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1. INTRODUCTION

In this course, we discuss the following four topics:

(1) Basics of Galois deformation theory (and representation theory of pro-finite
groups);

(2) Relation of deformation rings for a given starting representation restricted
to open subgroups;

(3) Introduction to Galois cohomologys;

(4) “R = T” theorem (in [W95]), applications and open questions (if time
allows).

The purpose is to introduce the audience to base-change theorems of deformation
rings relative to Galois extension F'/Q and to show how such theorems have been
useful in establishing base change in the automorphic side. Alongside, we describe
p-adic representation theory of p-profinite groups. At the end, we describe some
open problems on deformation rings and its relation to L-values.

We fix a prime p > 2, an algebraic closure Q of Q and @p of @, and field
embeddings i, : Q — @p and is : Q — C. Let F be a number field, and S
be a finite set of primes of F' and F¥/F be the maximal field extension inside Q
unramified outside p and co. Put & = Gal(F¥/F). Usually S is made of primes
above p (but not always. In this note, W is a discrete valuation ring over the p-adic
integer ring Z, with residue field F. For a local ring A, its maimal ideal is denoted
by my.

2. (GALOIS DEFORMATION RINGS

We prove existence of the universal Galois deformation rings.

2.1. The Iwasawa algebra as a deformation ring. We can interpret the Iwa-
sawa algebra A as a universal Galois deformation ring. Fix a continuous character
) Bg — FX. We write C'Lyy for the category of p-profinite local W-algebras A
with A/m4 =TF. A character p: &g — A for A € CLw is called a W-deformation
(or just simply a deformation) of 1 if (p mod m4) = ¢. A couple (R, p) made of
an object R of C'Ly and a character p: & — R* is called a universal couple for
9 if for any deformation p : & — A of ¢, we have a unique morphism ¢, : R — A
in CLw (so it is a local W-algebra homomorphism) such that ¢, o p = p. By the
universality, if exists, the couple (R, p) is determined uniquely up to isomorphisms.
The ring R is called the universal deformation ring and p is called the universal
deformation of ).

Consider the group of p-power roots of unity pipe = J,, ftpn C @X. Then writing

Cn = exp (%), we can identify the group pp» with Z/p"Z by ¢ < (m mod p™).

The Galois action of & € Sg sends ¢, to (4" 7 for v, (¢) € Z/p"Z. Then G acts on

Zp(1) =lim p,n by a character v :=lim v, : &g — Z, which is called the p-adic
n —n p

cyclotomic character. The logarithm power series log(l +z) = > o, —# and
exponential power series exp(z) = > fl—T,L converges absolutely p-adically on pZ,.
Note that Z; = pp—1 x I for I' = 1+pZy, by Z; — (w(z) = limy,— o0 2P" w(z)7tz2) €
pp—1 x I'. We define log, : Z) — T by log,((,s) = log(s) € pZ, for (u, 1 and
se€l+pZ,=T.
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Exercise 2.1. Compute the radius of convergence of exp(z) and log(z) in C, under
the standard p-adic norm | - |, with |p|, = p~'.

Let Aw = WJ[X]] (a one variable power series ring with coefficients in W) and
A = Z,[[X]]. Since s — (3) = (s= "H)(S n42)5 has integer valued on the set
Zy4 of positive integers and p-adically contmuous it extends to a polynomial map
Zy > s+ (3) € Zy. Then (1+ X)* = >0 0( VX" € Zy, gettmg an additive
character Zp>s+— (1+X)* € AX. Let v = 1+ p; so, I' = v%». Consider the
character  : g — AX given by k(o) = (1 + X )8 (Vp(7)/1og,(7),

Exercise 2.2. Prove 1 + pZ, = 7

Since Q[upo<] is the maximal abelian extension of Q unramified outside p and
oo by class field theory (or else, by the theorem of Kronecker-Weber), we have
Go/[®q, Bg] = Gal(Q[up=]/Q). On the other hand, we identified Gal(Q[up=]/Q)
with Z)* by v,. We write [2] € Gal(Q[pp~]/Q) for automorphism of Q[spe] with
vp([2]) = 2. Then we have x([y*]) = (1 + X)*. Since 1 has values in F)\ = 1,1,
we may identify the character ¢ with a character ¢ : &g — pp—1 C Z, . Define
P &g — AX by (o) := k(0)y(0); then ¥ = b mod my, where my is the
maximal ideal of A; so, my = (p, X). Thus (A, 1) is a deformation of (I, v) with
Y(h]) = (1 + X).

Proposition 2.3. The couple (Aw = W[ X]], %) (for a variable X ) is the universal
couple for 1.

Proof. Since Q[upe] is the maximal abelian extension of Q unramified outside p
and oo, each deformation p : &g — A* factors through Gal(Q[up<]/Q) = T x
Gal(Q[up]/Q). Then the character p is determined by p(v), because plg(,,) is given
by ¢ and I = 4Z». Then we have ¢, : Ay = W[[X]] — A by sending X to p(y) —1,
and we have ¢, o1 = p. O

For a given n-dimensional representation p : &p — GL,(F), a deformation
p: &r — GL,(R) is a continuous representation with p mod mgp = p. Two
deformations p,p’ : &p — GL,(R) for R € CLy is equivalent, if there exists
an invertible matrix z € GL,(R) such that zp(c)z=! = p/(0) for all 0 € &p.
We write p ~ p' if p and p’ are equivalent. A couple (Rz, p) for a deformation
p: ®p — GL,(Rp) is called a universal couple over W, if for any given deformation
p: Bp — GL,(R) there exists a unique W-algebra homomorphism ¢, : Rz — R
such that ¢, o p ~ p.

2.2. Pseudo representations. In order to show the existence of the universal
deformation ring, pseudo representations are very useful. We recall the definition
of pseudo representations (due to Wiles) when n = 2. See [MFG] §2.2.2 for a higher
dimensional generalization due to R. Taylor.

In this subsection, the coefficient ring A is always an object in C' Ly, with max-
imal ideal m4. We write F = A/m4. Note that 2 is invertible in A as p > 2. We
would like to characterize the trace of a representation of a group G.

We describe in detail traces of degree 2 representations p : G — GL2(A) when G
contains ¢ such that ¢ = 1 and det p(c) = —1. Let V(p) = A? on which G acts by
p. Since 2 is invertible in A, we know that V = V(p) = Vy@V_ for Vi = V. For

7 = p mod my, we write V' = V(p). Then similarly as above, V =V @V _ and
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Vi =Vi/maVy. Since dimpV = 2 and det p(c) = —1, dimp V4 = 1. This shows
that V4 = Foy for 54 € V4. Take vy € V4 such that v4 mod maVy = Ty,
and define ¢4 : A — Vi by ¢(a) = ave. Then ¢+ mod muV is surjective by
Nakayama’s lemma. Note that ¢+ : A = Vi as A-modules. In other words,
{v_,v4} is an A-base of V. We write p(r) = (‘Zé:g Zg:;) with respect to this base.
Thus p(c) = ('9). Define another function z : G x G — A by z(r, s) = b(r)c(s).
Then we have

(W1) a(rs) = a(r)a(s) + x(r, s), d(rs) = d(r)d(s) + z(s,r) and

z(rs, tu) = a(r)a(u)z(s, t) + a(u)d(s)z(r, t) + a(r)d(t)z(s, u) + d(s)d(t)z(r, u);

(W2) a(l) =d(1) =d(c) =1, alc) = =1 and z(r,s) = z(s,t) =0 if s =1, ¢;

(W3) z(r, s)(t,u) = z(r,u)z(t, s).

These are easy to check: We have
a(r) b(r) a(s) b(s) \ _ [ a(rs) b(rs)
(c(r) d(r)) (c(s) d(s)) - (c(rs) d(rs)) '
Then by computation, a(rs) = a(r)a(s) + b(r)c(s) = a(r)a(s) + x(r, s). Similarly,
we have b(rs) = a(r)b(s) + b(r)d(s) and c(rs) = c(r)a(s) + d(r)c(s). Thus

(rs, tu) = b(rs)c(tu) = (a(r)b(s) + b(r)d(s))(c(t)a(u) + d(t)c(u))
= a(r)a(u)a(s,t) + a(r)d(t)z(s, v) + a(u)d(s)z(r, ) + d(s)d(t)z(r, u).

A triple {a, d, z} satisfying the three conditions (W1-3) is called a pseudo represen-
tation of Wiles of (G, ¢). For each pseudo-representation 7 = {a,d, x}, we define

Tr(r)(r) =a(r) +d(r) and det(r)(r) = a(r)d(r) —z(r,r).
By a direct computation using (W1-3), we see

a(r) = 3(Tr(r)(r) = Te(r)(r)),  d(r) = 3(Te(r)(r) + Te(r)(rc))

—

Q

and

z(r,8) = a(rs) — a(r)a(s), det(7)(rs) = det(7)(r) det(7)(s).
Thus the pseudo-representation 7 is determined by the trace of 7 as long as 2 is
invertible in A.

Proposition 2.4 (A. Wiles, 1988). Let G be a group and R = A[G]. Let T =
{a,d,x} be a pseudo-representation (of Wiles) of (G,c). Suppose either that there
exists at least one pair (r, s) € GXG such that x(r, s) € A* or that x(r,s) = 0 for all
r,s € G. Then there exists a representation p : R — My (A) such that Tr(p) = Tr(7)
and det(p) = det(r) on G. If A is a topological ring, G is a topological group and
all maps in T are continuous on G, then p is a continuous representation of G into
GL3(A) under the topology on GL2(A) induced by the product topology on Ma(A).

