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Introduction 1

The author’s study of L-invariant of automorphic p-adic L-functions described in [HMI] is sketched
in [H07a], and the series of lectures at Hokkaido university was based on [H07a] and is given under
the title: “L-invariant of p-adic L-functions”. In this half expository and half research note, we
illustrate progress made after the lectures in Sapporo and publication of [H07a]; so, the material of
[H07a] is also covered here but briefly. Formulation of our results aside, some results described here
are at least not in print before, for example, Corollary 0.6 and Proposition 3.1.

Let Q ⊂ C be the field of all algebraic numbers. For each prime `, we pick a field embedding i`
of Q into an algebraic closure Q` of the `-adic field. This gives rise to a choice of the decomposition
subgroup D` = Gal(Q`/Q`) and its inertia subgroup I` in Gal(Q/Q). We fix a prime p > 2
and a p-adic absolute value | · |p on Q. Then Cp is the completion of Q under | · |p. We write
W =

{
x ∈ K

∣∣|x|p < 1
}

for the p-adic integer ring of a sufficiently large extension K/Qp inside Cp.
We write Qp for the field of all numbers in Cp algebraic over Qp. Start with a strictly compatible
system {ρl} of semi-simple Galois representations ρl : Gal(Q/Q) → GLn(Tl) for primes l of the
coefficient field T ⊂ Q. Thus Vl = Tnl is a Galois module via ρl. We assume that ρ does not contain
the trivial representation as a subquotient. We write S for the finite set of common ramification
primes of ρl; so, ρl is unramified outside S ∪ {∞, `}, where ` is the residual characteristic of l.

The author is partially supported by the NSF grant: DMS 0244401, DMS 0456252 and DMS 0753991.
1This introduction is a follow-up of the lectures delivered at the conference on L-functions at Kyushu university

on February in 2006, the lectures at Harvard University, Spring 2006, in the eigenvariety semester and at Hokkaido
university, summer 2006, as a series lectures at Sapporo summer school organized by Yoshitaka Maeda. The author

would like to thank Yoshitaka Maeda for the invitation to speak at the summer school.
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We write p =
{
ξ ∈ OT

∣∣|ξ|p < 1
}

for the integer ring OT of T , and take a sufficiently large discrete
valuation ring W containing OT,p as our coefficient ring; so, we regard ρp to have values in GLn(W ).
Often we just write ρ for ρp which acts on V = Kn for the quotient field K of W .

We always assume that ρ is ordinary in the following sense: ρ restricted to Dp = Gal(Qp/Qp) is
upper triangular with diagonal characters N aj on an open subgroup of the inertia group Ip for the
p-adic cyclotomic character N ordered from top to bottom as a1 ≥ a2 ≥ · · · ≥ 0 ≥ · · · ≥ an. Thus

ρ|Ip =




Na1ψ1 ∗ ··· ∗
0 Na2ψ2 ··· ∗
...

...
...

...
0 0 ··· Nanψn




for finite order characters ψj (j = 1, 2, . . . , n), and we have a decreasing filtration F i+1ρ ⊂ F iρ
stable under Dp such that the Tate twists of the graded piece gri(ρ)(−i) := (F iρ/F i+1ρ)(−i) is
unramified after finite base-change.

Let E`(X) = det(1 − ρq(Frob`)|VI`
X) ∈ T [X] (assuming q - `), where VI` = H0(I`, Vq). We

assume that E`(X) is independent of the choice of q - ` (strict compatibility). Decompose

Ep(X) =
n′∏

j=1

(1− αjX) for n′ = dimVIp .

By potential unramifiedness of gri(ρ)(−i), we have ordp(αj) ∈ Z (if we assume to have the étale-
crystalline comparison isomorphism producing Ep(X) as the characteristic polynomial of the crys-
talline Frobenius map on the crystalline part of V ; another strict compatibility). Let us define

βj =

{
αj if ordp(αj) ≥ 1,
pα−1

j if ordp(αj) ≤ 0

and put e = |{j|βj = p}|.

E(ρ) =
n∏

j=1

(1− βjp−1) and E+(ρ) =
n∏

j=1,βj 6=p

(1− βjp−1).

Then the complex L-function is defined by L(s, ρ) =
∏
`E`(`

−s)−1. We assume that the value at
1 is critical for L(s, ρ). We suppose to have an algebraicity result that for a well defined period
Ω(ρ(1)) ∈ C× such that L(s,ρ⊗ε)

Ω(ρ(1))) ∈ Q for all finite order characters ε : Z×
p → µp∞ (Q). Then we

should have

Conjecture 0.1. Suppose that s = 1 is critical for ρ and that Dp acts on gr0(ρ) trivially. Then
there exist a power series Φan(X) ∈ W [[X]] and a p-adic L-function Lanp (s, ρ) = Φanρ (γ1−s − 1)
interpolating L(1, ρ ⊗ ε) for p-power order character ε such that Φanρ (ε(γ) − 1) ∼ E(ρ ⊗ ε)L(1,ρ⊗ε)

Ω(ρ(1))

with the modifying p-factor E(ρ) as above (putting E(ρ⊗ ε) = 1 if ε 6= 1). The L-function Lanp (s, ρ)
has zero of order e + ords=1 L(s, ρ) for a nonzero constant Lan(ρ) ∈ C×

p (called the analytic L-
invariant), we have

lim
s→1

Lanp (s, ρ)
(s − 1)e

= Lan(ρ)E+(ρ)
L(1, ρ)
Ω(ρ(1))

,

where “lims→1” is the p-adic limit.

When e > 0, we call that Lanp (s, ρ) has an exceptional zero at s = 1. The problem of L-invariant
is to compute explicitly the L-invariant Lan(ρ).

Here are some examples of successful computation of the invariant and cases awaiting further
study. Start with a Dirichlet character χ : (Z/NZ) → Q×

with χ(−1) = −1. Then Ω(ρ(1)) =
2πi. If we suppose χ =

(−D
·
)

for a square free positive integer D, the modifying Euler factor
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vanishes at s = 1 if the Legendre symbol
(

−D
p

)
= 1 ⇔ (p) = pp (p 6= p) in Q[

√
−D] with p

induced by ip. By a work of Kubota–Leopoldt and Iwasawa, we have a p-adic analytic L-function
Lanp (s, χ) = Φan(γ1−s − 1) for a power series Φan(X) ∈ Λ = W [[X]] and γ = 1 + p such that for
E(χNm) = (1− χ(p)pm−1)

Lanp (m,χ) = Φan(γ1−m − 1) = E(χNm)L(1 −m,χ) ∼ E(χNm)
L(m,χ)
(2πi)m

for all positive integerm as long as |nm−n|p < 1 for all n prime to p. If we have an exceptional zero at
1, it appears that we lose the exact connection of the p-adic L-value and the corresponding complex
L-value. However, the conjecture says we can recover the complex L-value via an appropriate
derivative of the p-adic L-function as long as we can compute Lan(ρ). We may regard χ as a Galois
character Gal(Q[µN ]/Q) = (Z/NZ)× χ−→ {±1}, and we remark that χ(Frobp) = 1 to have the
exceptional zero. For our later use, for the class number h of Q[

√
−D], we write $ for a generator

of ph; so, ph = ($) for $ ∈ Q[
√
−D].

Here is another example. Start with an elliptic curve E/Q, which yields a compatible system
ρE := {T`E} given by the `-adic Tate module T`E. Suppose that E has split multiplicative reduction
at p. In this case, Ep(X) = (1−X), E(ρE ) = 0 and E+(ρ) = 1. Then by the solution of the Shimura-
Taniyama conjecture by Wiles et al, this L-function has p-adic analogue constructed by Mazur such
that we have ΦanE (X) ∈ Λ with ΦanE (ε(γ)−1) = E(ρE⊗ε)G(ε−1)L(1,E,ε)

ΩE
for all p-power order character

ε : Z×
p → W×; in other words, Lanp (s,E) = ΦanE (γ1−s − 1). Here ΩE is the period of the Néron

differential of E. Thus if Frobp has eigenvalue 1 on T`E, the exceptional zero appears at s = 1 as
in the case of Dirichlet character. The Frobp has eigenvalue 1 if and only if E has multiplicative
reduction mod p.

The L-invariant in the cases where ρ = χ =
(−D

·
)

as above and ρ = ρE for E with split
multiplicative reduction is computed in the 1970s to 90s, and the results are

Theorem 0.2. Let the notation and the assumption be as above.

(1) Lan(χ) = logp(q)

ordp(q) = − logp(q)

h for q ∈ Cp given by q = $/$ (ph = ($)) and the class number
h of Q[

√
−D];

(2) For E split multiplicative at p, writing E(Cp) = C×
p /q

Z for the Tate period q ∈ Q×
p , we have

Lan(ρE) = logp(q)

ordp(q)
.

Here logp is the Iwasawa logarithm and |x|p = p− ordp(x).

The first assertion is due to Gross–Koblitz [GsK] and Ferrero–Greenberg [FG], and the second was
conjectured by Mazur–Tate–Teitelbaum [MTT] and proven by Greenberg–Stevens [GS] and different
proofs given by some others later. In the first formula of the theorem, the sign “−” of − logp(q)

h is
correct as explained in [G] (10) (and if we evaluate the value at s = 0, the minus sign should be
removed as was done in [FG]).

To present more examples of occurences of exceptional zero, let G be a classical group split over
Zp with simple derived group. Write s(R) for the Lie algebra of G(R) for a Zp-algebra R. Starting
with an ordinary p-adic Galois representation ρ : Gal(Q/Q) → G(W ), there is a systematic way to
create many Galois representations whose eigenvalues of Frobp contain 1. Indeed, let ρ act on the
Lie algebra s(W ) by adjoint action. As an example, take a symmetric or skew symmetric integral
nondegenerate (n+ 1)× (n+ 1) matrix J , and let G be an algebraic group given by

G(R) =
{
x ∈ GLn+1(R)

∣∣txJx = ν(x)J for ν(x) ∈ R×} .
Then we have s(R) =

{
x ∈Mn+1(R)

∣∣Jx = −txJ
}
. Then the adjoint action is given by

Ad(ρ)(σ)(x) = ρ(σ)xρ(σ)−1
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for x ∈ s(W ). The action of Ad(ρ)(Frobp) on s(W ) has eigenvalue 1 with multiplicity bn+1
2 c. If

ρ(Frob∞) for a complex conjugation Frob∞ is conjugate to the n-th symmetric power Sym
(

1 0
0 −1

)⊗n

(that is, ρ is totally odd), Ad(ρ) critical at s = 1. Let ρ1 : Gal(Q/Q) → GL2(W ) be a Galois rep-
resentation associated to an elliptic Hecke eigenform f with Tr(ρ0(Frob`)) = λ` if f |T (`) = λ`f .
Then ρn = Sym(ρ1)⊗n has values in G(W ) for G defined for J = Sym

(
0 −1
1 0

)⊗n and ρn(Frob∞) ∼
Sym

(
1 0
0 −1

)⊗n. Thus Ad(ρn) is critical at s = 1, and Ad(ρn)(Frobp) has eigenvalue 1 with multi-
plicity bn+1

2 c. As is well known,

Ad(ρn) ∼=
⊕

0<j≤n;j:odd

adj(ρ1),

where adj(ρ1) = Sym(ρ1)⊗2j⊗det(ρ1)−j. The Galois representation adj(ρ1) is critical at s = 1, and
adj(ρ1)(Frobp) has eigenvalue 1 with multiplicity 1.

