ELEMENTARY IWASAWA THEORY FOR CYCLOTOMIC FIELDS

HARUZO HIDA

In this topic course, assuming basic knowledge of algebraic number theory and com-
mutative algebra, we pick topics from the theory of cyclotomic fields. Our treatment is
elementary. We plan to discuss the following four topics:

(1) Class number formulas,

(2) Basics of cyclotomic fields and Iwasawa theory,

(3) Stickelberger’s theorem,

(4) Cyclicity over the Iwasawa algebra of the cyclotomic Iwasawa module.

Since this is a topic course, for some of the topics, we just give the results without
detailed proofs. Main reference is Chapters 4, 5, 6, 7 and 10 of the following book [ICF]:

[ICF] L. C. Washington, Introduction to Cyclotomic fields, Graduate Text in Mathe-
matics 83, 1997.

Here is a relevant book:

[LFE] H. Hida, Elementary Theory of L—functions and Eisenstein Series, LMSST 26,
Cambridge University Press, Cambridge, 1993.

Here is an Overview of the goal of the lectures. We write Q for the field of all algebraic
numbers in C. Any finite extension of Q inside Q is called a number field. Write yu for
the group of N-th roots of unity inside Q" and Q(un) for the field generated by roots
of unity in py, which is called a cyclotomic field.

For any given number field K, the class group Clx defined by the quotient of the
group of fractional ideals of K modulo principal ideals is a basic invariant of K. It is a
desire of many algebraic number theorists to know the module structure of C'lx. Or if
K/Q is a Galois extension, Gg/q := Gal(//Q) acts on Clg. Thus it might be easier to
see the module structure of Clg over the group ring Z[G g q] larger than Z.

The first step towards this goal of determining Cl for K = Q[uy] was given in 1839
by Dirichlet as a formula of the order of the class group (his class number formula). The
cyclotomic field K has its maximal real subfield K+ and K/K™ is a quadratic extension
if N is odd with Gk g+ generated by complex conjugation c. The norm map gives rise
to a homomorphism Clx — Cljf := Clg+ whose kernel is written as Cly (the minus
part of Clk). By the formula, if V is an odd prime p, the order of the Cl is given by

15
2p ” ——(E x (a)a) (Dirichlet/Kummer).
_ P -
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Since Gk = (Z/pZ)* sending o, € Gig with 0,(¢) = ¢* (¢ € up) to a € (Z/pZ)*,
we have Z[Gkq| = Z[(Z/pZ)*]. Since each character x of G g extends to an algebra

homomorphism y : Z[Gk/g] — Q sending o, to x(a), Kummer—Stickelberger guessed
that

[airy

bS]

90 =

a

T

1

15
o, ' annihilates Cly as x(6) = —(Z x a)a).
p =
J=1

This “symbolic” statement means that %% (for any fractional ideal 2 of K) is principal
as long as 30y € Z|Gq) for B € Z[Gk g|. Writing a for the Z[Gk/g|-ideal generated
by elements of the form (36, € Z[G x/q), we might expect:

Cly = Z|Gkjgl/a? (Cyclicity over Z[Gk/q))

which is not generally true. After supplying basics of cyclotomic fields, we will prove in
the course Stickelberger’s theorem:

Cly ®z Ly = Ly|Gryol™ /(a® Zy)~  (p-Cyclicity)
assuming Kummer—Vandiever conjecture: p 1 |Cl}%| (see [BH] for numerical examples).
Here A~ = {x € ™U|cx = —x} for complex conjugation c for an ideal A of Z,[Gx/q]. Set
A =7Z,[[T]] (one variable power series ring). Then we can easily prove that
lim Zp[Gojyni/al = Alpp—] (imory, —t=1+T),
where the limit is taken via restriction maps GQ[upn+1]/Q > 0 = 0lgum € Golum/o-
Then, assuming again Kummer—Vandiever conjecture, we further go on to show Iwa-
sawa’s way of proving his main conjecture and cyclicity of his Iwasawa module X :=
i, (Clg,,,) © 2,);
X = Alpp]™/(Ly)
for the T-expansion L, of the Kubota-Leopoldt p-adic L-function.
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1. CYCLOTOMIC FIELDS

We recall basic structure theory of cyclotomic fields. We write Q for the field of all
algebraic numbers in C. Any finite extension of Q inside Q is called a number field. In
algebraic number theory, the theory of cyclotomic fields occupies very peculiar place. It
was the origin of the development of algebraic number theory and still inspires us with
many miraculous special features.

Fix a prime p > 2 and consider a primitive root of unity (n := exp(%). Then ¢,
satisfies the equation ®1(X) = 321 = 1+ X+ X2+ - 4+ X771 = ?;i (X—¢))- Note that

(X +1) = % = 1;’:1 (?)Xj_1 = XP~1 4+ pXP=2 4 ... 4 p which is an Eisenstein
polynomial. Therefore ®;(X + 1) is irreducible, and hence ®(X) is irreducible. In the
same manner, (yn is a root of ¢, (X) = X)zf::—_l1 = @1(Xpn71) is irreducible. Therefore
Q(¢yn)/Q is a field extension of degree equal to deg(®,) = p"~'(p — 1). In particular,
in Q(¢n)/Q, p fully ramifies with (,» — 1 giving the unique prime ideal (¢;» — 1) over
p; 50, (G — 1P ') = (p) in Q[(pn], and Z,[¢pn — 1] is the p-adic integer ring of
Qp[¢pn]. For all other prime [ # p, taking a prime [ of Q[(,] above [, an = (¢pn mod )

is a primitive p™-th root in a finite field of characteristic [; so, Zﬁ,n are all distinct for
j=1,....p"Yp—1). Thus Q] is unramified at [, and Z;[(;n] is an unramified
valuation ring over Z;; so, it is the l-adic integer ring of @Q;[(yn]. This shows (cf. [CRT,

§9])

Lemma 1.1. The ring Z[(y] is the integer ring of Q[(m] and the roots of ®,,(X) (i.e.,
all primitive p"-th roots gives rise to a basis of Z[(yn| over Z, p fully ramifies in Z[(pm],
and (yn — 1 generates a unique prime ideal of Z[(ym] over p.

Since all Galois conjugate of (,» is again a root of ®,,(X), Q[(,»] is a Galois extension.
Since 0 € Ggj¢,m)/q s determined by (5. = C;,’J(U) for v,(0) € (Z/p"7Z)*, we have a
character Goje,.)@ — (Z/p"Z)* which is injective. Since the LHS and RHS have the
same order, v, is an isomorphism. Writing the residue field of [ { p as F = Z[(,»] /[, we

have F = [ [Cpn]. Then the Frobenius element Frob; € Gg/r, = D; sends an to Zf,,n
Thus we get

Lemma 1.2. For a prime | # p, we have v,(Frob;) = (I mod p").