Proof. When z(r,s) = 0 for all r,s € G, we see from (W1) that a,d : G — A
satisfies a(rs) = a(r)a(s) and d(rs) = d(r)d(s). Thus a,d are characters of G,
and we define p : G — GLa(A) by p(g) = (a(og) d(og) ), which satisfies the required

property.
We now suppose z(r,s) € A* for r,s € G. Then we define b(g) = (g, s)/z(r,
s)/x(r, s

5)
and c(g) = z(r,g) for ¢ € G. Then by (W3), b(g)c(h) = x(r,h)z(g,s)/ =

)
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z(g, h). Put p(g) = (Z((g)) Zg;)- By (W2), we see that p(1) is the identity matrix

and p(c) = ('Y). By computation,
_ (alg) b(g) \ [ a(h) b(h) \ _ (a(g)a(h)+b(g)c(h) a(g)b(h)+b(g)d(h)
p(g)p(h) = (c<g> d<g>) (c(h) d(h)) = (c<g>a<h>+d<g>c<h> d<g>d<h>+c<g>b<h>)
By (W1), a(gh) = a(g)a(h) + (g, h) = a(g)a(h)+b(g)c(h) and d(gh) = d(g)d(h) +
x(h, g) = d(g)d(h) + b(h)c(g). Now let us look at the lower left corner:

c(g)a(h ) d(g)e(h) = 2(r, g)a(h) + d(g)x(r, h).

Now apply (W1) t ,h) in place of (r, s, t,u), and we get

Ja

(1,7,
c(gh ) (r, gh) = a(h)x(r, g) + d(g)=(r, h),
because z(1,g) = x(1,h) = 0. As for the upper right corner, we apply (W1) to
(g, h,1,s) in place of (r, s, t,u). Then we get

b(gh)x(r,s) = x(gh, s) = a(g)z(h, s) + d(h)z(g, s) = (a(g)b(h) + d(h)b(g))x(r, s),
which shows that p(gh) = p(g)p(h). We now extends p linearly to R = A[G]. This
shows the first assertion. The continuity of p follows from the continuity of each
entries, which follows from the continuity of 7. O

Start from an absolutely irreducible representation 5 : G — GL,(F). Here a
representation of a group into G L, (K) for a field K is called absolutely irreducible
if it is irreducible as a representation into G L, (K) for an algebraic closure K of K.

Exercise 2.5. (1) Give an example of irreducible representations of a group G
into GL2(Q) which is not absolutely irreducible.
(2) Show that if a representation p : G — G Ly (K) is absolutely irreducible, the
K -subalgebra generated by p(g) for all g € G coincides with M, (K).
(3) If A is a local ring with residue field F with a representation p : G —
GLy,(A) such that p = (p mod mu) is absolutely irreducible, show that the
subalgebra generated over A by p(g) for all g € G is equal to M, (A).

We fix an absolutely irreducible representation p : G — G Lo(F) with det(p)(c) =
—1. If we have a representation p : G — GL2(A) with p mod ma ~ p, then
det(p(c)) = det(p(c)) = —1 mod ma. Since ¢® = 1, if 2 is invertible in A (&
the characteristic of I is different from 2), det(p(c)) = —1. This is a requirement
to have a pseudo-representation 7, of Wiles associated to p. Since p is absolutely
irreducible, we find r, s € G such that b(r) Z 0 mod my4 and ¢(s) # 0 mod my4.
Thus 7, satisfies the condition of Proposition 2.4. Conversely if we have a pseudo
representation 7 : G — A such that 7 = 7 mod my for 7 = 75, again we find
r,s € G such that z(r,s) € A*. The correspondence p — 7, induces a bijection:

(2.1) {p:G — GLz(A) : representation|p mod my ~ p}/ ~
{7 : G — A : pseudo-representation|r mod my =7},
where 7 = 75 and “~” is the conjugation under GLy(A). The map is surjective by

Proposition 2.4 combined with Proposition 2.6 and one to one by Proposition 2.6
we admit, because a pseudo-representation is determined by its trace.

Proposition 2.6 (Carayol, Serre, 1994). Let A be an pro-artinian local ring with
finite residue field F. Let R = A[G)] for a profinite group G. Let p : R — M, (A)
and p' : R — M,/(A) be two continuous representations. If p = p mod ma is
absolutely irreducible and Tr(p(o)) = Tr(p'(0)) for all o € G, then p ~ p'.



BASE CHANGE AND GALOIS DEFORMATION 6

See [MFG] Proposition 2.13 for a proof of this result.

2.3. Two dimensional non-abelian universal deformations. We fix an abso-
lutely irreducible representation p : G — GLo(F) for a profinite group G. Assume
that we have ¢ € G with ¢ = 1 and det(p(c)) = —1. First we consider a universal
pseudo-representation. Let 7 = (@,d,T) be the pseudo representation associated
to p. A couple consisting of an object R¥ € CLy and a pseudo-representation
T=(AD,X): G — Rsis called a universal couple if the following universality
condition is satisfied:

(univ) For each pseudo-representation 7 : G — A (A € CLw) with 7 =2 T
mod my, there exists a unique W —algebra homomorphism v, : Rz — A
such that

T=1,0T.

We now show the existence of (R, T') for a profinite group G. First suppose G is
a finite group. Let w : W* — pg—1(W) be the Teichmiiller character, that is,

w(@) = lim 27 (g = [F| = [W/mw]).

We also consider the following isomorphism: pg—1(W) > ¢ — ¢ mod my € F*.
We write ¢ : F* — pg1 (W) C WX for the inverse of the above map. We look at
the power series ring: A = Ag = W{[Ay, Dn, X(4,n): 9, h € G]]. We put
A(g) = Ag +¢(alg)), D(9) = Dy +¢(d(g)) and X(g,h) = Xgn + ¢(@(g, h)).
We construct the ideal I so that
T = (g9~ Alg) mod I g~ D(g) modlI,(g,h)— X(g,h) mod )

becomes the universal pseudo representation. Thus we consider the ideal I of A
generated by the elements of the following type:

(wl) A(rs) — (A(r)A(s) + X(r, s)), D(rs) — (D(r)D(s) + X (s,r)) and
X(rs,tu)—(A(r)A(u) X (s, t)+A(u)D(s) X (r, t)+A(r)D(t) X (s,u)+D(s)D(t) X (r,u));
(w2) A1) —1= Ay, D(1) —1 =Dy, D(c) — 1 = Do, A(c) +1 = A, and
X(r,s) — X(s,t) if s =1,¢;
(w3) X(r,8) X (t,u) — X(r,u) X (t, s).
Then we put R7 = A/I and define T = (A(g), D(h),X(g,h)) mod I. By the
above definition, T is a pseudo-representation with 7' mod mpr_ = 7. For a pseudo

representation 7 = (a,d,z) : G — A with 7 =7 mod my4, we define ¢, : A — A
with ¢, (f) € A for a power series f(Ag, Dp, X(4,1)) € A by

f(Ag, D, X(g,1)) = f(7(9) — ¢(7T(9)))
= flalg) = »(@(g)), d(h) — ¢(d(h)), =(g, h) = o(T(g, h)))-

Since f is a power series of Ay, Dy, X, and 7(g9) — ¢(T(g9)) € ma, the value
f(r(g) — ¢(7(g))) is well defined. Let us see this. If A is artinian, a sufficiently
high power mJX vanishes. Thus if the monomial of the variables Ay, Dy, X(4 ) is of
degree higher than N, it is sent to 0 via ¢r, and f(7(g) — ¢(T(g))) is a finite sum
of terms of degree < N. If A is pro-artinian, the morphism ¢, is just the projective
limit of the corresponding ones well defined for artinian quotients. By the axioms
of pseudo-representation (W1-3), ¢-(I) = 0, and hence ¢, factors through Rz. The
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uniqueness of ¢, follows from the fact that {Ay, Dy, X4 n)lg, h € G} topologically
generates [i=.

Now assume that G = lim G/N for open normal subgroups N (so, G/N is
finite). Since Ker(p) is an open subgroup of G, we may assume that N runs
over subgroups of Ker(p). Since p factors through G/Ker(p), Tr(7) = Tr(p)
factors through G/N. Therefore we can think of the universal couple (RY,Ty)
for (G/N,7). If N C N’, the algebra homomorphism Ag/ny — Ag/n: taking
(Agn, Dun, X(gn,nny) to (Agne, Dane, X(gnv nnvy) induces a surjective W-algebra
homomorphism 7y N/ : RJ;V — RJ;V " with mnN © Ty = Tns. We then define
T =lim_Ty and R = lim_RY. If 7 : G — A is a pseudo representation,

—N —NT
by Proposition 2.4, we have the associated representation p : G — GLo(A) such
that Tr(7) = Tr(p). If A is artinian, then GL2(A) is a finite group, and hence
p and Tr(r) = Tr(p) factors through G/N for a sufficiently small open normal
N

subgroup N. Thus we have ¢, : RF N, RJ?V 7, A such that tr oT = 7. Since
(A(g), D(h), X(g,h)) generates topologically Rz, ¢, is uniquely determined.

Writing p for the representation p : G — GL,(R7) associated to the universal
pseudo representation 7' and rewriting Rz = Rz, for n = 2, we have proven by
(2.1) the following theorem, which was first proven by Mazur [M89] in in 1989 (see
[MFG] Theorem 2.26 for a proof valid for any n).

Theorem 2.7 (Mazur). Suppose that p : G — GLy,(F) is absolutely irreducible.
Then there exists the universal deformation ring Rz in CLw and a universal defor-
mation p : G — GL,(R5). If we write T for the pseudo representation associated to
P, then for the universal pseudo-representation T : G — Rz deforming T, we have
a canonical isomorphism of W -algebras v : Rz = R such that ¢ o Tr(p) = Tr(T).