To give one more example, let ρF : Gal(Q/F )→ GL2(W ) be a Galois representation associated
to a p-ordinary Hilbert Hecke eigenform (belonging to a discrete series at ∞) over a totally real
field F . We make Ad(ρF ) and consider the induced representation IndQ

F Ad(ρF ) whose eigenvalues
for Frobp contains 1 with multiplicity g for the number g of prime factors of p in F . The system
IndQ

F Ad(ρF ) is critical at s = 1. More generally, for ρF,n = Sym(ρF )⊗n, Ad(ρF,n) is critical at
s = 1, and IndQ

F Ad(ρF,n)(Frobp) has eigenvalue 1 with multiplicity gbn+1
2 c. Similarly as above,

adj(ρF ) for odd j is critical at s = 1, and IndQ
F adj(ρF )(Frobp) has eigenvalue 1 with multiplicity

g. We mainly study this example in this note.

Arithmetic L-invariant. Returning to a general ordinary representation ρ = ρp, we describe an
arithmetic way of constructing p-adic L-function due to Iwasawa and others. We define the Selmer
group via Galois cohomology

Sel(ρ) ⊂ H1(Gal(Q/Q∞), ρ⊗ Qp/Zp)

for the Zp-extension Q∞/Q inside Q(µp∞ ) by the subgroup of cohomology classes unramified outside
p whose image in H1(Ip, (ρ/F+ρ)⊗Zp Qp/Zp) vanishes. Here F+ρ is the middle filtration F1ρ and
Ip is each inertia group at p. The Galois group Γ = Gal(Q∞/Q) acts on H1(Gal(Q/Q∞), ρ⊗Qp/Zp)
and hence on Sel(ρ), making it as a discrete module over the group algebra W [[Γ]] = lim←−nW [Γ/Γp

n

].
Identifying Γ with 1 + pZp by the cyclotomic character, we may regard γ ∈ Γ. Then W [[Γ]] ∼= Λ by
γ 7→ 1 +X. By the classification theory of compact Λ-modules of finite type, the Pontryagin dual
Sel∗(ρ) has a Λ-linear map into

∏
f∈Ω Λ/fΛ (for a finite set Ω ⊂ Λ) with finite kernel and finite

cokernel. The power series Φρ =
∏
f∈Ω f(X) is uniquely determined up to unit multiple. We then

define Larithp (s, ρ) = Φρ(γ1−s − 1). Greenberg gave a recipe of defining L(ρ) for this Larithp (s, ρ)
and verified in 1994 (see [G]) the conjecture for this Larithp (s, ρ) except for the nonvanishing of L(ρ)
(under some restrictive conditions). For the adjoint square Ad(ρF ) with ρF associated to a Hilbert
modular form, the conjecture (except for the nonvanishing of L(ρ)) was again proven in my paper
[H07b] under another set of conditions (see also [H00]). If there exists an analytic p-adic L-function
Lanp (s, ρ) = Φanρ (γ1−s − 1) interpolating complex L-values, the main conjecture of Iwasawa’s theory
confirms Φρ = Φanρ up to unit multiple; so, L(ρ) = Lan(ρ) (up to units) under the main conjecture,
and thus, we may take Conjecture 0.1 to be a conjecture also for the arithmetic L-invariant.

The L-invariant of Hilbert modular forms. Let F be a totally real field with integer ring O,
and we fix an algebraic closure F . Suppose now that ρF : Gal(F/F )→ GL2(W ) is associated to a
cuspidal Hilbert modular Hecke eigenform of weight k ≥ 2 over a totally real field F (for simplicity,
in these notes, we assume that all Hilbert modular forms have parallel integer weight; see, [H07b]
for more general cases). We assume p-ordinarity of ρF and

(AI) ρF,n is absolutely irreducible as a representation into GLn+1(K).
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This condition holds either if n = 1 or if Im(ρF ) contains an open subgroup of SL2(Zp) (see [D]).
Thus (AI) for n > 1 excludes the case of complex multiplication. Here ρF is said to have complex
multiplication if ρF ⊗χ ∼= ρF for a nontrivial character χ of Gal(F/F )→ Q×

p . We hereafter assume

If n > 1, ρF does not have complex multiplication.

By a result of Ribet, if F = Q and ρF is without CM, Im(ρF ) contains an open subgroup of SL2(Zp).
If F 6= Q, Ribet’s result should extend to this case, but what is known at this moment is that Im(ρF )
contains a conjugate of SL2(Zp) for almost all l for the compatible system {ρF,l}l (see [D]).

As before, for each prime ideal l of F with residual characteristic `, we fix a field embedding
il : F ↪→ Q` so that the l-adic place of F is induced by the `-adic absolute value |il(x)|`. We
have the corresponding decomposition subgroup Dl ⊂ Gal(F/F ) and its inertia group Il. Following
Greenberg’s recipe, we try to compute L(IndQ

F Ad(ρF,n)) for all positive integers n. By ordinarity,

we have ρF |Gal(Qp/Fp)
∼=
(
βp ∗
0 αp

)
with two distinct diagonal characters αp and βp factoring through

Ip → Gal(Fp[µp∞ ]/Fp) for the inertia group Ip for all p|p. By p-ordinarity and k ≥ 2 combined with
the result in [B], the following assertion (DS) holds

(DS) αip 6= βjp for all pairs of integers (i, j) 6= (0, 0).
As before, let

Gn(R) =
{
x ∈ GLn+1(R)

∣∣txJnx = ν(x)Jn for ν(x) ∈ R×}

for Jn = Sym
(

0 −1
1 0

)⊗n. Then ρF,n has values in Gn(W ). Let S be the set of ramifying primes of
the compatible system of ρF,n. Then ρF,n ramifies at places of S, at all prime factors of p and at all
archimedean places of F . Write Sp for the set of all prime factors of p. We consider the universal
nearly ordinary deformation ρ : Gal(Q/Q) → Gn(R) over K with values in the pro-Artinian local
K-algebra R. This means that for any Artinian local K-algebra A with maximal ideal mA and each
Galois representation ρA : Gal(Q/F )→ GL2(A) such that

(K1) unramified outside S, ∞ and p;

(K2) for p ∈ Sp, ρA|Dp
∼=



α0,A,p ∗ ··· ∗

0 α1,A,p ··· ∗
...

...
...

...
0 0 ··· αn,A,p


 with αj,A,p ≡ βn−jp αjp mod mA and αj,A,p|Ip

(j = 0, 1, . . ., n) factoring through the restriction map Dp � Gal(F urp [µp∞ ]/F urp ) for the
maximal unramified extension F urp /Fp;

(K3) ν ◦ ρA = ν ◦ ρF,n = det(ρF )n in A;
(K4) ρA ≡ ρF,n mod mA,

there exists a unique K-algebra homomorphism ϕ : R → A such that ϕ ◦ ρ ≈ ρA. Here ρ ≈ ρ′ if
and only if ρ′ = xρx−1 for x ∈ Gn(A) whose image in Gn(A/mA) is trivial. The representation ρ is
said to be strictly equivalent to ρ′ if ρ ≈ ρ′. If it is necessary to indicate the relevance to n, we write
(Rn,ρn) for (R,ρ).

Write now

ρn|Dp
∼=




δ0,p ∗ ··· ∗
0 δ1,p ··· ∗
...

...
.. .

...
0 0 ··· δn,p




with δj,p ≡ βn−jp αjp mod mn (for mn = mRn). Let W be the integer ring of K and Γp be the
maximal torsion-free quotient of Gal(F urp [µp∞ ]/F urp ). Then the character δj,p(β

n−j
p αjp)−1 restricted

to Ip factors through Γp, giving rise to an algebra structure of Rn over W [[Γp]]. Take the product
Γ =

∏
p|p Γn+1

p of n+ 1 copies of Γp over all prime factors p of p in F . We write general elements of
Γ as x = (xj,p)j,p with xj,p in the j-th component Γp in Γ (j = 0, 1, . . . , n). Consider the character
δ̂ : Γ → R×

n given by δ̂(x) =
∏n
j=0

∏
p|p δ̂j,p(xj,p). Choosing a generator γp of the topologically

cyclic group Γp, we identifyW [[Γ]] with a power series ring W [[Xj,p]]j,p by associating the generator
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γp of the j-th component: Γp of Γ with 1 + Xj,p. The character δ̂ : Γ → R×
n extends uniquely

to an algebra homomorphism δ̂ : W [[Xj,p]]j,p → Rn by the universality of the (continuous) group
ring W [[Γ]]. Thus Rn is naturally an algebra over K[[Xj,p]]j,p. Choose a subset I ⊂ {0, 1, . . . , n}
which is a complete representative set under the involution τ : j 7→ n − j for 0 ≤ j ≤ n removing
all fixed points of the involution; so, I ∼=

(
{0, 1, . . . , n} − {0, 1, . . . , n}〈τ〉

)
/〈τ 〉. If n is odd, we may

choose I to be the subset of odd integers, and if n is even, I = {0, 1, . . ., n−2
2 } is a choice. By (K4),

δjδn−j = 1; thus, the variables Xj and Xn−j are dependent, and if n = 2m is even, Xm = 0; so,
there are at most |I| = bn+1

2 c independent variables for each p.

Conjecture 0.3. The universal ring Rn is isomorphic to the power series ring K[[Xi,p]]p|p,i∈I of e
variables for e = gbn+1

2 c (g = |Sp|).

When n = 0, taking ρF,0 to be the trivial representation, the conjecture is trivially true. By the
results of Wiles, Taylor-Wiles, Fujiwara, Kisin and Skinner-Wiles, the conjecture for n = 1 holds at
least if either F = Q (see [Ki], [Ki1] and [Ki2]) or the residual representation ρF = (ρ mod mW ) is
absolutely irreducible over Gal(F/F [µp]) (see [Fu], [Fu1] and [Ch]).

