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1. ALGEBRAIC GROUPS

In the first two weeks, we describe the theory of linear algebraic groups.

1.1. Linear algebraic groups. Ifascheme G5 as a functor induces a covariant functor
from ALG g into the category G P of groups, G is called a group scheme. If it has values
in abelian groups AB, we call it a commutative group scheme. We present here a
functorial view point of group schemes. A main reference is [RAG].

1.2. Affine algebraic groups. We start with examples. Let G be an affine scheme
over a ring B. Thus G is a covariant functor from B-algebras ALG g to SET'S. If the
functor R — G(R) for all B-algebras R factors through the subcategory G P of groups in
SETS, (i.e., G(R) is a group and ¢, : G(R) — G(R') for any B—algebra homomorphism
¢ : R — R is a group homomorphism), G is called an affine group scheme or an affine
algebraic group defined over B. The group functor uy sending each B-algebra R to its
N-th root of unity ux(R) is given by S4 for A = B[X]/((1+ X)¥ —1) — 1) and is an
example of finite flat (equivalently, locally free of finite rank) affine group schemes.

Exercise 1.1. Prove that un(R) = Homare,,(B[X]/((1 + X)¥ — 1) = 1), R) is in
bijection to {¢ € R*|¢N = 1} by sending ¢ : B[X]/(1 + X)Y —1) —1) — R to
P(X) = ¢.

Similarly if an affine scheme R/ is a covariant functor from the category of B-algebras
into the category of rings, R is called an affine ring scheme. For two affine algebraic
group G, G defined over B, we define

(1.1) HomB_alg gp(G, G/) = HomGSCH/B (G, G/)
= {gb € Homscn, , (G, G')}QSR is a group homomorphism for all R} .
For simplicity, we write S4 for Spec(A),s.

Example 1.1.

(1) Let A = B[Xy,...,X,]. Then GI(R) := Sa(R) = R", which is an additive

group. Since

Gu(r1, - n) = (9(r1), -, d(rn))
for each algebra homomorphism ¢ : R — R, ¢, is a homomorphism of additive
groups/rings. Thus G is an additive group/ring scheme.

(2) More generally, we can think of C = B[Xj;] for n? variables. Then Sc(R) =
M, (R), and S¢ is not just a group scheme but is a ring scheme. This ring scheme
is written often as M,,. As additive group schemes (ignoring ring structure), M,
is isomorphic to G””.

(3) Consider A = BIt,t™"]. Then Ss(R) = Homuarg,,(A, R) = R* by sending
¢ € Su(R) to ¢(t) € R. Thus this is a group scheme, denoted by G,, and
called the multiplicative group. Note that if ¢ : G,, — G,, is a scheme mor-
phism, then ¢*(t) = b-t" for b € B* as B[t,t7!]* = B*x tZ. If further ¢
induces a group homomorphism G,, — G,,, the constant b has to be 1. Thus
Homgscn, , (Gm, Gr) = Z by ¢ — n if ¢*(t) = ¢". Consider the group algebra
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BJZ] of the additive group Z. Then B[t,t™'] = B[Z] by t" < [n] € B|Z], so
Gy = Spec(B[Endgscn, ; (Gm)])-

Let L be a free Z-module of rank n with basis eq,...,e,. Consider the functor
R — R* ®z L, where R* is considered to be an abelian group and R* ®z L is
a usual tensor product of two abelian groups. Write this functor as G,, ®z L.
Then R* ®z L = (R*)" by sending ) . a; ® e; to (ai,...,a,). Thus we have
G ®z L = Gy,. Since Endgscn, (Gp) = Z, we have L* = Homgy(L,Z) =
Homgscn, , (Gn®z L, Gy) =: X*(L) (the character group of G,, ® L) by sending
t® (¢ to t"® for ¢* € L*. In other words, we have G,, ®z L = Spec(Z[L*])
for the group algebra Z[L*] of the additive group L*. Put X,(G,, ®z L) =
HomGSCH/B (G, Gy, ®z L). We call it the cocharacter group of G,, ®z L. We
have a pairing (-,) : X.(G,, ®z L) X X*(G,, ®z L) — EndGSCH/B(Gm) = 7 by
(¢, x) = x 0 ¢. Plainly this pairing is perfect. The group of the form G,, ®z L is
often called a B-split torus.

Consider the ring D = B[Xjj, ﬁm] for n? variables X;; and the variable matrix
X = (Xjj). Then Sp(R) = GL,(R) and Sp is a group scheme under matrix
multiplication, which is a subscheme of S¢ because GL,(R) C M,(R) for all R.
This group scheme Sp is written as GL(n). In particular, Spp,—1 = GL(1) is
equal to G,,.

For a given B-module X free of rank n, we define Xz = X ® 5 R (which is R—free
of the same rank n) and

GLx(R) = {a € Endg(Xg)|there exists a~' € Endg(Xg)} .

Then GLy is isomorphic to GL(n),p by choosing a basis of X; so, GLx is an
affine group scheme defined over a ring B. We can generalize this to a locally
free B—module X, but if X is not free, it is slightly more demanding to prove
that GLx is an affine scheme.

We can then think of £ = B[Xj;]/(det(X) —1). Then

Sp(R) = {x € GL,(R)| det(z) = 1}.

This closed subscheme of M, (and also of GL(n)) is written as SL(n) and is a
group scheme (under matrix multiplication) defined over B.

Let X is a free B-module of finite rank. We fix a nondegenerate bilinear form
S : X x X — B. Then we consider

G(R) ={a € GLx(R)|Sr(za,ya) = Sg(x,y) for all z,y € Xg},

where Sp(r®@ z,s®y) =rsS(z,y) for r,s € R and =,y € X.

To see that this GG is an affine algebraic group defined over B, we fix a base
x1,...,x, of X over B and define a matrix S by S = (S(z;, x;)) € M, (B). Then
every (ij) entry s;;(X) of the matrix X.S-'X —S (X = (X;;)) is a quadratic poly-
nomial with coefficients in B. Then we consider L = B[X;;, det(X)™!]/(s:;(X)).
By definition,

St(R) = {a € GLx(R)|aS'a = S} = G(R).
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We find aSta = S = S = a 1S -ta™!; so, the inverse exists, and G is an
affine algebraic group. If X = B" and S(z,y) = xS'y for a non-degenerate
symmetric matrix S, G as above is written as Og/p and is called the orthogonal
group of S. If X =Y x Y and S is non-degenerate skew symmetric of the form
S((y,y),(2,2") =T(y,2") —T(z,y') for a symmetric bilinear form 7: Y x Y —
B, we write G = Spr/p. In particular, if S(z,y) =« (1(21 _5”) ty, the group G is
written as Sp,/p and is called the symplectic group of genus n.

(9) We consider a quadratic polynomial f(T) = T? + aT + b € Z[T]. Then define
St(R) = Gu(R)[T]/(f(T)). As a scheme S; = G2 but its value is a ring all the
time. If ¢ : R — R’ is an algebra homomorphism, ¢.(r+sT") = ¢(r) + ¢(s)T; so,
it is a ring homomorphism of Sy(R) = R[T]|/(f(T")) into S;(R') = R'[T|/(f(T)).
Thus Sy is a ring scheme, and writing O for the order of the quadratic field
Q[Va? — 4b] generated by the root of f(T"), we have Sy(R) = R ®yz O.

(10) Since any given number field F' is generated by one element, we know F =
Q[T]/(f(T)) for an irreducible monic polynomial f(7"). For any Q-algebra R,
define Sy(R) = R[T]/(f(T)). Then in the same way as above, Sy is a ring scheme
defined over Q such that S;(R) = F ®q R.

(11) Let G be an affine algebraic group defined over a number field F'. Then we define
a new functor G’ defined over Q-algebras R by G'(R) = G(Sf(R)) = G(F®qR).
We can prove that G’ is an affine group scheme defined over Q, which we write
G' = Resp/G (see Exercise 1.2 (3)).