It is customary to write p,m C @X for the cyclic group generated by (,». Since
Q[¢pn] contains pyn, we write hereafter Q[uyn] for Q[(n] freeing the notation from a
choice of a generator of p,m. Write Q[up]| := |, Q[upn]. Then the restriction map
Resyn(0) = olgu,m) for 0 € Gopu,m)/q (m > n) gives the following commutative diagram:

Golyymlj@ —— (Z/p™Z)*

Rosl lmod P

Gopnljo —— (Z/p"Z)*.
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Passing to the limit, we get

(1.1) GQlupeel/Q % Z,* with v(Frob;) =1 for [ # p.

Let I := 1+ pZ, C Z,”. Then Z,* /T = (Z/pZ)* which has order p — 1. Thus z — 2P
is the identity map on (Z/pZ)*. On the other hand, for any z € Z,*, 2#"*" " = 1
mod p" as (Z/p"Z)* has order p* — p"~!. Thus |27 — 2/" |, < #. We therefore have
a limit w(z) = lim, ., 27" which satisfies plainly w(z)? = w(z); i.e, w(z) € u,_1 and
w(z) =z mod p. Thus p,—1 C Z,™ is a cyclic subgroup of order p — 1. We thus have
Zy," =T X pp—1. Thus we get

Lemma 1.3. Let D be the decomposition subgroup of Goju,e1/Q of a prime l. Then if
l # p, Dy is the infinite cyclic subgroup topologically generated by Frob; isomorphic to
(Y% x w(l)2. Ifl = p, D, is equal to the inertia subgroup I, which is the entire group
GQluyeel/Q- In particular, for each prime, the number of prime ideals in Zy[piy] over 1
is finite and is equal to |G,/ © Dil-

Remark 1.4. More generally, for an integer /N, making prime factorization N = [], 1),
Q[p] is the composite of Q[uew] with degree |(Z /160 /Z)*| = p(1¢0) = (¢ —[€W=1 In
the field Qe ], the prime [ ramifies fully and all other primes are unramified. Therefore
the fields {Q[uew]}yn are linearly disjoint over Q, and hence

Gopnl/e = [ [ Gotewe = [[(2/1°02)* = (2/NZ)~.
1IN 1IN

This also tells us that the integer ring of Q[un] is given by Z[un] = @), Z[iyew]. The
decomposition subgroup of a prime ¢ { N in Ggj.y)/@ is isomorphic to the subgroup
of (Z/NZ)* generated by the class (¢ mod N). If I|N, I; is isomorphic to (Z/I°VZ)*
and writing N© = N/I° D, is isomorphic to the product of I; and the subgroup of
(Z/NWOZ)* generated by the class of [. Since the Galois group Ggj.y]/o i generated by
inertia groups of primes (| N, for any intermediate extension Q C F C F C Q[ux], some
prime ramifies. In other words, if F'/E is unramified everywhere, we conclude £ = F.

Exercise 1.5. Giwve a detailed proof of the fact: Zlun] = Q) Z]jyew| and Zlun] is the
integer ring of Q[un].

Exercise 1.6. Prove that for a finite set S = {ly,...,l,} of primes. prove that the
number of prime ideals over any given prime l in Zljx, . . ., pus] is finite.

2. AN OUTLINE OF CLASS FIELD THEORY

We give a brief outline of class field theory (a more detailed reference is, for example,
[CFT] or [BNT]), which will be covered in Math 205c¢ in Spring 2018. For a given
number field F' with integer ring O, pick an O-ideal n, let I,, be the set of all fractional
ideals prime to n. We put Oy := lim O/n" (the n-adic completion of O). Write the
prime factorization of n = an (¢, Then by Chinese reminder theorem, we have O, =
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[1,0/1W0,. We write O for O;N F (which is the localization
Ow = {g‘a,ﬁ € O with aO + 1 = O} .

Exercise 2.1. Prove the above identity.

For a principal ideal (o) € I,, we write a = 1(mod n)* if o € 1 + [*OO; for all prime
[[n. More generally, we write « = 3(mod n)* for (), (5) € I, if /8 = 1(mod n)*.

Exercise 2.2. Prove that o = 1(mod n)* if and only if « € 1 + [e([)O([) for all prime
(In.

Define

P, :={(a) € I,]a = 1(mod n)*}

P :={(a) € PyJo(a) > 0 for all field embeddings o : FF — R}.
If F has no real embedding (i.e., F' is totally imaginary, we have P, = P;f.
Exercise 2.3. Let F = Q[v/5]. Is Po = P3 true? How about Q[v/15]?

Then Cl, := I,/ P, (resp. Clf = I,/P;}) are called the (resp. strict) ray class group
modulo n of F. They are finite groups. We have written Clg for Clp. The order |Clo|
is called the class number of F'. Here is a main theorem of class field theory:

(2.1)

Theorem 2.4. For each n as above, there is a unique abelian extension H,/F (resp.
H/F) such that

(1) Prime ideals prime to n is unramified in Hy,/F and HY /F, and every real embed-
ding of ' extends to a real embedding of Hy; in particular, if all Galois conjugates
of F are in R (i.e., F is totally real), H, is totally real;

(2) Cla = Gu,jp and Cl} = Gyt r by an isomorphism sending the class of prime
ideal [ prime to n in Cl, (resp. Cl}) to the corresponding Froby € Gu, /p (resp.
GH.T/F)’ where Froby is a unique element in Gy p for K = Hn, H such that
Frob(l) = [ and Frob((z) = 2V mod [ for N(I) := |0/l;

(3) For any finite abelian extension K/ F, there exists an O-ideal n such that K C HI
(the ideal mazimal among n with K C H is called the “conductor” of K);

(4) For a finite extension F) with integer ring O', we write Hy/F and Hy/F" (resp.
CIl+ and CU} for the corresponding class fields (resp. the corresponding class
groups). Then we have H! D H, and the following commutative diagram

Res
GH’IJ(/F’ —— GH,T/F

1 1

crs e opr
Here Npi/p is induced by the norm map sending a O'-prime ideal £ prime to n
toll (1=2£N0) with f =[0'/£: O/] (note Npr/p£ =[] £°N0 if F'/F
is a Galois extension).

UGGF//F
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Ezample 2.1. Suppose F' = Q. Consider the map {n € Z|nZ+n =72} > n+ (n) €
Cler) for each integer n > 0 prime to N. This induces an injective homomorphism
(Z/NZ)* — Cl}. For each (a) € Iy, take an integer n prime to N with o = n(mod N)*
and a/n > 0. Then the class of (o) and (n) in CI}; coincide by definition. Therefore,
we get Cl; 2 (Z/NZ)*, and hence Hy, = Q[un].

Exercise 2.5. What is Hy C Hy = Qlun|? Determine G, o as a quotient of
(Z/NZ)*.

Corollary 2.6 (Kronecker—-Weber—Hilbert). Any finite abelian extension of Q is con-
tained in Q[un] for some positive integer N.