We have two possibilities for each p ∈ Sp: βp/αp = N or not. We call the first case the
multiplicative case. If the multiplicative cases occur, the weight k is forced to be 2 (unless we
consider multiple weights). If p is multiplicative for ρF , it is known by Carayol that

ρF |Dp
∼=
(N ξ

0 1

)
⊗ η

for a finite order character η of Dp. Here ξ : Dp → K(1) is a inhomogeneous 1-cocycle given by
ξ(σ) = lim←−n(

pn√q
p
)σ−1 for an non-unit qp ∈ F×

p ∩Op. We call the number qp ∈ F×
p the Tate period of

ρF at p. We order multiplicative prime factors (for ρF ) of p as p1, . . . , pb and other non-multiplicative
prime factors of p as pb+1, . . . , pg; so, ρF |Dpj

is potentially Barsotti-Tate if j > b (in the sense that,
after finite extension, it is the Galois representation of the Tate module of a Barsotti-Tate group).

Here is a theorem:

Theorem 0.4. Let Qi = NFpi
/Qp

(qpi) for i ≤ b and m be a odd positive integer. If Conjecture 0.3
holds true for two positive integers n = n1 and n2 with m − 2 ≤ n1 ≤ m − 1 and m ≤ n2 ≤ m + 1,
then we have

L(IndQ
F adm(ρF )) =

(
b∏

i=1

logp(Qi)
ordp(Qi)

)
L(m)

for the constant L(m) ∈ K× defined in Definition 2.1. We have L(m) = 1 if b = g, and the value
L(1) when b < g is given by

L(1) = det
(
∂δpi ,1([p, Fpi])

∂Tj

)

i>b,j>b

∣∣∣
T1=T2=···=Tg=0

∏

i>b

logp(γpi )
[Fpi : Qp]αpi([p, Fpi])

for the local Artin symbol [p, Fpi], where Tj = X1,pj and we regard γpi as an element of Z×
p by the

cyclotomic character N to have logp(γpi ) ∈ Qp.

This theorem is proven in [H07b] in a far more general setting. In this note, though the definitions
and the results will be stated in full generality, we will give the proof (often) under the following
three simplifying assumptions:

(H1) k ≥ 2 is a parallel weight;
(H2) p totally splits in F/Q;
(H3) ρF is unramified outside p and ∞.

Here are some examples showing usefulness of this theorem: Take a totally imaginary quadratic
extension M/F in which all prime factors p|p in F splits as PP. Write OM for the integer ring of
M . Take a set Σp = {P|p} so that Σp t Σp is the set of all prime factors of p in M . Write h for
the class number of M and choose $(P) ∈ M so that Ph = ($(P)) for P ∈ Σp. For any Galois
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character ψ : Gal(Q/M ) → W× of M with ψ(σ) 6= ψc(σ) for ψc(σ) = ψ(cσc−1) and a complex
conjugation c ∈ Gal(Q/F ), we have Ad(IndFM ψ) = χ ⊕ IndFM ψ1−c for χ =

(
M/F

·

)
, and we can

easily show L(χ) = L(Ad(IndFM ψ)). The arithmetic p-adic L-function Larithp (s, χ) for χ =
(
M/F

·

)

constructed à la Iwasawa has an exceptional zero of order ≥ e for e = |Σp|. Since we can compute
explicitely the universal deformation ρ of ρ = IndFM ψ, we get from the theorem

Corollary 0.5. We have L(IndQ
F χ) = (−1)e

det(logp(NP′ ($(P)(1−c))))
P,P′∈Σp∏

P∈Σp
h·f(P) , where NP is the local

norm NMP/Qp
and f(P) is the residual degree dimFp(OM/P).

A proof of this is given in [HMI] Corollary 5.39, though there are two small errors in the formula
of [HMI] Corollary 5.39 and we need to add (−1)e in front and divide by the value there by f(P).
The above value is the corrected one. We will revisit briefly the proof of this corollary in Section 3
and correct the errors.

If E/F is an elliptic curve with split multiplicative reduction at a prime factor p|p, we write
E/Fp

(F p) ∼= F
×
p /q

Z
p with the Tate period qp ∈ F×

p . Then we have directly from the theorem the
following

Corollary 0.6. Let E/F be an elliptic curve over F without complex multiplication. Assume that the
field F (E[p]) of rationality of the p-torsion points of E is nonsoluble over F and that p is unramified
in F/Q. Then Conjecture 0.3 holds true, and the L-invariant formula for L(IndQ

F ad1(ρE )) in
Theorem 0.4 is valid. In particular, if E is multiplicative at all p-adic places of F , then the L-
invariant L(IndQ

F ad1(ρE )) is given by
∏

p

logp(Np(qp))

ordp(Np(qp)) , where Np is the local norm NFp/Qp
.

It is a celebrated theorem of Serre that Gal(F (E[p])/F ) is full (that is, Gal(F (E[p])/F ) ∼=
GL2(Fp)) for almost all primes p; so, the L-invariant formula in the corollary is valid for almost all
ordinary p. Though this corollary treats the adjoint square Ad(ρE ) = ad1(ρE), the expression of
the L-invariant is exactly the same as the analytic one Lan(E) for Lanp (s,E) proven by Greenberg-
Stevens when F = Q (Mok [M] has generalized the method of Greenberg–Stevens for Lanp (s,E) for
E over some totally real fields F ). An analytic version (for F = Q) of this corollary is given in [Ci].
This corollary will be proven in Section 3 reducing it to the potentially modularity theorem of E
(proven by Taylor) and Fujiwara’s R = T theorem [Fu1], and a similar result is stated in [H08a] and
[H08b].

1. Galois deformation and L-invariant

Assuming the three simplifying assumptions (H1–3), we recall briefly a version (given in [HMI]
Definition 3.85) of Greenberg’s formula of the L–invariant for V := adm(ρF ) for odd m (if m is even,
adm(ρF ) is not critical at s = 1). This definition is equivalent to the one in [G] if we apply it to IndQ

F V
as proved in [HMI]. Under the vanishing SelF (adm(ρF )) = 0 (which follows from Conjecture 0.3
for n = m), Greenberg found a unique subspace H ⊂ H1(Q, IndQ

F adm(ρF )) of dimension g. By
Shapiro’s lemma, we have H1(Q, IndQ

F adm(ρF )) ∼= H1(F, adm(ρF )), and one can give a definition of
the image HF of H in H1(F, adm(ρF )) without reference to the induction IndQ

F adm(ρF ) as we recall
the precise definition later in 1.2. The space HF is represented by cocycles c : Gal(F/F )→ adm(ρF )
such that

(1) c is unramified outside p;
(2) c|Dp at each p|p has values in F−

p adm(ρF ).

Here F−
p adm(ρF ) = F0

padm(ρF ), F+
p adm(ρF ) = F1

padm(ρF ), and Fjadm(ρF ) is the decreasing

filtration on adm(ρF ) such that an open subgroup of Ip acts by N j on Fj
padm(ρF )

Fj+1
p adm(ρF )

.
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Let Q∞/Q be the cyclotomic Zp-extension, and write F∞/F for the composite of F and Q∞. By
the condition (2), (c|Dp′ mod F+

p′adm(ρF )) with a prime p′|p may be regarded as a homomorphism
a : Dp′ → K because F−

p′adm(ρF )/F+
p′adm(ρF ) is isomorphic to the trivial Dp′ -module K. Since

Fp = Qp, a becomes unramified everywhere over the cyclotomic Zp-extension F∞/F . In other words,
the cohomology class [c] is in SelF∞ (adm(ρF )) but not in SelF (adm(ρF )), and we have

HF
∼= SelcycF (adm(ρF )) := Res−1(SelF∞(adm(ρF )))

for the restriction map Res : H1(F, adm(ρF )) → H1(F∞, adm(ρF )) (see the definition of various
Selmer groups given in the following section).

Take a basis {cp}p|p of HF over K. Write ap : Dp′ → K for cp mod F+
p′adm(ρF ) regarded as a

homomorphism (identifying F−
p adm(ρF )/F+

p adm(ρF ) with the trivial Dp-module K). We now have
two g × g matrices (g = |Sp|) with coefficients in K:

Am =
(
api ([p, Fpj ])

)
i,j

and Bm =
(
logp(γpi )

−1api([γpj , Fpj ])
)
i,j
.

As we will see in (1.7) (because we have B =
∏

0<m≤n,M :odd Bm by Lemma 1.1 for B in (1.7)),
Conjecture 0.3 for ρF,n with n = m or n = m + 1 implies that Bm is invertible. Then Greenberg’s
L-invariant is defined by

(1.1) L(IndQ
F adm(ρF )) = det(AmB−1

m ).

The determinant det(AmB−1
m ) is independent of the choice of the basis {cp}p.

1.1. Greenberg’s Selmer Groups. We recall the definition of Selmer groups. Let S be a finite
set of primes of F . Write F (S)/F for the maximal extension unramified outside S, p and ∞. Put
G = Gal(F (S)/F ) and GM = Gal(F (S)/M ). Let V be a potentially ordinary representation of G

on a K-vector space V . Thus V has decreasing filtration F ipV stable under Gal(Fp/Fp) such that
an open subgroup of Ip (for each prime factor p|p) acts on F ipV/F i+1

p V by the i-th power N i of the
p-adic cyclotomic character N . We fix a W -lattice T in V stable under G.

Write D = Dp ⊂ G for the decomposition group of each prime factor p|p. Put F+
p V = F1

pV and
F−

p V = F0
pV . Writing F•

pT = T ∩F•
pV and F•

pV/T = F•
pV/F•

pT , we have a 3-step filtration stable
under Dp for A = V , T or V/T :

(ord) A ⊃ F−
p A ⊃ F+

p A ⊃ {0}.

Its dual V ∗(1) = HomK(V,K(1)) again satisfies (ord).
Let M/F be a subfield of F (S), and put GM = Gal(F (S)/M ). We write p for a prime of M over

p and q for general primes outside p of M . We write Ip and Iq for the inertia subgroup in GM at p
and q, respectively. We put

Lp(A) = Ker(Res : H1(Mp, A)→ H1(Ip,
A

F+
p (A)

)),

and
Lq(A) = Ker(Res : H1(Mq, A)→ H1(Iq, A)).

Then we define the Selmer submodule in H1(M,A) (for A = V, V/T ) by

(1.2) SelM (A) = Ker

(
H1(GM , A)→

∏

q

H1(Mq, A)
Lq(A)

)×
∏

p

H1(Mp, A)
Lp(A)

)
.

The classical Selmer group of V is given by SelM (V/T ), equipped with the discrete topology. We
define the “minus”, the “locally cyclotomic” and the “strict” Selmer groups Sel−M (A), SelcycM (A) and
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SelstM (A), respectively, replacing Lp(A) by

L−
p (A) = Ker(Res : H1(Mp, V )→ H1(Ip, V/F−

p (A))) ⊃ Lp(A)

Lcycp (A) = Ker(Res : L−
p (A)→ H1(Ip,∞, V/F+

p (A))) ⊂ L−
p (A)

Lstp (A) = Ker(Res : L−
p (A)→ H1(Mp, V/F+

p (A))) ⊂ Lp(A),

where Ip,∞ is the inertia group of Gal(Mp/Mp[µp∞ ]). Then we have

SelcycF (A) = Res−1
F∞/F

(SelF∞(A)).

