LOCAL INDECOMPOSABILITY OF TATE MODULES
OF NON CM ABELIAN VARIETIES WITH REAL MULTIPLICATION
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ABSTRACT. Indecomposability of p-adic Tate modules over the p-inertia group for non CM (par-
tially p-ordinary) abelian varieties with real multiplication is proven under unramifiedness of p in
the base field and in the multiplication field.
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As quoted by Ghate-Vatsal in [GV] Question 1 (and answered there affirmatively to a good
extent), it is a fundamental problem posed by R. Greenberg to decide indecomposability of an elliptic
modular p-adic Galois representation restricted to the decomposition group at p in the ordinary case
(as long as the representation is not of CM type). Jointly with B. Balasubramanyam, they have
generalized the result to the cases of Hilbert modular forms for primes p splitting completely in the
totally real base field (see [GV1]). There are some good applications of their results (see for example
[E] and [G]). We can ask the same question for p-adic Galois representations arising from the Tate
module of an abelian variety A with real multiplication defined over a number field k; so, End(A )
is the integer ring O of a totally real field of degree dim A. This concerns the p-adic Tate module
T, A for a prime p|(p) of O as a module over the decomposition group D, at a place P over p of k.
Suppose that A has good reduction modulo 9B. If the finite flat group scheme Alp] of p-torsion points
is local-local at B, as is well known, the D, -module A[p](Q,) or T, A ®o, F} is often irreducible
(as proven in [ALR] IV-38, §A.2.2 for elliptic curves, see also the generalization of Serre’s modulo
p modularity conjecture for totally real k; in particular, §3.1 of [BDJ]). Anyway in this paper, we
limit ourselves to the case where A[p](F,) # {0}. This assumption does not necessarily mean that
A has ordinary good reduction at p.

We answer this question affirmatively in Theorem 5.1 for an abelian variety with sufficiently many
real multiplication but without complex multiplication (over Q) if the endomorphism totally real
field F and the field k of definition are unramified at p over Q. Since simple factors of the jacobian
of a Shimura curve are often of this type, we should be able to answer the original question by
Greenberg. Indeed, Bin Zhao [Z] has just removed our assumption of unramifiedness of p in the base
field k£ and in the multiplication field F' and has proved unconditionally indecomposability for the
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nearly ordinary Galois representation of each weight 2 Hilbert cusp form at least over an odd degree
totally real base field. If the base field has even degree, he had to assume square-integrability at a
finite place or the existence of an abelian variety associated to the cusp form.

Since a CM abelian variety with ordinary good reduction at p has semi-simple Tate module over
D,, we may regard the p-local indecomposability of the p-adic Tate module as a characterization of
non CM/CM abelian varieties via local p-inertia action. The importance of such characterization is
emphasized in [H11a], and other examples of characterization are listed there.

Throughout this paper, we fix an algebraic closure Q in C and an algebraic closure Q,, of Q, (the
v-adic field or R for v = oo) for each rational place v. We write C, for the completion of Q, under
v. Therefore, for each v, we fix a field embedding i, : Q—C, (here i coincides with the original
inclusion Q@ C C) and identify all C, with C so that we have the following commutative diagram for

each v: _ _
Q ——Q

l ]

— C.

Here is a sketch of our proof of indecomposability (and an outline of the paper), assuming for
simplicity that the abelian variety A over a number field & C Q has multiplication by the integer ring
O of a real quadratic field F; so, 2 = [F : Q] = dim A and End}(4 5) = Endp(A . xQ ) = F (this
means that A does not have complex multiplication), where “End%(?)” denotes the total quotient
ring of the O-linear endomorphism algebra Endo(?) of the object “?” inside. Such abelian varieties
are parameterized by Hilbert modular varieties whose theory we recall in Section 2 to the extent we
need (explicitly or implicitly).

Let O denote the integer ring of k. We denote primes of k by upper case Gothic letters and those
of F by lower case Gothic letters, and the corresponding Roman (lower case) character is the residual
characteristic of a prime denoted by a Gothic character. Suppose further for simplicity that A has
ordinary good reduction at primes P and £ with p # [. On the contrary to what we want to prove,
suppose that A[p>] for a prime p above p has a semi-simple Tate module over D, = Gal(Q,/kq).
Then the p-adic Serre-Tate coordinate t,(A) of A is equal to 1. If p is a unique prime over (p) in
O, this identity tp (A) = 1 forces A to be a canonical lift having complex multiplication. Thus we
assume (p) = pp’ in F with p # p’. By the Serre-Tate theory, for the Witt vector ring W, with
coefficients in an algebraic closure IF of Fp,, the deformation  space of the reduction Ap = A ®gm IF

(for Fqg = D/‘B regarded as sitting in ) is isomorphic to S/W = Sp/W =Gy ®z, O, = Sp X Sp
with Sp = G ®z, Op, and 1, is the coordinate of the multiplicative formal group G ®z, Op = G

(as Oy = Zp). In other words, G Jw, is the formal completion of G,,, = Spec(W,[tp,t, ']) along
the origin (i.e., the identity) of its reduction modulo p. We recall in Section 1 some details of the

construction of Serre-Tate coordinates.

The field M = End% (Ap /Fp) is a CM quadratic extension of F. We have two Serre-Tate coordi-
nates t, and t,/. Since A does not have CM, we must have ¢,/ (A) # 1 (as the origin of S corresponds
to the canonical lift of Ay which has complex multiplication by the CM field M). By the universality
of S, M* acts on S naturally by an isogeny action. Then by the reciprocity law of Sin [H10] §3.3, we
have t, o = t?a(lfc) for an embedding o : M — Q inducing the place p of F after composing with
ip. Here ¢ denotes the generator of Gal(M/F'). For the l-adic place [ induced by ¢; o o, we have the
Serre-Tate coordinate t; of the deformation space S[ G ®z, Or of Ag. Now the abelian variety A
gives rise to a k-point 2 of the Hilbert modular Shimura variety Sh,q for GL(2),p. Looking at the
k-tangent space T'an, at x € Shi (k) (for a neat open compact subgroup K C GLa(F Iéoo)) maximal
at p and 1), the Lie algebras Lie(gp) and Lie(S,) are related to (the o-part of) Tan, via appropriate

scalar extension; therefore, the action of M* on Lie(gp) can be transferred to Lie(§[) via Tan,.
We will see in Section 4 that ¢, (resp. t) is the exponential of the corresponding linear coordinate

Ty (resp. m) of Lie(gp) (resp. Lie(S’\[)). From this, we conclude in Theorem 4.5 that #; also satisfies
tioa = t?‘a(lfc) for a« € M*; so, End%(AS/E) must be isomorphic to M. In Section 3, we describe
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the canonical O-action on gy, /k, Tan, and on Lie(§ ), and in Section 4, we study the M-action
(extending the O-action) on the Serre-Tate coordinates (and its linear version).

Because of x € Sh(k) C Sh(C,) = Sh(C;) (under our identification: C, = C;), the formal

completion Ogj, , along the points z € Sh(C,) = Sh(C;) canonically contains Oz, and Og,. Thus

in @Sh,x, we can compare T, = log, oty and 7y = log; of for the v-adic logarithm log,. Since they
both satisfy 7 o a = a”=% 7, they are proportional; so, 7((A) = 0 and hence t{(A) = 1, which
implies the Tate module Ty A of A[(*°] is also semi-simple under D;. As is well known (cf. [O] 2.7
and Section 7 in the text), split ordinary primes for an abelian surface have Dirichlet density 1 for
k (replacing k by its finite extension if necessary), and using non-CM property of the p-adic Galois
representation on the Tate module T, A (combined with Chebotarev density), we can find [ such
that M % End} (A, /F,), getting a contradiction (whose details will be given in Section 5). In the
text, we fill details of this argument and generalize this to totally real fields F' with [F': Q] > 2, to
primes p with residual degree > 1 and to abelian varieties A which may not be ordinary at B (i.e.,
only partially ordinary at 93).

As a byproduct of our proof, we get (in Theorem 4.5) the proportionality of 7, and 7. Though it is
irrelevant to the proof of the main theorem, we will compute in Section 6 explicitly the proportionality
constant as the ratio of the square of the Katz p-adic and l-adic CM periods. In the above sketch
of the proof, we used heavily existence of many primes of k at which the given abelian variety A
has good (partially) ordinary reduction. We give a brief account of the fact that such primes has
density 1 among primes of (the Galois closure of) k in Section 7.

As is clear from this sketch, there is much room for generalization of our argument to abelian
varieties with less multiplication. We hope to come back to the study of local indecomposability for
general abelian varieties in near future.

The author thanks Brian Conrad for some help of identifying an optimal reference in rigid analytic
geometry for quotes here.

1. DEFORMATION SPACE OF AN AVRM

Pick a rational primes p. Let F' be a totally real field with integer ring O in which p is unramified.
Write d = [F': Q]. Let (A4, X, 0),, be an abelian variety with real multiplication by O (in short an
AVRM by O) over a number field k¥ C Q with integer ring © in which p is unramified. Here
0 : O — End(A/;) is a ring homomorphism sending the identity to the identity making Lie(A)
a free O ®z k-module of rank 1, and X : A — 'A for the dual abelian scheme ‘A = Pic% /K 1S an
O-linear polarization of degree prime to p. Thus the p-adic Tate module T, A is free of rank 2 over
Op =0®zZy, and dimA = [F': Q]. Let P = {x € O : |ip(z)|, < 1} be the prime of k induced by
ip : Q = C,. Let F, = Fy be an algebraic closure of Fyy = O/, and write W = W, for the ring
of Witt vectors with coefficients in F,. We identify W with the subring of C, which is the p-adic
completion of the ring of integers in the maximal unramified extension of Q, in @p C C,. Thus iy
embeds O in W, and we regard O C W. We put W = W, = i, '(W,) C Q which is a discrete
valuation ring with residue field F,, (and is a strict henselization of Z,) = QN Z,).