3. RELATIVE CLASS NUMBER FORMULA AND STICKELBERGER’S THEOREM

Let F, := Q[upn+1]. Complex conjugation ¢ acts non-trivially on F), as v,(c) = —1.

Let F, be the fixed field of ¢; so, [F,} : Q] = w. We have the following field diagram

o] Ju

+ = +
Fn Hn

for the Hilbert class fields H, /F, and H;}/FI. Write the class group of F, (resp.
Fr) as Cl, and Clf. Define then Cl; := Ker(Np, jp+ @ Cl, — CL7). Since H is
veal, Hy N Fy, = F7; 80, Gyap i = Gp p+ X Gt pr. Thus the restriction map
Res : Gu,/r, — Gyt is onto. Therefore Np v @ Cl, — CUF is onto. Recall
Dirichlet’s L-function of a character y : (Z/NZ)* — C* defined by an absolutely and

locally uniformly converging sum for s € C with Re(s) > 1:
L(s,x) = Zx(n)n_s,
n=1

where we use the convention that x(n) = 0 if n and N are not co-prime. The function
L(s,x) extends to a meromorphic function on the whole complex plane C with only
possible pole at s = 1, and if y is non-trivial, it is holomorphic everywhere. Here is a

formula of |Cl;| (e.g. [ICF, Theorem 4.17]):
Theorem 3.1. Let m =n + 1. Then we have
— m 1 -1
x:(Z/pmZ)* —C*5x(-1)=~1

with L(0,x™") = —5 s

P x"Ha)a, where x is a primitive character modulo p/ with
0< f<m.
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By functional equation for primitive character modulo N (see [ICF, Chapter 4] or
[LFE, §2.3]):

T)@r/N) Ll=sx" 1) _
2/—1T(s) sin(ms/2) if x(=1)=-1

with the Gauss sum 7(y) = 25:1 x(a) exp(2ny/—1a/N), L(0, x7') is almost L(1,y)/2mi
which is directly related to the class number. Because of this, we put y ! in the formula,
though we can replace them by y for an obvious reason.

TOO@r/N) L1—sx~ 1) - _
if y(—=1) =1,
L(S, X) _ { 2T(s) cos(mws/2) X( )

We would like to study the group structure of C'l,, = Clp, and the module structure of
Cly, over Z|Gp, o) = Z[(Z/p™"Z)*] (m = n+1). We first describe Kummer-Stickelberger
theory to determine the annihilator of C1;; in Z[(Z/p"Z)*|. Writing o, € G, /g for the

element with (7 = (* (( € ppm) for a € (Z/p™Z)*, from the above class number
formula, Kummer/Stickelberger guessed that 6§ = 6,, := 221 ;Lmagl € Z(Z/p™Z)*]
would kill Cl,, as x(0,) = L(0,x~!). More generally, let F//Q be an abelian extension
with ' C Q[uy] for a minimal N > 0. Define 0 := 3 5 /nz) {&} ot F € Q[G] for
G = Gpjg, where 0 < {x} < 1is the fractional part of a real number x (i.e., z —{z} € Z)
and 0, € Gopuy)/o sends every N-th root of unity ¢ to ¢* for a € (Z/NZ)*.

Theorem 3.2 (Stickelberger). Pick § € Z|G] such that B0p € Z[G]. Then for any
fractional ideal a of F, a®%F is principal.

4. BASIC PROPERTIES OF (GAUSS SUM

The idea of proving this to compute prime factorization of the Gauss sum G(x) of a
finite field IF of characteristic p and to show roughly (G(x)) = a’%. Write Tr : F — T,

for the trace map. Then for any character x : F* — @X, the Gauss sum is defined to be

G(x) = =Y x(a)G" for ¢, = eXp(?),

a€lF

where we put x(0) = 0 as before. Note that G(x) = —7(x) if x is a character of
FX = (Z/pZ)*. The character ¢ : F — C* given by ¢(a) = exp(%)rﬁ(“) is non-trivial
as F is generated by primitive N-th root of unity for N = (|F| — 1) whose minimal
polynomial is a factor of X~ + XV=1 ... 41 (i.e., Tr(a) # 0 for some a € F).

Exercise 4.1. Give a detailed proof of the fact: Tr(a) # 0 for some a € F; so, Tr : F —
F, 1s onto.

Lemma 4.2. We have
(1) =X uerx(a) pTr(ab) =X(b)G(x) forbeF*,

(2) G(x) = x(-1)G(X).
(3) If x # 1 for the identity character 1, G(x)G(X) = x(—1)|F|,

4) If x # 1, |G = [F].
Since 7(x) = —G(x) if F = [, we get the corresponding formula for 7(y).
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Proof. The assertion (1) holds by the variable change ab — a combined with x(b) =
X~ '(b). Then we have

= = 2 X(@)¢ ™ = = 3 X)) 2 (-)ER)

acF a€elF
proving (2). Note that for ¢ # 1,

Z Cg‘r(b(c—l))
beFx
as 1+ >, cpx & Tbe=)) — 0 (character sum). We then have
G)G(X) = D xlab )¢
a,belFx
c=ab~! r(be— r(b(c—
R R S DTIES DRUE)
b,ceFx belFx c#0, belFx
= (IF| = 1)+ ) x(a)(=1) = |F|.
c#0,1
This finishes the proof (3), and (4) follows from (2) and (3). O

For two characters ¢, ¢ : F* — @X we define the Jacobi sum as
- elwo o
acF

See [Wel| and [We2] for amazing properties of Gauss sum and Jacob sum which was the
origin of Weil’s conjecture (Riemann hypothesis for zeta function of algebraic varieties
over finite fields), which was solved by P. Deligne. Here are some such properties:

Lemma 4.3. (1) J(1,1) =2 — |F|,

(2) J(L,x)=J(x,1)=1if x #1,

(3) JOoX) = x(=1) if x # 1,

(4) J(p,¢) = S if o £ 1,6 # 1,00 # 1.
Proof. Since there are |F| — 2 elements in F — {0, 1}, we get (1). When one character is
1 and the other not, the Jacobi sum is the sum over F — {0, 1}, and hence the result (2)

follows.
To show (4), we set p(0) = ¢(0) = 1 and we compute G(¢)G(¢):

Glp)G(9) = ) pla)o(b)g ™

a,belF
TN pla)gle—a) = DT pla)d(c—a)G D+ pla)p(—a
a,ceF a€lF,celFx a€lF

If p¢ # 1, we have

Y ela)p(—a) = ¢(=1) Y wd(a) =

acF a€elf*
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As for the first sum, without assuming ¢ # 1, we have
S wla)plc—a) O = 3T ple)o(e)p(h)p(l — b = Glpe) I (¢, 8).
a€lF,celFx beF,ceFX*
Therefore we get
G(p)G(d) = G(p9)J (¢, d)

as desired if p¢ # 1.
Suppose now ¢¢ = 1. Then we have

Y ela)d(—a) = é(=1) ) 1(a) = ¢(=1)(|F| - 1).

a€lF a€elF
Thus
p(=D[F| = G(p)G(¢™") = p(~1)(IF| = 1) + G(1)J (¢, D)
with G(1) = =3, o G = (X, @ — 1) = 1. This shows (3). O

Corollary 4.4. Suppose that o = ¢V =1 for 0 < N € Z. Then % s an

algebraic integer in Q(uy).