Under the simplifying assumption (H2), SelcycF (A) = Sel−F (A). It is easy to verify that the above
Selmer groups do not depend on the choice of S as long as S contains all the ramification primes of
V . We assume that ρF,n is unramified outside p and ∞; so, S = {p}.

Lemma 1.1. We have

SelcycF (Ad(ρn,0)) ∼=
⊕

0<m≤n,m:odd

SelcycF (adm(ρF )) ∼= HomK(mn/m
2
n,K),

where mn is the maximal ideal of Rn. If n is odd and Conjecture 0.3 holds either for n or for n+ 1,
we have SelF (adm(ρF )) = 0 for all odd m with 0 < m ≤ n and dimK SelcycF (adm(ρF )) = g for all
odd 0 < m ≤ n.

Proof. We repeat the proof in [H07b] assuming the conditions (H1–3). Let V = Ad(ρF,n). Then we
have the filtration:

V ⊃ F−
p V ⊃ F+

p V ⊃ {0},
where taking a basis so that the semi-simplification of ρF,n|Dp is diagonal with the diagonal char-
acters βnp , β

n−1
p αp, . . . , α

n
p in this order from top to bottom, F−

p V is made up of upper triangular
matrices and F+

p V is made up of upper nilpotent matrices, and on F−
p V/F+

p V , Dp acts trivially
(getting eigenvalue 1 for Frobp). We consider the space DerK (Rn,K) of continuous K-derivations.
Let K[ε] = K[t]/(t2) for the dual number ε = (t mod t2). Then writing each K-algebra homo-
morphism φ : Rn → K[ε] as φ(r) = φ0(r) + ∂φ(r)ε and sending φ to ∂φ ∈ DerK (Rn,K), we have
HomK-alg(Rn,K[ε]) ∼= DerK (Rn,K) = HomK(mn/m

2
n,K). By the universality of (Rn,ρn), we have

HomK-alg(Rn,K[ε]) ∼=
{ρ : Gal(F/F )→ Gn(K[ε])|ρ satisfies (K1–4)}

≈
by HomK-alg(Rn,K[ε]) 3 φ 7→ ρφ = φ ◦ ρn = ρF,n + ε∂φρn. Pick ρ = ρφ as above. Write
ρ(σ) = ρF,n(σ) + ρ1(σ)ε with ρ1(σ) = ∂ρ

∂t = ∂φρn(σ). Then cρ = (∂φρn)ρ
−1
F,n can be easily checked

to be an inhomogeneous 1-cocycle having values in Mn+1(K) ⊃ V . Here σ ∈ Gal(F/F ) acts on
x ∈Mn+1(K) by x 7→ ρF,n(σ)xρF,n(σ)−1.

Since ν ◦ ρ = ν ◦ ρF,n by (K3), we have det(ρ) = det(ρF,n), which implies Tr(cρ) = 0; so, cρ has
values in sln+1(K). For X ∈ GLn+1(Rn) with tXJnX = Jn, write X = (X mod mn) ∈ GLn+1(K).
Since tρnJnρn = det(ρ0)nJn = tρF,nJnρF,n, we have tρ−1

F,n
tρnJnρnρ

−1
n.0 = Jn. Let X = ρnρ

−1
F,n.

Differentiating the identity: tXJnX = Jn by ∂ ∈ DerK (Rn,K), we have

(t∂XJn)X + tX(Jn∂X) = 0⇔ t(∂X ·X−1
)Jn + Jn(∂X ·X

−1
) = 0,

which is equivalent to cρ(σ) ∈ sn(K) = V . By the reducibility conditions in (K2), [cρ] vanishes in
H1(Mp,V )

L−
p (V )

. Since Fp = Qp, (cρ mod F+
p V ) is unramified at p over F∞. Thus the cohomology class

[cρ] of cρ is in SelcycF (V ). We see easily that ρ ≈ ρ′ ⇔ [cρ] = [cρ′ ].
We argue in a reverse way starting with a cocycle c giving an element of SelcycF (V ) to construct

a deformation ρc = ρF,n + ε(cρF,n) with values in Gn(K[ε]); thus,

{ρ : Gal(F/F )→ Gn(K[ε])|ρ satisfies the condtions (K1–4)}
≈

∼= SelcycF (V ).
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Recall that the isomorphism DerK (Rn,K) ∼= SelcycF (V ) is given by

DerK (Rn,K) 3 ∂ 7→ [c∂] ∈ SelcycF (V )

for the cocycle c∂ = cρ = (∂ρn)ρ−1
F,n, where ρ = ρF,n + ε(∂ρn).

Since the algebra structure of Rn over W [[Xj,p]]p|p is given by δj,p(β
n−j
p αjp)−1 and δn−j,pδj,p =

det(ρF )n, the K-derivation ∂ = ∂φ : Rn → K corresponding to a K[ε]-deformation ρ is a W [[Xj,p]]-
derivation for j ∈ I if and only if ∂ρn|Ip is upper nilpotent, which is equivalent to [c∂] ∈ SelF (V ).
Since V ∼=

⊕
0<m≤n,m:odd adm(ρF ) as global Galois modules, we have

SelF (V ) ∼=
⊕

0<m≤n,m:odd

SelF (adm(ρF )).

Assume n to be odd. Let n′ be either n or n + 1. Suppose Conjecture 0.3 for n′. Thus we have
SelF (Ad(ρF,n′)) ∼= DerW [[Xi,p ]]i∈I,p|p(Rn′,K) = 0 by Conjecture 0.3 for n′. By SelF (Ad(ρF,n′)) ∼=⊕

0<m≤n′,m:odd SelF (adm(ρF )), we conclude SelF (adm(ρF )) = 0 for all odd positive m ≤ n. Then
as seen in [G] (see below (1.4) and Lemma 1.4), the vanishing SelF (adm(ρF )) = 0 implies

dimK SelcycF (adm(ρF )) = dimK HF = g.

�

Question 1.2. It is curious that we have a canonical isomorphism mn/m
2
n
∼= mn+1/m

2
n+1 by

Lemma 1.1 for any given odd n. A natural question is if this isomorphism extends to a canoni-
cal isomorphism Rn ∼= Rn+1.

Write V for either the representation space of adm(ρF ) or that of Ad(ρF,n). For each prime
q ∈ S ∪ {p|p}, we put

(1.3) Lq(V ) =





Ker(H1(Fj , V )→ H1(Fj, V
F+

pj
(V )

)) ⊂ Lpj (V ) if q = pj with j ≤ b,

Lq(V ) otherwise

Once Lq(V ) is defined, put Lq(V ∗(1)) = Lq(V )⊥ under the local Tate duality between H1(Fq, V ) and
H1(Fq, V

∗(1)), where V ∗(1) = HomK(V,Qp(1)) as Galois modules. Then define the balanced Selmer
group SelF (V ) (resp. SelF (V ∗(1))) by the same formula as in (1.2) replacing Lp(V ) (resp. Lp(V ∗(1)))
by Lp(V ) (resp. Lp(V ∗(1))). By definition, SelF (V ) ⊂ SelF (V ). Often we have Lp(V ) = Lp(V ) and
hence SelF (V ) = SelF (V ). The fact Lpj (V ) = Lpj (V ) for V = adm(ρF ) and Ad(ρF,n) follows from
the following F -version of the argument in [G] page 160:

Lemma 1.3. Let V = Ad(ρF,n) or adm(ρF ). Then we have Lp(V ) = Lp(V ).

For K-vector space V with Galois action as above, we have SelF (V ) = SelF (V ).

Proof. Since we have Lp(V ) = Lp(V ) by definition if p = pj with j > b; so, we may assume that
j ≤ b. Write H•(M ) for H•(Fp,M ) for Dp-modules M . We need to show the image Lp(V ) of
H1(F+

p V ) in H1(V ) is equal to Lp(V ) := Ker(r : H1(V ) → H1(Ip, V )) for V = V/F+V . We can
factor the map r as r = Res ◦ γ for γ : H1(V ) → H1(V ) and Res : H1(V ) → H1(Ip, V ). Since
Ker(γ) = Lp(V ), we need to show that Im(γ) ∩Ker(Res) = 0.

Writing Y = F−
p V/F2

pV and Y = F−
p V/F+

p V , we have exact sequences of Dp-modules: Y ↪→
V/F2

pV � V/F−
p V and Y ↪→ V � V/F−

p V . Since H0(V/F−
p V ) = 0, by the long exact sequences

of the above two short exact sequences, we find that the natural maps H1(Y ) → H1(V/F2
pV ) and

H1(Y )→ H1(V ) are injective. Identify H1(Y ) with its image in H1(V ). We have

Im(γ) ∩H1(Y ) = Im(γ : H1(Y )→ H1(Y )) ⊂ H1(V ).
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In the proof of the same lemma given in my paper [H07b] as Lemma 1.4, there is a typographical
error in the statement of the above identity and the left-hand-side: “Im(γ) ∩ H1(Y )” is wrongly
written as “Im(γ)” in the proof (at page 15) of [H07b] Lemma 1.4.

By the inflation-restriction sequence (and by (H2)),

Ker(Res) = H1(Dp/Ip, V
Ip) = V

Ip
/(Frobp − 1)V

Ip ⊆ F−
p V/F+

p V.

Similarly

Ker(ResY : H1(Y )→ H1(Ip, Y )) = H1(Dp/Ip, Y
Ip)

= Y
Ip
/(Frobp − 1)Y

Ip ⊆ F−
p Y/F+

p Y = F−
p V/F+

p V.

Thus inside H1(V ), Ker(Res) = Ker(ResY ) ⊂ H1(Y ). We may replace V by Y in our argument,
and we shall show that

Im(γ : H1(Y )→ H1(Y )) ∩Ker(Res : H1(Y )→ H1(Ip, Y )) = 0.

Write t(p) for dimF−
p V/F+

p V (thus, t(p) = 1 or bn+1
2 c according as V = adm(ρF ) or Ad(ρF,n)).

We have the long exact sequence attached to the short one F+
p Y ↪→ Y � Y :

0→ Y = H0(Y )→ H1(F+
p Y )→ H1(Y ) γ−→ H1(Y )→ H2(F+

p Y )→ H2(Y ) = 0.

By the non-splitting of the short sequence, H0(Y ) injects into H1(F+
p Y ). By the local Tate duality,

dimK H
2(Y ) = dimK H

0(HomK(Y,K(1))) = 0 and dimK H
2(F+

p Y ) = t(p).