Let Ogp be the P-adic completion of O, and suppose that (A, A, 0)/, extends to the triple
(A, X, 0) /0, for an abelian scheme Ao, . Thus we can think of the special fiber (Ao, Ao, 90)/]}—‘17 =

(AN, 0) xo, Fp. Let C'Ly denote the category of complete local W-algebras with residue field
F,. We consider the fiber category D,y (over C'Ly/) of deformations over R of (Ao, Ao, 6o) /F, OVer
R € CLw. Objects of D,y are triples (A’, N, 0') /r satisfying ta: : (A", X', 0") x rFp = (Ao, Ao, 90)/]?17.
A morphism ¢ : (A", N, 8'),r — (A", \",0") /r is a morphism of AVRM’s ¢ : A" — A" such that

(1) the special fiber ¢ of ¢ satisfies ta o ¢g 0 Lz/l = id4, for the identity map ida, of Ag;

(2) N ="po N 0o¢;

(3) pob'(a)=0"(a)o ¢ for alla € O.

We suppose that

(NLL) the reduction Ay := Ap = A ®9,, F, has nontrivial p-torsion F,-points.
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So, we have a prime ideal p|p of O such that the p-adic Barsotti-Tate group A[p°°] is ordinary, fitting
into the following connected-étale exact sequence of Barsotti-Tate Op-modules over W:

0 — pp= ®z, Op — Alp™]/w — F,/Op — 0.

Let ord = Zg’”d be the set of primes p in O over p such that A[p*>] y is not connected. Then we
put X = Z]lol = {p|p pé Z"”l}. We may regard X7 as a set of field embeddings o : F' < Q made
up of o with {a € O : |iy(o(a))], <1} =p € X°.

We now want to relate Dy with the following fiber category DEF over C'Lw of quadruples
(Ao, D, A, €) /R, where D is a Barsotti-Tate O-module over R, A : D — 'D is an O-linear isomorphism
of Barsotti-Tate groups into the Cartier dual !D of D and € : Dy = Ag[p™] is an O-linear isomorphism

of Barsotti-Tate O-modules for the special fiber Dy = D ®gpec(wy Spec(F,). We require € to satisfy
the following commutativity:

Dy —— Ao[p™]

ho | [

tDO T tAO[poo]

where Ag is the special fiber of A. A morphism
¢: (Ao, D, A e) — (Ap, D', N €)

of DEF is a pair of O-linear morphisms ¢pr : D — D" in Hompr,,, (D, D) and ¢p : Ag — Aj in
Homeagsc H (Ao, Aj) making the following two diagrams commutative:

Aolp™] 22— 4y[p™]

DO S D6

and
Do _$s87 | D)},

T

tDO — tDé.
t,
BT

Here GSCH (resp. BT) stands for the fiber category of group schemes (resp. Barsotti-Tate groups)
over C'Ly . We have a natural functor: D, — DEF given by

A (Ao = A@w Fp, A™), Al apee, )
for the canonical isomorphism ¢ : A[p™] @uw Fp = Ao[p™]-

Theorem 1.1 (Serre-Tate). The above functor: Dy — DEF is a canonical equivalence of cate-
gories.

A proof of this is given in [K] though the input of # and A is not there (see [K1] Lemma 1.11.6 or
[Ra] §1.7 for how to modify the argument incorporating endomorphisms and a polarization).

We can split DEF into the product of the following fiber categories: DEF°"® and DEF! over
CLyw. Here “ord’ stands for ordinary Barsotti-Tate groups and “II” stands for local-local Barsotti—
Tate groups. The objects of DEF? is given by (Ag, D, A”, e?)/R such that D7 is a Barsotti-Tate
O-module deforming Ag[p>]" = [pexr Ao[p] for 7 = ord, Il and A? . D" 2 !D? is an O-linear
isomorphism and €’ : D§ = Ay[p™=]’. Thus D" is local-local (i.e., D" and ‘D" both connected).
The quadruple (Ao, D’ A, e?) is supposed to satisfy the same compatibility of diagrams defining
DEF. Since by O-linearity, we have a canonical decomposition D = D¢ x D" for an object
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(Ao, D,A,€))r of DEF with the maximal ordinary Barsotti-Tate O-module D°"® in D and the
local-local complement D! of D" in D so that D = D" x D", we get a decomposition

DEF 3 (A, D, A, €) — {(Ag, D", A| pora, €| pora), (Ag, D', A| pu, €)} € DEF°™® x DEF"

which induces the equivalence between DEF and DEF°"? x DEF".
We consider the following deformation functor D : CL,y — SETS given by

D(R) = {(A,\,0)/r|(A,A\.0)/r € D}/ =
To describe the deformation space representing 13, we write Oz = [[,cz O for the Z-adic completion

of O for any finite set of prime ideals = of O. Then we put Fx = Oz ®o F and O = F'N Oz in
F=.

Proposition 1.2. Let the notatwn be as above. Suppose that p is unramified in F/Q and in k/Q.
Then the deformation functor D is representable by the smooth formal scheme S/W which is a
product of two smooth formal schemes: Gord isomorphic to Gm ®z, Oxora = Hpexord Gm ®z, Op
and S, where S = Spf(W [Ty, ..., Tp]]) (non-canonically) for m = rankz, Osu, and each factor
57 represents the formal stack DEF”.

Proof. As is well known, the formal stack DEF over W is represented by a formal scheme S smooth
over W of relative dimension equal to rankz, O,. Indeed, adding an O-linear prime-to-p adelic level
structure 7(®) (6(7”))2 ~7P 4 = 1im N Ao[N 1(F,) to (Ao, Ao, Bo), the quadruple (Ag, Ao, 6o, nP))

(called a test object) gives rise to an IFp point xg of the Hilbert modular Shimura variety Sh(p ) =

Sh%) x W of prime to p level. We recall in Section 2 the definition of the Shimura variety. Then

h(ZD)

S s/w can be identified with the formal completion of S along z¢ (and the Shimura variety is

smooth over Z,) of relative dimension equal to rankz, Op = [F : Q)). For the part DEF°" by the
theory of Serre-Tate, once we identify Ao[p™]"¢ with (pp= @z, Osora) X (Fgora/Osora) by a level
p-structure
M (Hp= @z, Ogora) X (Fgora/Ogora) & Ag[p™]°™,

the space Serd g isomorphic to @m ®z, Osxora whose origin corresponds to the unique canonical
lift of Ag[p>]°"® with complex multiplication (which may be different from the starting A[p>]°"<).
Since DEF =~ DEF°? x DEF" (equivalence of categories), we have a product decomposition
S = §ord 5 S Since S and 57 are formally smooth, S must be formally smooth. Then by
dimension computation, we have dimyy S = m as above. O

We have S’;‘D’Td = @m ®z, Osora = HpGEO’”d S’\g’”d for §g’”d = @m ®z, Op. Thus S’\g’”d is the O-
factor of the formal completion of G,, ®z O = Spec(W [t*]¢co) along the origin corresponding to the
maximal ideal (p,t—1). Here we used the fact that for the cocharacter group L of a split torus Ty,
we have a canonical isomorphism: T = Spec(W [t!];cr) = G, ®z L for the group algebra W[L] =
W [t!;er with the canonical variable ¢ of G,,. Since @ Rz 0 = @ ®z Op (Op = @n 0/p™0),

Gm ®z, Op has variable t, = ¢ ® 1, for the idempotent 1, of Oy in Op =[], ip Opr- We call t,, the

Serre-Tate (multiplicative) coordinate of Sg’”d.

2. HILBERT MODULAR SHIMURA VARIETY

Here is a more detailed definition of AVRM by O. Write O* = Homgz(O, Z) (the Z-linear dual),
which can be identified with the different inverse of Fg by the trace pairing. A triple (A, \,0),g
with an abelian scheme A over a scheme S with real multiplication is called an AVRM by O if it
satisfies the following four conditions:

rm =04 :0 — En s) 1s an embedding of algebras taking the identity to the identity.

1) 0=04:0— End(A/g)i bedding of algeb king the identity he identity

rm is an O-linear symmetric isogeny A : A — A induce an ample line bundle fiber-by-fiber

(rm2) Ai O-li y ic isogeny A : A — ‘A induced by ple line bundle fiber-by-fib
geometrically (see [GIT] 6.2). Identifying ‘A with A ®¢ ¢ for a fractional ideal ¢ of F, X is
called a c-polarization of A. Here X is called symmetric if A =\
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(rm3) The image of 64 is stable under the Rosati involution on the endomorphism algebra End’ (A):
a—a*=X"ltolauo.

(rm4) As O®z0Og-modules, we have an isomorphism: Lie(A) = O®z05 (& m.(4,5) = O* @205
form: A — S) locally under the Zariski topology of S, where the sheaf Lie(A) of Lie algebras
of A (i.e., the pull-back of the tangent bundle over A g by the O-section) is an O-module by
the action induced from 6.

An AVRM A defined over a field x (potentially) has complex multiplication (or has CM) if the
algebra End%(A x, %) = Endo(A x, &) ®0 Q (of F-linear endomorphisms of A x, % defined over
%) for an algebraic closure % of & is not equal to F' (and if x C Q and A has CM, End%(A x, &) is
a quadratic extension of F'). An AVRM A over an integral domain ¢t has CM if A X, x has CM for
the quotient field x of t. An AVRM A, is said to be non CM if End) (A x. %) = F.