(12) Assume that f is a quadratic polynomial in Q[T"]. Then S;(Q) = F' is a quadratic
extension with Gal(F'/Q) = {1,0}. Let X be a finite dimensional vector space
over Q and let Gal(F/Q) act on Xp = F' ®q X through F. We suppose to have
a hermitian form H : Xr x Xp — F such that H(z,y) = o(H(y,x)). Then for
Q-algebra R

Un(R) = {o € GLx(S¢(R))|Hs, (r)(xev, ya) = Hg,(r)(x,y) }

is an affine algebraic group, which is called the unitary group of H. Note that
Up is defined over Q (not over F).

Exercise 1.2.

(1) Prove that if ¢ € Homgsc, (G, Gy) =: End(G,,,), the corresponding algebra
homomorphism ¢* : B[t,t™] — Blt,t™'] satisfies ¢(t) = t" for an integer n (so,
End(G,,) = Z).

(2) Let F' be a number field with the integer ring O. Is there any affine ring scheme
S defined over Z such that S(R) = O ®z R?

(3) Let S : X x X — B s a bilinear form for a B—free module X of finite rank
n, and suppose that X = Hompg(X, B) by S. Prove that the matriz of S is in
GL,(B) for any choice of basis of X over B.

(4) For an affine algebraic group G over a number field F (that is, a finite extension
of Q), prove that Resp/oG is an affine algebraic group defined over Q.

(5) Show that the unitary group Uy over Q as above is an affine algebraic group.

More generally than the above Exercise 1.2 (4), we start with an affine group scheme H
over aring R'. For a subalgebra R of R, if the covariant functor C' — H(C'®rR’) defined
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on the category of R-algebras is isomorphic to a scheme H}R, we write H;R = Resp/pH
and call it the Weil restriction of H with respect to R'/R (this is not changing the base
ring of H/p to the subalgebra R).

Theorem 1.3. Let the notation and the assumption be as above. If R'/R is locally
R-free of finite rank, the group functor Resgr grH is an affine group scheme over R.

For a proof, see [NMD] 7.6, Theorem 4.

1.3. Basic diagrams. The group structure of a group scheme gives rise to morphisms
of schemes by Yoneda’s lemma, for example, the group multiplication induces the mul-
tiplication morphism m : G X G — G and the existence of identity can be formulated
to be the existence of a closed immersion Spec(B) — G, which satisfies the group law.
For example, associativity is equivalent to the commutativity of the following diagram

G xs, G xg, G LI G @

(m,y,zw(m,yz)l lm

G xs, G — G.

If G = 54 is affine, the dual of this commutative diagram is

ARpARp A Zod Axp A

ia @mT o Tm
A.

A®BA —

m

The B-algebra homomorphism m is called co-multiplication. Similarly, the identity er
of the group G(R) induces functor morphism

er : Sp(R) = {the structure morphism tg : B — R} 3 1g — er € G(R).

If G = S, is affine, the dual B-algebra homomorphism ¢ : A — B is called the co-
identity. The group inverse map i : G(R) — G(R) induces an involution i of Og (or A
if G = S4) called co-inverse. These maps makes the following diagram commutative:

A £ . B A £, B
mJ/ J/LA and mJ/ J/LA
A®BA—>A, A®BA—>B®BA:A,
id4 ®1¢ e®id 4

A B-algebra A with co-multiplication, co-inverse and co-identity (satisfying the above
commutative diagrams) is called a B-bialgebra (or Hopf B-algebra). Once we take a dual
A* = Homp(A, B), A* is also a bialgebra under the dual maps, as long as A is locally free
of finite rank over B. The bialgebra A* is called the dual B-bialgebra of a B-bialgebra A.
We write BIALG p for the category of B-bialgebras whose morphisms are B-algebra
homomorphisms compatible with co-multiplication, co-inverse and co-identity. The cate-
gory of group schemes GSCH p is a subcategory of SCH,p C Cp made up of B-schemes
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having values in the category of groups, whose morphisms are B-scheme morphisms pre-
serving the group structure. The association A — S, induces a contravariant functor of
BIALG g into GSCH 5 which gives rise to an (anti-)equivalence of categories between
BIALG g and the full subcategory of affine group schemes in GSCH p.

Exercise 1.4. Consider G,, = Spec(B[t,t7']). Let
m € Homare,, (B[t,t™'], Blt,t '] @5 Blt,t™'])

with m(t) =t ®t. Show that the corresponding morphism m : G, X G,,, — G, is given
by m(a,b) = ab for a,b € G,,(R) = R*.

2. REPRESENTATION OF LIE ALGEBRAS

Here is a summary of the results we used on representation of Lie algebra. If we
replace representations of a Lie algebra g by representations of a group G on a finite
dimensional vector space, the exposition is close to the one given in [MFG] Section 2.1.
In other words, the results presented here are also valid for group representations once
we replace the statement for Lie algebras by the corresponding statements for groups.
As for books on Lie algebras, see [REP] for representations on a C vector space, [LAG]
IIT for Lie algebras over general fields and [BLI| for more general cases.

2.1. Algebras. Let R be an algebra (which can be non-commutative). The algebra R
is called simple if there are no two-sided ideals of R except for {0} and R. An R-module
M is called irreducible or simple if M # 0 and any R-submodule N C M is trivial. Thus
M is irreducible < M = R/m for a maximal left ideal m of R.

Let M be an R—module of finite type. Then for any given proper R—submodule M of
M, we consider the set S of all proper R—submodules of M containing M,. Here the word
“proper” means that My # M. If X is an ordered subset of S, then Mx = [Jyex NV
is an R-submodule of M. Here the “ordered” mean that if N, N’ € X, we can find
N" € X such that (N UN') € N”. If Mx = M, we find an element N of X such that
M = N because M is finitely generated over R. This contradicts to our assumption
that S is made of proper submodules. Thus we have Mx # M and Mx € S. Namely
any ordered sequence in S has a upper bound in S. Then by Zorn’s lemma, S has a
maximal element. This shows the existence of maximal proper R—submodule containing
a given Mj.

Let J(M) (radical of M) be the intersection of all proper maximal R-submodules of
M. Then if M is of finite type over R, J(M) = M implies that M = 0. Let J = J(R)
be the intersection of all maximal left ideals of R, which is called the radical of R. Then
R # J. If M is irreducible, then the annihilator Ann(M) = {r € R|rM = 0} of M is
a maximal left ideal of R, because R/ Ann(M) = M via r — rm for any 0 # m € M.
Thus J C Ny imeducinle AND(M ). Pick 7 in the intersection. Then r(R/m) = 0 for any
maximal left ideal m, since M = R/m for a maximal left ideal m is irreducible. Thus
r € rR C m, and hence we have

(2.1) J= () Anmn(M).

M :irreducible
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Since rM = 0 implies raM = 0 for all z € R, Jx C Nppirreducible ANn(M) = J. Thus J
is a two-sided ideal. We claim

(2.2) For everyr € J, 1 —r e R*.

Proof. Since xr € J for x € Rand r € J, we prove 1 —xr € R* in place of 1 —r € R*.
Suppose on the contrary that 1 —zr does not even have left inverse. Then R(1—zr) # R,
and hence, there exists a maximal left ideal m D R(1 — zr). Thus 1 — zr € m and
xr € J C m, which shows 1 =1 — zr + 2r € m, a contradiction. Thus 1 — zr has a left
inverse. In particular, we find s € R such that s(1—r) = 1. Then s = 14+sr = 1—(—s)r.
Applying the above argument for x = —s, we find ¢ € R such that ts = t(1—(—s)r) = 1.
Then t = t(s(1 — 7)) = (ts)(1 —r) = 1 —r. This shows that (1 —r)s = ts = 1 and
1—reR*. O

Suppose that a C R is a two-sided ideal with the property that r € a =1 —1r € R*.
If a ¢ J, then there exists a maximal left ideal m such that a ¢ m. Then a+m = R, and
a+m=1fora € aand m € m. Then m D Rm = R(1 —a) = R because 1 — a € R*.
This is a contradiction. Thus a C J. We thus have

(2.3) Ifa€a=1—a€ R* for aleft (resp. right, two-sided) ideal a, then a C J.
By (2.3), we conclude

(2.4) J = ﬂ m = ﬂ m.

m:maximal right ideals m:maximal two-sided ideals

Lemma 2.1 (Krull-Azumaya, Nakayama).