This shows that dimKH
1(Y ) = 2t(p)d and dimK Im(γ) = t(p)d for d = [Fp,Qp] (d = 1 by (H2)),

because by Kummer’s theory, assuming d = 1 for simplicity,

H1(K(1)) = K ⊗Zp lim←−
n

F×
p /(F

×
p )p

n ∼= K2

and H1(K) ∼= Hom((Fp)×,K) ∼= K2. By the inflation-restriction sequence, we have

Lp(Y ) := Ker(H1(Y )→ H1(Ip, Y )) ∼= H1(Dp/Ip, Y
Ip ) ∼= Y .

Thus dimLp(Y ) + dimIm(γ) = dimH1(Ip, Y ). Thus we need to show Lp(Y ) + Im(γ) = H1(Ip, Y ).
By the local Tate duality, noting Y ∗(1) ∼= Y , this statement is equivalent to

Ker(δ : H1(F+
p Y )→ H1(Y )) ∩ Lp(Y )⊥ = 0.

Here Lp(Y )⊥ = H1
fl(F

+
p Y ) = Y ⊗Zp lim←−nO

×
p /(O

×
p )p

n ⊂ H1(Y (1)), because Y
∗
(1) = Y (1) =

K(1)t(p). Since Ker(δ) gives rise to the subspace spanned by extension class of K(1)t(p) = F+
p Y ↪→

Y � Y ∼= Kt(p), as already noted, it is given by the cocycles in ξq ⊗ Y for the Tate period q of
ρF |Dp at p = pj. Let us recall ξq: ξq(σ) = lim←−n( pn√q)σ−1 which has values in Zp(1) ⊂ K(1) and is a
inhomogeneous 1-cocycle (see [H08a] Section 4). In particular, (Y ⊗ ξq) ∩H1

fl(F
+
p Y ) is given by

(q ⊗ Y ) ∩ (Y ⊗Zp lim←−
n

O×
p /(O

×
p )p

n

)

inside Y ⊗Zp lim←−n F
×
p /(F

×
p )p

n

, which is trivial (because q is a nonunit). �

Lemma 1.4. Let V be Ad(ρF,n) or adm(ρF ). If V is critical at s = 1,

(V) SelF (V ) = 0⇒ H1(G, V ) ∼=
∏

q∈S

H1(Fq, V )
Lq(V )

×
∏

p|p

H1(Fp, V )
Lp(V )

.
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Proof. Since SelF (V ) ⊂ SelF (V ), the assumption implies SelF (V ) = 0. Then the Poitou-Tate exact
sequence tells us the exactness of the following sequence:

SelF (V )→ H1(G, V )→
∏

l∈St{p|p}

H1(Fl, V )
Ll(V )

→ SelF (V ∗(1))∗.

It is an old theorem of Greenberg (which assumes criticality at s = 1) that

dimSelF (V ) = dimSelF (V ∗(1))∗

(see [G] Proposition 2 or [HMI] Proposition 3.82); so, we have the assertion (V). In [HMI], Propo-
sition 3.82 is formulated in terms of SelQ(IndQ

F V ) and SelQ(IndQ
F V

∗(1)) defined in [HMI] (3.4.11),
but this does not matter because we can easily verify SelQ(IndQ

F ?) ∼= SelF (?) by Shapiro’s lemma
(similarly to [HMI] Corollary 3.81). �

1.2. Greenberg’s L–invariant. Let V = Ad(ρn,F ) and adm(ρF ), and assume (H2–3). Here is
Greenberg’s definition of L(V ): The long exact sequence of F−

p V/F+
p V ↪→ V/F+

p V � V/F−
p V gives

a homomorphism, noting Fp = Qp,

H1(Fp,F−
p V/F+

p V ) = Hom(Gab
Qp
,F−

p V/F+
p V )

ιp−→ H1(Fp, V )/Lp(V ).

Note that
Hom(GabQp

,F−
p V/F+

p V ) ∼= (F−
p V/F+

p V )2 ∼= K2

canonically by φ 7→ (φ([γp ,Fp])
logp(γp) , φ([p, Fp])). Here [x, Fp] = [x,Qp] is the local Artin symbol (suitably

normalized). Since

Lp(F−
p V/F+

p V ) = Ker(H1(Fp,F−
p V/F+

p V ) Res−−→ H1(Ip,F−
p V/F+

p V )),

the image of ιp is isomorphic to F−
p V/F+

p V ∼= K. By (V), we have a unique subspace HF of
H1(G, V ) projecting down onto

∏

p

Im(ιp) ↪→
∏

p

H1(Fp, V )
Lp(V )

.

Thus

(1.4) HF =
∏

p|p

HF,p with HF,p
∼= Im(ιp).

Then by the restriction, HF gives rise to a subspace L of
∏

p

Hom(GabFp
,F−

p V/F+
p V ) ∼=

∏

p

(F−
p V/F+

p V )2

isomorphic to
∏

p(F
−
p V/F+

p V ). If a cocycle c representing an element in HF is unramified, it gives
rise to an element in SelF (V ). By the vanishing of SelF (V ) (Lemma 1.1), this implies c = 0; so, the

projection of L to the first factor
∏

p

F−
p V

F+
p V

(via φ 7→ (φ([γp, Fp])/ logp(γp))p) is surjective. Thus this
subspace L is a graph of a K–linear map

(1.5) L :
∏

p

F−
p V/F+

p V →
∏

p

F−
p V/F+

p V.

We then define L(V ) := det(L) ∈ K.
Fix n, and consider (R,ρ) = (Rn,ρn). Suppose Conjecture 0.3: Rn ∼= K[[Xi,p]]i∈I,p|p. Let

(1.6) J := det
(
∂δi,p([p, Fp])
∂Xi′,p′

)

p,p′,i,i′∈I
,
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and put JA = ϕ(J ) for any algebra homomorphism ϕ : R → A. The following result is a general-
ization of [HMI] Theorem 3.73:

Theorem 1.5. Assume Conjecture 0.3 for a positive integer n and (H2–3). If P is the maximal
ideal of Rn, we have

L(IndQ
F Ad(ρF,n)) = JR/P


 ∏

p|p,j∈I

(βn−jp αjp)([p, Fp])




−1(∏

p

logp(γp)

)b(n+1)/2c

.

In particular, L(IndQ
F Ad(ρF,n))(

∏
p logp(γp))−b(n+1)/2c = JR/P up to units in W .

Proof. Let ∂i,p = ∂
∂Xi,p

∣∣
X=0

∈ DerK (R0,K) and V = Ad(ρF,n). The space HF in (1.4) is spanned
by {(∂i,pρ)ρ−1

F,n}i∈I by Lemma 1.1. Writing ρ|Dp upper triangular, F+
p V is made up of upper

nilpotent matrices in s(K) and F−
p V is made up of upper triangular matrices. Thus (∂i,pρ)ρ−1

F,n

mod F+
p V can be identified with diag[ci,j,p,p′]i,j∈I for ci,j,p,p′ = (∂i,pδj,p′)(βn−jp αjp)−1. Indeed by

(1.5) (and also (1.1)), we have L(IndQ
F V ) = det(A) det(B)−1 for

det(A) = det
(
(ci,j,p,p′([p, Fp]))p,p′,i,j∈I

)
= JR/P


 ∏

p|p,j∈I

(βn−jp αjp)([p, Fp])




−1

and B =
∏

p det
((
ci,j,p,p′(γp) logp(γp)−1)

)
p,p′,i,j∈I

)
. Since

δj,p(β
n−j
p αjp)−1(γp) = 1 +Xj,p,

ci,j,p,p′(γp) = δi,jδp,p′ for Kronecker symbols δi,j and δp,p′ . Thus we conclude

(1.7) det(B) =

(∏

p

logp(γp)

)−b(n+1)/2c

as desired. �

If one restricts c ∈HF to G∞ := Gal(F (S)/F∞), its ramification is exhausted by Γ = Gal(F∞/F )
(because of the definition of SelcycF (ρ2n,n) and HF ) giving rise to a class [c] ∈ SelF∞ (V ). The
kernel of the restriction map: H1(G, V ) → H1(G∞, V ) is given by H1(Γ,H0(G∞, V )) = 0 because
H0(G∞, V ) = 0. Thus the image of HF in SelF∞ (V/T ) gives rise to the order g exceptional
zero of Larith(s, adn(ρF )) at s = 1. We have reproved the first half of the following result in
[G] Proposition 1.

Proposition 1.6. Let m be an odd positive integer. Suppose Conjecture 0.3 for m or m+ 1. Then
for the number g of prime factors of p in F , we have

ords=1 L
arith
p (s, adm(ρF )) ≥ g.

Further, we have L(IndQ
F adm(ρF )) = 0 ⇐⇒ ords=1 L

arith
p (s, adm(ρF )) > g.

The last assertion follows from [G] Proposition 3.

2. Factorization of L-invariant

We continue to assume (H2–3) in the proofs given in this section. We recall the factorization
(given in [H07b]) of L(IndQ

F adm(ρF )) for odd m into the product of local invariants over potentially
multiplicative places and the global invariant from the contribution of the potentially crystalline
part. This potentially crystalline part gives L(m) for L(IndQ

F adm(ρF )) in Theorem 0.4.
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2.1. Factorization. We keep notation introduced in the previous section; so, V is either adm(ρF )
or Ad(ρn,0).

Proposition 2.1. Let V be either adm(ρF ) with odd m ≥ 1 or Ad(ρF,n). Suppose b > 0, and fix an
index k with 1 ≤ k ≤ b. Let a ∈

∏g
i=1 Hom(Dpi ,F−

pi
V/F+

pi
V ) be induced by c ∈ HF,pk (so, c ∈ HF

restricts down trivially to H1(Fpi
,V )

Lpi
(V )

for all i 6= k). Then we have a(γpi ) = 0 for all i 6= k and

a([p, Fpk′ ]) = 0 for all k′ 6= k with k′ ≤ b.

Proof. If i > b, Lpi (V ) is made of classes of cocycles becoming unramified modulo those with values

in F+
pi
V ; so, even if c|Dpi

vanishes in H1(Fpi
,V )

Lpi
(V ) (that is, c|Dpi

∈ Lpi (V )), we cannot pull out much
information on the value a([p, Fpi]) because of the ambiguity modulo unramified cocycles with values
in F−

pi
V/F+

pi
V . Anyway, a(γpi ) = 0 because γpi ∈ Ipi .

For i ≤ b with i 6= k, by Lemma 1.3, Lpi(V ) is made of cocycles of Dpi with values in F+
pi
V , and

the condition that c|Dpi
∈ Lpi (V ) implies the vanishing of a(σ) = c(σ) mod F+

pi
V for all σ ∈ Dpi .

This shows the assertion. �

By the above proposition, we get immediately the following fact.