In the rest of the paper, we denote by = a finite set of rational primes unramified in F' containing
the fixed prime p, and we put Z=) = (),e=(Q N Z;) C Q (the localization at = of Z). We write
Oz) for the ring O ®z Z=zy C F' and let O(XE)+ be the group of totally positive units in O(z). Let
A®) be the fiber category over Z(=)-schemes made of abelian schemes with real multiplication by
O up to prime-to-Z isogenies. Thus the objects of A3 are triples (A, X, 04) /5 over a Zz)-scheme
S, and X is the set {a)\ := Ao @, (a)}aeo(xgH for a polarization A with polarization ideal prime to
Z. The morphisms: (A4, X, 0a)/s — (A’,X/, 0y)/s of A are given by the elements ¢ : A — A’ in
HomGSCH/Z(E) (A, A') ®z Z=) compatible with the data (X,64) and (X/, 04:). Here GSCH /i stands
for the category of group schemes over a ring R. We consider the Hilbert modular Shimura variety
Shiig) which is known to represent the stack made out of (A, X, 84, 7®) for a prime-to-Z O-linear
level structure n®) : (FS’OO))2 =~ T A @z Z=) sending the determinant pairing (a, b) — det(a, b)
for a,b € (F, S’OO)V to the pairing on T A induced by the polarization up to similitude factors in
(FS’OO))X, where T A is the prime-to-Z Tate module of A, F} is the adele ring of F and FS’OO)
is its prime-to-Z part given by {x € Falz; = 2o = 0 for all [ € Z}. Strictly speaking, to get Sh(Zi))
(1 € B), for EO := =\ {I}, we need to actually identify the Z")-part of the Tate module Teu) A
with Oém (without specifying an isomorphism; see [H06] §1 for more details). Then the schemes
{Sh,z, hie= glue into Shiig). The pro-scheme Sh() is smooth over Zz) (cf. [PAF] Section 4.2).

Let G = Resp/gGL(2) with center Z,g. Under the action & — n® o g, each g € G(AE)>)
acts on Sh(®) as an automorphism. Let W= = MNicz= Wi (inside Q) which is a henselian semi-local
Dedekind domain with localization at each maximal ideal m; of residual characteristic [ equal to W.
We fix a non CM test object (A, X, 0,73)) y_ satisfying (NLL). Let = € Sh(®)(Wz) be the point
representing this test object.

Suppose p € E. By a theorem of Tate (cf. [ABV] Appendix I), the reduction (A, o, 6o, 17(()5)) F, =
(A, X, 0,713 . xw. Fp, has complex multiplication by a field M = End% (4, /F,) (F-linear endo-
morphism algebra). Regarding M C Q as an F-algebra, we write ém : M = End} (A, /F,) for the
identification (so, 5‘43| r = bh). Let R = Endo(A5,) which is an order of M. The quadruple
(Ao, Mo, 90,77(()5)) /F gives rise to a point o € Sh®)(F,). Let V be the geometrically irreducible
component of Shﬁz}g containing z; so, V/Fp =V Xwe Fp is geometrically irreducible and contains
zo. By the smoothness of Sh(Z) over Z¢=y and the existence of the smooth projective toroidal
compactification of Sh(®), V/E is geometrically connected.

By the global reciprocity law of Shimura (cf. [Sh] IT), we know

Theorem 2.1. Let the notation and the assumption be as above. Suppose p € = which is unramified
in F/Q. Let k = Fp or Q. For the geometrically connected component Vi C Sh%i:) X7z Ks the

scheme automorphism group Aut(V),) C G(AB)>®) is given by the semi-direct product of the field
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automorphism group Aut(F,q) and

oo (96 G detlg) € OF FX,)  {g€ G )| det(g) € OF )
Z(ZE)G(R)+ Z(Zz)) ’

where G(R)y is the identity connected component of G(R) and “==” indicates closure under adelic
topology. Here Aut(F,q) acts on c® through its action on G(A). For the above point xoy €
ShE)(F,), the stabilizer of xo in 3 is the image of the morphism p : R(XE) — G(A®)>) given by
ém(a) o 77(()5) = 77(()5) opla) for a € R(XE) = (R®z ZLz)* C M*.

By this theorem, the stabilizer 7 in £ = Aut(V/E) of xy is the image of R(XE) for the order R in
the integer ring o of M under the morphism p : Tpy = Resg/zG,, — G of group schemes defined
over A1 (s0, it is a conjugate of an anisotropic torus in G' under an element in G(A®)>)). Tt
would appear later that we do not use this theorem, but it will be implicitly used to assure that our
action of T/ (Z=)) preserves each geometrically irreducible component of Sh(®) as its action factors

through E(:).

Proof. The first assertion is proven by T. Miyake in [M] for x = Q (following the method of Shimura
in [Sh] II) via the well known identification of the automorphism group of a bounded symmetric
domain with the corresponding Lie group (e.g., [DLS] Chapter IV); in our Hilbert modular case,
Aut(H?) (% = {# € C|Im(2) > 0}) has identity connected component isomorphic to PSLy(R)! for
I = Homgeia(F, Q). See [PAF] Theorem 4.14 for another algebraic proof for k = Q, and the case

where k = F,, is treated in [HO06]. If g € z® stabilizes Zo, by universality, we have a prime-to-Z
F-linear endo-isogeny

a (AO;XO;HOanéE))/Fp = (AOaXOaQOanéE) og)/Fp'

In other words, a can be regarded as an element of R(XE). Since O () on® = & o (), the matrix

pla) coincides with ¢ in the quotient . O

Lemma 2.2. Suppose that the AVRM (AO’)‘)/FP is defined over a finite field ¥, C F, and p €
xord. Then the algebra M = End%(AO/H;p) is a CM quadratic extension M over F' generated by the
Frobenius endomorphism over Fy. In particular, the prime p in F splits into PP in R for primes
P 4P

By this lemma, we have Ry, = 0, = Rp X Rz = Oy X O, for the integer ring o of M.

Proof. By definition, M, is isomorphic to F-linear endomorphism algebra End% (Ao[p>°] JF,), which
is therefore a semi-simple quadratic extension of F,. Thus M is commutative, and the embedding
restricted to M C M, factors through Endr(Ag,r,) and its image contains the ¢g-th power Frobenius
map ¢. Since F[¢]/F is a CM field because of the positivity and non-triviality of Rosati involution
¢ of \g, we must have M = F[¢] which is a CM quadratic extension of F'.

Note that ¢ and its dual ¢¢ = A~! o %) o \ satisfy ¢¢°® = ¢°¢ = q. Since ¢ is invertible on
Ao(Fp) D Ag[p™] #0, a = ¢ + ¢¢ € O is prime to p. Thus the minimal polynomial X2 — aX + ¢
of ¢ over F satisfies X2 —aX + ¢ = X(X —a) mod p with (¢ mod p) # 0; so, p must split in
R > O[¢]. O

We often choose P so that P contains ¢; so, Ag[P] is connected.

3. EIGEN DIFFERENTIALS

We keep the notation introduced in Theorem 2.1 in the rest of the paper. For an open compact
subgroup K of G(A(Z)>®) we write Vi for the image of V under V. C Sh(® — Shg?) for the
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geometric quotient Shf) = Sh® /K (thus V is the pro-variety V = lim Vg in the sense of
Grothendieck [EGA] IV.8 or [EAI] §5.1.4). We take K sufficiently small so that K is neat; i.e.,

Lyrg-1t = {a € gKg~' N G(Q)|det(e) is totally positive}

does not have torsion modulo its center (this holds true if K is inside the principal congruence
subgroup of level N > 3). Under neatness, Vi is smooth over W=.

Let 7 : (A,0A) — Vi be the universal AVRM over V. Then w = 7.Q4 v, has an O-action
via 4 and by (rm4), is locally free of rank 1 over O ®z Oy, (which is a module over O ®z W=).
Since O ®z W= = Wé by sending a ® b to p(a)b for ¢ € I = Homgeq(F, Q) (as primes in Z are
unramified in O), we can accordingly split w = @ per WP for a line bundle w? on which the O-action
factors through ¢. By the Kodaira-Spencer map (see [K] §3.6), Qv, /)y is canonically isomorphic to
D, w* for w?¢ = w? ®o,, w¥ (see [K1] 1.0.21). Thus the cotangent space Qy, v has a canonical
O(XE)—action. A section T of the structure sheaf of a Zariski (resp. complex analytic, p-adic rigid
analytic) neighborhood D, (of z) is called “belonging to ¢” if dT' € H°(D,, (w?#)*) for the line
bundle (w??)* corresponding to the algebraic bundle w?# (by GAGA theorems; see Example 2.4.6 in
[C]). Here we use * = an in the complex analytic case and in the rigid analytic case (and we place
nothing in the algebraic case; if we need to specify the place v, we write * = v-an). If T is a part of
the coordinate system belonging to ¢ (at v € EU {o0}), we call T' a @-coordinate (at v).

Recall M = End%(A4¢) D Endo(A4¢) = R. The field M is a CM quadratic extension of F, and
let Tps = Resg/zGy. Recall the morphism p : Ty — G(A®)>) of algebraic groups over A(%)>
given by ém () o 77(()5) = 77(()5) o p(a). The point zo € V(F,) is a fixed point of p(T(Zz))), and let
U be a Zariski open neighborhood of zo. Suppose that we have a non-constant f € F,(V) vanishing
at xo and a p-adically open subgroup 7 of Ty(Zz)) such that f o p(a) = Ao f with a constant
Ao €F, foralla € T. Let X° = {u € U|f(v) = 0} and X be the Zariski closure of X°. Since
f is non-constant, dim X = d — 1. Then, by definition, X is stable under the action of the image
T c &% of p(Tn(Zz))). Supposing that zg is in the ordinary locus, by [H10] Proposition 3.8,
X =V ifdimX =d— 1> 0. This is impossible, so such a nontrivial f does not exist.

