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Pick a strictly compatible system {py O V(py) = F/\Q},\ of \-adic
odd Galois representations with

det(py) = yN*!
Here N: the \-adic cyclotomic character,
py) has Hodge-Tate weight (kK — 1,0),
A runs over places of a number field F'.

Then
oo
[]det(1 - PA(FTOprV(pA)Ipp_S)_l = Y an(p)n™?
p n=1
gives rise to a modular form of weight k and of Neben type v:
oo
fo=>_ an(p) exp(2mwinz)
n=1

by the solution of Serre’s mod p modularity conjecture by
Khare—Wintenberger.



For a number field K C Q, the field

K(ap(n)in=1,2,...)

is called the Hecke field, which is one of the most mysterious
series of number fields. Fixing one prime p, and consider a
simple extension K (a,(p)) or for a family of systems of A-adic
Galois representations F = {p}, we could think of K(as(p)),cr,
and ask

how big this Hecke field is?

After answering this question to certain extent, as an applica-
tion, we study rational abelian varieties and its twist classes in

the title.



§1. Notation

We study families of modular forms and Hecke fields. To define
the family F, we introduce some notation. Fix

e An odd prime p > 2;

e a positive integer N (p{1 N);

e two field embeddings C — Q — Q,,.

Consider the space S414 = Sk4+1(To(Np™T1),4) (r > 0) of
cusp forms of weight “k 4 1" with Nebentypus .

Let the rings Z[y] C C and Zy[y] C Q, be generated by ¢ (n)
(n=1,2,...) over Z and Zy.

The Hecke algebra over Z is h = Z[Y][T(n)ln = 1,2,---] C
End(Sk+1,¢). Put hk—|—1,¢ = h ®Z[¢] Zp[¢]

Sometimes our T'(p) is written as U(p) as the level is divisible
by p.



32. Big Hecke algebra
The ordinary part h?"¢) | C hyy1, is the maximal ring direct
summand on which U(p) is invertible. Let

W1 = YN X the tame p-part of .

We have a unique ‘big’ Hecke algebra h = hm such that
e h is free of finite rank over Zy[[T]] with T(n) e h (n =1,2,...)

elety=1+4p. Ifk>1ande:Z; — upo is a character,

h/(1+T —()e(Vh =2 hfH Ly

for ¢ = Y1wl™F, sending T'(n) to T(n), where w is the Te-
ichmuller character. Thus

the number of ordinary Hecke eigenforms for any £ and ¢
iIs bounded by B = rankp h.



§3. Galois representation

Each irreducible component
Spec(l) C Spec(h)
has a Galois representation

o1 : Gal(Q/Q) — GL(2)
with coefficients in I (or its quotient field) such that

Tr(pr(Froby)) = a(l)

(for the image a(l) in I of T'(1)) for almost all primes ¢. Usually
pp has values in GL»(I), and we suppose this for simplicity.

We regard P ¢ Spec(ﬂ)(@p) as an algebra homomorphism P :
I — Q,, and we put pp = Popy: Gal(Q/Q) — GL2(Q,).



34. Analytic family

A point P of Spec(I)(Q,) is called arithmetic
if P(L+T — eyp(1)7*) =0 for k> 1 and e : Z} — ppoo.

If P is arithmetic, we have a Hecke eigenform
fp € Spt1(To(Np"(F)), eqpy) such that

fplT(n) =ap(n)fp (n=1,2,...)
for ap(n) ;== P(a(n)) = (a(n) mod P) € @p.
We write ep = ¢ and k(P) = k for such a P.

Thus I gives rise to an analytic family

F1 = {fplarithemtic P € Spec(I)}.



5. CM component and CM family

We call a Galois representation p CM if there exists an open
subgroup G C Gal(Q/Q) such that the semi-simplification (p|g)%®
has abelian image over G.

We call I a CM component if py is CM.
If T is a CM component, it is known that for an imaginary
quadratic field M in which p splits, there exists a Galois char-

acter ¢ : Gal(Q/M) — I*¥ such that py = Ind% ©.

If pp = Ind% pp for some arithmetic point P, I is a CM com-
ponent.



6. A theorem on Hecke fields

Pick an infinite set A of arithmetic points P with fixed weight
k(P) =k > 1. Write Hy(I) C Q for the field generated over
Q(pp=) by {ap(p)}peca- Here is what we can prove:

Theorem 1 (H-theorem). The field H (1) is a finite extension
of Q(up=) if and only if I is CM. Moreover if I is non CM,

lim sup[Q(upe)(ap(p)) : Q(upe))] = co.
PeA

Assume that [H 4(I) : Q(upo)] < co. We try to prove that I has
CM. The converse is an application of Galois deformation
theory.



7. Number of eigenforms bounded

We start preparing to give a proof of the theorem. Put K(fp) =
Klap(n);n=1,2,...] inside Q.

Lemma 1 (Bounded degree). The degree

[Q(ppe) (fP) + Qlupe)(ap(p))]

for arithmetic P with fixed k(P) > 1 is bounded (basically by
B = ranky ) h) independently of P.