Corollary 2.2. Let the notation be as in Proposition 2.1. Then the linear endomorphism L in (1.5)
acting on

∏
pF

−
p V/F+

p V preserves the following exact sequence:

0→
∏

i>b

F−
pi
V/F+

pi
V →

∏

p

F−
p V/F+

p V →
∏

k≤b
F−

pk
V/F+

pk
V → 0,

and L acting on the quotient
∏
k≤bF

−
pk
V/F+

pk
V sends F−

pk
V/F+

pk
V into itself for each k ≤ b.

Definition 2.1. Let V = adm(ρF ). Define L(m) by

det
(
L|∏

i>b F−
pi
V/F+

pi
V

)
∈ K.

Similarly, define Lk(adm(ρF )) for k ≤ b by the determinant of the linear operator induced by L on
F−

pk
V/F+

pk
V =

∏
pF

−
p V/F+

p V/
∏
i6=k F

−
pi
V/F+

pi
V .

Corollary 2.3. Let the notation be as above. Then we have

L(IndQ
F adm(ρF )) = L(m)

b∏

k=1

Lk(adm(ρF ))

for odd n ≥ 1.

2.2. Multiplicative L-invariant. We now relate Lk(adm(ρF )) to the p-adic logarithm of the tate
period of ρF if k ≤ b. Let ρn,m = Sym(ρF )⊗n ⊗ det(ρF )−m; so, adm(ρF ) = ρ2m,m. We start with

Lemma 2.4. Suppose that ρF |Dp
∼=
(N ξq

0 1

)
for ξq(σ) = lim←−n(

pn√q)σ−1 with a nonunit q ∈ F×
p .

Then if 0 ≤ m ≤ n, we have F−
p ρn,m/F2

pρn,m
∼= ρF as Dp-modules.

Proof. Write M (m) = M ⊗ Nm for a Dp-module M . Identify ρ0|Dp with
(N ξq

0 1

)
choosing a basis

(x, y) of ρ0. Then the matrix expression of ρF,n on Dp with respect the basis (xn, xn−1y, . . . , yn) is
given by 



Nn nNn−1ξq ∗ ··· ∗
0 Nn−1 (n−1)Nn−2ξq ··· ∗
...

...
. .. . ..

...
0 ··· 0 N ξq

0 ··· 0 0 1


 .
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Thus we get an extension K(m + 1) ↪→ Fmp ρF,n/Fm+2
p ρF,n � K(m) of Dp-modules on which Dp

acts by
(

Nm+1 (m+1)Nmξq

0 Nm

)
. We have the following commutative diagram of exact rows:

K(1) ↪→−−−−→ Fm
p ρF,n

Fm+2
p ρF,n

⊗ det(ρ0)−m
�−−−−→ K

‖
y o

y
y‖

K(1) −−−−→
↪→

F−
p ρn,m

F2
pρn,m

−−−−→
�

K,

because
(
m+1 0

0 1

)−1 (N (m+1)ξq

0 1

) (
m+1 0

0 1

) ∼=
(N ξq

0 1

)
. This proves the desired assertion. �

Here is the first main result:

Theorem 2.5. Suppose Conjecture 0.3 for n. Then we have Lk(Ad(ρF,n)) =
(

logp(Qk)

ordp(Qk)

)b(n+1)/2c

for k ≤ b, where Qk = NFpk
/Qp

(qk) for the Tate period qk of ρF at pk.

Proof. Fix k ≤ b, and write p = pk. Since Ad(Sym⊗n(ρ0 ⊗ η)) ∼= Ad(ρF,n), by twisting ρF by a

character, we may assume that ρF |Dpk

∼=
(

N ξqk
0 1

)
. In this proof, we assume (H1–2).

Write Xi = Xi,pj if i ∈ I. For ` ∈ I, define M` be the ideal generated by Xi for i 6= ` (i, ` ∈ I)
and X2

` . We fix a ` with 0 ≤ ` ≤ n, and write M for M` and K̃ = Rn/M ∼= K[ε] with ε2 = 0 by
X` 7→ ε. Let ρ = (ρn mod M), and write δj for δj,p mod M. We consider the exact sequence of
K̃[Dp]-modules:

0→
Fj+1

p ρ

Fj+2
p ρ

→
Fjpρ

Fj+2
p ρ

→
Fjpρ

Fj+1
p ρ

→ 0.

Writing K̃(ψ) for the rank one free K̃-module on which Dp acts by a character ψ : Dp → K̃×, this
exact sequence gives the following exact sequence

0→ K̃(δj+1)→
Fjpρ

Fj+2
p ρ

→ K̃(δj)→ 0.

Twisting by δ
−1

j+1N , we get another exact sequence of K̃[Dp]-modules:

0→ K̃(N )→M → K̃(δjδ
−1

j+1N )→ 0.

By Lemma 2.4, this sequence gives the top row of the following commutative diagram ofDp-modules
with exact rows:

K̃(N ) ↪→−−−−→ M
�−−−−→ K̃(δjδ

−1

j+1N )

mod X`

y mod X`

y
y mod X`

K(N ) −−−−→
↪→

ρ0|Dpk
−−−−→

�
K.

By our assumption (H2): Fp = Qp, Dp = Dp = Gal(Qp/Qp), and by (2.3.4) of [GS1], this implies

∂δjδ
−1
j+1N

∂X`
([qk,Qp]) = 0.

In (2.3.4) of [GS1], the coefficient field of the Galois representation is assumed to be Qp, but the
argument proving the theorem works well for general coefficient fields K as easily checked. Since
N ([qk,Qp]) is a constant in Q×

p , we get

∂δjδ
−1
j+1

∂X`
([qk,Qp]) = 0
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which yields by the Leibnitz formula
(
δ−1
j

∂δj
∂X`

− δ−1
j+1

∂δj+1

∂X`

)
([qk,Qp]) = 0,

where δj = (δj mod mn) = Nn−j. Since this holds for j = 0, 1, . . ., n, we get
(
δ−1
0

∂δ0

∂X`
− δ−1

n

∂δn
∂X`

)
([qk,Qp]) = 0.

Since δ0δn = N on Gal(Qp/Qp) (Fp = Qp by (H2)), we have

δ−1
0

∂δ0

∂X`
= −δ−1

n

∂δn
∂X`

,

and hence
δ−1
n

∂δn
∂X`

([qk,Qp]) = 0.

This in turn yields

δ−1
j

∂δj
∂X`

([qk,Qp]) = 0

for all j = 0, 1, . . . , n.
Write qk = pau for a = ordp(qk) and u ∈ Z×

p . Then logp(u) = logp(qk), and we have

δi([qk,Qp]) ≡ δi([p,Qp])aδi([u,Qp]) ≡ δi([p,Qp])a(1 +Xi)− logp(u)/ logp(γpi
) mod M.

Differentiating this identity with respect to X`, we get from δi([p,Qp]) = Nn−i([p,Qp]) = 1

a
∂δ`
∂X`

∣∣∣
X=0

([p,Qp])−
logp(u)
logp(γk)

= 0 and a
∂δi
∂X`

∣∣∣
X=0

([p,Qp]) = 0 if i 6= ` (i, ` ∈ I).

Since a 6= 0, we have

∂δi
∂X`

∣∣∣
X=0

([p,Qp]) = 0 if i 6= ` (i, ` ∈ I), and
∂δ`
∂X`

∣∣∣
X=0

([p,Qp]) logp(γpk ) =
logp(qk)
ordp(qk)

.

Since ∂ρn

∂X`

∣∣∣
X=0

ρ−1
F,n for odd ` with 0 < ` ≤ n gives a basis of the p-part of HF isomorphic to Im(ιp),

we find that Lk(Ad(ρF,n)) =
(

logp(qk)

ordp(qk)

)b(n+1)/2c
. Since we have

SelcycF (Ad(ρF,n)) ∼=
⊕

0<m≤n, m:odd

SelcycF (adm(ρF )),

we find

(2.1) Lk(Ad(ρF,n)) =
∏

0<m≤n, m:odd

Lk(adm(ρF )) =
(

logp(qk)
ordp(qk)

)b(n+1)/2c

as desired. �

2.3. Proof of Theorem 0.4. We now prove Theorem 0.4 (assuming (H1–2)). We note Ad(ρF,n2) ∼=
Ad(ρF,n1) ⊕ adm(ρF ). Thus by definition, we have Lk(Ad(ρF,n2)) = Lk(Ad(ρF,n1))Lk(adm(ρF )).
Then by Theorem 2.5, if logp(qk) 6= 0 we have

Lk(adm(ρF )) =
Lk(Ad(ρF,n2))
Lk(Ad(ρF,n2))

=

(
logp(qk)

ordp(qk)

)b(n2+1)/2c

(
logp(qk)

ordp(qk)

)b(n1+1)/2c =
logp(qk)
ordp(qk)

as desired. If logp(qk) = 0, the linear operator L|gr0(Ad(ρF,n2 )) induced by L in Definition 2.1 on the
quotient gr0(V ) := F−

pk
V/F+

pk
V =

∏
pF

−
p V/F+

p V/
∏
i6=k F

−
pi
V/F+

pi
V for V = Ad(ρF,n2) has only
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eigenvalue 0. Since adm(ρF ) is a factor of Ad(ρF,n2), the corresponding operator L|gr0(adm(ρF )) on
the 0-th graded piece gr0(adm(ρF )) := F−

pk
adm(ρF )/F+

pk
adm(ρF ) is induced by L|gr0(Ad(ρF,n2 )); so,

it has unique eigenvalue 0, and hence Lk(adm(ρF )) = 0 = logp(qk)

ordp(qk) . Then the desired formula in the
theorem follows from the definition of L(m) in Definition 2.1. �

3. Proof of Conjecture 0.3 under potential modularity

We first prove Conjecture 0.3 for ρF if it is valid for the restriction ρL of ρF to Gal(F/L) for
a totally real finite Galois extension L/F . Then by a result of Taylor, we show that this potential
version of the conjecture holds under mild assumptions, which proves Corollary 0.6. In this section,
we do not assume (H1–3).

3.1. Potential version implies Conjecture 0.3. Let Sp,L be the set of prime factors of p in L
for a number field L.

Proposition 3.1. Let (RL,ρL) be the universal couple for ρL,n for a totally real extension L/F .
If there exists a finite totally real Galois extension L/F such that RL ∼= K[[Xi,P]]i∈I,P∈Sp,L for the
variable Xi,P specified in Conjecture 0.3, then Conjecture 0.3 holds for ρF,n and F .

Proof. By assumption, we have RL ∼= K[[Xi,P]]i∈I,P∈Sp,L . For σ ∈ Gal(L/F ), we take a lift
σ̃ ∈ Gal(F/L) inducing σ on L, for any deformation ρ of ρL with values in A, regarding ρF as
having values in G(A) through the K-algebra structure K ↪→ A, we can define

ρσ(g) = ρF,n(σ̃)−1ρ(σ̃gσ̃−1)ρF,n(σ̃).