(1) Let M be an R-module of finite type. If M = JM, then M = 0.
(2) Let A be a commutative local ring and M be an A-module. If either the A-

module M is of finite type or miY M = 0 for a sufficiently large integer N, then
M =wmsM implies M = 0.

This follows from the two facts: (i) J(M) =M = M =0 and (ii) JM C J(M) under
the assumption of the lemma (cf. [CRT] Theorem 2.2).

Corollary 2.2. Let A be a local ring. Let M and N be A-modules and f : M — N be
an A-linear map. Suppose either that ma is nilpotent or that N is an A-module of finite
type. Then if f induces a surjection f: M/maM — N/msN, then f itself is surjective.

Proof. Consider X = N/f(M). By assumption, X/msX = Coker(f) = 0. Thus X =
m4X and hence by Lemma 2.1, X = 0. O

2.2. Modules over Lie algebras. Let E be a field of characteristic 0. A Lie algebra g
over E is a vector space over E with E-linear Lie bracket map [-, -] : g x g — g satisfying
(2] = [y, 7] and [z, [y, 2]) + [# [z, 4]] + [y, [2,2]] = 0 for all 2.y, 2 € g.

Let g be a finite dimensional Lie algebra over E with E-linear Lie bracket [-,-] :
g X g — g. For an E-vector space V of finite dimension n, a representation p : g —
Endg(V) is an E-linear map with p([z,y]) = p(x)p(y) — p(y)p(z) for all z,y € g. A
representation p : g — Endg(V) is called reducible if V=V (p) has a proper non-trivial
subspace stable under g. A representation is called irreducible if it is not reducible. An
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irreducible representation with coefficients in F can be reducible as a representation into
End.(V ®g L) for a field extension L/E. A representation p : g — Endg(V) is called
absolutely irreducible if pz on V(p) @ E is irreducible for an algebraic closure E/E.

Let R = R(p) be the E—subalgebra of the E-linear endomorphism algebra of V' = V(p)
generated over E by p(o) for all o € g. Then R C Endg(V) = M,(FE), and hence R
is a finite dimensional algebra over F; so, it is artinian and noetherian. Let J = J(R).
Then the sequence {J"}, stabilizes for a sufficiently large n = N. From Nakayama’s
lemma (Lemma 2.1), we conclude J¥ = {0}. Thus ) ..ox tworsideq ™ C JY = 0. For a
maximal two-sided ideal m and an ideal a ¢ m, we see m+a = R, and hence m/ +a’ = R
for all 7 > 0. Applying the Chinese remainder theorem ([CRT| Theorem 1.4), we have
R =T],, R/m" for sufficiently large N, where m runs over all maximal two-sided ideals
of R. We write Ry, for R/m". If V is irreducible, then J = m for a single maximal
two-sided ideal. Then V # mV again by Lemma 2.1. Therefore mV" = 0. Since R acts
faithfully on V| we conclude m = 0. Thus R is a simple algebra over E. We have shown
that

V' is irreducible = R is simple.

Thus the study of irreducible g-modules is reduced to the study of R-modules for a
simple F-algebra R.

2.3. Semi-simple algebras. To study modules over simple algebras, we start slightly
more generally. Here we only assume R to be an artinian algebra. An R-module V is
called completely reducible if it is a direct sum of irreducible modules. The algebra R is
called semi-simple if its radical J = J(R) vanishes. Since maximal left ideals of R/.J(R)
corresponds bijectively to maximal left ideals of R by the homomorphism theorem, we
see that J(R/J(R)) = 0. This shows that the quotient R/J(R) is semi-simple. Now the
following three statements are equivalent:

(SS1) R is semi-simple;
(SS2) The left R—module R is completely reducible;
(SS3) Every R—module V of finite length is completely reducible.

Proof. We first prove the implication: (SS1)=- (SS2): Let © be the set of all maximal
left ideals of R. Then m +n = R for two distinct elements m,n € 2. Then by the
Chinese remainder theorem, (), ., m = J(R) = 0 implies that R = @ ., R/m. Since
R is artinian, € is a finite set. By the homomorphism theorem, R-submodules of R/m
correspond bijectively to left ideals between m and R. This shows R/m is irreducible,
since m is a maximal left ideal.

(552)=-(SS3): Since R = P, ., /m, we have minimal left ideals I, indexed by m €
such that R = @ . Im With Iy = R/m as left R-modules. Then 1 = @neqem for
ém € Iy Multiplying the left-hand-side and the right-hand-side by a € I, we get
I 2 a = al = ®neqaen, and therefore ae, = dmna, where 0y = 1 or 0 according as
m = n or not. Thus I, = Rey. Replacing a by en, we get €2 = ey and ege, = 0 if
m # n. Consider an R-linear map ¢ : I, — I, given by ¢(i) = v for v € V. Since
Ker(y) is R—submodule of I, the irreducibility of I, tells us that either Ker(yp) = 0
or Ker(yp) = I,. Thus either I,v = I, or Iyw = 0. In particular, if I,v # 0, then
D men €mV =V € > o Inv. From this, we conclude V=37 -\ ;> cqImv. Then
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we can find m; and v; such that Inv; # 0 and V = @, I'n,v; = D, Im; as R-modules,
since V' is of finite length.

(SS3)=-(SS1): By (SS3), R is the direct sum of irreducible R—submodules I,. By
Lemma 2.1, I, # J(R)Iy. Since I, is irreducible, J(R)I, = 0. Then J(R) = J(R)R =
D, J(R) Iy = 0. 0

We now decompose Q@ = Qq | |---| | so that m,n € Q; <= [, = [, as left R-
modules. Then we write R; = @meﬂj I'v. If m €y, Iza for a € R is either isomorphic
to I, or 0, and therefore it has to be inside R;. Thus R;R C R; and hence R; is a
two-sided ideal, and R = @j R; is an algebra direct sum. Returning to the original
setting and applying the above argument to R/J(R), we have

(S) An artinian algebra R has only one mazimal two-sided ideal if and only if there is
a unique isomorphism class of irreducible R-modules,

since the set of maximal two-sided ideals of R naturally corresponds to that of R/J(R)
bijectively. We now claim that the following three assertions are equivalent (a theorem
of Wedderburn):

(S1) R is a simple algebra;
(S2) R is a direct sum of mutually isomorphic minimal left ideals;
(S3) R = M, (D) for a division algebra D,

where a division algebra D is an algebra such that D — {0} = D*.

Proof. (S1) = (S2) follows from (S) because minimal left ideals are all irreducible.

(S2) = (S3): Let V be the minimal left ideal of R. Then R = V™ as a left R—module.
Then Endg(R) = M, (Endg(V)). Pick ¢ : V. — V € Endg(V). Then Ker(¢) =0 or V
and Im(¢) = V or 0 because of irreducibility of V. This shows ¢ is either bijective or
the zero map; hence D = Endg(V) is a division algebra. On the other hand, it is easy
to see that ¢ — ¢(1) induces Endg(R) = R, because ¢,(xr) = za gives an element in
Endg(R) with ¢,(1) = a.

(S3) = (S1): Let a be a two-sided ideal of R. If a has non-zero element a, multiplying a
by elementary matrices from left and right, we may assume that a = dE;; for 0 #d € D
with the elementary matrix F;; having nontrivial (i, j)-entry. Thus E;; = d'a € a.
Then again multiplying E;; by elementary matrices, we find E;; € a for all (7, 5). Thus
a=R. O

Let R be a simple artinian algebra. Let E be the center of R. Then by (S3), E is
a field, which is the center of D. Suppose that E is algebraically closed. Then for any
x € D, E[z] C D is a finite field extension of E. Thus £ = E[z] and x € E. This shows
that £ = D and

(S4) IfRis a Jfinite dimensional simple algebra over an algebraically closed field E, then
R= M,(F).