Suppose that we have a flat integral covering space 17/ U whose image contains xo on which the
action of 7 extends. If f o p(a) = Ao f with a constant \, € F, for all a € T for f € Fp(ﬁ),
we consider the image X° C U of {u € U|f(u) = 0} and its Zariski closure X. By the same
argument, we have X = V if d — 1 > 0. Thus even in Fp(ﬁ), such an f # 0 does not exist. Thus if
0# f € @V,xo satisfies this property, f is transcendental over Oy 4, if [F : Q] > 2. We will not use
this transcendence result in the rest of the paper.

4. EIGEN COORDINATES

Let V' be the geometrically irreducible component of Shﬁe}g as in Theorem 2.1 containing the
point z € V(Wx=), and take a neat open compact subgroup K of G(A(&)>). As before, let o be the
image of z in V(F,) (assuming p € Z). Recall Vi defined in Section 3 which is the geometrically
irreducible component of Shf) containing the projection of z. Let O be the stalk Ov,,, » C
OV/W?m = Ogp= , at the Wz-point € V(W=). The Wz-algebra O is semi-local (of finite Eype),
and its maximal ideal m; , over (I) C Wz for [ € Z is unique. Since V/V is étale, we may identify
the P-adic localization-completion of O and that of Oy, for any prime ideal P of Oy,,. We consider
the prime P = P, given by the kernel of O — Wxz induced by evaluation at . Then P is a prime
ideal inside the Jacobson radical of O (i.e., the intersection of all the maximal ideals {m; ;};ez of
O indexed by the residual characteristic | € = of m; ;). Let IC be the field of fraction of W=, and
consider the localization completion Op = K[[Ty, . . ., Ty]] for d variables T;. We can extend scalar to
C, for v =1,00 by K ¢ Q 2 C, and consider O, = O ®yy. C,. Then the evaluation at = € V(C,)
gives rise to a C,-algebra homomorphism O, — C, whose kernel, we denote by P,; so, P = P, N0O.
Then we localize O, at P, and write the localization as O, p,. We then complete it P,-adically,
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getting @m P, = @n Ou.p,/PIO, p,. We then have a commutative diagram of inclusions
@ T @P:K[[Tb"'aTd]]

| |

@U,Pv Cv[[Tl, ceey Td]]

As described above, we study coordinates around a point on Serd The coordinate can be a
formal function on S or a rigid analytic function defined on a rigid open neighborhood of the
point in the associated p-adic rigid analytic space denoted by (S’\O’”d)p'an. Here is what we mean
by the rigid analytic space associated to Serd A functor associating to a formal scheme Spf(A)
a rigid analytic space is studied by Raynaud and Berthelot. The theory of Raynaud is explained
in [BL], and one can find a good account of that of Berthelot in [dJ] Section 7. As a special case
of his theory, Berthelot associates, to Spf(W,[[(T)]]/(fi(T),..., fm(T))) for a finite set of variable
(T) = (T1,...,T,) and a finite set of power series f;(T) € W[[(T)]] := W|[[T1, T3, ..., Ty]], the rigid
analytic space X" given by the zero set of {f;}; in the open unit disk D" in the n-dimensional
affine space over the field of fraction Frac(W) of W. Here we take the base-change of X" to C,
(see [NAA] §9.3.6), and write it as Xj/”an. This construction appears very naive, but as exposed
in [dJ], this functor has intrinsic meaning and functorial construction, and it extends naturally
the results of Raynaud to formal schemes not necessarily of finite type over W. For p, € £
associated to i, o : F' — C,, we extend ¢, o ¢ to a projection W, ®z O = Wpl — C,, (which is
still denoted by i, o ¢), and we put 7, = 7,, = log, i, 0 p o t,_ for the Serre-Tate coordinate
tp, on §g:d =Gm ®z, Oy, Then a convergent power series in C,{{7,}},ex0ra is a rigid analytic
function well defined on (§°74)P-an where Cp{{7e}} is made up of power series 37, _, \sqanT"
in Cp[[ry]]pexora with limy,| o [anlp = 0 for [n| = 3°_ n,. The GAGA type theorems associating
an analytic sheaf 7" (again 7" is the base change to C, of % in [dJ]) to a formal coherent
sheaf § are given in this setting in [dJ] §7.1.11, and the analytic/formal sheaf of Kéhler differential
is discussed in [dJ] §7.1.12. In particular, for a rigid point € XP2® coming from a smooth formal
point € X (W) in the generic fiber, the formal cotangent space Qx/w () ®w C, and the analytic
cotangent space (2xp-an/c,(7) at  are identical.

For an l-adic Barsotti-Tate O-module B defined over a ring C', we write Endo(B/¢) for the ring
of O-linear endomorphisms of B defined over a ring C and put End}.(B,¢) = Endo(B,¢) ®2 Q. For
a finite extension k of Q in Q with integer ring O, put W, = W= Nk.

Lemma 4.1. Let | € = be a prime. Let E/p be a quadratic extension with Te = Resg/qGmn,.
Suppose that (A, X\, 9,77(5)) is the test object sitting over x € V(Ws) such that the image of x in
Vi (for a neat open compact subgroup K of G(AZ):>)) falls in Vig(Wy) for a finite extension k/Q.
For £ = Wy, Nmy, let (Ag, g, 9)3,77)(35)) be its reduction modulo wy . sitting over xg € V(F;) (so
Ag is defined over Fg = O/£). Suppose that we have a level [-structure n; : (= ®z, Or) = A[I1>°]°
defined over W for a prime [ € 29" such that i @ ;" : (e~ ®z, O1) © (Fi1/Oy) = A[[*®] over W,
as Barsotti-Tate O-modules, where A[I*°]° is the connected component of the Barsotti-Tate group
A[l*°] )y, and 57[71 is the dual inverse of ny under the Cartier duality induced by the polarization .
If we have embeddings p : Tp(Q) — G(A®)>) and E > a — a, € Endy(Ag [q*°] k) for all primes

q outside = satisfying 77)(353 opla) = g 0 77)(33 for all ¢ & = for the q-component 77((13) of the level

structure 7%, then 7
(1) E is a CM field isomorphic to End%(AE/E),
(2) ﬁ(t(XE)) (t) =t ®z L)) fives xe € V(Fy) for an order v of E mazimal at |,
(3) we have an F-linear embedding g : E — End%(As/]E) such that §£(a) induces o in the

endomorphism algebra End%(Ag[q*]) for all q € 2,
(4) there exist an extension of o : F — Q to E (still denoted by o) and a l-adic rigid analytic
o-coordinate T, = T, of the rigid analytic space associated to Sl‘”d centered at x in S(W;)
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such that 7,(z) = 0 and 7, 0 p(a) = i1 (a1 =) 7, for each o inducing the place | on F after
composing ij.

Moreover the coordinate 7, as in (4) above is unique up to scalar multiples.
We call a o-coordinate satisfying (4) above a p-eigen o-coordinate.

Proof. The test object (Ag, Ag, f¢) is defined over the finite field Fg = 9/€. Let R’ = Endo (Ag/r,)-
Since X¢7 £ (), by a theorem of Tate (see [ABV] Appendix I, Theorem 3), R’ is an order of a semi-
simple quadratic extension M’ of F (generated by the Frobenius endomorphism over Fg) whose
simple components are all CM fields; so, M’ must be a CM quadratic extension (as it cannot be
isomorphic to F' x F'). By another theorem of Tate ([ABV] Appendix I, Theorem 2), we have

Endo (Ae[¢™]/r,) = EndO[Gal(E/M)] (T,Ag) = R @7 Z; =: R;.

Since F «— End%(Ag [qoo]ﬂ-z) by a — «g, we have E; = E ®7 Q, %NM(; for all primes g outside =,
and we conclude to have 0¢ : E = M’; so, E is a CM field. Put v = 63" (R') C E, which is an order

of F maximal at [ by Lemma 2.2 applied to [. Note that E; = F} x F}. Since 0g(a) for a € t(XE) isa

prime-to-Z isogeny sending (Ag, Ag, 77)(35))/]?1 to (Ag, Ae,fc(a) o 77)(35)>/E = (Ag, Ag, 77)(35) o p(av)) g,

pla) fixes xg by the universality of Sh;?.
1

By Serre-Tate theory, we have the Serre-Tate coordinate t := ¢; of the [-component @m ®z, Oy
of S’\l"’”d such that an O-linear automorphism a € Auto(G,, ® Oyw,) = O acts by t — t*. As
seen in [H10] Lemma 3.3, a € End}%(A¢) = E acts on §f’”d by universality, and this action induces
a homomorphism : t(XE) — Auto(@m ® Oyw,) = O sending o € E* to a®(1=¢) ¢ F| under an
extension 0 : E — Q of 0 : F — Q inducing [ and the projection of E; to one of its simple
components isomorphic to Fi. Though the proof of [H10] Lemma 3.3 is given for ordinary Ag, the
same argument applied to Ag[[*°] (in place of A¢[l*°] there) works equally well.