The isomorphism class of ρσ is determined independently of the choice of the lift σ̃ and depends
only on σ. Since ρL extends to ρF : Gal(F/F ) → G(W ), ρσL,n = ρL,n, for ρL = ρ|Gal(F/L),
ρσL is another deformation of ρL,n over Gal(F/L) satisfying (K1–4). Thus we have a unique ring
automorphism [σ] ∈ Aut(RL) such that ρσL ≈ [σ]◦ρL. In this way, ∆ := Gal(L/F ) acts on RL. Since
δσi,P(g) = δi,P(σ̃gσ̃−1) coincides with δi,Pσ , we have [σ](Xi,P) = Xi,Pσ . Note that H2(∆,K) = 0
(because ∆ is finite andK is uniquely divisible). Then by theK-deformation version of Theorem 5.42
in [MFG], we have RF ∼= RL/

∑
σ∈∆ RL([σ]− 1)RL, where

∑
σ∈∆ RL([σ]− 1)RL is the ideal of RL

generated by [σ](r)− r for all r ∈ RL. Then it is clear that RF ∼= K[[Xi,p]]i∈I,p∈Sp as desired. �

3.2. Proof of Corollary 0.6. We first state a general proposition and then prove the corollary
reducing it to a special case of the proposition.

Let ρF = ρF mod mW having values in GL2(F) for the residue field F of W . We consider the
following conditions:

(NS) Im(ρF ) is a non-soluble subgroup in GL2(F);
(DS) the semi-simplification of ρF restricted to Dp is non-scalar.

We now give a sketch of a proof of Conjecture 0.3 for n = 1 under these two conditions:

Proposition 3.2. Suppose (NS). Then we have R1
∼= K[[X1,p]]p|p as in Conjecture 0.3 for n = 1.

This proposition implies Corollary 0.6 because for elliptic curve with ordinary reduction (including
multiplicative one) at p, the two characters (αp, βp) is given by (1,N ) over the inertia group Ip which
are distinct modulo mW if p is unramified in F/Q and p is odd. The condition (NS) follows from
nonsolubility of the field of rationality of p-torsion points of the elliptic curve.

Proof. By the result of [Ta] and [Ta1], the Galois representation ρF is potentially modular in the sense
that there exists a totally real Galois extension L/F in which p totally split and ρL is associated to a
Hilbert cusp form of weight 2 and Im(ρL) is still nonsoluble (in particular, it is absolutely irreducible
over L[µp]). Actually, in the above paper of Taylor, details of the proof are given for F = Q, but we
can adjust his argument to prove the result for general F (see [V] Theorem 2.2). Since any p ∈ Sp
splits totally in L/F , (DS) is also valid over L if it holds over F . Assuming (DS) over F , by a result
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of Fujiwara (see [Fu1] and [HMI] Proposition 3.78) which requires absolute irreducibility of ρL[µp ]

and (DS) over DP for all P ∈ Sp,L, we have Conjecture 0.3 for ρL. The assumption (DS) of [Fu1] is
recently removed by [Ch] by considering framed deformation of upper triangular type. Thus we do
not need to assume (DS) over F now. Then by the above proposition, the desired result follows. �

Remark 3.1. Since the potential modularity for ρn is proven in [Ta2] under some assumptions, we
expect that the above argument (or a modified version) would prove Conjecture 0.3 for general n in
near future.

4. L-invariants of CM fields

This section is almost identical to Section 3 of [H07a]; however, we correct some minor errors
there coming from the factor [Fp : Qp] in Theorem 0.4 here missing from Theorem 0.4 in [H07a].
Since this factor does not matter under (H2), we do not assume (H1–3) in this section.

Let p be an odd prime. LetM/F be a totally imaginary quadratic extension of the base totally real
field F . We study the adjoint square Selmer group when the Galois representation is an induction
of a Galois character of GM := Gal(M (p)/M ). Put GF := Gal(M (p)/F ). For simplicity, we assume
that p > 2 totally splits in M/Q. We relate the Selmer group with a more classical Iwasawa module
of a quadratic extension of F , and from the torsion property of the Selmer group already proven,
we deduce some torsion property of such classical Iwasawa modules. In this section, our starting
deformation (the origin of Spec(R1)) is ρF = IndFM λ for a p-adic Galois character λ of Gal(Q/M ).

4.1. CM Iwasawa modules. Let OM be the integer ring of M . We consider Z = lim←−nClM (pn)
for the ray class group ClM(pn) of M modulo pn. Let ∆ be the maximal torsion subgroup of
Z, and put ΓM = Z/∆, which has a natural action of Gal(M/F ). We split Z = ∆ × ΓM . We
define Γ+ = H0(Gal(M/F ),ΓM ) and Γ− = ΓM/Γ+. Since p > 2, the action of Gal(M/F ) splits
the extension Γ+ ↪→ ΓM � Γ−, and we have a canonical decomposition ΓM = Γ+ × Γ−. Write
π− : Z → Γ−, π+ : ΓM → Γ+ and π∆ : Z → ∆ for the three projections. Take a character
ϕ : ∆→ Q×

, and regard it as a character of Z through the projection: Z � ∆.
Let M∞ be the composite of all Zp-extensions of M . Then by class field theory, M∞ is the

subfield of the ray class filed of M modulo p∞ fixed by ∆. Let Q∞/Q be the cyclotomic Zp-
extension. Let M cyc

∞ be the composite MQ∞/M . Define M−
∞ (resp. M+

∞) for the fixed subfield of
Γ− (resp. Γ+). Since M cyc

∞ is abelian over F , we have M cyc
∞ ⊂ M+

∞ and a projection πcyc : Γ+ →
Gal(M cyc

∞ /M ) ⊂ 1 + pZp. The Leopoldt conjecture for F asserts that πcyc is an isomorphism; in
other words, M+

∞ = M cyc
∞ . The extension M−

∞/M is called the anticyclotomic tower over M . Thus
if the Leopoldt conjecture holds for F , M∞ is the composite of the cyclotomic Zp-extension M cyc

∞

and the anticyclotomic Z[F :Q]
p –extension M−

∞.

To introduce Iwasawa modules for the multiple Zp-extensions M ?
∞/M , we fix a CM type Σ, which

is a set of embeddings of M into Q such that IM = Σ tΣc for the generator c of Gal(M/F ). Over
C, an abelian variety with complex multiplication by M has C-points isomorphic to CΣ/Σ(a) for a
lattice a in M (see [ACM] 5.2), where Σ(a) = {(σ(a))σ∈Σ ∈ CΣ|a ∈ a}. By composing ip, we write
Σp for the set of p-adic places induced by ip ◦ σ for σ ∈ Σ. We assume

(spt) Σp ∩Σpc = ∅.
This is to guarantee the abelian variety of CM type Σ to have ordinary good reduction modulo p
(whose Galois representation is hence ordinary at all p|p).

Writing M (p∞) for the ray class field over M modulo p∞, we identify Z with Gal(M (p∞)/M )
via the Artin reciprocity law. Fix a character ϕ of ∆. We then define M∆ by the fixed field of Γ in
M (p∞); so, Gal(M∆/M ) = ∆.

Since ϕ is a character of ∆, ϕ factors through Gal(M ?
∞M∆/M ) for ? indicating one of +,−, cyc or

“nothing”. When nothing is attached, it refers to the object for the full multiple Zp-extension M∞.
Let L?

∞/M
?
∞M∆ be the maximal p–abelian extension unramified outside Σp. Each γ ∈ Gal(L∞/M )
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acts on the normal subgroup X? = Gal(L?
∞/M

?
∞M∆) continuously by conjugation, and by the

commutativity of X?, this action factors through Gal(M∆M
?
∞/M ). Then we look into the compact

p-profinite Γ?–module: X?[ϕ] = X? ⊗Zp [∆],ϕW , where Γ? = Gal(M ?
∞/M ). We study when X?[ϕ] is

a torsion Iwasawa module over Λ? = W [[Γ?]]. The module X?[ϕ] is generally expected to be torsion
of finite type over Λ? for the naturally defined multiple Zp-extensions M ?

∞.

The torsion property of Xcyc[ϕ] over Λcyc is classically known (e.g., [HT2] Theorem 1.2.2). This
implies

Theorem 4.1. The modules X[ϕ], X+[ϕ] and Xcyc[ϕ] are torsion modules over the corresponding
Iwasawa algebra Λ,Λ+ and Λcyc, respectively.

We refer this result to [HT2] Theorem 1.2.2 (which was originally due to R. Greenberg). We study
the anticyclotomic Iwasawa module X−[ϕ] over Λ− from our new view point of Galois deformation
theory. As is well known,X−[ϕ] is a Λ−-module of finite type, and under mild assumptions (including
anticyclotomy of ϕ), we will prove the torsion property of X−[ϕ] in Theorem 4.3.

The Σ-Leopoldt conjecture for abelian extensions ofM is almost equivalent to the torsion property
of X−[ϕ] over Λ− for all possible ϕ (see [HT2] Theorem 1.2.2). Here, for an abelian extension L/M
with integer ring OL, the Σ-Leopoldt conjecture asserts the closure O×

L of O×
L in LΣ =

∏
p∈Σp

Lp

satisfies
dimQ(O×

L ⊗Z Q) = dimQp(O
×
L ⊗Zp Qp).

If X−[ϕ] is a torsion Λ−-module, we can think of the characteristic element F−(ϕ) ∈ Λ− of the mod-
ule X−[ϕ]. The anticyclotomic main conjecture (cf. [HT] Conjecture 2.2) predicts the identity (up
to units) of F−(ϕ) and the projection of (the ϕ-branch of) the Katz p-adic L-function (constructed
in [K] and [HT1]) under π−.

4.2. Anticyclotomic Iwasawa modules. A character ψ of ∆ is said anticyclotomic if ψ(cσc−1) =
ψ−1(σ) for a complex conjugation c ∈ Gal(Q/F ). Fix an algebraic closure F of F . Regarding
ϕ as a Galois character, we define ϕ−(σ) = ϕ(cσc−1σ−1) for σ ∈ Gal(F/M ). Then ψ := ϕ− is
anticyclotomic. Conversely, for any anticyclotomic character ψ, we can find ϕ with ψ = ϕ− (e.g.,
[HMI] Lemma 5.31).