Let A(l) = a root of det(X — py(Frob;)) =0 for I{ Np. Then
o) p = P(A(l)) € Q, is a root of

X2 —ap()X + ()P = 0.

If | = p, we put A(l) = a(l). Fix [. Extending I, we assume
that A(l) € I. By the lemma, if [Q(up=)(ap(p)) @ Q(upe)] < B
for B independent of P € A, Lp = Q(up)(a; p) has bounded
degree over Q(uy~) independent of [ and P for all P ¢ A.



§8. Welil numbers

For a prime [, a Weil [-number o € C of integer weight £ > 0
satisfies for all o € Gal(Q/Q),

(1) || = [¥/2, (2) « is an algebraic integer.
Two nonzero numbers a and b equivalent if a/b is a root of
unity. Let IC; be the set of all extensions of Q[u,~] of degree
d < oo inside Q whose ramification at [ is tame. Here is an
elementary fact:

Proposition 1 (Finiteness Proposition). We have only finitely
many Weil [-numbers of a given weight in the set-theoretic
union Uger, i up to equivalence.

By tameness, there are only finitely many isomorphism classes
of K®@ Q; for K € K4, and one can consider the prime factor-
ization in a fixed algebra K ®g Q;.



9. A rigidity lemma

Let W be a p-adic valuation ring finite flat over Z, and ®(T') €
WI[T]]. Regard & as a function of t = 1+ T; so, ®(1) =
®d|r—g. We start with a lemma whose characteristic p version
was studied by Chai:

Lemma 2 (Rigidity). Suppose that there is an infinite subset
Q C ppeo(K) such that ®(2) C ppo. Then there exist (g € ppo
and s € Zy such that g‘0_1<b(t) =t° =3, <fl)T”

One day at Tata institute, I asked Kiran Kedlaya if this is true.
He came up with a proof next day. I also invented a proof
before his showing up to my office, though his proof is more
elementary. I leave this to you as an exercise.



310. Frobenius eigenvalue formula

Suppose [H 4(I) : Q(pp=)] < oo. Thisimplies Lp = Q(up~)(ay p)
has bounded degree over Q(upx);, so, for primes [ > 0, [ is
tamely ramified in Lp (the tameness assumption in Finiteness
Proposition).

Proposition 2 (Eigenvalue formula). For sufficiently large prime
[, there exists a Weil [-number a1 of weight 1 and a root of
unity (o such that

A(P) = oy p = Colag)F)1

log,(a1)

for all arithmetic P; in other words, for s =
log, ()

A(T) = ¢(1+T)".



§11. Proof of eigenvalue formula

We give a proof assuming I = W|[[T]]. By Finiteness proposi-
tion, we have only a finite number of Weil [-numbers of weight
Ein Upcg Lp up to multiplication by roots of unity, and hence

A(P) for P € A hits one of such Weil l-number o of weight
k infinitely many times, up to roots of unity.

After a suitable variable change T'— Y =~"%(1 4+ T) -1 and
division by a Weil number, A(Y) satisfies the assumption of the
rigidity lemma. We have for s1 € Zy

A(Y) = Ca(1 +Y)™1,

and A(T) = (p(14T)°. From this, it is not difficult to determine
s as stated in the proposition. [ ]



§12. Abelian image lemma

Consider the endomorphism os : (1+71) — (14+T1)° = 3>, <fl)T”
of a power series ring W|[[T]] for s € Zp. Let A be an integral
domain over W|[[T]] of characteristic different from 2. Assume
that the endomorphism o> on W|[[T]] extends to an endomor-

phism o of A.

Lemma 3 (Abelian image). Take a continuous representation
p: Gal(Q/F) — GL%(A) for a field F C Q, and put p° := o o p.
If Tr(p°) = Tr(p<). Then p is absolutely reducible over the
quotient field Q of A.

Heuristically, the assumption implies that the square map: o —
,02(0) is still a representation p?; so, it has to have an abelian
image. Since any automorphism of the quotient field @ of
Zp[[T]] extends to its algebraic closure Q D I, we can apply the
above lemma to py.



§13. Proof of the theorem. Suppose [H 4(I) : Q(up>)] < oo.
Step 1: We have [Lp : Q(up~)] bounded independent of [; so,
if [ >0, Lp is at most tamely ramified.

Step 2: By Eigenvalue formula, we have Tr(p(Frob;)) = (1 +
™+ ¢'(1+ T)a/ for two roots of unity ¢,¢’ and a,a’ € Qp.
Step 3: Not too difficult to show that the order of (¢, is
bounded independent of [.

Step 4: Let my = m{’ 4+ (7) and p = py mod my for N > 0
and F' be the splitting field of p; so, taking N > 0, we may
assume

Tr(p(Frob])) = (1 + 7)1 + (1 + T)7

for all [ > 0 as long as F’roblf c Gal(Q/F).