Let 0 < N € Z, and suppose p{ N. Then Q(ux) and Q(u,) is linearly disjoint as p is
unramified in Q(uy) while p fully ramify in Q(u,). Thus

Glupn)/@ = Goun)/@ X Goyy/o = (Z/NZ)™ x (Z/pZ)*.

Let 0, € Go(u,y)/q be the automorphism of Q(y1,n) corresponding to (a,1) € (Z/NZ)* x
(Z/pZ)* for a € (Z/NZ)*.

Lemma 4.5. If YV = 1 and a is an integer prime to Np, then Ci(;‘)):a = G(x)* 7% €
Q(un) and G(x)" € Q(un).
Proof. Since (7 = (* for ¢ € puy and (J* = ¢, we have

Z X Tr(m Z X Tr(m _ (Xa)‘

z€eF z€eF

Similarly, for o € G, x)/0[uy], We have some 0 < b € Z prime to p such that (7 = Cg.

Then we have
(= X@)G)7 = =D x(@)G ) =T B)G).

z€eF zelF
Replacing x by x%, we get
G(X*)7 = x"*(0)G(X").
Thus o fixes X% and hence we get G(x)* % € Q(un). Taking a := 1+ N, we get

G(x)7a?
the last assertion. O

Here is the last lemma in this section:

Lemma 4.6. We have G(x?) = G(x).
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Proof. The Frobenius automorphism Frob, of F acts Frob,(a) = a?. Thus Tr(a?) =
Tr(Frob,(a)) = Tr(a). Then we have

G(X") == X"(@)G" == x(a")"") = = x(Froby(a))¢ o)
aclF aclF aclF
Frobp(a)—

=T x(@) =Gl

aclF
as desired. 0

5. PRIME FACTORIZATION OF (GAUSS SUM

Let I' = I}, := {8 € Z[G]|80F € Z|G]} for G = Gp)q for an abelian extension F'/Q.
We put s := I'0p = (0r) N Z[G] which is called the Stickerberger ideal of F'. We start
with the following lemma.

Lemma 5.1. Suppose F' = Q[un] and put G := Gpjg. Then the ideal I' is generated by
¢ — o, for c € Z prime to N.

Proof. We first show that I' O I"” := (¢ — 0.). in Z[G]. We have plainly

=3 ([} {5)) o7 <20

a

which shows the result.
Now we show the converse. Suppose that x = > 2,0, € I'. Then

=Y <Zxc {%}) kY <Z% {Nb}> o7

c a a

The coefficient of o, ! is given by
ay TeaY D, xaa
;za{ﬁ}:;{]\]}:{ N } mod 1.
Thus ), 2, =0 mod N. Since N = (1+ N) —o1.n € I”, we find
Zzaaa22$a(aa—a)+2$a61”.

Thus I’ C I". O

Theorem 5.2 (Stickelberger). Let F' = Q[un|. Then sg annihilates Clg; i.e., for any
B € 1" and a fractional ideal A of ', AP? for 0 := O is principal.

Here for o = ) 2,04, A* =[], A"

We prepare several lemmas before going into the final phase of the proof. The idea is
to make prime factorizatioin of Gauss sums which gives a canonical generator of p?? for
a prime p.

Let p be a prime and F be a finite extension of F,; so, |F| = p/ =: ¢. Let p be a
prime ideal of Z[u,—1] above p. Since F* is a cyclic group of order ¢ — 1, we have an
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isomorphism w = w, : F* = p, 4 C Z[pg—1]*. Since all ¢ — 1-th roots of unity are
distinct modulo p, we may assume that w(a) mod p =a € F*.

Step 1: We analyze the exponent of B appearing in the Gauss sum. Pick a prime
Blp in Z[pu(4—1y,). Write prime factorization of an ideal 2 of [Jo £+, If A = (a) is
principal, we s1mply write ve(a) for ve(2A). Simply write v(i) for vp(G(w™)). Here is a
lemma on the behavior of the exponent v.

Lemma 5.3. (1) v(0) = 0;
(2) 0 <o(i+j) <w(i) +v(j);

(3) v(i+7) =v(E)+v(j) mod (p—1);

(4) vlpi) = (),

(5) Y v()=(¢—2)flp—1)/2 if¢=p';

(6) v(7) >04f1£0 mod (¢ —1);

(7) v(1) = 1, in particular, G(w™') =7 mod PR2.

Proof. Since G(1) = las ) g ) — (character sum), we get (1). Since E29@) jg ap

algebraic integer (Corollary 4.4), (2) follows. Moreover, again by Corollary 4.4,

G(p9)
is an algebraic integer in the smaller field Q[uy] in which p does not ramify, the difference

v(i+j) — (v(i) + v(j)) is divisible by the ramification index p — 1 of B /p. Therefore,
we get (3). By the existence of Frobenius automorphism on F, we have G(x?) = G(X)
(Lemma 4.6), which shows (4). Since G(w™)G(w') = G(wi)G(wi) = 4q = £p/ as long
asw' # 1 (e, 1 <i <pl—2), v(—i)+v() = f(p—1) as p — 1 is the ramification
index of B/(p), summing these up, we get (5). To show (6), we put 7 := (, — 1 which
is a generator of the unique prime in Z[u,| (Lemma 1.1); so, 7 € B. Then we see

Zw Tr(“ = Zw )=0 mod ‘B,

which shows v(i) > 0. Now we prove (7) by showing G(w™') = 7 mod P?>. By a
computation similar to the case of (6), we see

Zw Tr(a _ Zw 1 1—|—7T Tr(a)

__Zw Ya)(1 + 7 Tr(a)) modi]32——7r2w Y(a)Tr(a) mod 2.

Note that Gg/r, = (Frob,) = {1,Frobp,Frobf,,...,Frobg_l}. Thus we have Tr(a) =
a+af + -+ a”’ . Therefore, we get

Zw a)Tr(a) = Z a_l(a—l—ap—l—---—l—apfﬂ) mod p.
0#a€ZuN]/p

Since a — a”’ ! is a non-trivial character of F* if 0 < b < f, the sum D 0acZiun]/p a?’ !

vanishes modulo p, and hence the sum reduces to ZO#&GZ[MN]/]J l=¢—1= -1 mod p;
therefore, we conclude G(w™) = 7 mod B? as desired. O
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Step 2: Prime factorization of G(x): To clarify the notation, fix a positive integer IV,
and choose a prime p { N. Write f for the order of the class of p in (Z/NZ)*. Thus
Npf —1 (exactly). Let x := w™? for d = (¢—1)/N; so, x has values in puy and therefore
Y = 1. Let R be a complete representative set for (Z/NZ)*/(p). Let p be a prime
over p of Z[p,-1] such that w(a) mod p = a € F*, and put po = pNZ[uy] (which is the
base prime for the prime factorization of G(x)). Then by Remark 1.4, {pg* 1 la € R} is
the set of all distinct primes above (p) in Z[uy]. Let Py be the unique prime above pg
in Z[p,n] as any prime above p fully ramifies in Z[u,n]|/Z[pn]. Let Py (resp. Poy) be a
prime in Z[pg—1] (resp. Z[pg—-1yp]) over po (resp. Po).