Let log; : 1+1W; — W, be the l-adic logarithm map. Write oy for the projection of W;®70 C Wi
to W, induced by o : O < Q. Then we get a standard o-coordinate 7, as the following composition:

~ lo o
G @2, OUWY) = (1 +1W)) @2, Or =225 Wy @, Of 25 W

We can perform the same procedure for other primes [, € Z?’”d, and get a coordinate 7, for ¢ € T
associated to [, satisfying the same property above replacing o by ¢. The associated rigid analytic
space (S’\l"’”d)l'an has by definition the coordinates {7} cxora (here $ord is regarded as a set of
field embeddings of F into C;). Note here ¢,(z) = 1 and 7,(x) = 0 (by the splitting A[[*°] =
(100 ®z, O1) & (Fy/Or) over W;) but for ¢ not associated to [, 7,(x) may not be equal to 0. Then any
other rigid analytic coordinate f centered at x (i.e., f(z) = 0) is anyway a power series convergent
on an open subset of the rigid analytic space (S’\l"’”d) associated to S’\l"’”d. Therefore it has power
series expansion f(7) =" a,7¥ for ¥ = H@GE?M 707 If fopla) =i (a”1=9))f, by equating the
power series expansion, we find that f is a constant multiple of 7,. O

l-an

If v = oo, we put Goo = Autp($H?) (the complex analytic automorphism group inducing O-
linear map on Qg1/c); s0, Goo = PSLa(FRr) = [[,cr PSL2(R) according to the decomposition
Fp = F®gR =[], R for which the projection to the ¢-factor induces i 09 : ' — R (e.g., [DLS]
Chapter IV). As is well known, the stabilizer of x € V(W=) in G is given by an anisotropic torus
in Go. Write the torus as Too » = 7, = H@GI Ty for 7, , =2 C* /R*. We put nord = J.

If v=pand Zg’”d # 0, we write G, = Autp(5°"?) (the group of formal automorphisms over W,
compatible with O(XE)—action on Q§ord/W ). Note that Gord = @m ®z, Osora as seen in Section 1.

We fix once and for all the identification ST = @m ®z, Oswora. This is tantamount to fixing an
isomorphism iy ®z, Op = Ag[p>°]° for each p € Zg’”d; so, as before, we write ¢, for the Serre-
Tate (multiplicative) coordinate of S’\grd. We have Autscm(Gy) = Autscm(Spec(Wplt, t71)) =
G (Wt t71]) = W]t,t71]* (the scheme automorphism group). Similarly, writing t = 1 + T, we

~

have Aut(G,,) = Aut(Spf(W,[[T]]))) = G (W[T)]) =1+ myy(r)) for the maximal ideal myy (7)) of
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WI[T]]. Here Aut(@m) stands for the automorphism group of the formal scheme Gy. Note that
Gm ®z, Osora = Spf(W([[Osord]]) = Spf(W{[T,]],ex0ra), where T, = t, — 1 for the Serre-Tate
p-coordinate t,. If ¢ € Gy, then ¢(T) = (¢(T'))pexora; s0, we have ¢*dT, = Z¢ %dﬂ,. Then

having ¢*(dT,) € WpdT,, implies % = 01if ¢ # ¢. Thus ¢, only involves the parameter T,; so,

Gp = @m(W[[T]])EOTd by sending ¢ to (¢, (T,))pexora. Let 1 € Sord be the W,-point given by
t, = 1 for all ¢ € X7 (i.e., the origin). The point x € V(Wxz) gives rise to = € :S’\‘”d(Wp) and
T € (§0Td)p'an(Cp). The group of O-linear automorphisms 77 = 7,1 = Auto_hn(g‘””d) is in the
stabilizer of 1. The translation automorphism 7, : y — zy € Sord is an element in Gp. Thus we

can translate the group structure via T, so that x becomes the identity element. Then we have
Tpo = T, = T,ThT;' C G, fix x. We have again 7, , = [] Ty with T, , = O, which

preserve the p-component §g’”d = @m ®z, Op C Gerd,

ord
pET?

Lemma 4.2. Suppose that p € Z is unramified in F. If g € G(A®)>) leqves stable S'\g’”d inducing
an automorphism of formal schemes and fizes the p-component x, € §grd of x, then the action of g
on §g’”d belongs to Ty 4.

Proof. The action of g on each test object (As, nf’) at s is given by
(A nP) = (Asgn ) <= (A0 0 g)

with an O-linear prime to =-isogeny «. Thus it brings the O-linear group structure on the deforma-
tion space So"¢ (of (A, ng(c:))) with identity = to the O-linear group structure on Sg‘c’gd with identity
xg just by the construction of the Serre-Tate coordinate; in other words, we have the commutative

diagram of the extensions

Ag[p™]° - Az [p*] T Am[poo]et
zla U e zla
Azg[p™]° ——— Aug[p™] —— Aug[p™]*.

The vertical arrows are O-linear isomorphisms as « is prime to Z-isogeny. Thus if g leaves S’\g’”d
stable and fixes x,, it must preserve the O-linear group structure of S’\g’”d with identity z,. This
shows the action of g on S’\g’”d belongs to 7, 4. O

Since the stabilizer of the ¢-component x, of z in $! is 7, ,, we have immediately

Lemma 4.3. If g € G(A®) leaves stable the o-component 9, =9 of 9! and fizes the p-component
Ty € 9y, then the action of g on $, belongs to T, 4.

Lemma 4.4. Let x € V(W=), and suppose that v € E U {oco} is unramified in F. Then for each
© € X9, there always exists a p-coordinate T, = T, with T,(x) = 0 convergent on an open Tigid
affinoid neighborhood D, (1,) of x satisfying 7, 0 a = afT, for a = (ay)venora € Tz = Ogpra if
v< o0 and Ty, 0a = ayT, fora € Toor = (C*/R*) if v = 0o, where v is the place of F induced by
iy 0@ F'— Cp,. The coordinate T, , s unique up to scalar multiple.

If 2y #1, € §g’”d, the automorphism ¢ € 7, . N Aut(gg’”d) may not extend to the global V'
as the translation T,, # 1 is possibly a transcendental action only defined on the formal scheme
§grd = @m ®z, Op. Therefore, 7, in the lemma may not be a p-eigen coordinate for any choice of
p-

Proof. The result for v = oo is well known (see the argument towards the end of the proof of
Theorem 4.5). If v < oo, by Serre-Tate deformation theory, we have ¢, centered at 1 such that
tyoa =ty for a € T1. Then 74, := log, opy oty oT:! does the job, where ¢, : W, @70 = W! — C,
is the ¢-projection. Uniqueness up to scalar multiple is clear from 7, 0 a = af® 7. (|
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Since (A, \, 6,7%)) gives the point 2 € V(Wz), we may think of its p-fiber

(Ao, %o, 00,157) 7, = (A, X, 0,7F) xyw. F,.

Let M = End® (A, /Fp), which is a CM quadratic extension of F' in which p splits by Lemma 2.2. As
before,we define 5 : Ty (Z(z)) — G(AE)>) by ﬁm (o) o 77(()5) = 77(()5) o p(a).

Theorem 4.5. Let the notation be as above. Letiyoo (resp. ijoo) induce p € X9 (resp. 1€ X7")
for p,1 € Z for (A, N, 6, 77(5)) sitting over x € V(W=). Assume that p and | are unramified in F)q,
and suppose that we have a p-analytic p-eigen o-coordinate 7, = 75, of the form 7, = log, ooy o t,
with m,(x) = 0 around x € V(Wz) C V(Cp), where o : Wy, @z O = Wl — C, is the o-projection.
Then for v € {p,l, 00} =: E¢, we have a v-analytic p-eigen o-coordinate coordinate T, = Ty, with
my(z) = 0. Identifying C, = C; = C (as in the introduction), in the formal completion of Oy, .
along the Cy,-point x € V(C,), the coordinates {7, }vez, are proportional (i.e, they are non-zero
constant multiple each other).

Write (w27)"®" for the v-analytic line bundle on (S§°74)U#" coming from w?® by a v-analytic
version of GAGA theorems (e.g., [dJ] §7.1.11 and [C] Example 2.4.6). We write v for [ and p
according to v = [ and p, and X9"¢ for the set of all embeddings o : ' — Q such that i, o o induces
v. To avoid confusion, if necessary, we write the v-adic deformation space Sof A Qw, F, as §v.