Let (Rz, p) be the universal couple for an absolutely irreducible representation
p:8g — GL,(F). We can also think of (Rget(p), ), which is the universal couple
for the character det(p) : &g — GL1(F) = F*. As we have studied already,
Raeyz) = WII')] = Aw. Note that det(p) : &g — GL1(R5) satisfies det(p)
mod mg_ = det(p). Thus det(p) is a deformation of det(p), and hence by the
universality of (Aw = Rgey(5), V), there is a unique W-algebra homomorphism
t : Aw — Rg such that ¢ o v = det(p). In this way, R; becomes naturally a
Ay —algebra via ¢.

Corollary 2.8. Let the notation and the assumption be as above and as in the above
theorem. Then the universal ring Ry is canonically an algebra over the Iwasawa

algebra Ay = W[T].

When G = B¢ (or more generally, ), it is known that Rz is noetherian (cf.
[MFG] Proposition 2.30). We will come back to this point after relating certain
Selmer groups with the universal deformation ring.

2.4. Ordinary universal deformation rings. Let p: 8g — GL2(F) be a Galois
representation with coefficients in a finite field F of characteristic p. We consider
the following condition for a subfield F' of Q(®):

(air) p restricted to & is absolutely irreducible;
(rgp) Suppose p|p, = (8 %) for each deccimposition_ subgroup D), at p in &g and
that € is ramified with unramified ¢ (so, € # d on I,).
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Let CLw be the category of p—profinite local W-algebras A with A/my = F.
Hereafter we always assume that W-algebra is an object of CLy . Let p : &g —
GL3(A) be a deformation of p and ¢ : &g — W*. We consider the following
conditions

(det) det p = ¢ regarding ¢ as a character having values in A* by composing ¢
with the W-algebra structure morphism W — A;

ord) Suppose p|p, = (§ ) for each decomposition subgroup D, at p in &g with
P\D, 06 g p Q
unramified & (so, € # & on I,).

A couple (R°"% € CLy, p°®? : &g — GLa(R"%?)) is called a p-ordinary
universal couple (over Bg) with determinant ¢ if p°@? satisfies (ord) and (det)
and for any deformation p : &g — GL2(A) of p (A € CLy) satistying (ord) and
(det), there exists a unique W-algebra homomorphism ¢ = ¢, : R7%? — A such

that ¢ o p® %% ~ p in GLy(A). If the uniqueness of ¢ does not hold, we just call
(Ro74:9 | po7d:?) a versal p-ordinary couple with determinant ¢.

Similarly a couple (R € CLw,p°™® : &g — GLa(R")) (resp. (R?,p?))
is called a p-ordinary universal couple (over &g) (resp. a universal couple with
determinant ¢) if p°? satisfies (ord) (resp. det(p?) = ¢) and for any deformation
p: Gy — GL2(A) of p (A € CLy) satistying (ord) (resp. det(p) = ¢), there exists
a unique W-algebra homomorphism ¢ = ¢, : R4 — A (resp. ¢ = ¢, : R* — A)
such that ¢ o p°¢ ~ p (resp. @ o p? ~ p) in GLo(A).

By the universality, if a universal couple exists, it is unique up to isomorphisms
in C Lw.

Theorem 2.9 (Mazur). Under (aig), universal couples (R, p) and (R?, p?) ex-
ist. Under (rg,) and (aig), universal couples (R, p°™ : 8y — GLa(R)) and
(Revd:# pord:®) exist (as long as p satisfies (ord) and (det)). All these universal
rings are noetherian if they exist.

This fact is proven in Mazur’s paper in [M89]. The existence of the universal
couple (R, p: &y — GL2(R)) is proven in previous subsection (see Theorem 2.7) by
a different method (and its noetherian property is just mentioned). Here we prove
the existence of the universal couples (R?, p?), (R°"?, p°rd) and (R°"49, pord:?)
assuming the existence of a universal couple (R, p).

Proof. Anideal a C R is called ordinary if p mod a satisfies (ord). Let a®¢ be the
intersection of all ordinary ideals, and put R"¢ = R/a°"¢ and p°% = p mod a°".
If p: g — GL2(A) satisfies (ord), we have a unique morphism ¢, : R — A
such that (p mod Ker(p,)) ~ ¢, o p ~ p. Thus Ker(p,) is ordinary, and hence
Ker(p,) D a°"¢. Thus ¢, factors through R°"¢. The only thing we need to show is
the ordinarity of p mod a°"¢. Since a®"¢ is an intersection of ordinary ideals, we
need to show that if a and b are ordinary, then a N b is ordinary.

To show this, we prepare some notation. Let V' be an A—module with an action
of &q. Let I = Iy be an inertia group at p, and put V; =V/ > (0 —1)V. Then
by (rgp), p is ordinary if and only if V(p); is A-free of rank 1. The point here
is that, writing 7 : V(p) — V(p)r for the natural projection, then Ker(w) is an
A-direct summand of V(p) and hence V(p) = Ker(m) ® V(p)r as A-modules (but
not necessarily as &g-modules). Since V (p) = A2, the Krull-Schmidt theorem tells
us that Ker(w) is free of rank 1. Then taking an A-basis (z,y) of V(p) so that
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x € Ker(r), we write the matrix representation p with respect to this basis, we
have desired upper triangular form with V(p)r/maV(p);r = V(6).

Now suppose that p = p mod a and p’ = p mod b are both ordinary. Let
P’ =p mod anb, and write V.=V (p), V' =V (p') and V" = V(p"). By definition,
V"/aV" =V and V”/bV" = V'. This shows by definition: V}'/aV]’ = V; and
V{'/bV]" = V]. Then by Nakayama’s lemma, V' is generated by one element, thus
a surjective image of A = R/anNb. Since in A, anNb = 0, we can embed A into
A/a@® A/b by the Chinese remainder theorem. Since V; & A/a and V] = A/b,
the kernel of the diagonal map V}' — Vi @ V] = A/a @ A/b has to be zero. Thus
V/' =2 A, which was desired.

As for R? and R°"%?, we see easily that

R? =R/ Y R(det p(0) — ¢(0))

occ®q
Rordqb Rord/ Z Rord det pord( ) (b(o,)),
occ®q
which finishes the proof. O

2.5. Tangent spaces of local rings. To study when Rz is noetherian, here is a
useful lemma for an object A in C'Lyy:

Lemma 2.10. Ift}, v, = ma/(m% +my) is a finite dimensional vector space over
F, then A € CLy is noetherian. The space tZ/W is called the co-tangent space of
A at my € Spec(A) over Spec(W).

Proof. Define t% by m/m?%, which is called the (absolute) co-tangent space of A
at my. Since we have an exact sequence:

F = my /miy — t5 — thy — 0,

we conclude that ¢¥% is of finite dimension over FF. First suppose that pA = 0 and
m¥ = 0 for sufficiently large N. Let T1,...,Zm, be an F-basis of t%. We choose
z; € Asothat ; mod m% = Z;. Then we consider the ideal a generated by z;. We
have the inclusion map: a = jAz; — ma. After tensoring A/my, we have the
surjectivity of the induced linear map: a/maa = a®@sA/my — mR4A4/my =2 m/m?
because {El, ...y ZTm} is an F-basis of ¢*. This shows that my = a = Zj Ax;.

k+1 is generated by the monomials in z; of degree k as an -

Therefore mA /m’

vector space. In particular, mJX ~1 is generated by the monomials in x; of degree
N — 1. Then we define 7 : B = F[[X1,...,Xn]] — A by n(f(X1,...,Xn)) =
f(x1,...,2m). Since any monomial of degree > N vanishes after applying =, 7 is
a well defined W-algebra homomorphism. Let m = mp = (X1,---, X,,) be the

maximal ideal of B By the above argument, m(m~N~1) = mJX L. Suppose now

that 7(m™V~7) = m} 7 and try to prove the surjectivity of w(mN=7-1) = my /71,

Since mJX g1 / m’ ™7 is generated by monomials of degree N —j —1 in ;, for each
z € mY 77 we find a homogeneous polynomial P € mV~9~1 of z1,...,z,, of
degree N — j—1 such that  —7(P) € mN I = w(mN~7). This shows the assertion:
7(mN=7=1) = m/ 777! Thus by induction on j, we get the surjectivity of 7.

Now suppose only that mY = 0. Then in particular, p¥ A = 0. Thus A is an
W/pNW-module. We can still define 7 : B = W/p"W/[[X1,..., Xn]] — A by

sending X; to xz;. Then by the previous argument applied to B/pB and A/pA,
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we find that # mod p : B ®@w W/pW = B/pB — A/pA = A @y W/pW is
surjective. In particular, for the maximal ideal m’ of W/p™¥ W, 7 mod m’ : B @y
F~B/m'B— A/m'A > AQw T is surjective. Then by Nakayama’s lemma (cf.
[CRT] §2 or [MFG] §2.1.3) applied to the nilpotent ideal m’, 7 is surjective.

In general, write A = @l A; for artinian rings A;. Then the projection maps
induce surjections ¢, — ¢}, Since ¢} is of finite dimensional, for sufficiently large
i, t, , =th,. Thus choosing z; as above in A, we have its image xg-l) in A;. Use
xg-l) to construct m; : W[[Xq,...,X,,]] — A; in place of z;. Then 7; is surjective
as already shown, and 7 = lim m; : W[[Xy,..., X:n]] — A remains surjective,
because projective limit of surjections, if all sets involved are finite sets, remain

surjective (Exercise 1). Since W[[X7, ..., X,,]] is noetherian ([CRT] Theorem 3.3),
its surjective image A is noetherian. O

2.6. Recall of group cohomology. To prove noetherian property of Galois defor-
mation ring R, we need to show the tangent space of Spec(R) has finite dimension.
In order to give a Galois theoretic computation of the tangent space of the deforma-
tion ring, we introduce here briefly Galois cohomology groups. Consider a profinite
group G and a continuous G-module X. Assume that X has either discrete or
profinite topology.