Lemma 5.4. Let the notation be as above. Then we have

(GO0 =By = [T,

a€R
Proof. Note that 2138‘;1 is the unique prime above pg‘;l. Write B := 2138‘;1. Then we have
vp(G(x)) = vy (G(X)™) = v (G(X")) = v, (G(X*)) = v(ad).
This shows that the exponent of 3 = 2138‘;1 in G(x) is given by v(ad). O

Step 3: Determination of v(i) via p-adic expansion:

Lemma 5.5. Let 0 < i < ¢—1 and expand i into a standard p-adic expansion i = ag(i)+
ar(i)p+--+ap_1(i)p" 7t with 0 < a;(i) < p—1. Thenv(i) = ao(i)+ai(i)+---+ap_1(i).
/—/Z%

Proof. Since v(i) = v(1+1+---+1) <i-v(l) =iasv(i+j) <ov(i)+v(j) and and
v(l) = 1 by Lemma 5.3 (2) and (7). Since v mod (p — 1) is linear by Lemma 5.3
(3), we find v(i) = ¢ mod (p —1). Thus if 0 < 7 < p— 1, we get v(i) = 7. Now
assume that i > p. Since v(pi) = v(7) by Lemma 5.3 (3), we can sharpen v(i) < i to
v(i) <ap(i) +a1(i) + -+ - + ap—1(7). Then we have

—
pp—1) s 1 _p—1
!fpf 1

=—/fq

(ao(i)—l-m(i)—l—..-—|—af_1(z')):(1—|—2—|--.._|_p_1)fpf—1 _ - .

as each a;(i) takes value 0 to p — 1 exactly p/~! times when i varies from 0 to p/~'.
Removingi =¢—1=(p—1)+ (p—Dp+---+ (p— Dp’~", we get

2 2 p—1 L 5.3 (5) 2

S 0(0) < 3 (aali) + i) + -+ agali) = ——fa—(-1f = o(),
i=0 i=0 i=0
which shows that each term v (i) must be equal to ag(i) + a1 (i) + - - + ar_1(7). O

We now make more explicit the value v(7):
Lemma 5.6. If0 <a < q—1, then

v(a)z(p—l)i{ml} and v(ad) = —1f1{]ﬁ}

=0 9= =0
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Proof. Expand a = ag(a) + ai(a)p+ - -+ + ay—1(a)p’~*. Then we have
Pa=ao(a)p +ar(@)p’ + -+ ay(a)p

Since p/ =1 mod (¢ — 1), once the exponent j + k of p in a(a)p’™ exceeds f, we can
remove p/ modulo ¢ — 1. Thus we have

-1
Pa=)"arj(a)p +Zaf+e j(@)p’ mod (¢—1).
k=3 =0

Here p*, p* runs through {1,p,...,p’ '} once for each, and a;(a) for j = 0,1...,f —1
appears once for each.
Since the right-hand-side is less than ¢ — 1, we have

pa | Xi5 ai(@)p + 5 are (@)’ mod (g —1)
g—1J g—1 '
Now we sum up over j. By moving j from 0 to f — 1, modulo ¢ — 1, for each p*, the

term a;(a)p® shows up once for each i with 0 < i < f — 1. Then each term involving
ax(a) is given by

pf -1
p—1

apa)(1+p+--+p' ") = apa)

Thus we conclude

e
pPal 1 qg—1 1 ~ v(a)
Z{ }_ ;ak(a)_ﬁzak(a)_p—l'

= la—1 q—1p—1 -
Then we see for d = %,
f-1 f-1
lad) = -0 {20 = -0 {57
Jj=0 j=0
as desired. 0

Corollary 5.7. We have (G(x)N) = py" in Z[un].

Proof. Since G(x)" = X(a)G(x) for Gopu,y)/r With ¢ = ¢ (Lemma 4.2 (1)), we have
G(x)N € Z|un]. Since Q[u,n]/F fully ramifies at py with ramification index p — 1, we
find P = py. We have

S e —p-DY Y >{f%}a;.

a€(Z/NZ)* /{p) J=0 a€(Z/NZ)*
Note that pg? = po as o, is the generator of the decomposition group of p; so, the effect
of 0,4, on pg is the same as the effect of o, on py. Thus we conclude

f—1 -1 f-1 ﬁ -1 a -1
Z] =0 ZaE(Z/NZ)X/ p){ N }C’a Z]‘:O ZaE(Z/NZ)X/@){ N }Uapj () pzae(Z/NZ)X{ﬁ}Ua
= P .

Po = Po
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The last equality (*) follows from the bijection (Z/NZ)* < (p) x (Z/NZ)* /{p) Then
by Lemma 5.6,

(GOO™) =P " =py ™"
as desired. 0

Step 4: Proof of Stickelberger’s theorem: Let 2 be an ideal of Q[ux]| prime to (N).
Write the prime factorization of 2 as [[,p; (here pis may overlap). Let x; be the
character of (Z[un]/p:i)* = F* given by wf for d = L for ¢ = N(p;,) = |F|. By
Corollary 5.7 applied to each p;, we have

AN = Hpﬁm = (H GOxa)™).

Write v := [, G(x:) € Q[upn] for P =], pi. If 50r € Z[G] (G = Gp/q), then
AN = (57

Since v? € F by Proposition 5.1 and G(x)" € F (Lemma 4.5), we have F[y°]/F is a
Kummer extension adding N-th root 72 of ¥V# € F'. Now we claim that

(Ur) F(Y?)/F can ramify only at prime factors of N.

Here is the proof of (Ur): By adding N-th root, only ramified primes in the extension
are factors of N and prime factors of ¥V2. Since (yV?) is N-th power of ideal 2, for a
prime factor [ of vV, F[v?] = Fi[ {/u] for a unit u of the [-adic completion F}. Since
[t N, F[ {/u]/F is unramified.
By definition,
F C F[y’] € Qlunp] = Flue].
The only primes ramifying in F[up]/F is factors of P which is prime to N. Therefore by
(Ur), F[+7] is unramified everywhere over F and is abelian over Q, which is impossible
by Remark 1.4 unless F' = F[y7]. Therefore, 2% = (7%) with 4% € F. O

6. A CONSEQUENCE OF THE KUMMER—VANDIVER CONJECTURE

Recall F, = Q[uyn+1] with m = n + 1. Let hf = |Cly| = |CLf|. The following
conjecture is well known but we do not have a theoretical eveidence except for the
conjecture numerically verified to be true valid for primes up to 163 million [BH]:

Conjecture 6.1 (Kummer—Vandiver). pt hd (so, Clo ®77Z, =0).