Recall that g is a Lie algebra. Let p : ¢ — M,(E) be an absolutely irreducible

representation for a field E. Let R be the E-subalgebra of M, (E) generated by p(g) for

all g € g. By absolute irreducibility, R ® 7 E remains simple for an algebraic closure E
of E. Since there is no simple algebra except for matrix algebras over an algebraically
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closed field, R®p E = M, (E) for some n' < n if p is absolutely irreducible. Pick z # 0
in V. We consider a map f: R®g F — V ®g F induced by r +— rz. Then Ker(f) is

a maximal left ideal of M,/(E), and hence V ®@p E = E". This shows that n = n', and
R = M, (F). We record here what we have proven:

Proposition 2.3. Suppose that p : g — M, (E) for a field E is absolutely irreducible.
Let R be a E-subalgebra of M, (E) generated by p(g) for all g € g. Then
(1) (Burnside) R = M, (E) for n =dimg V;
(2) (Schur) If a linear map f : V. — V commutes with p, then f is induced by a
scalar multiplication.

The second assertion follows from the first as a linear endomorphism of £ commuting
with all matrices in M, (F) is a scalar. This proposition also applies to an absolutely
irreducible group representation p : G — M, (E) for a group G.

This result shows that V(p) ®g X (or p : g — M,(X)) remains irreducible for an
arbitrary field extension X/F if p is absolutely irreducible.

Let H be a closed subgroup of a profinite group G. Let p : G — GL,(A) be a
representation. Consider the following condition

(Algy) pla is absolutely irreducible.

Of course (Aly) implies (Alg). We have the following generalization of Schur’s lemma
by Mazur.

Lemma 2.4 (B. Mazur). Suppose (Alg), and let R be an A—subalgebra of M, (A) gen-
erated by Im(p). Then R = M,(A), and in particular, if Tp(c) = p(c)T for all o0 € G
and T € M, (A), T is a scalar matriz.

Proof. We consider the A-subalgebra R generated by p(G) over A inside M, (A). We
only need to show that R = M,(A), because then its center is scalar. We have the
inclusion map ¢ : R <— M,(A), which induces a surjection 7 : R/maR — M,(E) by
Proposition 2.3. Then by Corollary 2.2, ¢ is surjective. This shows R = M, (A). 0]

2.4. Induced representations. Let GG be a group. Fix a subgroup H of finite index,
and pick an A—free module V' of rank n. Suppose that H acts on V' A-linearly (such a
module, we call an (A, H)-module). If one fixes a base of V| the action of H is given by a
homomorphism py : H — GL,(A). Such a homomorphism is called a representation of
H of degree n with coefficients in A. Two such representations ¢ and ¢’ are equivalent if
the two underlying H—modules are isomorphic, that is, we have an A-linear isomorphism
T :V — V' such that hT'(x) = T'(hx) for all h € H. In particular, two choices of basis
on V give rise to a unique isomorphism class of py.

Formal linear combinations ) a,g form a free A-module A[G], which is an A-algebra
by Zg agg- > bnh = Zgﬁ agbpgh. This algebra is called the group algebra of G. If V' is

an (A, H)-module, it automatically becomes A[H]-module by <Zg agg) v =3, a4(gv).

Thus the representation py extends uniquely to an algebra representation of A[H] into
the matrix ring M, (A).

We consider a space of formal linear combinations ) 9eG/i Vg9 for the coset space
G/H. Thus V[G/H] is an A-free module of rank n[G : H], and V[G/H] = A[G/H|®4V
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by >, vg9 = >, (9 ® vy). We have another identification: W = Wg/y = A[G] @41 V.
Here the tensor product is taken by using the right A[H]-module structure on A[G]

given by (Zg agg) +h =73, a4(gh). Then again (Zg agg) ®v Y agug for g =gH
gives an isomorphism: Wg, g = V[G/H]. This expression of V[G/H]| has a natural left
action of G given by that on A[G]: ¢ - (Zg, agg @ v) = Zg, ayg9g9’ @ v. The module
V|[G/H] contains naturally V' by v — vlg, which corresponds to 1¢ ® V' in Wg/y and
hM(l®v)=h®v=1® hv for h € H by the property of the tensor product over A[H|:
rth®y=xz®hy for h € A[H]. Thus H acts on V C V[G/H] through the original action;
so, V — V[G/H] is an inclusion of H-modules. In this sense, V[G/H] is an extension
of pg. We choose a base of V[G/H] over A and get an isomorphism class Ind$, pg of
a representation of G. This is called the induced representation of py which has degree
n|G : H].

For our later use, we record the following characterization of induced representations:

Lemma 2.5. Let p: G — GL,(B) be a continuous representation for a local ring B.
Suppose that p = p mod mp : G — GL,(F) is absolutely irreducible. Let x : G — B* be
a continuous character of order r prime to p. Then p = p ® x if and only if there exist
a B-free local algebra B' with rankg B" < r and a representation ¢ : H — GL,(B’) for
H = Ker(x) such that (G : Hym =n and p = Ind$ ¢ in GL,(B').

Proof. Suppose that p = Ind$ o for a representation ¢ : H — GL,,(B’). Note that the
representation space of p is given by

V(p) ®p B/[A].

Then from the isomorphism B’[A] = B’[A] ® x induced by the group character: o —
Xx(o)o of A = G/H into B[A]*, it is obvious that the induced representation p satisfies
p = p®yx. Conversely we assume p = p® x. We also write V. = V(p) for the
representation space of p. Then by definition, we can find C' € GL,(B) such that
C(x(0o)p(c))C™t = p(o) for all 0 € G. Then C"p(c)C~" = p(o) for all . This combined
with the absolute irreducibility of 7 shows that C” is a scalar in B* (Lemma 2.4).
We take a local factor B’ of B[X]/(X" — C7), extend the scalar to B’ and consider
V' =V ®p B'. Then C acts semi-simply on V'. Fixing an eigenvalue ¢ of C' on
V', all other eigenvalues of C' are given by (c for an r-th root of unity (. Note that
B contains all 7-th roots of unity because x has values in B. Let V[cC] be the (-
eigenspace of C', which is a direct summand of V' since r is prime to p. If v € V'[¢(],
then we see from p = p ® x that Cp(o)v = x(0)'c(p(o)v. Thus G permutes V'[c(]
and then V' = @,cap(0)V’[c]. From this, it is easy to construct an B[G]-isomorphism
V' = Homg ) (Z[G], V'[c]) = B'|G] @pray V'] sending oV’ [c] to o ® V'[c], which proves
the desired assertion. OJ

2.5. Differential of group representations. Let Gz = Spec(Og) be a connected
affine algebraic group and g, be the Lie algebra of G. Consider E-derivations 0,9 :
Oc¢ — Og. By computation, we verify that A := [0,6] = 0 o d — 0 o O satisfies the
derivation relation A(ab) = aA(b) + bA(a). Thus Derg(Og) = Derg(Og,Og) is a
Lie algebra. The multiplication x — gz induces by pull-back a ring automorphism



IMAGE OF MODULAR GALOIS REPRESENTATIONS 12

g Og — Og. If 0og* = g* o0, we call 0 a left invariant derivation. Since [0, d] is
left invariant if 9 and § are left invariant, we define the Lie algebra g of G to be the Lie
algebra of left invariant derivations. By evaluation at the identity 1 € G, we may (and
do) identify g with the tangent space at 1 of g.

There is another way of defining g as the kernel of the homomorphism G(E[¢]) —
G(E)) induced by the projection E[¢] - E, where E[e] = E[z]/(x?) (for the polynomial
ring E[x]) with e = 2 mod (2?). Indeed, writing 1 : Og — FE for the co-identity, for any
P € Homarg,, (Og, Ele]) = G(Ele]) projecting down to 1 € G(E), P(a) for a € Og has
the form 1(a) + 0(a)e. We verify d(ab) = 1(a)d(b) + 1(b)d(a) from P(ab) = P(a)P(b),
and hence 0 is in the tangent space at 1. Similarly, if P projects down to z € G(FE),
writing P(a) = z(a) 4+ 0,(a)e, 0, is a tangent vector at z. From this, it is clear that the
tangent space at 1 extends isomorphically to the Lie algebra of left invariant derivations.