Let T, = Qp/Z,. For any abelian p-profinite compact or p-torsion discrete
module X, we define the Pontryagin dual module X* by X* = Homcon:(X, Tp)
and give X* the topology of uniform convergence on every compact subgroup of
X. The G-action on f € X* is given by of(x) = f(c~'z). Then by Pontryagin
duality theory (cf. [FAN]), we have (X*)* & X canonically.

Exercise 2.11. Show that if X is finite, X* = X noncanonically.

Exercise 2.12. Prove that X* is a discrete module if X is p-profinite and X* is
compact if X is discrete.

By this fact, if X* is the dual of a profinite module X = @n X, for finite
modules X,, with surjections X,, - X,, for m > n, X* = Un X7 is a discrete
module which is a union of finite modules X;.

We denote by H?(G, X) the continuous group cohomology with coefficients in
X. If X is finite, HY(G, X) is as defined in [MFG] 4.3.3. Thus we have

H°(G,X) = X% = {z € X|go =z for all g € G},
and if X is finite,
{G = X : continuous|c(o7) = oc(r) + ¢(o) for all 0,7 € G}
{G LR X|b(o) = (0 — 1)z for z € X independent of o}
and H%(G, X) is given by

3

HYG,X) =

{G = X : continuous|c(a, 7) + (o, p) = oc(T, p) + c(o,7p) for all 0,7, p € G}
{G 2, X|b(o,7) = c(o) + oc(1) — c(oT) for a continuous map ¢: G — X}
If X =lim X, (resp. X =lim X,,) for finite G-modules X,,, we define
—n —>x

HI(G, X) = lim HY (G, X,,) (vesp. HY(G, X) = lim H/(G, X)),

n n
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For each Galois character v : Gal(Q/F) — W and a W-module X with contin-
uous action of Gal(Q/F), we write X () for the Galois module whose underlying
W-module is X and Galois action is given by 1. We simply write X (i) for X ()
for the p-adic cyclotomic character. In particular Z,(1) = lim  p» (Q) as Galois
modules.

Let G be the (profinite) Galois group G = &y or Gal(Q, /K) for a finite extension
K/Qp. By a result of Tate, Galois cohomology “essentially” has cohomological
dimension 2; so, H’, H" and H? are important. If G = Gal(Q,/K) for a finite
extension K/Q,, by Tate duality (see [MFG] 4.42),

H*™'(G, X) = Hom(H"(G, X*(1)),Q/7Z)

for finite X.

For a general K-vector space V with a continuous action of G and a G-stable
W-lattice L of V, we define HY(G,V) = HY(G,L) @w K.

Write &5, = Gal(F®) /M) for any intermediate field M of FP)/F, where F?) /F
is the maximal extension unramified outside p and oco. By the inflation-restriction
sequence (e.g., [MFG] 4.3.4),

0— H'(Gal(M/F), H(6, X)) » H (65, X) — H' (&), X)

is exact. More generally, we can equip a natural action of Gal(M/F) on H (&, X)
and the sequence is extended to

0 — HYGal(M/F), H* (&, X))
— HY (&5, X) — H(Gal(M/F), H (&, X))
— H*(Gal(M/F), H* (&, X))

which is still exact.

2.7. Cohomological interpretation of tangent spaces. Let R = R;. We let
B acts on M, (F) by gv = p(g)vp(g)~*. This g—module will be written as ad(p).

Lemma 2.13. Let R = Ry for an absolutely irreducible representation p : &g —
GL,(F). Then

tryw = Homg(ty v, F) = H' (6q, ad(p)),
where HY (&g, ad(p)) is the continuous first cohomology group of Bq with coeffi-
cients in the discrete g—module V (ad(p)).

The space tg/w is called the tangent space of Spec(R) /y at m.

Proof. Let A =TF[X]/(X?). We write ¢ for the class of X in A. Then ¢ = 0. We
consider ¢ € Hompw _q14 (R, A). Write ¢(r) = ¢o(r) + ¢(r)e. Then we have from
¢(ab) = ¢(a)¢(b) that do(ab) = do(a)po(b) and

pe(ab) = ¢o(a)pe(b) + ¢o(b)de(a).
Thus Ker(¢o) = mp because R is local. Since ¢ is W-linear, ¢o(a) = @ = a
mod mpg, and thus ¢ kills mf% and takes mp W-linearly into my4 = Fe. Moreover
forr e W, 7 =r¢(l) = ¢(r) =T+ ¢-(r)e, and hence ¢, kills W. Since R shares its
residue field F with W, any element a € R can be written as a = r+a withr € W
and z € mg. Thus ¢ is completely determined by the restriction of ¢. to mg, which
factors through 3 W We write {4 for ¢. regarded as an F-linear map from ¢7, W
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into F. Then we can write ¢(r + z) = 7+ £y(z)e. Thus ¢ — ¢4 induces a linear
map ¢ : Homw a1y (R, A) — Homg(t} )y, F). Note that R/(m%+my ) = Fotyw-
For any ¢ € Homg(t}, /W,IF), we extends ¢ to R/m?% declaring its value on F is
zero. Then define ¢ : R — A by ¢(r) = ¥+ £(r)e. Since 2 = 0, ¢ is an W-
algebra homomorphism. In particular, ¢(¢) = ¢, and hence ¢ is surjective. Since
algebra homomorphisms killing m% + my, are determined by its values on th W l
is injective.
By the universality, we have
Hompy —q19(R, A) = {p: g — GL,(A)lp modmy =p}/ ~.

Then we can write p(g) = p(g) + u,(g)e. From the mutiplicativity, we have

p(gh) +u,(gh)e = p(gh) = p(g)p(h) = p(g9)B(h) + (B(g)uy,(h) + u,(9)p(h))e,
Thus as a function v’ : &g — M, (F), we have

(2.2) uy,(gh) = pg)uy, (h) + uy,(9)p(h).
Define a map u, : &g — ad(p) by u,(g9) = u/,(9)p(g)~". Then by a simple com-

putation, we have gu,(h) = p(g)u,(h)p(g)~" from the definition of ad(p). Then
from the above formula (2.2), we conclude that u,(gh) = gu,(h) + u,(g). Thus
u, : Bg — ad(p) is a 1-cocycle. Starting from a 1-cocycle u, we can reconstruct
representation reversing the the above process. Then again by computation,

p~p = plg) +u,(g) = (1+2)(p(g) + uy (9))(1 — ze)  (x € ad(p))
= u,(9) = 2p(g) — p(9)r + uy(9) = up(g) = (1 —9)z + up (9)-
Thus the cohomology classes of u, and u, are equal if and only if p ~ p’. This
shows:
Homg (t% /y, F) = Hompw a1 (R, A) =
{p: Bg — GLa(A)lp mod ms =7}/ ~ = H'(Gg, ad(7)).
In this way, we get a bijection between Homg(t% v/, F) and HY(&g,ad(p)). By

tracking down (in the reverse way) our construction, one can check that the map
is an F-linear isomorphism. O

For each open subgroup H of a profinite group G, we write H,, for the maximal
p—profinite quotient. We consider the following condition:
(®) For any open subgroup H of G, the p-Frattini quotient ®(H,) is a finite
group,
where ®(H,) = H,/(Hp)?P(Hp, Hp) for the the commutator subgroup (H,, H,) of
H,.
Proposition 2.14 (Mazur). By class field theory, ®q satisfies (), and Ry is a

noetherian ring.

Proof. Let H = Ker(p). Then the action of H on ad(p) is trivial. By the inflation-
restriction sequence for G = &g, we have the following exact sequence:

0 — HY(G/H, H(H, ad(p))) — H'(G, ad(p)) — Hom(®(H, ), My (F)).
From this, it is clear that dimp H'(G,ad(p)) < oo if &g satisfies the p-Frattini
condition (®). The fact that &g satisfies (®) follows from class field theory. Indeed,
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if F is the fixed field of H, then ®(H)) fixes the maximal p-abelian extension M /F
of type (p,p,...,p) unramified outside p. Here a p-abelian extension M/F is of
type (p,p,...,p) if Gal(M/F) is abelian killed by p. By class field theory, [M : F]
is finite. O

2.8. Applications to representation theory. Group cohomology can be used
to measure obstruction of extending a representation of a subgroup to the entire
group. The theory is a version of Schur’s theory of projective representations [MRT]
Section 11E.

Let G be a profinite group with a normal open subgroup H of finite index. We
put A = G/H. Fix a complete noetherian local Z,-algebra W with residue field
F. Any algebra A in this section will be assumed to be an object of C'Ly,. For
each continuous representation p : H — GL,(A) and ¢ € G, we define p?(g) =

plogo™).

We take a representation m : H — GL,(A) for an artinian local W-algebra A
with residue field F. We assume the following condition:

(Alg) p=m mod my is absolutely irreducible.
For the moment, we assume another condition:

(©) 7 = c(o) 'n%¢(o) with some ¢(c) € GL,(A) for each o € G.