Suppose hereafter Conjecture 6.1. Let AX := ClF ®77Z, (the p-Sylow part of CI, and
put R, := Z,|GF,/q]. Then A is a module over R,. Define s, := R, N0, R,. Since
R, = Z|GF, 0] ®z Zy, we have s, = sp, ®z Zy, and hence by Stickelberger’s theorem
(Theorem 3.2), we have s, A, = 0 without assuming Conjecture 6.1. Here Iwasawa’s
cyclicity theorem which is a goal of this course:

Theorem 6.2 (Iwasawa). Suppose pthg. Then we have an isomorphism A, = R, /s
as R,-modules, where X~ = (1 — ¢)X (the “—" eigenspace of complex conjugation c).
We start preparing several facts necessary for the proof of the theorem. We first

compute the index [R,, : s ].

n
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Lemma 6.3. We have [R,, :s,] = |A,,|.

Proof. Let G = G, /g and 0 = 0p,. Let Tr:= > _.0 € R,. Since {z} +{—2z} = 1 and
coq = 0_q, (14 )0 is equal to

> {slae ¥ el ¥ (o)) -
ac@/przy< P acz/pmzyx P aczpmzyx P p

Let 6F := 120 =0 — 4 =g — Tt € ¢R, = R,. Thus we have
_l4c 1

+. _Z
(6.1) 0" = 5 0= 2Tr.
Since s, = R, N0R,,, we have s = 1—50Rn N %QRH =R, NOR,.
We first compute the index [R,07 : s, ] = [R.07 : R,N0™ R,,]. Takex =3¢ 7/ mzyx To0b €

R,,. Since 6T = %Tr € R, we have 20~ € R, < 20 € R,,. Then
1 1 a " lb—b 1
0 = — a:vbaglab = — Aryopg—1 = — AT qp0b.
>
This shows 20~ € R, & 20 € R, < Y ax, =0 mod p™ for all b prime to p. But

aTap = b~ (ab)xa = b~ ar, mod p™.
2 2 2

Therefore
x0- e R, 20 R, & Zaxa =0 mod p™.

Thus R0~ N R, = {20~ € R,|>_,ar, =0 mod p"}. Then R,0~ /(R0 NR;) —
Z/p™Z by sending 6~ to >, x,a mod p™. This map is surjective taking z := oy as
> . Zaa = 1. Therefore we conclude [R,07 : R, N R, = p™.

Consider the linear map 7': R, — R, given by the multiplication by p"6~. Then

(R, : p" R, 0] = [det(T)],!
= [p AT L0, X1, = p™G2 7 AL = [Ry6 « p Ry 07~ A .

X

by the class number formula (Theorem 3.1). Thus
(R, :p" R 0|[R.0 : R,0- NR,]

Aul =

(R, 0 :pmR, 6]
Since R, Ds. Dp"R 0 and R, 0 Ds, D pmR, 0, we have
(B c "R 0] Ry s,

[R,0- :p"R;0-]  [R,0- :s,]
From this we see
R, s )[R0 RO NR,] R, s, ][R0 :s,] o
Al = = = : .
4] (R, 0~ :s.] (R, 0~ :s.] L

n n

This shows the desired index formula. O
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7. KUMMER THEORY

Let F/Fy be a finite extension inside Q. If « € F* is not a p-power in F*, F[¢/a]/F is
a Galois extension of degree p, as a complete set of conjugates of ¢/« over F is given by
{CV/al¢ € pp}. Thus Gppym e = Z/pZ by sending 0, € Gppya) r With 0.({/a) = (I¥/a
to a € Aut(u,) = Z/pZ. The extension F[{/a],r only depends on o mod (F*)P. Thus
we simply write F'[{/a] for the extension corresponding to aw € F*/(F*)P. For a subset
B of F*/(F*)?, we put F[V/B] := F[¥/a]aep, which is a (p,p, ..., p)-Galois extension
of F.

Conversely, we take a p-cyclic extension K/F with a fixed isomorphism Gy ,/p = Z/pZ
with 0 € Gk p corresponding to 1 € Z/pZ. By the normal basis theorem in Galois
theory, K is free of rank 1 over the group algebra F[Gg/p|]. Thus for any character
£ Z/pZ — pyp, the E-eigenspace F[{] = {x € K|o(z) = {(o)x for all 0 € Ggp} is
one dimensional over F'. Suppose that £(0,) = (;. Pick 8 € F[¢{]. then o := P € F
as it is invariant under Gk p. Since K D F[¢/a] and F[¢/a] has degree p over F, we
conclude K = F[¢/a]. Thus every (p,p,...,p)-extension of F is of the form F[{/B].
Since F[{/a"] C F[¢/a] for any a € F,, replacing B by the span of B in F'* @7 F,, we
may assume that B is an F,-vector subspace of F'* @z F, = F*/(F*)?.

Lemma 7.1. Let the notation be as above. Suppose dimp, B < oco. We have a non-
degenerate pairing (-,-) : Gpiyg,r X B — pp given by (7, ) == T(¥B) /8.

Proof. If (1, 8) = 1 for all 7 € Gpypp, Plainly ¥/B € F*; so, =0 in F*/(F*)P.
Thus the pairing is non-degenerate on the B side. Thus dimp, G FIYB)/F > dimp, B.

Since F[¥/B] D F[¥/B"] for a € F, and F[{/aB] C F[¢/a, ¢/B), we find that F[¥/B] =
F[YB1, ..., ¥/Ba) for abasis {31, ..., 34} of Bover Fy; so, pt™» B = p? > [F[{/B] : F|
|G prya)/r|, which shows dimp, Grrymr = d, and this finishes the proof.

1

Lemma 7.2. Suppose F' D Fy = Q[u,). Let K/F be the mazimal (p,p, ..., p)-extension
unramified outside p. Then for B := O[%]X ®z Fp, we have K = F[{/B] and dimg, B <
0.

Proof. Let L := F[¢/a]. By multiplying p-power of a non-zero integer, we may assume
that « € O — {0}. Write prime factorization of (o) = [],1°V. Plainly if [ { p and
p 1 e(l), [ ramifies in L,p. As for p, residually, any p-th root does not give any non-
trivial extension as Frob,, just raises p-power. Thus p can ramify independent of e(l)
for [|p. This shows the result. By Dirichlet’s unit theorem, ranky, O[%]X < [F: Q]+
the number of prime factors of p = r. Thus dimg, B < 7. OJ

Exercise 7.3. Compute dimg, B in Lemma 7.2.