Exercise 2.6. Write down explicitly the Lie bracket [x,y] for two given tangent vectors
x,y at 1 € G without extending x,y to vector fields over G (cf. [LAG] §10.5).

Let G’ be another connected linear algebraic group defined over F with a morphism
p : G — G of group schemes over £. Write g’ for the Lie algebra of G'. Then its
differential dp = p, : g — ¢ is a homomorphism of Lie algebras.

Exercise 2.7. Check that dp is a homomorphism of Lie algebras.

An E-rational representation p : G)g — GL(n)/g is a homomorphism of E-group
schemes. Write gl,,(E) for the Lie algebra of GL(n),;g. Then gl,(E) can be identified
with the Lie algebra of n xn matrices M,,(E) with entries in £ whose Lie bracket is given
by [z,y] = vy — yx for the matrix product xy with x,y € M, (F). Then dp : g — gl,,(E)
is an E-linear representation of Lie algebras. Since p is complex analytic after extending
scalars to C/E (after embedding E into C), p is absolutely irreducible if and only if dp is
absolutely irreducible. Over C, the exponential map expg : g;c = §®r C — G(C) given

by usual formula exp,(X) =D 2, % converges absolutely, giving an analytic surjection
of g/c onto G(C) whose inverse is given by log,(g) = Zle(—l)"“%. Then we

see easily that expgpi) (dp(X)) = plexpg (X)) and logar i, (p(9)) = dp(logs(g)) for all
X € g/c and g € G(C) (see [GME]| §4.3.3 for a p-adic version of this). From this, the

above equivalence on absolute irreducibility of p and dp is clear.

3. LIE ALGEBRAS OVER p-ADIC RING

We describe Lie theory over adic rings.

3.1. Logarithm and exponential. Let gl,,(A) be M,(A) for a commutative ring A
regarded as a Lie algebra over A under the standard Lie bracket [X,Y] = XY — Y X.
We call aring A a p-adic ringif A = linn A/p™ A for a prime p. In particular, a p-profinite
ring A is a p-adic ring, since we have

A= liLﬂAn = lilnliLnAn/pmAn = lilnliLnAn/pmAn = liLnA/pmA,
where A, is a finite ring with p-power order. Let A be a p-adic local ring flat over Z,.
Write p = 4 if p = 2 and otherwise p = p. Consider the exponential and logarithm
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power series

e e} o

log(1 4+ X) = 31" and exp(X) =Y

n=1 n=0

X’I’L

nl

As is well known, the power series log(X) (resp. exp(X)) converge p-adically over

14+p-M,(A) (resp. p-gl,(A)) giving rise to a p-adic analytic function (see [LFE] §1.3):
log, : 14+ p- M,(A) — gl,(A) and exp, : p- gla(A) — 1+ p- M,(A).

We have an adjoint action Ad of GL,(A) on gl,(A) given by Ad(x)(X) = z Xz~ which

commutes with log, and exp,,.
In the rest of this subsection, we suppose

(a) A is a p-profinite noetherian local ring flat over Z, with the total quotient ring

Q(A);
(g) G C SL,(A) is a profinite subgroup.

Put Ty(a) ={g € SL,(A)|g — 1 € aM,,(A)} for an ideal a of A. Let
sl,(A) ={X € gl,,(A)|Tr(X) = 0}

which is a Lie A-subalgebra of gl,(A) and the Lie algebra of SL,(A).
Lemma 3.1. Assume (a). Then log, and exp, give rise to p-adic analytic maps
(3.1) log, : Ta(p) — p-sl.(A) and exp,:p-sl,(A) — Ta(p)
with log,oexp, = idp.,(4) and exp,olog, = idrw), where I's(a) = SLy,(A) N (1 +
aM,(A)) for an ideal a of A. Similarly expp and logp are P-adic analytic maps

logp : 14 P-sl,(Ap) — P-sl,(Ap), expp: P-sly(Ap) — 1+ P-sl,(Ap)
for a prime P € Spec(A) with characteristic 0 residue field.

We write simply I'(a) for I'4(a) if confusion is unlikely.

Proof. Analyticity of the maps is plain by definition; so, we only need to prove that
log has values in sl,, and exp has values in SL,. Since the proof is the same for p
and P, we give a proof for exp, and log,. For an upper triangular n x n matrix
A with diagonal entry 6y, ...,d,, if log,(A) (resp. exp,(A)) is well defined, it is up-
per triangular with diagonal entries log, (1), ... ,log,(d,) (resp. exp,(d1),...,exp,(0n)).
Thus we conclude det(exp,(A)) = [];exp,(d;) = exp,(Tr(A)) and Tr(log,(A)) =
>_;log,(d;) = log,(det(A)). If Ais a domain, over a finite flat extension of A (which
is still p-profinite), we can bring any matrix to an upper-triangular form, we have
det(exp, (X)) = exp,(Tr(X)) and Tr(log,(X)) = log,(det(X)). Thus if A is a domain,
we get the desired assertion; i.e., log,(I'(p)) C p - sl,(A) and exp,(p - sl.(A)) C I'(p).
The corresponding power series identity proves

log, o exp, = idp.sr,,(4) and exp,olog, = idrp) -

Under (a), by [CRT] Theorem 29.4, we have a surjective ring homomorphism R —
A for a regular complete noetherian local p-profinite domain R of characteristic 0,
which induces the surjective ring homomorphism 7 : M,(R) — M,(A). By defini-
tion, log, (7 (X)) = m(log,(X)) and exp,(7(X)) = 7(exp,(X)) as long as these maps are
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well defined for X € M,(R). Since R is a domain, we have on M,(R), det(exp,(X)) =
exp,(Tr(X)) and Tr(log,(X)) = log,(det(X)). Thus we conclude the same identity for
any A satisfying (a). This finishes the proof. OJ

3.2. Lie Algebras of p-Profinite Subgroups of SL(2). If A is a p-profinite ring of
characteristic p, obviously the power series log(1 + X) and exp(X) do not make much
sense; so, the relation between closed subgroups in SL,,(A) and Lie subalgebras of sl,,(A)
is not very direct. Indeed, for almost all p-profinite subgroups G of I'y(p), log,(G) may
not be a Lie algebra (over Z,). There are good criteria in [GAN] for log,(G) to be a Lie
Z,-subalgebra of sl,(A), but it would be fair to say that they are effective only when
A is finite flat over Z,. Thus we need a different way to cover characteristic 0 and p
profinite rings uniformly.
The principal congruence subgroup

Fa(a)={x € SLy(A)|Jr =1 mod a}

for an A-ideal a plays an important role in this chapter, which can be written as S Lq(A)N
(14 a-gl(A)). Note that a- gla(A) is a Lie algebra.

To study a general p-profinite subgroup G of SLs(A), we somehow want to have an
explicit relation between p-profinite subgroups G of the form SLs(A)N(1+X) and Lie Z,-
subalgebras X C gla(A). Under the condition that p > 2, Pink found a functorial explicit
relation between closed p-profinite subgroups in SLy(A) and Lie subalgebras X of gly(A)
(valid even for A of characteristic p). We call subgroups of the form SLy(A) N (1 + X)
basic subgroups following Pink’s terminology.

We prepare some notation to quote here the result in [P]. A ring is called semi-local
if it has only finitely many maximal ideals. Let A be a semi-local p-profinite ring (not
necessarily of characteristic p and not necessarily noetherian). Since Pink’s result allows
semi-local p-profinite algebras, we do not assume A to be local in the exposition of his
result. (but we assume it to be local in any of the proof).

Exercise 3.2. Let q be a p-power. Then prove |SLs(F,)| = (¢+1)(¢—1)q. In particular,
the p-Sylow subgroup of SLs(F,) is U(F,) = {(§ %) |u € F,}.