If we find another ¢/(0) € GL,(A) satisfying 7 = ¢/(0) "'n7¢/ (o), we have
7= (o) e(o)me(o) 1 (o),
and hence by Exercise 2.5 (3), ¢(0)~c/(0) is a scalar. In particular, for o, 7 € G,
—1 _oT1 —1_7 —1 _oT1

clor) 1% c(or) = =c(r) 7 e(r) = 0(7)710(0') w7 c(o)e(T),

and hence, b(o,7) = c(o)c(r)c(or)™t € AX. Thus c(o)c(r) = b(o,7)c(or). This
shows by the associativity of the matrix multiplication that

(clo)e(r))e(p) = b, 7)e(o7)e(p) = blo, TIB(o, p)e(op) and
c(o)(c(r)e(p)) = c(o)b(r, p)c(Tp) = b(7, p)b(a, Tp)c(oTp),
and hence b(o, 7) is a 2—cocycle of G. If h € H, then
7(g) = c(ht) *n(hrgr *h Y)e(hT) =
c(ht)ta(h)e(T)m(g)e(r) " ta(h) " te(hT).
Thus c(ht) " tn(h)c(r) € AX.

Write G = | |,y H7 (disjoint). We redefine ¢ by c(h7) = w(h)c(r) for 7 € R
and h € H. Then c satisfies c(h7) = 7(h)c(r) for all h € H and 7 € R. Since
c(hh'7T) = w(hh')e(T) = w(h)c(h'T), actually c satisfies that

(m) c(ht) = mw(h)e(r) for all h € H and all 7 € G.
Since ¢(1) commutes with Im(w), ¢(1) is scalar. Thus we may also assume

(id) c(1) = 1.
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Note that for h, h' € H,
b(ho, ') = c(ha)c(h'T)c(hah'T) !
= n(h)e(a)m (W )e(r)c(or) tn(hah'c™ 1)t
= w(h)7? (K" )b(o, ) (hoh'c™ ")~ = b(o, 7).

Thus b is a 2—cocycle factoring through A.

If we change ¢ by ¢, then by (C), ¢(0) = ¢(0)((0) for (o) € A*. Thus we see
from c(o)c(r) = b(o, 7)c(o7) that /(o) (1) = b(o, 7)¢(0)((7)c! (67) (o)L, Thus
the 2—cocycle b made out of ¢’ is cohomologous to b, and the cohomology class
[b] = [7] € H*(A, A*) is uniquely determined by 7.

If b(o, 7) = ((0)¢(T)¢(o7) 7! is further a coboundary of ¢ : A — A, we modify
c by (“te. Since ¢ factors through A, this modification does not destroy the
property (m). Then c¢(o1) = ¢(o)e(r) and c¢(h7) = w(h)e(r) for h € H. Thus c is
a representation of G and extends 7 to G. Let d be another extension of w. Then
x(0) = c¢(0)d(c)~! € A% is a character of G, because x commutes with 7. Thus
c=d®x.

We consider another condition

(inv) Tr(r) = Tr(n?) for all 0 € G.

Under (Alp), it has been proven by Carayol and Serre (Proposition 2.6) that
(inv) is actually equivalent to (C). Thus we have

Theorem 2.15. Let 7: H — GL,(A) be a continuous representation for a p—adic
artinian local ring A. Suppose (Alp) and (inv).

(1) We can choose ¢ satisfying (7);

(2) Choosing c as above, b(o,7) = c(o)e(r)e(or)™! is a 2-cocycle of A with
values in A*;

(3) The cohomology class [b] = [r] (called the obstruction class of 7) of the
above b only depends on m but not on the choice of c, etc. There exists a
continuous representation g of G into GL,(A) extending m if and only if
[7] = 0 in H*(A, AX);

(4) All other extensions of ® to G are of the form g ® x for a character x of
A with values in A*.

(5) If H?(A, AX) = 0, then any representation 7 satisfying (Aly) and (inv)
can be extended to G.

Corollary 2.16. If A is a p—group, then any representation w with values in
GL,(F) for a finite field F of characteristic p satisfying (Alg) and (inv) can be
extended to G.

Proof. This follows from the fact that |F*| is prime to p. Hence H?(A,F*)
=0. O

When A is cyclic, then H2(A, AX) = A% /(A*)? for d = |A|. If for a generator
o of G, &€ = c(oV)m(0?)~! € (A*)?, then b is a coboundary of ((07) = &/ By
extending scalar to B = A[X]/(X¢ — &), in H?(G, BX), the class of b vanishes.
Thus we have

A
A
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Corollary 2.17. Suppose (Aly) and (inv). If A is a cyclic group of order d, then
m can be extended to a representation of G into GL,(B) for a local A-algebra B
which is A-free of rank at most d = |A|.

Let = m mod m4. We suppose that 5 can be extended to G. Then we may
assume that the cohomology class of b(c, 7) mod my4 vanishes in H?(G,F*). Thus
we can find ( : G — A* such that

a(o,7) = b(o, 7)C(0)(T)¢(e7)™" mod my = 1.

Then a has values in G, (A) = 14+ my. In particular, if the Sylow p—subgroup S of
A is cyclic, we have H?(S, G (A)) = G (A)/@m (A)IS!. Write ¢ for the element in
G (A) corresponding to a. Then for B = A[X]/(X!S| — ¢), the cohomology class
of a vanishes in H2(S, G,,(B)). This implies that in H2(S, BX), the cohomology
class of b vanishes. Since Tro Res : HY(A, M) — H?(S, M) is a multiplication by
(A : S) prime to p, if M is p-profinite, Res is injective; so, HI(A, @m(B)) =0.

Corollary 2.18. Suppose (Algy) and (inv). Suppose A has a cyclic Sylow p-
subgroup of order q. If p can be extended to G, then m can be extended to a rep-
resentation of G into GL,(B) for a local A-algebra B which is A—free of rank at
most q.

We now prove the following fact:

(AI) When A is cyclic of odd order and n = 2, the condition (Al) is equivalent
to (AIG)

Proof. Let p be an absolutely irreducible representation of G' into GLo(K) for a
field K. We assume that A is cyclic of odd order. We prove that p cannot contain
a character of H as a representation of H, which shows the equivalence, since p is
2—-dimensional. Suppose by absurdity that p restricted to H contains a character
x- Let H = {g € G|x(ghg™') = x}. Then x can be extended to a character of
H'’ (Corollary 2.17). We pick one extension x : H — B* for a finite flat extension
B/Ain CL. Let p' = p|g+. By Frobenius reciprocity, we have

(2.3) Homg (¢, Indjj x) = Homgz 1 (0|1, X)

where, by definition, Indd M = Homgg)(Z[H], M) and we let g € H' act on
¢ € Homz(M, N) by (g9¢)(z) = g(¢(97*x)) for two H'-modules M and N. If
0 = p|g+ remains irreducible, this shows that p/ C Indg/ x. It is easy to check from
definition that )
Indj; x & ®eX¢,

¢ running all characters of the cyclic group H'/H. Thus p’ cannot be irreducible,
and we may assume that H = H’. Then conjugates of x under A are all distinct.
Since, by Shapiro’s lemma again, p C Indfl x and p = p? C Ind%, X'?. Therefore
p|lr contains all conjugates of x’ with the equal multiplicity. Thus (G : H')|2,
which is absurd because (G : H) is odd. O
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3. BASE CHANGE OF DEFORMATION RINGS

In this section, we describe a general theory (given in [MFG, §5.4]) of controlling
the deformation rings of representations of a normal subgroup under the action of
the quotient finite group.

Throughout the section, we fix a profinite group G and a open normal subgroup
H. We write the quotient A = G/H. Our deformation functor can be defined
over the category C' Ly, but if the following finite p—Frattini condition is satisfied
by G, all the functors introduced here, if representable in C' Ly, they are actually
representable over the smaller full subcategory C'N Ly of noetherian pro-artinian
rings:

(@) All open subgroup of G has finite p—Frattini quotient.

The p-Frattini quotient of a profinite group G is G/GP(G : G) for the commutater
subgroup (G : G). By class field theory, this condition is satisfied by Gal(F*/F)
for a number field F (e.g., [MFG, Proposition 2.30]), where F'¥/F is the maximal
extension unramified outside a finite set S of places of F. Thus, assuming (®) does
not cause any harm to our later application; so, we will assume (®) throughout this
section for simplicity.

3.1. Deformation functors of group representations. We fix a representation
p: G — GL,(F) and consider the following condition

(Alg) P = Plu is absolutely irreducible.

In this subsection, we study various deformation problems of p and relation among
the universal rings.

We consider a deformation functor Fg : CNLy — SETS given by
Fu(A)={p: H—>GL,(A) |p=p modmuy}/ ~

“ oM

where “~” is the conjugation equivalence in GL,(A). The functor Fy is repre-
sentable under (Aly) by Theorem 2.7. We write (R, pr) for the universal couple.
Since pg restricted to H is an element in Fgy(Rpy), we have an W—algebra homo-
morphism (called the base-change map) a: Ry — R¢ such that apg = palm.