Corollary 7.4. Let the notation be as in Lemma 7.2. Assume F = F,,. Then K =
F[Y/B] for B generated by O* and 1 — (ym (m =n +1).

This is because the unique prime ideal p over p in F}, is principal generated by 1—(,n+1
by Lemma 1.1.
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8. CYCLICITY THEOREM FOR Fj = Q][]

Let F' = F, and L = L,/ be the maximal p-elementary abelian extension unramified
everywhere. Here elementary means that Gal(L,/F),) is killed by p. Write A, for
the maximal p-abelian quotient Cl,, ®z Z, of Cl,. Since L/F is elementary p-abelian,
Gal(L/F) is an F,-vector space. By class field theory (and Galois theory), Gal(L/F) =
Cl,/pCl, = A,/pA,. By Kummer theory, L = F[¢/B] for an F,-vector subspace B
of F* @z F, = F*/(F*)P. Since F[Vb]r is everywhere unramified for b € F* with
b = (b mod (F*)P) € B, the principal ideal (b) is a p-power a? for an O-ideal a. The
class of a in A, only depends on the class of b modulo (F*)? as F[{/a?b] = F[¥/b]. Thus
sending b := b mod (F*)? to the class of a, we get a homomorphism ¢ : B — A,[p] =
{z € A,|pz = 0}, which is obviously Z,[G]-linear for G := Gp/g. Assume b € Ker(¢).
Then (b) = (a)?; so, b = a”e with ¢ € O*. In other words, F[¥/b] = F[¢/€]. Thus we
conclude that Ker(¢) C O*/(O*)? = O* @z F, as Z,|G]|-modules.

Now we assume that F' = Fy. Then G = Hom(G,Z,™) is generated by Teichmiiller
character w of order p — 1. Then Z,[G] = D, .4 o1 Zye; for the idempotent e; =
ﬁ Y ,w *(0)o. For a finite p-abelian group H, we define p-rank(H) = dimg, H ®@7F, =
dimg, H[p| for H[p] = {x € H|px = 0} (which is the minimal number of generators of

H by the fundamental theorem of finite abelian groups); thus, H is cyclic if and only if
p-rank(H) = 1. We first prove

Theorem 8.1. Let A be the p-Sylow subgroup of Cly and put A = €, e;A. If i is even
and j is odd with i +j =1 mod (p — 1), then we have

p-rank(e;A) < prank(e;A) <1+ p-rank(e; A).
This implies a famous result of Kummer (when he proved FLT for regular primes):

p||Clg| = p|ICl5 .

Proof. By class field theory, A/pA = Gal(L/F) for the maximal p-abelian elementary ex-
tension unramified everywhere. Then we have perfect Kummer pairing as in Lemma 7.1
(,-) : A/JpA x B — p,. Note that o,a = w'(a)a for all a € (Z/pZ)* if a € A; := ¢;A.
Since (a, b)*® = (a,b)% = (a%,b%) = (wi(a)a, w¥(a)b) = (a,0)* @ for b € B, = e} B,
(a,b) = 1 unless i + k =1 mod (p — 1). This shows that (-,-) indices a perfect pairing
on A; x B;. Thus dimp, A; = dimg, B;.

Now ¢ : B; — A;[p| = ei(A[p]) is Z,[G]-linear. Since Ker(¢) N B; C e;(0* ®zF,) and

By = en(O* @3 F,) = {Ig‘p i)ftlklreirswzeen, k%0 mod (p—1);or k=1 mod (p—1),
by Dirichlet’s unit theorem, we have

(8.1) p-rank(4;) = dim By, < dim Ey +dim Ag[p] if [+ k=1 mod (p —1).

If 7 is even (and j is odd), taking k =i (and [ = j), we have

prank(A;) = dim B, < dim F; + dim A;[p] = 1 + p-rank(A4,).
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If jisodd and 7 #1 mod (p — 1), we have
p-rank(A;) < dim A,[p] = p-rank(A4;).

Thus if j Z1 mod (p — 1), the result follows.
Suppose that j = 1 mod (p — 1). Then i = 0. Let Ly be the subfield of L with
Gr,/r = Ap. From the exact sequence:

L= Groyr = Gryiq— G — 1

with G acting on the normal subgroup Gp,/r by conjugation, G, g is abelian. Then
for the inertia subgroup I at p in Gy, /g is isomorphic to Gr/g; so, L} is everywhere
unramified extension of Q; so, Ay = G LijQ s trivial.

Consider ¢ = 14 p. Then w(c —0.) = 1+ p — 1 = p. For the Stickelberger element
0 = % Plota, w((c—o0.)0r) = 3, aw™'(a) = 1(p — 1) mod p kills Ay; so, A, = 0.

This shows the result when j =1 mod (p—1). O

Corollary 8.2. Assume the Kummer—Vandiver conjecture. Then we have Ay = Ry /sy
as Ro-modules for Ry := Z,[G R, q).

Proof. By Kummer—Vandiver, p-rank(e;A) = 0 for ¢ even. Then by the above theorem
(Theorem 8.1), p-rank(A;) < 1; so, A; is cyclic. Thus we have a surjective module
homomorphism e; Ry — A;. We write the image of e; in 4; as €;. Ay = @D, 406/ A =
> jodd 085 = Ro(D_ 5,000 €5); 50, Ag s cyclic. Since sp kills Ay and |Ag| = [Ry : 55] by
Lemma 6.3, we conclude Ay = Ry /s, . O

9. PROOF OF THE CYCLICITY THEOREM

We first recall Nakayama’s lemma: Let R be a local ring with a unique maximal ideal
mpr and M be finitely generated R-module.

Lemma 9.1 (NAK). If M = mgM, then M = 0.

See [CRT, p.8] for a proof of this lemma This can be used as follows to determine
the number of generators: Take a basis my, ..., m, of M/mrM over R/mp and lift it to
mj € M so that (m; mod mg) =m;.

Corollary 9.2. The elements mq,...,m; generate M over R, and r is the minimal
number of generators.