Let G C SL2(A) be a p-profinite subgroup. Then its image in SLy(A/my) = SLo(F,)
is in p-Sylow subgroup. By Exercise 3.2, any x € G has trace modulo m4 equal to the
trace of unipotentn element; so, Tr(x) =2 mod my for all z € G. Hereafter, we assume
p > 2. Define © : SLy(A) — sly(A) and C : SLy(A) — Z(A) for the center Z(A) of

Or)=a— %Tr(:c)lg and ((z)= %(Tr(:c) —2)1

for 15 = (4 9). Since  mod my is unipotent for z € G, replacing G by its conjugate
in SLy(A), we may assume that (G mod my) C U(A/m4); so, ©(z) mod my, is upper
nilpotent; so, O(z)O(y) = 0 mod my for z,y € G. Define L by the closed additive
subgroup of sly(A) (topologically) generated by ©(x) for all z € G. Since O(x)O(y) =0
mod my for x € G, we have L - L. C myM(A). Then we put C = Tr(L - L) C may.
Here L - L is the closed additive subgroup of My(A) generated by {xy|z,y € L} for
the matrix product xy; similarly, L™ is the closed additive subgroup generated by n
times iterated products of elements in L. We then define L; = L and inductively
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Ly =L, L,) C m%sla(A); so, Ly = [L, L], where [L, L,] is the closed additive subgroup
generated by Lie bracket [z, y] = xy —yx for x € L and y € L,. By an easy computation
we will do later, we get

[z, y] = [O(2),y] = [x,0(y)] = [O(x), O(y)] and [z,y] = O(xy) — O(yx).
From this we get [©(z),O(y)] = O(zy) — O(yx) and hence [L, L] C L. We will verify

(32) [L,L]cL,C-LCL, L=L1D>---DLy,DLpt1D---

and ﬂLn:ﬂL":O

n>1 n>1
In particular, L is a Lie Z,-subalgebra of sly(A). Put
M, (G) = C -1, @ L, C Mz(A) = gly(A),

which is a closed Lie Z,-subalgebra by (3.2). In particular, we write M(G) for Ms(G).
Define

H, ={x € SLy(A)|O(z) € L, Tr(x) —2€ C} forn > 1.
If v € H,, then x = O(x) + ((z) + 1z, thus H; C SLa(A) N (1 + M, (G)). If we pick
x € SLy(A)N (1 + M,(G)), then x = 1+c¢-1+y with y € L, and ¢ € C. Thus
Tr(z) —2=2c€ Cand O(z) =1y +c- 1y +y — 2(2+ 2¢) - 1, = y. This shows

H, = SLy(A)N (1 + M, (G)) in particular, Hy = SLa(A) N (1 4+ M(G)).

By (3.2), H; is a group containing G. For z,y € G, write x = a+O(x) and y = b+ O(y);
0, a,b € A (in the center of My(A)). Then xy = ab+ a®(y) + bO(x) + O(x)O(y); so,
O(zy) = aO(y) + bO(z) + O(x)O(y) and 1 + ((zy) = ab. Thus shows L? C L. We can
prove that H, are p-profinite subgroups of SLy(A). We will see this after stating the
main result of Pink (Theorem 3.3 combined with Theorem 2.7 in [P]):

Theorem 3.3 (Pink). Let the notation be as above. Supposep > 2, and A be a semi-local
p-profinite algebra. Let G C SLy(A) be a p-profinite subgroup. Then we have
(1) G is a normal closed subgroup of H;,
(2) Hps1 (n > 1) is a subgroup of SLa(A) given by Hpy1 = (Hi1, Hyn) (which is the
closed subgroup topologically generated by commutators (z,y) with € Hy and
y € Hn),
(3) {Hn}n>2 coincides with the descending central series of {Gp}n>2, where Gni1 =
(G,G,) starting with G, = G.
In short, we have

(P) The topological commutator subgroup G' of G is the subgroup given by SLa(A) N
(1 4+ M(G)) for the closed Lie subalgebra M(G) C gla(A) defined as above.

We refer the proof of this technical theorem to [GME]| §4.3.12.

Put M3(G) = M;(G) Nsla(A) and M°(G) = Ma(G) Nsly(A). By the expression
given before stating the theorem, the association G — M;(G) (resp. G — MJ(G)) is a
covariant functor from p-profinite subgroups of SLs(A) into closed Lie Z,-subalgebras
of gla(A) (resp. sla(A)). In particular, M;(G) and M)(G) are stable under the adjoint

action o +— grg~! of G. For an A-ideal a, writing G, = (G mod a) = (G -T'4(a))/Ta(a),
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M;(Ga) C gla(A/a) (resp. MI(Ga) C sl2(A/a)) is the surjective image of M;(G) (resp.

MY(G)) under the reduction map 2 — (¢ mod a). Since H, is almost equal to G with

H1/G abelian, we call H; the basic closure of G. If G is normalized by an element of

GLs(A), by construction, the basic closure H; is also normalized by the same element.

Thus the normalizer of G in GLy(A) is contained in the normalizer of H; in GLy(A).

By the above theorem, any p-profinite subgroup of SLs(A) is basic up to abelian error.
To show that H,, are groups, we prepare

Lemma 3.4. We have the following relation between 2 x 2 matrices x,y € gla(A) in the
Lie algebra gly(A):

(1) [z, y] = [O(x),y] = [z,0(y)] = [O(2),O(y)],

(2) [z,y] = O(zy) — O(yx),

(3) 2-O(ry) = [B(x), O)] + Tr(x) - O(y) + Ti(y) - O(),
(1) 2 Te(zy) = 2- TH(O(2)8(y)) + Tr(x) - Tr(y),

(5) (Tr(z))? =4 -det(z) + 2 - Tr(0O(x)?),

(6) z,y € sla(A) = Tr(zy)ls = xy + yz,

(7) v € SLy(A) = Oz 1) = —O(x),

(8) z € SLy(A) = Tr(z™1) = Tr(x),

(9) 2 € SLy(A) = Tr(x) - O(y) = O(xy) + Oz~ 1y),

and for x,y,u,v € sly(A),

(a) 4 Tr(zy) - [u,v] = [y, [z, [u, 0] + [z, [y, [u, v]]]
s ol [y, wll + [y, o], [, ul].

Proof. The first 9 formulas are easy. Recall ©(z) = x — 1Tr(2)1,. Since $Tr(z)l,
commutes with any matrix and Tr(zy) = Tr(yz), we have (1) and (2). Since det(z) =
ad — be for . = (2}%) and

2H(O()) = STr((5" ,)%) = (a = d)? + e
we get
4 - det(r) +2- Tr(0(x)%) = 4(ad — bc) + 2(a — d)* + 4bc = (a + d)* = Tr(x)?
proving (5). If # € SLy, we have 7! = (4 ); so, Tr(z7!) = Tr(z) O(a7') = —O(x

—C a

getting (7) and (8). As for (9), for z € SLy(A) and y € My(A), we note Tr(z) - O(y) =

O(xy) + O(xty). To see this, writing y = (‘f/ ?), we see

Tr(xy) + Tr(z~'y) = (ac + by + ¢B + d§) + (da — by — ¢ + ad)
= oTr(x) + 0Tr(z) = Tr(x)Tr(y).
Then we haves
Tr(z)Tr(y)
2

as desired. We leave the reader to verify the rest in (1-9).
To verify (a), we note that the two sides of (a) are skew-symmetric with respect to
(u,v) and symmetric with respect to (x,y). For any symmetric bilinear pairing S(x,y)

Tr(z)Tr(y)

O(zy)+0(z7 1)) = 2y 4+ 'y — 1y = yTr(z)ly— 1y = Tr(2)O(y)
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1

on an A-module, we have

Thus the symmetric pairing S(z,y) is determined by its quadratic form S(z,x) as long
as 2 € A*. By (6), we have 2? is scalar $Tr(z?). Thus to show (a), we may assume that
x =y, which becomes

(%) 4% [u,v] = [z, [z, [w, v]]] + [[2, v], [z, u]].