We would like to determine Ker(a) and Im(«) in terms of A. We briefly recall
the theory of extending representation described in 2.8. By choosing a lift ¢o(o) €
GL,(W) for ¢ € G such that ¢y(0) = p(0) mod my, we can define for any p €
Fa(A), p°(g) = plogo™") and pll(g) = co(0) ™' p7 (9)co(0) in Fa(A). In this way,
A acts via 0 +— [0] on Fy and Ry. Then as seen in 2.8, we can attach a 2—cocycle
b of A with values in @m(A) to any representation p € Fg(A) with plol ~ p in
the following way. Let us recall the construction of b briefly: First choose a lift
c(o) of p(o) in GL,(A) for each o € G such that ¢(1) =1, p = ¢(0) " p7¢(o) and
c(ht) = p(h)e(T) for h € H and 7 € G. Then we have that c(o)c(r) = b(o, 7)c(oT)
for a 2—cocycle b of A with values in G (A). The cohomology class [p] is uniquely
determined by p independently of the choice of ¢ and is called the obstruction class
to extending p to G. If [p] = 0, then b(o,7) = ((0)"1¢(7)"*¢(0o7) for a 1-cochain
¢. We then modify ¢ by ¢{. Then ¢ extends the representation p to a representation
m = c of G (Theorem 2.15).
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Lemma 3.1. Let p € Fg(A). Suppose (Aly) and that n is prime to p and pl°) ~
p for all o € A. If det(p) can be extended to a deformation of detp (over G)
having values in an A-algebra B containing A, then p can be extended uniquely
to a deformation m : G — GL,(B) of p whose determinant coincides with the
extension to G of det(p).

Proof. By applying “det” to ¢ and b, we know that [det(p)] = [det(b)] = n[p]. If n
is prime to p, the vanishing of n[p] in H2(A, @m(B)) is equivalent to the vanishing
of the obstruction class [p]. Thus if det(p) extends to G (that is n[p] = 0), then p
extends to a representation m of G which has determinant equal to the extension of
det(p) prearranged. Since [py] = 0, we may assume that 7 is a deformation of p. We
now show the uniqueness of 7. We get, out of 7, other extensions T1®x € Fg(B) for
x € HY(A, Gy (B)) = Hom(A, G, (B)). Conversely, if 7 and 7’ are two extensions
of p in Fg(B), then for h € H, 7'(0)p(h)7'(0)™r = w(o)p(h)m(c)~! and hence
7(0) "7’ (o) commutes with p. Then by Exercise 2.5 (3), x(0) = n(0) " 17/(0) is a
scalar in G, (B).

X(o7) = n(or) " 7' (o7) = 7(1) " m(o) ' (o) (7)
= (1)~ x(0)7' (1) = x(0)x(7).
Thus Y is an element in H(A, Gy, (B)) and 7’ = 7 ® x, which shows that det(n’)

is equal to det(m)x™. If det(n’") = det(w), then x™ = 1. Since x is of p—power order,
if n is prime to p, x = 1. (|

Here is a consequence of the proof of the lemma:

Corollary 3.2. Let myg € Fg(B) be an extension of p € Fy(A) for an A-algebra
B containing A. Then we have

{m0® x | x € Hom(A, G (B))} = {r € Fa(B) | mi = p}.

It is easy to see that if H2(A,F) = 0, then H2(A, Gy, (A)) = 0 for all A in CNL
(Exercise 1). Therefore we see, if H2(A,F) = 0,

(x)  FL(A)=H(A, Fy(A)2Fg(A)/A(A) for A(A)=Hom(A, G, (A)).

Here we let y € A(A) act on Fg(A) via T — 1@ y. Suppose that F4 is represented
by a universal couple (Rg A, pu.a) and [pg.a] = 0 in H?(A, @m(RH,A))- Then for
each p € F4(A), we have p : Ry a — Asuch that pg a ~ p. Then ¢.[pra] = [p]
and therefore, [p] = 0 in H2(A, G, (A)). This shows again (x).

Under (Aly), by Proposition 2.6, F5(A) 3 p — Tr(p) sends representations p
to A—invariant pseudo representations which are deformations of Tr(p), bijectively.
In the same way as in the proof of Theorem 2.7, it is easy to check that this
deformation functor of pseudo-representations is representable (Exercise 2). Then
the subfunctor F%4 is represented by a residue ring Rg/a for an ideal a. Again
by the unicity lemma, }'ﬁ is represented by Rya = Ru/YecaRu([o] — 1)Ry
(Exercise 3).

Proposition 3.3. Suppose (Aly). Then F% is represented by (Ru.a,pu.a) for
Rga = Rp/a with a = Y,eaRpu(lo] — 1)Ry and pga = pg mod a. If either
[pr.A] =0 in HX(A, G (Ru.a)) or H2(A,F) = 0, then we have Fa/A = F5 via

T T .
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We now consider the following subfunctor Fq g of Fg given by
Fe,u(A) = {plu € Fu(A)|p € Fa(B) for a flat A-algebra B in CNLy } .

Here the algebra B may not be unique and depends on A. Let us check that Fg g
is really a functor. If ¢ : A — A’ is a morphism in CNL and p|g € Fg,u(A) with
p € Fa(B), B being flat over A, then A’®,B is a flat A’-algebra in CNL. Then
(p @id)p € Fg(A'®aB) such that ¢(p|g) = ((¢ ® id)p)|g. Thus Fr(p) takes
Fe.m(A) into Fg g(A’), which shows that Fg g is a well defined functor. For each
p € Fa.u(A), we have an extension p € Fg(B). By the universality of (Rg, pa),
we have ¢ : Rg — B such that opg = p. Then plg = (¢pc)|la = ¢(pc|la) =
wapg. This shows that pa is uniquely determined by p|g € Fg m(A). Therefore ¢
restricted to Im(a) has values in A and is uniquely determined by p|g € Fa u(A).
Conversely, supposing that [apy] = 0 in H?(A, @m(B)) for a flat extension B of
Im(a) in CNL, for a given ¢ : Im(a) — A which is a morphism in CNL, we shall
show that p = pappy is an element of Fg (A). Anyway app can be extended to
G as an element in Fg(B), and hence apy € Fg g(Im(a)). We note that p can
be extended to G because [papn] = ¢.[apy] which vanishes in H?(A, @m(B’)) for
B’ = B®mn(a),pA. Thus p € Fe u(A), and Fg g is represented by (Im(a), app)
as long as [apg] = 0 in H2(A, Gy, (B)) for a flat extension B of Im(a) in CNL.

We have the following inclusions of functors: Fg/ A — Fon C F§ C Fu,
the first map being given by p +— p|y, which is injective by Corollary 3.2. The
functor F% is represented by Ry /a for a = S,caRpu([o] — 1)Ry. Because of the
above inclusion, if [apy] = 0 in H?(A, @m(B)) for a flat extension B of Im(a) in
CNL, the ring Im(«) is a surjective image of Ry/a = Rya. If [pma] = 0 (for
pu.A = pg mod a) in HQ(A,@m(B’)) for a flat extension B’ of Ry a in CNL,
then pya € Fo u(Rua) and thus F5 = Fg u.

Proposition 3.4. Assume (Aly) and that [apg]) =0 in HQ(A,@m(B)) for a flat
extension B of Im(a) in CNL. Then Fg pu is represented by (Im(o), appr). If
further [pg Al =0 in H?(A, @m(B’)) for a flat extension B' of Ry A, then we have
Fou=7TF5.

The character det(py) induces an W-algebra homomorphism: W[[H®]] — Ry
for the maximal continuous abelian quotient H of H. We write its image as Ag
and write simply A for Ag. Since the map W[[H®]] — Ry factors through the
local ring W{[H gb]] in CN Ly for the maximal p—profinite quotient H gb of H Ay
is an object in CN Ly . Thus we have a character det(pg) : H — Aj;. We consider
the category CN Lp,, of complete noetherian local Ag—algebras with residue field
F. We consider the functor Fp,, g : CNLy,, — SETS given by

Fapu(A)={p: H-GL,(A) | p=p mod my and det(p) = det(pm)}/~ .

Pick p: H — GL,(A) € Fa, m(A). Then regarding A as an W-algebra naturally,
we know that p € Fp(A). Thus there is a unique morphism ¢ : Ry — A such
that ppg ~ p. Then ¢(det(pr)) = det(p), and ¢ is a morphism in CNLy,,.
Therefore (R, prr) represents Fy ,,. Similarly to Fg, i, we consider another functor
on CNLy:

Facu(A) ={plu € Fu(A)|p € Fac(B) for a flat A-algebra B in CNL,}.
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Take p € Fag.u(A) such that p = p/|g for p' € Fpg(B). Then there exists
a unique ¢ : Rg — B with det(p’) = ¢(det(pg)). Since the A-algebra struc-
ture of B is given by det(p’), ¢ induces a A—algebra homomorphism of Im(a)A
into B for the algebra Im(«a)A generated by Im(a) and A. From p = (¢pg)|y =
o(pala) = eapm, we see that the A—algebra homomorphism ¢ restricted Im(a)A
is uniquely determined by p. Supposing that [apy] vanishes in H?(A, @m(B)) for a
flat extension B of Im(«), we knows that [apg] vanishes in the cohomology group
H2(A, G (Im (o) A ®Im(a) B)). For any morphism ¢ : Im(a)A — A in CNLj,
[papr] = @«|apy] vanishes in H?(A, @m(B’)) for B" = A ®m(a) B which is flat
over A. Thus we have an extension 7 of p to G having values in B’. Suppose further
that n is prime to p. In this case, as already remarked, we can always extend p
without extending A and without assuming the vanishing of [apg], because det(p)
can be extended to G by ¢ o det(pg). Thus we know:

fAycyH(A) = {p|H S fH(A)’p S fAyc(A)} .

Since det(p) can be extended to G without changing A, there is a unique ex-
tension of 7 with values in GL,(A) such that det(w) = ¢ o (det(pg)), which
implies that 7 € Fj g(A) and hence wlg € Fa,g u(A). Thus Fp g g is rep-
resented by (Im(a)A,apg) if n is prime to p. We consider the morphism of
functors: Fa ¢ — Fa,q.m sending 7 to 7|g. As we have already remarked, the
extension of p € Fp a.u(A) to m € Fa(A) is unique if n is prime to p. Thus
in this case, the morphism of functors is an isomorphism of functors. Therefore
(Ra, pa) = (Im(a)A, appr). Thus we get

Theorem 3.5. Suppose (Aly) and that either n is prime to p or [apy] vanishes
in H?(A, G (B)) for a flat extension B of Im(a). Then Fa ¢ u is representable by
(Im(a)Aq, aprr). Moreover if n is prime to p, we have the equality Rg = Im(a)Ag.

