C(¢p). Thus we have C(0p)C(¢p)|N. By (Gal), we may assume that ¢p is unramified at
p. Thus ¢p only ramified at prime factors of N prime to p. By class field theory, the image of
the inertia group I; at [ in the abelianization of the decomposition group D; at [ is isomorphic to
the almost [-profinite group Z; . Thus ¢ p|;, with values in almost p-profinite group F[[X]]* has to
be of finite order. Then by global class field theory, 1 p is of finite order. Thus ¥ p has values in
F*, and we have a unique Teichmiiller lift ¢ : Gal(Q/Q) — W of 1p. Now we consider the ray
class group Clg(Np") and YV = lim Clo(Np") = (Z,; x (Z/NZ)*)/{*1}. By class field theory,
for the maximal ray class field Q[unp]/Q of Q@ modulo Np™, we have a canonical isomorphism
Gal(Qunp=]/Q) 2 Y. We identify these two groups. Write Y}, for the Sylow p-profinite subgroup of
Y;so, Y =Y ® x Y, canonically for the finite group Y () of order prime to p. We consider the group
algebra W[[Y,]] and for u € Y, we write [up] for the group element in Y, C W[[Y,]]* represented
by the projection of u in Y,. By the same deformation argument as above, for the Teichmiiller lift
0o : Gal(Q/Q) — W of Op mod my, (W[[Y,]],0) for O([u, Q,]) = O (u)[u,] € W[[Y,]] for u € Y is
the universal couple among all deformations (4, ¢ : Gal(Q/Q) — A*) of (F,0, mod my). Let Y;
be the maximal torsion subgroup of Y; so, ¥; D Y(?). We may assume that any character: Y; — @;
actually has values in W* by extending scalar if necessary. The maximal torsion free quotient of
Y, is canonically isomorphic to I', and we have a non-canonical decomposition ¥ = Y; x I'. We
identify W{[T']] with W[[T]] by v — (1 +T). Since W{[Y,]] = W[Y:][[T']], geometrically irreducible
components of Spec(W{[Y,]]) are indexed by characters 6 : ¥V; — @: so that the component is
given by the projection 6, : W[[Y,]] - WJ[T]] sending y € Y; to 6(y) and v to (1 + T). We
call this component the f-component. Take € such that 6, 0 © mod P’ = 0p for P/ = PN A
in I. By (Gal), we have 0, o ©(Frob;) = 6(Frob;)(l) for all primes [ outside Np. Since 0p gives
rise to a point P’ of an irreducible component Spec(W{[T]]) of the universal deformation space
Spec(W[[Yp]]) so that 8p = 6,00 mod P’ (with P’ = PNA). Consider the A-adic Eisenstein series
E(6,7). By our construction, pp is isomorphic to ¥ @ (6. 0 ©) mod P’. Then in a way similar
to the CM case, we can find a possibly “old” Eisenstein component I’ with Galois representation
1 @ (0. 0 ©) which intersects with I at P. Indeed, again by I|C := C(y»p)C(0p) < I|N, mismatch
of dim Ho(I;, pp) and dim Ho(I;, pr) could occur only when I|(N/C) and [|C(§) but | 1 C(n) for
{&,n} ={vp,0p}. Then writing =(n) for the set of primes {|(N/C) with the above divisibility /non-
divisibility property, we consider the imprimitive characters ¢’ (resp. 6’) induced by ¢ (resp. 6)
modulo M := C(¥) [[jez(y) ! (resp. Mz :=p-C(0)][;c5(g)!)- Then the Eisenstein series E(¢', 1))
has congruence modulo P with the I-adic form. By Corollary 2.2, under the assumption (2), the
Eisenstein prime gets trivial after localization at P over (p). Thus pp cannot be diagonal or upper
triangular. The only remaining possibility is sp = s[(2), and hence G% = SL(2). O

Recall the involution * of Fy,((T)) sending ¢(T') to ¢((1+ 7))~ — 1) and the subfield F,((T))* C
F,((T)) fixed by *. We now state a slightly stronger version of the theorem and give a proof.

Theorem 6.2. Suppose (H) and that

(1) N is cube-free,

(2) if N> 1, p is prime tol — 1 for all prime factor l of N.
Let Spec(l) be a non CM component and P be any prime divisor P € Spec(I) over (p). Write E
for the field generated over F,((T))* by Tr(Ad(pp)(c)) for all o € Gal(Q/Q) inside an algebraic
closure of k(P). If either E D F,((T)) or one of the conditions (s) or (v) in the introduction is
satisfied, then the image of pp contains an open subgroup of SLo(F,[[T]]). If neither E D F,((T))
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nor any of (s) and (v) is satisfied, there exists a quaternion algebra D over E splitting over E[T)
such that Im(pp) contains an open subgroup of D* NSLy(E[T]), where D is embedded in M (E[T])
by identifying D @ E[T) with My (E[T)).