Proof. Since §p = §§’”d X S’\g (see Proposition 1.2), the co-tangent space Qgyp-an (z) at x of (S)r-an
is a direct sum of Q(gord)p,an/(cp (z°"?) and Q(gu)p,an/(cp (z') for the projection 27 of z to (§?)p'an.
Then we can further decompose:

Q(gord)pfan/cp(xord) = @ Q(@g;d)p*an/«:p(xm) and Q(@g;d)p*&ﬂ/«:p(xm) = @ (W) (),

pyeTord PPy

where x,, is the projection of z to §g:d and in the second identity, ¢ runs over ¢ € I such that
ip © ¢ induces the p-adic place p,,.
Since 7,(x) = 0, the Serre-Tate p-coordinate t, is equal to 1 at z; so,
Alp™] = (p= @z, Op) & (Fp/O0y)
as Barsotti-Tate O-modules over W),. Then the group Tjs(Z=)) acts via p on the p-component
S’\g’”d, and T (Z(z)) fixes the p-component x), (this fact of Ths(Zz)) fixing x, might not be true for
po # p). Here (w??)P2(z) is the o-eigenspace as O-modules in Q gorayp-an /¢ (xy). Since T (Zz))
p P

fixes zp, (W?7)P " (z) C Qggrayesn s, (zp) for any o associated with p is the i,(a”(1=))-eigenspace
of p(a) (o € Ty (Z(z))) in Q(ggrd)p,an/(cp (zp) for an extension o : M — Q of o : F — Q. Taking the
canonical lift Ay /. of Ag/p, sitting over x1 € V/(Wsz), the extension o is determined by complex
multiplication by M on w?(x1)/. which is the o-eigenspace (under real multiplication by F') of
H(A1,Q4, jwe=) canonically isomorphic to w?(z) after extending scalars to Wy,. Thus for o with
p = po, Tni(Zz)) acts on (w??)P2"(z) via the algebraic character i, o o(1 —¢) € X*(Th). Since
(w?7)P22(z) = w* (z) @ C, for the algebraic co-tangent space w?? (). and the action of p on

the rigid analytic line bundle (w??)P-#" is induced by its action on the algebraic line bundle w?° over
Ws, the action via p must preserve the algebraic w?? (). Therefore it preserves also

(@) (z) = w* (z) e C,

for every v € {p,l,00}. Since the action of p(Ths(Z(=))) on the v-analytic o-co-tangent bundle
(w?7)"* over V(C,) preserves its fiber over @, p(Th(Zz))) fixes x, reversing our argument.
We see this fact of p(Tas(Z(z))) fixing x, group-theoretically now. Because of the v-adic Lie group

structure on §g’”d for v = p, [, the tangent space of :S’\g’”d at the origin

Tan, = @ Tang,, for Tang,, = Homy, (W () @we Wy, Wy)

@~
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is a Lie algebra over W, and we have the v-adic Lie algebra L, := Lie(gg’”d) over Z, canonically
inside the tangent space T'any; i.e., we have

Ly ®z, Wy, = Tany.
Since §3Td = @m ®z, Oy, the Lie algebra L, is isomorphic to the formal co-character group
X* (S’\gTd) = Homformal group(ggTd; Gm) = OU

and hence the action via p preserves L,, and the action via p on Tan, is the scalar extension
of the action on L, to T'an,. We have the v-adic exponential map exp, : L, — §g’”d (from the
v-adic formal Lie algebra into the v-adic formal Lie group) which is equivariant under the action
of p. Thus the v-component §g’”d is stable under the action of T, via p, and the fixed point in
§g’”d of the action is the v-component z, of x. The action of o € Ty (Z(z)) on Tans, is via
multiplication by i,(a”~9) for a suitable extension of o to M (still denoted by o). Thus its
action on L, is via multiplication by a!=¢ = @n(oﬂ*c mod v") € Oy; so, we can find a linear
coordinate T, of Tan, , with T, , 0 p(a) = a®=9T, . Tts image under exponential map gives
rise to the coordinate ¢, on S’\g’”d (with t, 0 p(a) = tg‘a(lfc) and t,(z) = 1), whose v-adic logarithm is
proportional to the v-adic logarithm of the Serre-Tate o-coordinate. Then 7, = 75, := log, ot, is the
desired p-eigen o-coordinate, and x, is the fixed point of p on S’\g’”d, which induces a homomorphism
po = T (Zzy) — Autoon (S’\g’”d) = Ty 5. To see 7,(x) = 0 in more down-to-earth terms, note that
Ty o = OF and py(a) = a”1=9) € OF. Since the image of p, is v-adically dense, by the continuity
of the action, we have 7,, 0 a = a7, for all a € oy = v,z- Then by Lemma 4.4, 7, , and 75, are
proportional each other as formal functions on the formal completion of Vi ¢, along x € Vi (C,)
identifying C, = C; = C,. In particular 7,,(x) = 0, and this re-confirms that the coordinate
Ty 1= Top 18 the desired one (up to scalar multiple).

The proof for v = oo is almost identical to the above proof for finite places. Here it is. We can
bring $! isomorphically onto D! for the unit open disk ® in C by a linear fractional transformation
by a matrix in SLo(C)! so that x is sent to the origin 0, and the action of the torus To,z/r in
PSLQ(R);R fixing  (isomorphic to (C*/R*)!) on the coordinate w, of ® at o € I is given by
wy, 0 a = alw, for a = (ay)per € (C*)! (under the identification 7, (C) = (C*/R*)'). Here
D is the symmetric domain of SU(1,1) (the signature (1,1) special unitary group) isomorphic to
SLy(R), and T1(C) C SLy(R)! is identified with the diagonal torus in SU(1,1)!). To explain this in
down-to-earth terms, write z for the standard coordinate of §/ C C!. If £ = z,(z), the holomorphic

isomorphism: $ 3 z = (2,)p — W = (Wy), = (%) € D does the job. Though ® is not a Lie
Zp— 2

group, it is an open neighborhood of the identity of the Lie group C* = G,,(C), and it is a Lie
semi-group. Then the argument using the tangent space at = as above (identifying it with the Lie
algebra of 7 ;) done for finite places v = p, [ is valid also for v = oo without any change. Thus we
can take w, to be T5 00 = Too. Again it is proportional to 7, over the formal completion. [l

Corollary 4.6. Let the notation and the assumption be as in Theorem 4.5. Let | € E?’”d for a prime
| € E different from p. If the prime | in F is induced by i; o o, we have End%(A @y, F;) = M =
End% (A @w. F,) as F-algebras (via 6).

Proof. Let Ag = A @w. Fy, and write M’ = End%(Ag) with R’ = Endo(Ag) and M = End%(Ao)
with R = Endp(Ap). Fix a level [-structure ny : pe ®z, Or = A[[*®]°. By Theorem 4.5, we
have 7;(z) = 0; so, t((x) = 1, which implies that we get an O-linear isomorphism of Barsotti-Tate
O-modules over W;:

m® et (s ®z, 00 @ (F/O1) 2= A[].
Again by Theorem 4.5, we have 7,0 p(a) = i;(a” =) 7 for a € Riz) = Tu(Zz)), and p(R5)) leaves
stable §f””d and fixes x| € :S’\f””d. Thus the image of p : Ty — G(AE>®)) is the unique torus (over
AGE>)) in @ such that its image in E(E) is made of automorphisms of Sh(®) preserving :S’\f””d and
fixing z; by Lemma 4.2 (in short, p(Ty (Z(z))) “C" 7110 NZ® under a slight abuse of notation). This
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implies by universality of Sh(Z) that we have an endo-isogeny ¢ (a) € End%(Ayg) for each o € R(XE)

such that ¢ (a) o 77)(3 2 = 77)(3 =) p(a) and the isogeny action of f¢(a) is given by toy >t

a(l )
for

[-adic Serre-Tate o-coordinate ¢,,(. In other words, the triple (E = M, aq = fe ()| a £lg>]> p) satisfies
the assumption of Lemma 4.1 (3), and hence, by the O-linear embedding f¢ : M < End%(Ag JFs)

we have M — M’ which implies g : M = M /. since M’ = End%.(Ag) is a quadratic extension of
F. O

5. LOCAL INDECOMPOSABILITY OF AN AVRM

Let (A, )\, 0)/, be an AVRM by multiplication by O with good reduction. Thus the triple
(A, )\, 0) is defined over a number field k£ in which p is unramified. We suppose that X4 := Zg’”d
is non- empty (so, Ag = A @ F, is at least partially ordinary). By Serre-Tate theory, we have
Sord =~ G,, ®z, Osora. We fix an isomorphism ny, : jpec ®z, Op = A[p™>] to fix the identification
Sg’”d = Gm ®z, Op for p € Zg’”d. For a finite set of primes Z including p (which will be specified
later), we will choose suitably an isomorphism 7= : (Fls(f)’oo)2 ~TEA Ry Zz) defined over Wz
in the proof of the following theorem. Since p is unramified in k and p € =, by extending scalars
to a finite extension of k£ in the fraction field of W= if necessary, for a neat open compact subgroup
K C G(A®)>) we may assume that (A, X, 7)) (resp. (A, X, 7%))) gives rise to a point 2 € V (Wx=)
(resp. = € Vg (Wy)) for a geometrically irreducible component V of Sh(®). Let M = End%(Ao)
which is a CM field (see Lemma 2.2). Define p: Th(Z(z)) — G(AZ)>) by 5:43( )oné =) = 77(() =) op(a),
where (Ao, Ao, 90,77(() ) = (4, X, 0,7%)) xyy, F, and ém is an extension of 6y to M. Then p(«) acts

on §ord by t, — tp for an embedding M > o — a, € F, and on V through E(:), where c is
the generator of Gal(M/F). The embedding o — «y, induces Mp = F}, for a prime P of M over
p, and Ay[P] is connected. We write o, : F, — C, for the embedding induced by the o-projection
of W, ®z O = Wpl to W, C C,. If the place p is associated to i, o o, we write t, = 0, o t, and
T = Tpp = log, oty; 80, T o pla) = ip(a"(lfc))r By definition, if 4, o o gives rise to p-adic place
pe Xy t,(A) =1 (& 7(A) = 0) is equivalent to semi-simplicity of the p-adic Tate module T, A as
an I,-module for the inertia group I, in Gal(Q/Q) corresponding to i, o . We want to prove

Theorem 5.1. Let the notation be as above. Suppose that O is unramified at p and that the place
of k induced by i, is unramified over Q. If A/@ = A xyw Q does not have complex multiplication,

T, A is indecomposable as an I,-module for each p € Z;‘;’”d.

Proof. On the contrary to the conclusion of the theorem, we assume that T, A for p € Zg’”d is a
semi-simple I,-module (so, t,(A) = 1). As before, i, o ¢ induces the place p for ¢ € I. Note that
A is defined over a number field k& C Q unramified at p as A is defined over unramified W and A is
projective. If p is inert in F', then ¢,(A) = 1 implies ¢,(A) = 1; so, A is the canonical lift of Ag; so,
A has complex multiplication, a contradiction. Thus we may assume that F' has at least two primes
over p, though we do not use this fact in the rest of the proof.