Since « restricted to Ap coincides with the algebra homomorphism induced by
the inclusion H C G, a(Ag) C A. We put R’ = Im(«) ®a,, A. By definition, the
character 1 ® det(pg) of G coincides on H with (codet(py))®1 in R'. Thus apy
can be extended uniquely to pg; : G — GL,(R') such that det(py;) = 1 ® det(pa)
if n is prime to p. Thus we have a natural map ¢ : Rg¢ — R’ such that 1pq = p;.
Since R is an algebra over A and Im(«), it is an algebra over R’. Thus we have the
structural morphism ¢/ : R — Rg. By Theorem 3.5, ¢/ is surjective. By definition,
wopy = 1pu|H = eln = apg ® 1 and vdet(pg) = det(py;) = 1 ® det(pg). Thus
Viapg = V(apg ®1) = apy and idet(pg) = /(1 @ det(pg)) = det(pg). Thus o/
is identity on A and Im(a), and hence ¢"s = id. Similarly, 1'p}, = 1pc = pg. This
shows that

w'(apg ®1) = tlapy) = (apg ® 1) and
w' (1@ det(pg)) = t(det(pg)) =1 @ det(pg).

Thus ¢’ is again identity on Im(o) ® 1 and 1 ® A, and v/ = id. Let X, (resp.
X ®)) indicate the maximal p-profinite (resp. prime-to—p profinite) quotient of a
profinite group X. Write w for the restriction of det(pg) to (G®)®). Define & :
G — W[[G;b]]X by k(g) = w(g)[gp] for the projection g, of g into ng, where [z]
denotes the group element of z € ng in the group algebra. Assuming that F is big
enough to contain all g—th roots of unity for the order g of Im(w), we can perform the
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same argument replacing (Ax, Ag,det(pg)) by (W[[HZ]], W[[G4"],1® k). Thus
we get

Corollary 3.6. Suppose (Aly) and that n is prime to p. Then we have

(Ra, pe) = (Im(a) @a,; Ag, apr @ det(pa))
=t (Im(a) ®W[[Hgb]] W[[G;b]], oapg X H).
In particular, Rq is flat over Im(«).

Exercise 3.7. (1) Show that if H2(A,F) =0, H*(A, G (A)) =0 for all A in
CNLy . Hint: G (A) has a A—invariant filtration whose subquotients are
isomorphic to F;

(2) Show that F% is representable in CN Ly ;
(3) Show that F5 is represented by Ry A.

3.2. Nearly ordinary deformations. Hereafter we assume that n = 2. We would
like to describe nearly p—ordinary Galois deformations. Let us first introduce some
notation: let S = S be a finite set of closed subgroups of G. For each D € S, let
S(D) be a complete representative set for H-conjugacy classes of {gDg *NH | g €
G}. In application, G = & for a number field F' and D is given by decomposition
subgroups of primes in S for a finite set of primes S. For simplicity, we assume
that DN H € S(D) always. Then the disjoint union Sy = | |,.g S(D) is a finite
set, because |S(D)| = |[H\G/D|.

Let V = W2 be rank 2-free W-modules made of column vectors. We identify
G Lo(W') with the group of W-linear automorphisms Auty (V). Then the algebraic
group GL(2) defined over W can be regarded as a covariant functor from C Ly into
the category of groups given by GLy(A) = Auts(V @w A). An algebraic subgroup
B C GL(2) is called the Borel subgroup defined over W if there exists an W-
submodule W C V' with V/W = W such that

B(A) = {z € GLy(A)|z(W(A)) c W(A)},

where W(A) = Wew A C Vew A =V(A). Thus any two Borel subgroups defined
over W are conjugate each other by an element in G Lo(W).

Let {Bp}pes be a set of Borel subgroup of GL(2), defined over W indexed
by D € S. For each D' € S(D) such that D' = H N gDg~!, we define Bp, =
c(9)Ppc(g)~* for a lift ¢(g) € GL,(W) of p(g). Now we impose the following
additional condition to our deformation problem: We assume

(NO) p(D) C Pp(F) for each D € Sg.
Then we consider the following condition:
(nog) there exists gp € éIQ(A) for each D € Sy such that
gpp(D)gp' € Bp(A),
where GL,(A) = 1+ maM, (A).
We define a subfunctor F-°"¢ of the functor Fx by
Ford(A) = {p € Fx(A) | p satisfies (nox)},

where X denotes either G or H depending on the group concerned. Then by (NO),
(nox) and our choice of Bp, F¥o"4(F) = {p|x} # 0.
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For each D € Sy, we have Bp C GL(2) fixing rank 1 W—free module Wp C
V. Suppose (nog) for p € For¢(A). Then p(D) leaves gp'Wp(A) stable.
Thus p(d) for d € D induces a scalar multiplication on g,'W(A) = W(A) and
95 V(A) /g5 W(A) = V(A)/W(A). In other words, p(d)w = ep ,(d)w for w €
g5 W (A) and p(d)v = 6p,(d)v for v € g5'V(A)/gp ' W(A). The map ¢,, p, : D —
A* are continuous characters and are, respectively, deformations of €p = ep 7 and
dp = 6p5. We consider the regularity condition:

(RgD) ED#SD onD € Sy.

We can prove in exactly the same manner as in the proof of Proposition 2.9 the
following fact:

Proposition 3.8. Suppose (Aly), (NO) and (Rgg) for p. Then the functor Fixo¢
is representable by a universal couple (R}'O’”d, g}'ord) in CN Ly .

In the same manner as in the previous subsection, we can check that A acts on
Fpod via p — plol. Take D € S and put D' = DN H € S(D). Since 7 is invariant
under A and p € Fa-°"4(F),

(Inv) Egl =€ps and 35;1 =0p forallo e D.

Now suppose p € Fg™ " (A) and [p] = 0 in H2(A, Gy (B)) for a flat A-algebra
B. Then we find an extension 7 : G — GL,(B) of p. Let 0 € D and D' = HN D.
Thus 7(0)p(d)m(0) ™" = p(od'c™") € g5y Bp(A)gp: for all d’ € D’ and hence

ED/yp(d/) e ED/yp(O'd/O'il) and 5D/7p(d/) e 5D/7p(0’d/0'71).

By taking d’ € D' with €p/(d') # 6p/(d’), the above equalities implies 7(c) has
to be upper triangular (if we take a base of V(p) ®4 B so that g5,y Bp(B)gp: is
upper triangular). Thus 7(D) C gp' Bp(B)gpr, and, taking gp = gps, we confirm
that m € F&°r9(A). Since F&°® is stable under the action of A, all the arguments
given for Fx in the previous paragraph are valid for F%°¢ for X = G and H.
Writing (R%", p:°"4) for the universal couple representing F%-°"¢, we conclude

Theorem 3.9. Suppose (Aly), (Rgp) for all D € Sy and that n is prime to p.
Then we have the equality R%°™ = Im(a™° )AL, where o™ : RO
R’é"”d is the base-change map given by a™°rdpnord ~ p’é’o’”d|H and A’é’o’”d is the
image of W[[G&] in RE°™. Moreover we have

—

(Rfé.ord, pfé.ord) o~ (Im(an,ord) ®W[[H§b]] W[[G;b]], an.ordpf;[,ord ® IQ).

One can generalize the notion of nearly ordinary representation to GL(n)-
representations, requiring to have p(D) C gp,'Pp(A)gp for a proper parabolic
subgroup Pp C GL(n) defined over W.

Exercise 3.10. (1) Show that F%°"? is representable under (Aly) and (Rgp);
(2) Show that w(0) € gpt Pp(B)gp: under (Rgp: ).
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3.3. Ordinary deformations. In this subsection, we continue to assume that
n = 2 and all Bp are conjugate to the subgroup made of upper triangular matrices.
Fix a normal closed subgroup I = Ip of each D € S. For D' = gDg~'NH € S(D),
we put Ips = gIpg *NH. We call p € Fo"4(A) ordinary if p satisfies the following
conditions:

(Ordx) I C Ker(dp,,) for every D € Sx.
We then consider the following subfunctor F¢<¢ of Fi-ord:
FLUA) = {p € Fxord(A) | p is ordinary}.

It is easy to see that the functor F¢'? is representable by (R%?, p3r®) under (Rgp)
for every D € Sx (see Proposition 2.9).

Let p € FF4(A). Suppose [p] = 0in H%(A, G (B)) for a flat A-algebra B. Then
we have at least one extension m of p in F2-°"%(B). We consider §p » : D — A
for D € S. We suppose one of the following two conditions for each D € S:

(Trp) |Ip/Ip N H| is prime to p ;
(Exp) Every p-power order character of Ip/IpNH can be extended to a character

of A having values in a flat extension B’ of B so that it is trivial on Ip/ for
all D’ € S different from D.

Under (Trp), as a homomorphism of groups, dp r restricted to Ip factors through
SDyp which is trivial on I. Thus ép , is trivial on Ip. We note that dp . is of p—
power order on Ip/HNIp because SDyp is trivial on Ip and dp , is trivialon IpNH.
Thus we may extend dp r to a character n of A congruent 1 modulo mps. Then
we twists m by 77", getting an extension 7’ = 7 @ n~" such that &7, is trivial
on Ip. Repeating this process for the D’s satisfying (Exp), we find an extension
7 € F&U(B) for a flat extension B of A. We now consider

fgf:ilq(A) ={plm € f}’fd(A)’p € F&Y(B) for a flat extension B of A}.