We only need to check this formula. Since this is bilinear skew symmetric with respect
to the variable (u,v), we only need to check this for

(u,v) = (U, V), (VX) and (X,U)
for U =(33),V =(99) and X = [U,V] = (§ % ). For example, if (u,v) = (U, V),

writing z = (¢ ), we confirm that z? <“ the 2 +bc) commutes with X = [U, V],
[z, [z, [U V] = 22°[U, V] = 22[U, V]z = 4 ( . 737)

and )
[z, V] [z, U] = [( 50 &%) (%)) =4 (5. %)
Since 2?2 = <a2+bc angc) by (6), we get the desired identity

0
42U, V] = [z, [, [U, V]]] + [[2, V], [z, U]].

Verification of (k) for (u,v) = (V, X) and (X, U) is left to the reader. O

Proof of (3.2): The inclusion [L, L] C L) follows from the formulas Proposition 3.4

(1) and (2):
[O(x), B(y)] = O(zy) — O(yx).
As for C'- L C L, by Proposition 3.4 (4), we have
C=Tr(L-L)CTr(G)+ Tr(G)>~

Note that Proposition 3.4 (9) implies Tr(G) - L C L; hence, C'- L C L, as desired. Since
N, L*" C N, m4Ms(A) = {0} by Krull’s intersection theorem [CRT] Theorem 8.9. Thus
N, L=, L* = {0} and L, C L" shows N, L, = {0}. O

Lemma 3.5. Let p > 2. Let A be an integral domain finite flat either over F,[[T]], A
or Zy. If a subgroup G C SLs(A) contains a congruence subgroup I'a(c) for a non-zero
A-ideal ¢, then aGa™ for a € GLy(Q(A)) contains T 4(¢') for another non-zero A-ideal
¢ depending on «.

Proof. For simplicity, we write I'(¢) for I'4(c). We may suppose that G = I'(c) for an
ideal ¢ inside the maximal ideal of A; so, G is p-profinite. Then, we have MY(G) D ¢- £
for £ = sly(A). Then we see M°(G) = [M{(G), M¥(G)] = ¢*£. Replacing o by
€a for a suitable £ € ANQ(A)* for the quotient field @Q(A) of A, we may assume that
a € My(A)NGLy(Q(A)). Then (aLa™'NL) D ala’ for at = det(a)a™ € My(A). Since
£ and aLa’ are both free A-module of rank 3, £/aLat is a torsion A-module finite type
annihilated by a non-zero A-ideal ¢”. Then M (al'(¢)a 1ﬂSL2(A)) D cZ-ala™t DAL
Thus the ideal ¢, := ¢*¢” does the job (as C for G is ¢? - Z(A)). O
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Let Bz, C GL(2)/z, (resp. Z/z,) be the upper triangular Borel subgroup (resp. the
center of GL(2),z,) as an algebraic group. Write Uz, for the unipotent radical of Bz,
and ZU for the radical of B; so, ZU(A) = Z(A)U(A). Let Bz, (resp. ,z,) be the
Lie algebra of Bz, (resp. Usz,). We write B = G2, x U by the splitting G2, > (¢,t') —
(50) €B.

Lemma 3.6. Let A be a complete discrete valuation ring with finite residue field. If

G C SLs(A) is an open subgroup, its derived subgroup (i.e., commutator subgroup) is an
open subgroup of SLy(A).

Since we use this lemma only when A has residual characteristic > 2, we prove the
lemma when A/m4 has characteristic p > 2.

Proof. Since G D I'(m™) = I'y(m™) with m = my4 for m > 0, we may assume that G =
['(m™). Let G’ be the derived group of G = I'(m™). We claim that G’ = I'(m?*™). Let w
be the generator of m and put a = @™. Write (z,y) = 27 'y tay for the commutator.
Then for X, Y € My(A),

(1+aX,14+aY)=(1-aX)1—-aY)1+aX)(1+aY)=1 mod a?

and hence G’ C I'(m?™). Assuming that p is odd, we prove now that G'T'(m?™+1) /T'(m?m+1)
is equal to I'(m*™)/T'(m?™t1). Note that T'(m?™)/T'(m*™*1) = 5[(F) for F = A/m by
1+aX — X. Let X = (§})and Y = (99). Then we have [X,Y] = XY -YX = ({ %)
and

1+aX,1+aY) 2 (1 —aX)1 - a¥)1+aX)1+aY)=1+a*X,Y] mod .

Note here the identity (*) is an equality not just a congruence as X? = Y? = 0. Thus
G'T(m?>™ 1) /T (m?*™*1) contains (1 + aX,1 + aY’) which is non-trivial. By conjuga-
tion, SL2(A) acts on G = I'(m™). The action factors through SLy(F) and induces
the conjugate action of SLy(F) on sly(F) = I'(m*™)/T'(m?™ ). If p > 2, it is easy to
verify this adjoint action of SLy(F) on sly(IF) is irreducible (see Exercise at the end
of §3.3). Thus G'T'(m*™*1)/I'(m?™ 1) = T'(m?™)/T'(m*™*1). Suppose we have proven
G'T(m*>™ =) /T(m?™ ) = T(m?™) /T (m*™*7) for j > 1. Then we have
(1+aX,14+aw’Y) = (1-aX)(1—axY)(1+aX)(1+ ax’Y)
=1+ad’@’[X,Y] mod a’w’.

Again we find a non-trivial element

(14 aX,1+aw’Y) € G'T(m*"H7) /T (m2mH+),
Then by induction on j, we get

G/F(m2m+j)/r(m2m+j+1) — F(m2m)/r(m2m+j+1)
for all 7 > 0. Passing to the limit, we have

G/ _ @G/P(m2m+j—l)/r(m2m+j) — limr(m2m)/r(m2m+j) — F(m2m)
J J
This finishes the proof. U
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3.3. Lie Algebra and Lie Group over Z,. We study here the structure of closed
subgroups G of SLy(Z,). Thus in this section, we have A = Z,,.

Lemma 3.7. Let K be a field of characteristic 0. If M C My(K) is a semi-simple
quadratic extension of K, the commutant

C(M) ={x € My(K)|xy = yx for all y € M}

of M s equal to M, and for the normalizer N(M*) of M* in GLs(K), the quotient
N(M*)/M* has order 2.

Proof. Since M is semi-simple, My(K) is a free M-module of rank 2. Write My(K) =
M & Mz with z € GL2(K). We can choose such x because

{9 € My(K)|g & M} & {h € My(K)|det(h) = 0}

as the left-hand side is a Zariski open subset of M(K) and the right-hand side is a
proper Zariski closed set of codimension 1. Any x € GLy(K) \ M does the job. If =
commutes with M, it commutes with all M(K); so, it is a scalar matrix. Since M
contains scalar matrices, x cannot be scalar.

If such an z € GLy(K) \ M normalizes M*, it normalizes M, and the conjugation
a — zar~' induces a non-trivial K-algebra automorphism of M; so, N(M*)/M* has
at most two elements. Regarding M as a two-dimensional vector space over K, we may
identify My(K) = Endg (M), and we may regard M C My(K) = Endg (M) sending
a € M to the K-linear endomorphism of M obtained from the multiplication by a € M.
Then the non-trivial ring automorphism o € Aut(M ) gives rise to a nontrivial element
in GLy(K) normalizing M*. O

Lemma 3.8. Let K be a field of characteristic 0. If M C My(K) is a mazimal non-
semisimple commutative K-subalgebra of My(K), the commutant C(M) of M is equal
to M, and the normalizer of M™ in GLy(K) is M* itself.

Proof. Since M is not semi-simple, it has a nilradical N made of o with o™ = 0 for
n > 1. Thus det(X — a) = X? and therefore a?> = 0. Then if a # 0, with respect
to a basis u,v of K? with av = 0, we find a = (3 ) with ¢ # 0. Then by an explicit
computation, the centralizer C' is of the form

C={(§8)la,be K}.