Step 5: This shows Tr(oso p) = Tr(p®)
over G = Gal(Q/F). Then by the above lemma, p*%|4 is abelian,
and hence I is CM. [ ]



§14. The number of twist classes of abelian variety of
GL(2)-type.

An abelian variety A over Q is of GL(2)—type if EndO(A/@) =
End(A/@) ®7 Q contains a totally real or a CM number field
F of degree equal to dim A. Such an abelian variety is CM if
EndO(A/@) contains a semi-simple quadratic extension of F.

The Galois representation on A-adic Tate module T\ A = li_mnA[X”]
for a prime X\ of F' produces a compatible system of A-adic rep-
resentations pgq = {py O ThA}. Thus we have its L-function

L(s,A) = L(s,p4).

We call two Q-simple abelian varieties A and B are twist equiv-
alent if L(s,p4) = L(s,pp®x) for a finite order Galois character

X -



§15. Finiteness of twist classes.

Our next goal is:

Theorem 2. There are only finitely many twist classes of Q-
simple non-CM abelian varieties of potentially good ordinary
reduction at p and good reduction everywhere else.

Our strategy of the proof is as follows:

e By a theorem of Khare—Wintenberger, a Q-simple abelian
variety A of GL(2)-type is associated to an elliptic cusp form
fa such that L(s,A) = L(s, f4) (f4 up to Galois conjugation).
e Since A has potentially ordinary good reduction at p, either
fA generates an automorphic representation super-cuspidal at
p or we may assume that |a(p, f4)|p = 1 after twisting by a
character.

e Show the super-cuspidal case never occur.

e Count ordinary f4 of p-power level to show the number of
such f4 is finite.



§16. Non super-cuspidality

Let A be as in the theorem and the mod p abelian variety A
be the reduction modulo p of A over some extension of Zp.
Suppose that f4 is super-cuspidal at p.

As is well known, for A {1 p, there exists a quadratic exten-
sion M/Qp such that p,\|Ga|@ Q) = Ind%’go for a character
p

Q! Gal(@p/M) — F;

By super-cuspidality, ,0>\|Ga|(@p/@p) is irreducible, and P,\|Ga|(@p/M) =

© D o, Where vs(g) = p(ogo™1) for o € Gal(@p/Qp) inducing
non-trivial automorphism on M.

A power o([p, M])™ is the Frobenius eigenvalue of A. Since
02 ([p, M]) = pos([p, M]) = p¢ with e > 0, A cannot be ordinary.
This fact was pointed out by A. Yamagami sometimes ago.



§317. Ordinary good reduction N
Let V be a valuation ring finite flat over Z, over which A =
A®y k for k := V/my, is an ordinary abelian variety:

Alpl(Fp) = (2/pL)" ™A,
We regard  Z[fa] = Z[a(n, f4)]ln C ENd(4g) C End(fl/F)
Again some power o™ for a = a(p, f4) is the Frobenius eigen-
value of A. The action of a on A[p](F,) £ (Z/pz)d™A is in-
vertible.

4= {0:Qla] = Qlla”]p = 1}
is a CM-type of Q[a]. Thus we need to show:

Theorem 3.1In a non-CM family of prime-to-p level 1, there
are only finitely many arithmetic P such that

>p = {o: Qlap(®)] < Qllap(p)’|p =1}
is a CM type of Qlap(p)].



318. Proof of Theorem 4, Step. 1. Supposing to have an
infinite set A of arithmetic points such that >p is a CM type

of Qap(p)] for all P € A, we bound [Q(up=)[ap(p)] : Q(ups)].
So, I isa CM component by H-theorem.
Let Fp = Q(a(p, fp)), Kp = Q(ep) and Lp = Fp(ep). Then
InfLPZp = {O‘ : Lp %@|U|Fp c ZP}
is a CM type of Lp. Thus
2|Infr, X p|=[Lp: Q]

Since Q(uye0) has only one p-adic place and [Kp : Q] = p"(P)~1(p—
1), for a fixed embedding og : Q(pp) — Q, we have

(*) [Infr,>p
= [{o € Inf1, Tpolx, = oolw,}| - [Kp: Q) = CpD[Lp : Kp)
for the constant C independent of P.



319. Proof of Theorem 4, Step. 2. Write H = @?;% h ;.
Since |Infy,, 3> p| is the number of conjugate slope 0 forms f7
which is bounded by the rank of the Hecke algebra H/(1 +
T)?" —~)H acting on them, we have, for r = r(P),

H
(A +T) —y)H

e pT(P) ranKW[[x]] H.

(k)

| Infr, > p| < ranky

Since

[QCppe) (ap(p)) 1 Q(ppo)]
= [Lp: LpNQ(up=)] < [Lp: Kp]
as LpNQ(up=) O Kp, (x) and (x*x) combined tells us

[Qup=) (ap(p)) : Qup)] < C~ L rankyy iy H-

This isimpossible if I does not have CM, since suppc 4[K (a(p, fp)) :
K] = oo by the H-theorem.