We define a Galois character ϕ̃ : GF → W [[Γ−]] by ϕ̃(σ) = ϕ(σ)(σ|M−
∞

)1/2, where (σ|M−
∞

)1/2

is the unique square root of (σ|M−
∞

) in Γ− and (σ|M−
∞

) ∈ Γ− is regarded as a group element in
Γ− ⊂ W [[Γ−]]. Note that ϕ̃−(σ) = ϕ̃(cσc−1σ−1) = ψ(σ)σ|M−

∞
. Then we consider IndFM (ϕ̃) :

Gal(F/F ) → GL2(W [[Γ−]]). We write αM/F for the quadratic character of Gal(F/F ) identifying
Gal(M/F ) with {±1}.
Lemma 4.2. We have

(1) det(IndFM χ) = αM/Fχ|F×
A

and Tr(IndFM χ(Frobl)) =
∑

b⊂OM ,NM/F (b)=l χ(b) for a prime l

of F unramified for IndFM χ, identifying a character χ of Gal(F/M ) with a character of
M×

A(∞)/M
× by the Artin symbol,

(2) Ad(IndFM (ϕ̃)) ∼= αM/F ⊕ IndFM (ϕ̃−) as GF -modules.

Since IndFM (ϕ̃)|GM = ϕ̃ ⊕ ϕ̃c with ϕ̃c(σ) = ϕ̃(cσc−1), we define F+
p IndFM ϕ̃ = ϕ̃ for p ∈ Σp.

In Section 1, we have already defined F±
p Ad(IndFM ϕ̃) and the Selmer group SelF (Ad(IndFM ϕ̃) ⊗Zp

(W [[Γ−]])∗). Since the image of F+
p (Ad(IndFM ϕ̃)) in αM/F is trivial in the above decomposition

in Lemma 4.2 and the image of F+
p (Ad(IndFM ϕ̃)) is given by F+

p (IndFM (ϕ̃−)), we get (cf. [HMI]
Exercise 1.12 and Corollary 3.81)

SelF (Ad(IndFM (ϕ̃) ⊗W [[Γ− ]] (W [[Γ−]])∗)

=SelF
(
αM/F ⊗Zp (W [[Γ−]])∗

)
⊕ SelF (IndFM (ϕ̃−)⊗W [[Γ− ]] (W [[Γ−]])∗)

=Hom(Cl−M ⊗Z W [[Γ−]],Qp/Zp)⊕ SelM ((ϕ̃−)⊗W [[Γ− ]] W [[Γ−]]∗),
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where Cl−M is the quotient of CLM by the image of ClF (the order of Cl−M is equal to the order of
the αM/F -eigenspace of ClM up to a power of 2). By the definition of the Selmer group, we note
that

(4.1) SelM (ϕ̃− ⊗W [[Γ− ]] (W [[Γ−]])∗) ∼= Hom(X−[ϕ−],Qp/Zp),

which shows

Theorem 4.3. Let the notation be as above. Then we have

Sel∗F (Ad(IndFM(ϕ̃))) ∼=
(
Cl−M ⊗Z W [[Γ−]]

)
⊕X−[ϕ−]

as W [[Γ−]]-modules. Moreover X−[ϕ−] is a torsion W [[Γ−]]-module without exceptional zero if
ψ := ϕ− satisfies the following conditions:

(at1) The character ψ has order prime to p.
(at2) The local character ψP is non-trivial for all P ∈ Σp.
(at3) The restriction ψ∗ of ψ to Gal(F/M∗) for the composite M∗ of M and the unique quadratic

extension inside F [µp] is non-trivial.

This theorem is general enough to cover X−[ψ] for any anticyclotomic character ψ since such a
ψ can be written as ϕ− for a suitable choice of ϕ (e.g., [HMI] Lemma 5.31).

The first assertion follows from the argument given as above. The torsion property follows from
the theorem of Taylor–Wiles and Fujiwara and has been proven in [HMI] Theorem 5.33. The
condition (at2) is probably removable by the recent result in [Ch] but in this note, we do not work
it out.

4.3. The L-invariant of CM fields. Choose a character ϕ : GM → W× associated to an arith-
metic Hecke character of M so that ρF = IndFM ϕ satisfies (DS). Since ϕ is a character of GM , it
is unramified outside p. Consider the universal couple (RF , %) deforming ρF = IndFM ϕ mod mW

among W -deformations ρA into GL2(A) for proartinian W -algebras A with residue field W/mW

satisfying the following conditions

(W1) ρA factors through GF ;
(W2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA and αA,pα

−1
p |Ip factoring through the

local cyclotomic Galois group Gal(Fp[µp∞ ]/Fp);
(W3) det(ρA) = det ρ;
(W4) ρA ≡ ρ mod mA,

We know RF ∼= T by Fujiwara (see [HMI] Theorem 3.59). Since dimSpf(W [[Γ−]]) = dimSpf(T),
Spf(W [[Γ−]]) gives an irreducible component of Spf(RF ). Write I = W [[Γ−]] simply. Let πI : T =
RF � I be the projection (which factors through πcyc). We would like to compute the L-invariant
of the component I. Thus we need to compute a(pp) = πI(U (pp)). The following fact follows from
the fact IndFM φ|GM = φ⊕ φc.

Lemma 4.4. Let the notation be as above. Then we have a(pp) = ϕ̃([p,MP]) for the prime factor
P ∈ Σcp of p.

Define the character κ : Gal(F/M )→ (Λ−)× by κ(σ) = (σ|M−
∞

)1/2. Then ϕ̃ = λκ, and we write
κI = πI ◦ κ : Gal(F/M ) → I×. Then, κI restricted to the inertia group IP at P factors through
the projection: IP → Gal(Qp[µp∞ ]/Qp) ∼= Z×

p . Since the W [[ΓF ]]-algebra structure of I is induced
by the nearly ordinary character of IndFM κI (restricted to the inertia group IP), for uP ∈ O×

M,P

(P ∈ Σcp), we have

(4.2) κI([uP,MP]) = (1 +Xp)dp logp(Np(uP))/ logp(γp),
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where dp = [Fp : Qp], p = P ∩O, Np : MP = Fp → Qp is the norm map and γp is the generator of
Γp := (1 + pZp) ∩Np(O×

p ). The factor dp in the right-hand-side is missing from [H07a] (3.2), which
comes from the fact that

[γp, Fp]|Qab
p

= [NFp/Qp
(γp),Qp] = [γp,Qp]dp

because γp is the image in Qp under N of the generator of the Galois group of the cyclotomic
Zp-extension of Fp. Choose an element $(P) ∈ M so that Ph = ($(P)) for each P ∈ Σcp, where
h = |ClM | (the class number of M ). Then phP = uP$(P)e(p)

P with uP ∈ O×
M,P for the absolute

ramification index e(p) of p (which is the absolute ramification index of P also). Regarding κI
as a character of M×

A(∞)/M
× by class field theory, we have κI($(P)) = 1 = κI($(P)l) with the

l-component $(P)l ∈ M×
l for any prime l outside p, because κI(O×

l ) = 1 and $(P) ∈ M×. Then
we have

κI(phP) = κI(phP$(P)−e(p)) = κI(uP)
∏

P′|p,P′ 6=P

κI($(P)−e(p)
P′ ),

where $(P)P′ is the P′-component of $(P) ∈M× ⊂M×
A . By (4.2), we get

κI(phP) = (1 +Xp)
dp logp(Np($(P)e(p)cup))

logp(γp)
∏

P′∈Σc
p−{P}

(1 +Xp′ )
e(p)dp logp(N

p′ ($(P)c−1
P′ ))

logp(γp′ ) ,

where p′ = P′ ∩ O. Here logp is the Iwasawa p-adic logarithm defined over Q×
p characterized by

logp(p) = 0. In particular, we have

logp(Np(uP)) = log(Np(phP$(P)−e(p)
P )) = −e(p) logp(Np($(P)P)).

Thus we have

Lemma 4.5. Let the notation be as above. Then we have, for primes P′ ∈ Σp and p′ = P′ ∩O,

∂κ(pP)
∂Xp′

=
logp(Np′ ($(P)(c−1)

P′ ))
h · f(p) logp(γp′ )

κ(pp)(1 +Xp′ )−1.

We have a(pp) = cpκ(pp) for a nonzero constant cp ∈W×, because the nearly ordinary character
of IndFM ϕ̃ is κ times a character of DP with values in W×. We do not need to pay much attention
to the constant cp, because the formula of the L-invariant only involve

(
∏

p|p

a(pp)−1δp([γp, Fp])) det

((
∂a(pp)
∂Xp′

)

p,p′

)

in which the constant cp cancels out. Specializing the above formula to the locally cyclotomic point
P , we get

Theorem 4.6. Let the notation and the assumption be as above and as in Theorem 4.3, including
(at1–4). Then we have, for any specialization ϕ̃P of ϕ̃ modulo a locally cyclotomic point P ∈
Spf(I)(W ),

L(Ad(IndFM ϕ̃P )) = (−1)e det
((

logp(Np′ ($(P)(1−c)P′ ))
)

P,P′∈Σc
p

)∏

p|p

1
h · f(p)

,

where e = |Σp|, p = O ∩P and p′ = O ∩P′.

Note here ordp($(P)(1−c)P′ ) = −h/e(p), taking the valuation ordp associated to P ∈ Σ. By
Lemma 4.2 (2) and Theorem 4.3, we see

L(Ad(IndFM ϕ̃P )) = L(αM/F ),
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and this is the reason for the independence of L(Ad(IndFM ϕ̃P )) on the choice of the locally cyclotomic
points P . If F = Q, we have $(P)$(P)c = ph and hence logp($(P)) = − logp($(P)c). Thus
logp($(P)1−c) = 2 logp($(P)), and therefore the above formula coincides with the classical analytic
L-invariant formula for αM/F of Ferrero–Greenberg.

For a given ordinary CM type (M,Σp), we can choose ψ satisfying the assumptions of Theo-
rems 4.3 and 4.6. Then through the above process, we can compute L(αM/F ) as follows:

Corollary 4.7. Suppose that M/F is an ordinary CM-quadratic extension of M satisfying (spt).
Choose a p-ordinary CM-type Σ of M . Then the L-invariant L(αM/F ) of Greenberg for the quadratic

Galois character αM/F =
(
M/F

·

)
is given by

(−1)e det
((

logp(Np′ ($(P)(1−c)P′ ))
)

P,P′∈Σc
p

)∏

p|p

1
h · f(p)

,

where h is the class number of M , e = |Σp|, p = P ∩O and $(P) is a generator of P ∈ Σcp. If the
prime p does not split in F/Q, the L-invariant of αM/F does not vanish.

A regulator similar to the above determinant was introduced long ago in [FeG] (3.8) in the context
of (classical) cyclotomic Iwasawa’s theory.

Suppose that p does not split in F/Q. Then for $ = $(P), NP($) =
∏
σ∈Σ$

σ = $Σ. Then we
have |$Σ|p = 1 and |$cΣ|p < 1 and hence NP($1−c) cannot be of the form ζpα for α ∈ Q and a root
of unity ζ. Thus logp(NP($1−c)) 6= 0 as claimed in the corollary. Of course, by Baker’s argument
(exploited by Brumer in the p-adic case), if M/Q is abelian, we can also confirm the nonvanishing
of the determinant in the corollary.
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