Proof. Write Ad : PGL(2) — End(s[(2)) for the adjoint representation. Let G be a compact sub-
group Zariski dense in PGLy(F((X))), and define E C F((X)) be a closed subfield generated by
Tr(Ad(g)) for all g € G. Then by Proposition 0.6 and Theorem 0.7 in [P], if the Zariski closure of
G is PGL(2), there exists an algebraic group H,g such that H xg F((X)) = PGL(2) and that G
contains an open subgroup of H(FE).

We now apply Pink’s results to G given by Im(pp) modulo center. By the above theorem, the
Zariski closure of the image of pp contains SL(2). Since det(pp) has infinite order, the Zariski
closure of Im(det(pp)) in Gy, is Gy,; so, the Zariski closure of G is PGL(2). Since x(P) is a local
function field of characteristic p, the integral closure of F,[[T]] in x(P) is isomorphic to F[[X]] for a
variable X € x(P) with a finite field extension F/F; so, x(P) = F((X)). Thus we may assume that
the image G is contained in GLy(F[[X]]). Let p1.p = p1 mod P for p; in the proof of the above
proposition. Let Ad(p1,p) = Ad(pp) = Ad o pp be the adjoint representation of pp on s((2). By
(Gal), we have Tr(Ad(pp)([7v*,Qp])) =1+ (1 +T)°+ (1 +T)~°. Thus F,((T))* is contained in the
closed subfield E in F((X)) generated by Tr(Ad(pp)|z,) over Fp, in I/P. Here x is the involution of
F,((T)) given by ¢*(T) = ¢((1+T)~* —1), and F,((T))* is the subfield of F,((T)) fixed by *. Since
any closed field of F((X)) is of the form Fy((x)) for x € X - F[[X]], we find E =TF,((x)) D F,((T))*
with 0 # = € X - F[[X]]. Again by (Gal), the semi-simple part of pi p([y*,Qp]) is conjugate to

1+T)%/2 0
(( 0) a+T)=%/?
torus 7 of SL(2),gr). Thus its intersection 7y = 7 N H in H,p could fall in the following two

cases:
(1) Ty is split over E, and then the group H is split; so, H,/p = PGL(2)g;
(2) Ty is non-split in H/p and T x g E[T] becomes split.

). Therefore the Zariski closure of the semi-simplification of py p] I, s a split

In any case, if E D F,((T)), we are done. In Case (1), this shows the Galois image contains an
open subgroup of SLy(E) for E D F,((T))*. If €/5(c) is in F, and has order > 3 for o € D, (i.e.,
the condition (s) is satisfied), choosing pr in its isomorphism class so that pp|p, = (§5) with 0
unramified, we have g = pp(0) € pp(D,) such that g = (§ ;) having eigenvalues a and b with
a? # bv*> mod my (so, a='b # ab~! mod my). If further & mod m; and b mod my both belong to
Fp, replacing g by lim,, o g”", we may assume that a, b are in Z, . Then

Tr(Ad(ipr p([v, Q) =1+ (1 + Tab™' + (1 +T) ta™ .

This shows that 7' € E, and hence, E D F,((T)), and we are done under (s).

If F does not contain T, then E[T]/FE is a quadratic extension; so, we may regard % as an
automorphism of E[T] over E. Let H be the pull-back of H C H x g E[T] = PGL(2) in GL(2)/E[m)-
Then H is an inner form of GL(2) over E whose E-points can be embedded into GLy(E[T]). Let
D be the E-subalgebra in My (E[T]) generated by H(E). Then D is a quaternion algebra. Thus we
have

D={(¢ p)]abe E[T]}
for some £ € E*, and H(A) = (D ®g A)* for any E-algebra A. If £ ¢ Ngr/e(E[T])*), D is a
division algebra; so, H does not contain unipotent elements. Under (v), a non-trivial upper unipotent
element u exists in Im(pp). We may assume that v = (§ 1). Conjugating u by pp([v*,Qp]), Im(pp)
contains u = ((1) (1+1T)5 ). Thus under (v), Im(pp) contains the full unipotent group

U={(§4)]a,beF,[T]]}

and an open subgroup of H(E), which generates an open subgroup of PG Ls(E[T]); so, we are done.
If neither (s) nor (v) holds (and T ¢ E), we can only say that Im(pp) contains an open subgroup of
D* N SLy(E[T)). O

Remark 6.1. If (H) fails (or N is not cube-free), the p-invariant of L(¥; ) could be positive as
explained at the end of [H10]. Therefore, we could have a mod p congruence of the CM component
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of U1 and a non CM component. However, this congruence might again be exhausted by congruence
between CM components with different prime-to—p conductors, but we need to further scrutinize
this complicated situation.
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