In the same manner as in 3.1, if either p > 2 = n or [a°"4p%4] = 0in H?(A, @m(B))
for a flat extension B of Im(a®®) in CN Ly, we know that F&'¢; is represented by
(Im(a°?), a°rp9rd), where o™ : R%? — R is an W-algebra homomorphism
given by a°"dpyrd ~ pord| .

Let p € F&4(A) and 7 be its extension in Fg4(B) for a flat A-algebra B in
CN Ly . The character det(rw) is uniquely determined by p on the subgroup of ng
generated by all Ip p, because another choice is 7 ® x for a character x of A and
(0)pxex = x on Ip . If ng is generated by the Ip ,’s and H), det(m) is uniquely
determined by p. Thus assuming that p > 2, 7 itself is uniquely determined by
p. Therefore the morphism of functors: F&¢ — gfjlq given by p — p|g identifies
fgfd with a subfunctor of }'g{?], inducing a surjective W-algebra homomorphism
B : Im(a°"?) — RZ4 such that p&?|y = Bapy?. Since pZ |y = apyd, B is the
identity on Im(a°"?), and we conclude that Im(a°"?) = RZ®. This implies

Theorem 3.11. Suppose thatn =2 andp > 2. Suppose (Aly), (Rgp) for D € Sy
and either (Trp) or (Exp) for each D € S. Suppose further that the Ip ,’s for all
D € S and H, generate G;b. Then we have Im(a°"?) = RZ4. In particular, for

any deformation p € .7-'8’:%{(/1), there is a unique extension ™ € F&(A) such that
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7wl = p. If further [pfl’ord] =0 in H3(A, @m(B)) for a flat extension B of Ry,
then
Ry = Im(a”) = R,

where R%i = R} /Yoea Ry (0] — 1) R

3.4. Deformations with fixed determinant. We take a character xy : G — W*
such that x = det(p) mod my. We then define

]_.;<(,ie(A) —{pe ]:;’((A)] det(p) = x|x}-

Supposing the representability of f;, it is easy to check that f;‘(’? is representable.
Since the determinant is already fixed and can be extended to G, by the argument
in the previous subsections shows that if n is prime to p,

XA x,? X
Fi _fG,H_fG'

Write (R;‘(’?,pé??) for the universal couple representing f;‘(’? and define X’ :
RS — RY' so that aX"p ~ pX%’ . Then we have
Proposition 3.12. Suppose (Aly), (Rgp) for D € Sy and that n is prime to p.

Then we have
?

RS /SeeaRY (0] = DRY' = RS = Im(aX") = RY',

X7 - X X,n.ord
where RE is either RS or R& .

3.5. Base Change. We now apply the results obtained in the previous section
to Galois deformations in the following setting: Fix an odd prime p. We take a
continuous Galois representation p of Gal(Q/Q) into G Lo(F) for a finite field F of
characteristic p. Since p is continuous, it factors through the Galois group ® = &
of the maximal extension of Q unramified outside a finite set of primes S. In
this book, for simplicity, we take S = {p, o}, although our ideas certainly work
well in a more general setting. Let § be a closed normal subgroup of &. Thus
A =6/9H = Gal(F/Q). We fix a valuation ring W finite flat over Z, with residue
field F and consider the category CNL = CN Ly of complete noetherian local
W-algebras with residue field F.

3.6. Various deformation rings. A deformation of p|g is a continuous represen-
tation p : ) — GLo(A) for an object A of CNL such that p mod my = p. We call a
deformation p nearly p—ordinary, if for a decomposition subgroup D,, of § at each p-
adic place p, p restricted to D, is isomorphic to an upper triangular representation.
Thus we have two characters ep, , and dp, , of D, realized as diagonal entries. We
then consider the following two deformation functors 7 = Frp : CNL — SETS
given by
Fr(A)={p:$H — GLy(A) is a deformation of p}/ ~,
Frord(A) = {p € Fp(A) is nearly p-ordinary}.

It has been shown in Theorem 2.7 that Fp is representable in C'Ly under the
following condition:

(Alp) p restricted to ) is absolutely irreducible.
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If further [F' : Q] is finite (that is, $ is open in &), the group satisfies (®) and
hence, the functor is representable in CN Ly, (see Proposition 2.14). In addition
to the above condition, to assure the representability of F2-°"¢ we need to assume

(Regr) €p, = €p, 5 and SDp = 0p, p are distinct for each p.

When representable, write (Rp, o) (resp. (R%°" g:o74)) for the universal couple

representing Fr (resp. Fi-°"@). When we consider a deformation problem with
restriction “?”, (for example ? = n.ord), we write (R%, 05) for the universal couple
with the condition “?”. We list here two more restrictions we would like to study:
We call a nearly p-ordinary deformation p p—ordinary if dp , is unramified for every
decomposition subgroup D of § over p. For a given character y : & — W* we say
that a deformation p has fixed determinant x if det p = x in A*. Then we define
the following subfunctors of Fp:

Ford(A) = {p e Fro"4(A)|p is p-ordinary}
FX(A) = {p € Fr(A)|det(p) = x}
Frmorl(A) = FX(A) N FEr4(A), FRUUA) = FXA) N FFi(A),
It is easy to check that the above subfunctors of F2-°"¢ are representable under

(Alr) and (Rgp), and Fg is representable under (Alp) (cf. Proposition 2.9).

For the moment, we assume that [F : Q] < co. Let H% = §/(9,$) be the
maximal (continuous) abelian quotient. We write ﬁgb for the maximal p—profinite

quotient of $H®. Thus H* = jﬁgb % 9P and by class field theory, jﬁgb o Zg X 1

ab

for a finite p—group p, where d is an integer with 1 < d < [F : Q]. Then as
seen in Proposition 2.3, the functor Fp ge¢(5) obtained by replacing p by det(p) is
represented by the continuous group algebra (W[[$4%]], k) for a suitable character
r with k(h) = h for h € H3". Since

)

det(0) € Fraet(n) (Ry) = Homenp (W[[$%], RE),

there is a unique W-algebra homomorphism .7 : W([Hat]] — R} such that "k =
det(o}). Thus Rp is an W[[$%"]]-algebra. Similarly, since g(a € fé(Ré), we see
Q@ 6 € f;(Ré) Thus there exists a unique W-algebra homomorphism o’ : R}, —
R;& such that
? 9 ?
a’oop = 0gls-

We call o’ the base change map (of Galois side). We now describe Im(a”) and
Ker(a”) using the result in the previous section. For that, we take a complete
representative set A’ in & for A = &/$. Then we lift p(o) (o € A’) to an
element c¢(0) € GL,(W) so that ¢(o) mod my = p(o). Then we let A act on
Fr by p°(9) = (o) tp(cgo=t)c(o). This is a well defined functorial action on
f;. By universality, A acts on R{';, via W-algebra automorphisms. We consider
the following condition:

(TR) p totally ramifies in F/Q.
Thus we have from the results in previous sections the following fact:

Theorem 3.13 (Base change theorem). Let F' be a finite Galois extension of Q
(with A = Gal(F/Q)) unramified outside {p,o00}. We suppose (Alp) and (Rgr)
for p.
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(i) If 2 = 0 or n.ord, suppose either that H*(A,F) = 0 or that A is cyclic.
Then we have
RE@ =~ Im(a”) Ownat] W[[@;b]] and Ker(a®) = Z Ry(o — 1)R%.
oEA
(ii) If ? = x, suppose that p is odd. Then we have
R = RY/ > Ri(0c —1)R}.
ocEA
(iii) If ? = ord, suppose (TR), p > 2 and either that H*(A,F) = 0 or A is
cyclic. Then we have
R =R/ > Ry (0 — 1)RE.
ocEA
In all the above cases, Spec(Im(a’)) is isomorphic to the mazimal closed subscheme

of Spec(R%) fized under A.

We study the relation among the various subfunctors of Fr. Suppose that p is
odd and that x mod my = det(p). Then we have a natural transformation for
? =0 or n.ord: _7:;,)5 — _7:;9? X fF,dct(ﬁ) given by p — (pX, det(p)), where

P =p@ (det(p) 'x)"?
Note here that det(p) 'y is of p-power order with p odd, and hence its square root
is uniquely determined. By this remark, we can recover p from (pX,det(p)). Thus
we have f})ﬁ ~ .7-'%’? X FF,det(p) and hence
? ~ N~ b ~ )7 b

Rp = Ry ow W9yl = Ry ([95]-
When F' = Q, the restriction of a character £ of D to the inertia subgroup I has a
unique extension £® to &, because the image of I in D is naturally isomorphic to
®?. Then, assuming that p is p-ordinary, we see that p — (p ® (55;)6, (6p.)%)
induces a natural transformation: F(é}"””d = f@’”d X Fq,(5p.5)¢- Thus we get

Rg' = R ‘Qw W] = RG],

where we have written I' for &%° (= 1 + pZ,, if p is odd) following the tradition in
the Iwasawa theory. We summarize the above argument into the following

Proposition 3.14. Suppose the assumption of Theorem 3.13 depending on the
restriction “?”. Suppose that x mod my = det(p). Then we have the following
canonical isomorphisms:

(i) For ? =0 or n.ord,
75 a ~ )7 a
Rp = RE 8w W([9;'] = R [[95"])-
(ii) Suppose that p is p—ordinary. Then
R = R ‘QwWIIT] = RG[TT].
In particular, we have a canonical isomorphism (if F = Q):
Ryt R
under the assumptions of (i) and (ii).
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