We write primes of F' by lower case Gothic letters and primes of k by upper case Gothic letters.
The corresponding roman character is the rational prime below. Pick a prime q of O. Identify
Ty A = OF and write rq : Gal(Q/k) — GL2(0y) for the Galois representation realized on Ty A.

Since A is isotypic as is well known (i.e., A is isogenous to a product of copies of an absolutely
simple AVRM over a finite extension of k; see [GME] §5.3.1), we may assume that A is absolutely
simple. Then D := End’(A;) is a (possibly commutative) division central simple algebra over a
totally real field or a CM field Z with integer ring v (as A®;Q does not have complex multiplication;
see [GME] Lemma 5.3.2). Since F' is totally real, Z C F has to be totally real. If D is commutative,
D = F = Z is a totally real field, and if D is not commutative, it is a division quaternion algebra
over Z. By a theorem of Faltings (solution of Tate’s conjecture; see [ARG] II), for End%cI (TqA) =
End., (T, A) ®., Z4, the algebra Zy[rq(Gal(Q/k'))] C End%cI (T, A) generated by rq(Gal(Q/k)) over
Zq is the commutant of End(4 ) ®z Zq for any finite extension k'/k, where TyA = lim  A[q]" and
Z4 is the g-adic completion of Z C F (i.e., the closure of Z in F,). Let Cy := Z4[rq(Gal(Q/k"))] C



LOCAL INDECOMPOSABILITY OF TATE MODULES OF ABELIAN VARIETIES 15

End%cI (TqA). Then Cj is the commutant of Dy = D ®z Z; in End%cI (TqA). Hence Cy has center Z,
and is independent of the choice of &’. In particular, Cq ®z, Dq = End%cI (TqA) = My (Z;) (nxn
matrix algebra) for a suitable n (cf. [BAL] VIII.10.2). This implies that the Brauer classes over Z,
of Cy and Dy are inverse each other (cf. [BAL] VIIL.10.4). Since D is either a quaternion algebra
over Z or D = F = Z, the Brauer class of Dy has order at most 2 in the Brauer group over Z;.
Thus Cj is either isomorphic to a division quaternion algebra over Zy or My (Fy) = Ma(Zy).

Set r =7, (so g =p). Since M 3 a + a®17¢) € F, implies M, = F, ® F, — C, (i.e., p splits
in M); so, Cy = M(Fy). Thus Im(r) contains an open subgroup of SL2(Z,) C Cy. This open
image property follows from Ribet’s argument in [Ri] TV. Indeed, assuming that End"(A @, Q) = F
(absolutely simple AVRM but non CM) and that A has a place of multiplicative reduction, Ribet
computed the Lie algebra of Im(r) and showed the Lie algebra contains sly(Z,) (which implies the
open image property by exponentiating the Lie algebra). His assumptions are used to show that
Cp = M>(F}), and, using Faltings’ result, Ribet’s argument still works, and we get the open image
property (see [BGK] Theorem C for more details of this point).

Since there are at least two non-isomorphic ramified semi-simple quadratic extensions of Q,,, we
have at least four non-isomorphic maximal tori in SL(2) g, defined over Q, having non-isomorphic
projection to PGL(2). Thus we can find a torus T' C GL(2) defined over O, such that

(pl) T(Oy) N SL2(Z,) is an anisotropic maximal torus (i.e., T(O,) is isomorphic to the norm 1
subgroup of the multiplicative group of a field extension of F},),

(p2) T(Oy) remains an anisotropic maximal torus (i.e., for example, if T(O,) N SL2(Zp) comes
from a ramified quadratic extension of Qp, T'(O,) remains anisotropic as F,/Q, is unrami-
fied).

We pick a € T(O,) NIm(r) N SLy(Z,) so that T is the centralizer of a (i.e., @ has two distinct eigen-
values in C,). Since the isomorphism class of the centralizer of o (as tori over O,) is determined by
a mod p/ for sufficiently large j, by Chebotarev density, changing 7" in its isomorphism /conjugacy
class if necessary, we may choose a prime £ outside p so that

e A has good reduction at £,

o r(Frobg) commutes with o (i.e. r(Frobg) € T(Fy)).
For the eigenvalues A of r(Frobg), the quadratic extensions M’ = F[)] is non-isomorphic to M =
End?. (Ag/F,) over F' (i.e., p is non split in M’ but p splits in M). Since A has %¢"¢ # () for primes
£ of k of Dirichlet density 1 (after replacing k by its finite extension if necessary; see Section 7 in
the text and [O] 2.7 and [N] Introduction), we may assume that $¢"¢ contains a prime induced by
i oo (i.e., we may assume that [ splits in M’); so, we have End% (A4 @, F;) = M'.

Let 2 = {p, (} for the residual characteristic ! of [. Then Ag has complex multiplication by a CM
field M,p. Thus Ag[¢™] = (F,/O,4)?* over F, for any prime ¢ ¢ Z. Since Ay is defined over Fy,
it has the Frobenius endomorphism ¢ over Fyy and M = F[¢] = End%(4, /Fy) 18 @ CM quadratic
extension of F' (by Lemma 2.2). Thus we can find an R-linear isomorphism 77(()5) . R®) =~ 7(® 4,
for R = O[¢], where R =[], R, and R®) =[], R,. Thus, identifying R®) ®7 Q = (F=">)?,
we may define an embedding p : M* — G(A®)>) by 533 (a) o 77(()5) = 77(()5) o p(@). Since A[g*°] for
q ¢ E is étale over W, this level structure 77(()5) lifts uniquely to a level structure 7 of A. Then
the point zo € Sh(E)(F,) carrying (Ao, Ao, 17(()5)) is fixed by p(Ta(Z(z))) by Lemma 4.1.

Suppose that 7|7, is semi-simple for p € Yord for p induced by o : F — @p. Thus by semi-
simplicity, the following connected-étale exact sequence

0 — Alp=]°(@Q,) — APp™)(@,) — Ap>]*(Q,) — 0
of I)-modules splits, and hence the connected -étale sequence of Barsotti-Tate O-modules
0 — A[p>]9w, — Alp™]w, — Alp™]5y, — 0
also splits (cf. [T]). In particular, we have p = PP for prime ideals P # P in R = Endo (4, /E—-p) cM
so that Ag[p™]° = Ag[P>] and Ag[p>°]¢ = A[P" ). The isomorphism 7 : i~ ®z, Op = A[p>]° is
defined over W,,. Recall M* 3> o+ o € F,, given by fg(a) on, = 1, o ap. By definition, we also
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have t,(A) = 1; so, 7 = log, 00 o t, satisfies 70 p(a) = ip(a”1=))7 for an extension o : M — Q,
of 0. Thus by Theorem 4.5, the corresponding coordinate 7, = 7,; on the l-adic deformation space
satisfies the same invariance property (i.e., they are p-eigen coordinate and 7(A) = 0). By our
choice, M’ = End%.(A @y, F;) with M 2% M’, which is a contradiction as M’ = End% (A @w, F;) =
End(4, /Fp) = M (as F-algebras) by Corollary 4.6. O

6. CM PERIODS AND PROPORTIONALITY CONSTANTS

In the proof of the indecomposability in the previous section, proportionality of 7, and 7/ proven
in Theorem 4.5 played an important role. We study the proportionality constant of our p-eigen
p-coordinate at each v € = in terms of CM periods of Katz and Shimura, starting with a CM
abelian variety (not with the non-CM abelian variety we did so far). We show that the constant
is the ratio of the square of v-adic CM periods. This section is independent of the proof of the
local indecomposability (and the reader with interest only in local indecomposability may skip this
section).

Let ©op € Sh(®)(F,) be in the ordinary locus. The Serre-Tate deformation space of xq is then

isomorphic to §p = S’\;’Td = Gm®z0 (as p is assumed to be unramified in F)g) embedded into Sh%),p.

Let 21 € Sh® be the origin1 € §p — Sh%),p, and let (A, A1, 61, ngg))/w,c be the CM abelian variety
(the canonical lift) sitting over =, (which is originally defined over W, but it descends to Wj, for
a number field & by the theory of complex multiplication [ACM]), where 6; : M = End% (4, JWe)-
This is the CM point we study. Suppose that A; xyy, F; is also ordinary for [ € Z different from p.
So we may assume that = = {p, [}, and we suppose that [ is unramified in Fq.

At v =1p,l, we fix 1y : ppes ®z O — A;[v>°] defined over W,. This is possible as W, is a strict
henselization of Z,). This level structure (together with 77%5)) gives rise to a point on the v-adic
Igusa tower Igy 00 = Isomw, (v ®7 O gpora; A gpora[v™°]°) for the universal abelian scheme A
over the ordinary locus Sh%? of Sh(*). We write simply again z; for this point on I Jv,00- By fixing
7y, we have a unique identification of §v with @m ®z O. Define p : Ty (Z=)) — G(A(E)VO") by
01(c) o ngg) = ngE) o p(a). Then write 7, , for the p-eigen ¢-coordinate of (5,)va0 if v = p, . In
other words, if v = p, for the y-projection ¢, : W), @z O — W), we have 7, , = log, opy oty for
the Serre-Tate coordinate t,, of §g;d = @m ®z, Op,,-

By ordinarity, any prime factor v|v (for v = p,1) in O splits in M; in particular, v is unramified
in M/g. Write ® for the CM type of A;; so, ® is a collection of a half of embeddings of M into Q
such that > beD ¢ as a representation of M is isomorphic to 24, /1 @k Q. Supposing that k is large
containing all conjugates of M in Q, we decompose H(Aj, Qa,w,) = @¢€¢ Wiwe with nowhere
vanishing differentials w, having an eigen-property 6;(a)*ws = ¢(a)wy for a € M = End%(4;). As
is well known, R := 67 " (Endo (A, )) is an O-order of M, in which any prime v|v of R splits (see
Lemma 2.2).