Then C' D M, and maximality of M tells us M = C'. Then by computation again, we
see C'(M) = M and that N(M*) is the algebra of upper triangular matrices. O

Lemma 3.9. Let K be an infinite field of characteristic different from 2. Let £ be a
nontrivial proper Lie subalgebra over K in sla(K). Then £ is isomorphic to one of the
following three Lie K -subalgebras:

(1) {z € M|Trao(z) =0} as an abelian Lie subalgebra for a semi-simple quadratic

extension M of K.

(3) ‘B/K:{ “_m }a zEK}
In particular, slo(K) is the smallest simple Lie K -algebra containing non-trivial nilpotent
elements.
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A Lie algebra £ over a field k is simple if it contains no nontrivial normal k-subalgebras
£ (e, if [£, 2] C £, then £ =L or £ =0).

Proof. We may suppose 0 # £ C sl(K). Thus 1 < dimg £ < 2. First suppose
that £ contains a nontrivial nilpotent element N. Then we have £ D n = K - N.
Since the characteristic polynomial det(X — N) of N is X2, choosing a basis of K well,
we may assume that n = {(§%) }:E € K}. Note that the normalizer of n is equal to
B = {(8 ) }a, x € K}. If £ D n contains an element not in n normalizing n, since B
has dimension 2 over K, we must have £ = B. If £ contains a semi-simple element s
outside B, then s has two distinct eigenvalues as Tr(s) = 0 (and characteristic # 2).
Multiplying by a scalar in K, we may assume that s has infinite order in the group
GLy(K). Thus the centralizer of s in Ms(K) is a semi-simple quadratic extension M over
K. Then Ty := M Nsly(K) = {x € M|Try k(x) = 0}, which is one-dimensional over
K; so, Tyy = Ks C £. Since M and n do not commute (and do not normalize each other
by Lemmas 3.7 and 3.8), we find [s,n]N (73 +n) = {0}; so, £ = [s,n] STy En = sly(K),
which is impossible by our assumption that 1 < dimg £ < 2.

Now assume that £ is made up of semi-simple elements and 0, pick one nonzero
s € £, we have 7Ty; C £ for the centralizer M of s in My(K). If £ # Ty, we have
another semi-simple quadratic extension M’ and 7y, C £. Since the K-subalgebra of
M (K) generated by M and M’ is My(K), the subalgebras M and M’ do not commute.
Consider the adjoint representation Ad : £ — Endg(£) given by Ad(x)(y) = [z,y|. This
is a representation of Lie algebras by Jacobi’s identity. The action of 7y, under Ad(z)
is semi-simple (as 7j; is semi-simple); so, Ad(z) for generic x € 7y, has three distinct
eigenvalues a,0, —a on sl in an algebraic closure of K. Write V}, for the eigenspaces
with eigenvalue b. The existence of Ty in £ tells us W := (V, +V_,) N £ is non-zero. If
a isin K, V, is in £ and one verifies that V, is a nilpotent Lie subalgebra, against semi-
simplicity of £. If a is not K, as a is quadratic over K, W has to be two-dimensional.
Since Vi = 7y has dimension 1, we find dim £ = 3, a contradiction. OJ

Lemma 3.10. Let K be a field of characteristic # 2 and L/K be a field extension. If
0 # £ Csly(L) is a vector K-subspace stable under the adjoint action of SLs(K), then
there exists g € GLy(L) such that g€g' D sly(K).

Proof. Put n(X) = {(J§) € 5[2(X)}z € X} for any intermediate extension L/X/K.
Since adjoint action: Y +— ¢Yg™' (Y € sly(L)) of g € SLy(K) is absolutely irre-
ducible (see the exercise at the end of this subsection), we find that £ spans sly(L)
over L. In particular, £ Nn(L) # 0. Let T be the diagonal torus in GLs; so, T'(X) =
{(39) € GLy(X)|a,b e K*}. Note that T(X) acts transitively on n(X) \ {0}. Thus
conjugating £ by an element of T'(L), we may assume that (§3) € £. Since the ad-
joint action of SLs(K) on sly(K) is absolutely irreducible, £ N sly(K) # {0} implies
£ D sly(K), as desired. O

Taking a basis wq,wy of a semi-simple quadratic extension M/Q,, we can embed M
into M2(Q,) by sending o € M to a matrix p(a) € M2(Q,) given by (aw;, cws) =
(w1, wz)p(a). Then we write Ty for Tim(,). If we start a semi-simple element 0 # s €
M5(Q,), the centralizer of s in M>(Q,) is just Q, + Q,s, and taking (wy,ws) = (1, ),
we have Ty = Ti(p). Since Aut(M/Q,) has order 2, for its generator o, if we define
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T € M2(Q,) by (o(w1),0(ws)) = (wy,w2)7, 7 normalizes Ty, and as seen in Lemma 3.7,
the normalizer Ny, of Ty is generated by 7 and Zys; so, Nas/Ty = Aut(M/Q,).

Corollary 3.11. Suppose p > 2. If G is a closed subgroup of SLs(Z,) of infinite order,
then G has one of the following four forms
(1) G is an open subgroup of SLs(Zy,);
(2) G is an open subgroup of Ny for a semi-simple quadratic extension Mg, C
M2(@p)f
(3) G is isomorphic to an open subgroup of the upper triangular Borel subgroup
B(Zy) C SLa(Zy);
(4) G is isomorphic to an open subgroup of the upper triangular unipotent subgroup
U(Zy,) C SLy(Zy).

Proof. Since GNI'z, (p) is normal of finite index in G, replacing G by GNI'z, (p), we may
assume that G is p-profinite. Write M;(G) = C & M?(G) for the Lie subalgebra L of
sly(Z,) associated to G as in Theorem 3.3. Then, by Lemma 3.9, £ := M{(G) ®z, Q, is
either sl3(Q,) or a Cartan subalgebra (the case (1) of Lemma 3.9) or a nilpotent subalge-
bra (the case (2) of Lemma 3.9) or a Borel subalgebra (the case (3) of Lemma 3.9). Since
MY (G) determines G up to abelian error by Theorem 3.3, this classification corresponds
to the classification in the corollary. O

Lemma 3.12. Suppose p > 2 and A be an integral domain finite flat over F,[[T]]. If a
closed subgroup G of SLa(A) contains

- . (14T)® 0
T = {( 0 (HT)fS) ‘s € Zp}

and non-trivial upper unipotent and lower unipotent subgroups, then, up to conjugation,
G contains an open subgroup of SLs(F,[[T]]), and if G is p-profinite, M(G) contains an
open submodule of My(F,[[T]]).

Proof. Replacing G by G N T'4(my), we may assume that G is p-profinite. Writing
K =TF,((T)) and L = A ®p,r K, L is a finite field extension of K. Consider the
X-span £x of M{(GQ) for X = K, L. Then dim; £, = 3; so, £1 = sly(L). Thus up
to conjugation, L£x contains sly(K) (cf. Lemma 3.9) by the existence of non-trivial
unipotent elements. Thus we may assume that A = F,[[T]]. By adjoint action of 7,
the unipotent groups U = U(F,[[T]]) N G and Uy = "U(F,[[T]]) NG are non-zero F,[[T7]]-
modules; so, [U(F,[[T]]) : U] < oo and ['U(F,[[T]]) : U] < co. Let u (resp. u;) be the
Lie algebra of U (resp. U;). Thus we find that [u,u;] # 0 is also an F,[[T]]-module
in M%(G), and hence M°(G) has rank 3 over F,[[T]]. Also C' = Tr(M°(G) - M°(Q@))
as in Theorem 3.3 contains uu, regarding u and u,; as an ideal of F,[[T]] by an obvious
isomorphism $(F,[[T]]) = "“U(F,[[T]]) = F,[[T]]. Then G contains L' 7} (uw,) and hence
is open in SLs(FF,[[T]]). Then plainly, M(G) is open in My (F,[[T7]]). O

Exercise

(1) Let K be a field. Prove that the adjoint action of SLy(K) on sly(K) is absolutely
irreducible if and only if the characteristic of K is different from 2.