Fixing complex uniformization L < C® — A;(C) for a proper R-ideal L C R. Writing the
variable of C* as u = (ug), Woo,¢ 1= duy € H°(A1,Q4,/c) satisfies 01 (a) woo,p = d()woo,e for
a € M. Thus wy and we ¢ are proportional, getting Shimura’s CM period Q. ¢ € C* by wy =
Qoo pWoo,¢- Since f,y Woo,p € ¢(L) C Wy, for all v € m1(A1(C),0) for the origin 0 € A;, we have the
classical algebraic period identity f,y Wp EW Qoo . We pt Qoo = (Qoo,p) e € (CX)2.

For v = p, [, the level structure 7, induces 7, : @m ®z0 = @n (tyn ®7,0) = //1\1 defined over W, for

the formal completion A; of A; along the origin 0 € A;(F,). Thus, writing G,, = Spec(W[t,t71]),
the push forward 7,,.(% ® 1) can be written as a unique sum 7, (% ® 1) = > ped Wo,p satisfying
01()*wy ¢ = P(Q)wy g for @ € M = Endh(A;). We then define Katz’s v-adic period 4 by
W = Dy pwo, 6. We put Q, = (Qyg)gpce € W (see [K1]). Thus we get

Proposition 6.1. Under our identification C, = C, the proportionality constant of wp ¢ and wee ¢
both in H(Ay,Qa, c) = H° (A4, Qa,/c,) is given by Qoo ¢/ for each ¢ € ®; in other words, we
have

Qpowp,p = Wo = Qoo oo, = Loo,pduy
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forwg € HO(Aq, Qa, we)-

Assuming that A; is also ordinary at | € =, applying the above proposition to {p, co} and then
to {l, 00}, we get
Corollary 6.2. Under our identification C, = C;, the proportionality constant of wp ¢ and wy 4 both
in HY(Aq, Qa,/c,) = HO(Ay,Q4,/c,) is given by Q. /.o for each ¢ € ®; in other words, we have

Qp7¢wp7¢ = qu = Ql7¢w17¢
for wy € HO(Aq, Qa,/w=)-

We have three Kodaira—Spencer maps:

(6.1) (m.Q D% =W, =

=YW, — QSh(P)/Wk [(/7], (W*QA/gord [</7

P/Wp

A/Sh(ﬁ)\; [‘P ])®2
k

and (W*QA/glo;“f‘i/l [<P]) - g/VVZ = le/Wz .

Here A denotes the universal abelian scheme corresponding to the bases Shor?, §g’”d and S f””d whose
origin corresponding to x1. As before, “[¢]” indicates the y-eigenspace under the natural action of
O. Taking the fiber at =1 of (6.1), we get

(H(A1, Qa, i, [0) 9% = w2 (1) /i = Qo o [0 (@1),
(6.2) (H (A1, Qayyw, [9]) 2 = 0 (1) w, = Qg 1, [¢](21),
(H(A1, 2, ywi [0) 52 = w? (1) i = Qg s [0 (@1)-

We can identify ® with I by ¢ — ¢|r =: ¢. Then p-eigenspace under the action of O is identical to
the ¢-eigenspace under the action of R. The data

{wg € HO(A1, Qa, yw, [€]), wp.o € HY(A1,Qa,w,[¢]), wie € HO (A1, Qa, ywi[e))}

give rise to the corresponding differentials
{wi@? =Wy Qg € QA/Sh(/pv)Vk [¢](z1), wgi € QA/§p/wp [¢](z1), wﬁf € QA/§z/wl [¢](z1)}-

Define 5 : T (Z(z)) — G(AE)>®) by 6;(a) o ngg) = ngg) o p(a). Write 7, ., for the additive Serre-
Tate p-eigen ¢-coordinate of (§p)”'an for v = I,p. Then we define the proportionality constant
CZ™ to be 7, = CZ" - Ty . The constant 0 # CZ* is determined by comparing dr, , and

dTw,e in Qgpe e, [01(T1) = Qepem s, [](z1), in which we have algebraic w§2. Note that, by our

= w?i with ¢, , = ¢ oty for the

Aty o
to, e

unique continuous extension ¢ : Fyy, < C, of the original ¢ : ' — Q. Thus from Corollary 6.2, we
get,

construction and [K] Main Theorem 3.7.1, we have d7, , =

Theorem 6.3. Under our identification C, = C;, the proportionality constant Cg’l of Tp,e and Ty,
is given by QZQ@/Q;Q5 for each v € I, where ¢ € ® corresponds to ¢ by ¢|p = ¢; in other words, we
have

Q;(ﬁdTpW = w§2 = Ql27¢d7'179,, m QSh(E) /Cp (:El) = QSh(E) /Cy (:El)

for w§2 € w2,

Question 6.4. If we start with non-CM AVRM (A, X, 0) k., we can associate two p-adic “periods”
Tp.o(A) for each ¢ € EZM and Q(A)p.o given by Q(A)p owpo = w, choosing a generator wy, of
HO(A, Qa/w,[p]) over Wy It is an interesting question if these periods are related to some p-adic
L-values coming out of the abelian scheme Ajj.

If A is an ordinary abelian variety with CM, we have 7, ,(A4) = 0 (as t,(A) = 1). Thus, we get
only one nontrivial period, the Katz CM period Q(A), ,. By a result of Shimura, the value of an
algebraic modular form f at the CM abelian variety “A” with complex invariant differentials {dug}4
is equal to a monomial of {Q(A)w,, }, up to an algebraic number which is the value of f at (A, wg)e.
Similarly, by a result of Katz, the value of f at the CM abelian variety “A” with p-adic invariant
differentials {wp, »} of an algebraic modular form is equal to the same monomial of {2(A4), ,}, times
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f((A,wg)s). An elementary treatment of the theory of Katz and Shimura can be found in [EAI]
Section 1.3. If A is non CM and has ordinary good reduction, 7, ,(A) plays a role similar to the
Tate period of an abelian variety with multiplicative reduction, though we do not know much about
its arithmetic meaning yet.

7. DENSITY OF PARTIALLY ORDINARY PRIMES

For the reader’s convenience, we give a sketch of a simple proof of the density result for partially
ordinary primes used in the proof of Theorem 5.1. We consider the set S°"¢ of prime ideals of k
unramified over Q at which A has partially ordinary good reduction for a given non CM absolutely
simple AVRM (A, \, ). Here (A, ), ) is defined over the number field ¥ C Q, and A has partially
ordinary good reduction at P if A extends to an abelian scheme over Oy and A[p](F,) # 0 for
an algebraic closure F,, of O/%. First suppose that k/Q is a Galois extension. Then the set of
primes of k split over Q has Dirichlet density 1. Let S}’»Td C 874 be the set of all primes in S°¢

with residual degree f. We have S°¢ = u&k:?} S}’»Td. If a prime B in O has residual degree 1,
the reduction Ap = A ®p,, O/P has the p-power Frobenius endomorphism ¢ whose eigenvalues o
satisfies |a?| = /p for all ¢ € Gal(Q/Q). Since a = a + a* for the complex conjugation c (i.e., the
Rosati involution of Endp(Ay) with respect to A) is in O (as Ag is defined over O/ =TF,). Thus
we get |a¥| < 2,/p. Taking the norm to Q, we have |Np/g(a)| < 2%p?/2. Thus if p|(a) in O, we have
P%|Nrjg(a); so, p? < |Npjg(a)| < 29p?/2 as long as a # 0. Thus if a # 0, we have a prime p { a in
O above p for p > 5. Then as is well known, this implies that A[p](F,) # 0 (i.e., p € X9"?). For any
p-adic Galois representation p : Gal(Q/k) — GL,,(Q,), fix a Haar measure on Im(p) with volume
1. By Chebotarev density (e.g., [ALR] I-8, Corollary 2 combined with Exercise there and [Se] §2.1),
the density of primes of k£ whose Frobenius falling in a closed set of volume 0 is equal to 0. Applying
this to the Galois representation p; on the l-adic Tate module of A/, taking a prime [ of F'. By the
result of [BGK] Theorem C, the set of P8 whose Frobenius has trace 0 has volume 0. Thus for non
CM AVRM A, the set of primes 8 with @ = 0 has Dirichlet density 0 by the quantitative Chebotarev
density theorem (though Serre works over Q, his argument generalizes to a number field k without
any modification). If kg is not a Galois extension, we just replace k by its Galois closure and apply
the above argument. Since as in Theorem 5.1, we say that A does not have CM if A x; Q does not
have CM (i.e., End%(A x;, @/@) = F'), being non CM is insensitive to any base change finite over k;
in particular, the abelian variety A over the Galois closure of k does not have CM. Thus we have

Proposition 7.1. Let (A, \,0) be a non CM AVRM defined over k C Q. Replacing k by its finite

ord

extension if necessary, the set S for a given AVRM has Dirichlet density equal to 1.

It is interesting to know the Dirichlet density of the set {I|£ € S}’»Td} of rational primes if f > 1
(this question is not about the density over k but over Q). The result [O] 2.7 tells us something
about Sg".
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