Proof. For the R-linear map m : A" — M given by (ay,...,ar) — Zj a;m;, Coker(m) ®p
R/mp = 0 as m; generate M ®p R/mp. Thus Coker(w) = 0 by NAK; so, mq,...,m,
generate M. O

We recall the cyclicity theorem:

Theorem 9.3 (Iwasawa). Suppose pt hg. Then we have an isomorphism A, = R, /s
as R,-modules and A} = 0.
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Proof. We have already proven the result when n = 0. Note that Ry = [[}_, ' e;Ro and
eiRy = Z, as a ring. Note that the restriction map G , /o 2 0 +— 0|r, € G, g induces
a surjective ring homomorphism 7% : R,y — R, for n’ > n. Take ¢; € R,, projecting
down to e;. Since €2 = ¢; (so, €/ = ¢;), € = €. Since (79)7!(e;Ry) is a p-profinite
ring, lim;_. e » converges to an idempotent, lifting ej. We again wrote this lift as e;;
so, R, = f éjodd e;R, as a ring direct product. Note that Gp,,q = (Z/p™Z)*
pp—1 X T/TP" for T' = 1+ pZ, as Z,* = pp,—1 x I'. Thus R, = Ry ®z, Z,[L'/T*" ] =
g_o; odd €1 R0 @z, L,|T JT?"]; s0, ejR,, = Z,[T'/T?"]. Since I'/T*" is a p-group, Z,[I'/I?"]
is a local ring with Z,[T'/T?"]/(y — 1) & Z, as rings for the generator v =1+ p of I,
To show cyclicity, we need to show that M := e;A is generated by one element
over A, := Z,[['/JT?"]. This is equivalent to M/m,M = F, for the maximal ideal
m, = (p,v — 1) C A, by Nakayama’s lemma. Let L,/F, be the maximal p-abelian
extension unramified everywhere. Let X,, = G, /r,. We have a following field diagram

Fn — LOFn - Ln

[

F(] — L(].
Since F,/Fy is fully ramified at p, F,, and Ly is linearly disjoint. Thus
Gr,./r = Gro/r X Xi

identifying G, /g, with the inertia subgroup at p of Gy, g,. Therefore, G p,/p, =
Gry/r), and we have an exact sequence

1— GLn/L()Fn —>Xn — X(] — 1.

Since Xy is the maximal abelian quotient of Gp,/r, Gr, /1,5, 15 the commutator sub-
group of Gp,/r. Since Gr,/r, = GF,/r, X X, and Gp, g, is generated by 7, any
element in Gy, /g, is of the form ~/z for € X, uniquely. Then the commutator
subgroup is generated by (v,2) = 277t = (y — 1)z for z € X,, since X,, is abelian.
In other words, Gr,/r, = (v — 1)X,, written additively as A,-module. This implies
eiXn/(y — 1)e; X, = e; Xy and hence ¢;X,,/m,e; X, = €;Xo/mpe; Xo = F,. Thus by
Nakayama’s lemma, e;X,, is cyclic over A,, and hence X, is cyclic over R,. In partic-
ular, if ¢ is even, by Kummer—Vandiver, e; Xy = 0, and hence ¢;X,, = 0. This implies
Al = 0. Therefore A, = X,, = R, /a, for an ideal a,, D s,

We now prove a, = s,. By the lemma following this theorem Lemma 6.3, we have
R, :s5.]=1]A,| =|X,| = [R. : a,], we conclude a,, = s,,. O

Remark 9.4. There is another proof of this theorem via the class number formula of

F we describe Section 13 with more input from Kummer theory. For the proof, see
[ICF, §10.3].
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10. IWASAWA THEORY

Let Ry = lim R, = A ®z, Zy[ptp—1) for A = lim A, = lim [['/T?"]. Since A, is a
—n P —n —n

local ring with maximal ideal my, = (p,y — 1), A is a local ring with unique maximal

ideal my = (p,y—1). Set X = @n X, for X, := G, /p, = Ay, which is a R.-module.

Lemma 10.1. Under the projection Gr ,;q — GF,/q sending o € Gg,/q to U|GFn/@’
0., € Q[Gr,,q] for n' > n projects down to 0, € Q|GF, ]

Proof. Define Hurwitz zeta function by

(e e}

((s,x) = Z% (Re(s) > 1,0 <z < 1).

— (z+ n)s

This function can be analytically continued to s € C and holomorphic outside s =
and known that ((1 —n,x) = B”(m) (0 < n € Z) for the Bernoulli polynomial B, (z
(cf. [LFE, §2.3]). By definition,

s a, 1
.f C(&?) - Z ns'

n=a mod fn>0

1
)

Thus
! —m s —ms a - 1
Clz/pz) > Y ¢(s, m,) Je Y C(S,p—m)%l € Cl(Z/p™2)]
a€(Z)p™' 7)% a€(Z/p™Z)*
under the reduction map modulo p™ (here m = n+ 1 and m’ = n’ + 1). Note that
Bi(z) =z — 1, and hence, taking s = 0, -7 (ap)=1 Bila/p™)o =0, by (6.1). O
Since a — 0, € Zy|Gr, 0] = R, for a € Z,* also gives compatible system with respect
to the projective system Roo = lim R,, we have (a — 0,)0, := lim (a — 0,)0,. Then
we get an idempotent e; € Zy[pp—1] C Roo. Since we can choose a as above such that
a—wia) € Z,ifj#1(0<j < p- 1), ej(a — 04) € (e;Rx)*. Thus we have
Lj:=e;0 € A for odd 7, and hence e;s,, is generated by e;0, forallodd 1 < j <p—1,
and hence s5) = €js = lim e;5. = (L;) C A. Put XU) = ¢;X. Since we know that
e1A7 = 0 for all n, we find X = 0. The following is the consequence of the cyclicity
theorem (see [169]).
Theorem 10.2 (Iwasawa). Suppose 3 < j <p — 1 be an odd integer. If p1 |CL}|, then
X0 2 Afs0) = A/(L;)
as A-modules. In particular X = ejXn = XV /(vP" —1)X0) =2 A/(Lj,~P" —1).

Recall v := 014, € Gr. /R, Since Z,-module I' satisfies I'/T? = F,,, by Nakayama’s
lemma, I is generated by v over Z,. Thus I' = {(1+p)* = > (1) X"|s € Z,}, and v
is a topological generator of the group I

Lemma 10.3. We have A = Z,[[T]] by sending v to t := 1+ T, where Zy[[T]] is the
one variable power series ring.
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Proof. We have A = lim Z,|GF,/r,] = lim Zy[t]/(#*" — 1) as Gp,/m, = /T?" is a cyclic
group of order p" generated by v = o14,.

Inside Z,[[T]], t*" — 1 =[], ®;(¢) for the minimal polynomial ®;(t) of p/-th roots of
unity. Since |ay|, < 1 for oy, := (,n — 1, any power series f(T') € Z,[[T]] converges at a;
so, f(t) — f(on) gives a onto algebra homomorphism Z,[[T']] — Z,[p,»] whose kernel is
generated by @, ().

Thus (®,(t)) C my; so,

& =1) =)@+ ) [ m} = (0).

n n

This shows the desired result. O

For each character x : G/ = Z," — @; with x|,,_, = w™ for p,_1 C Z,” factoring
through Gy, /g, we have x(L;) = x(e;0n) = L(0,x). Since x(T') = x(t) =1 = x(v) — 1
with |[x(v) — 1l <1 as x(7) € ppe = U pps, we find x(L;) = L;j(x(7) — 1) regarding
L; as a power series L;(T) € Z,[[T]]. Actually we can show that L;((1+p)* — 1) =
(1 —p*1)¢(1 — k) for all integers k = j + 1 mod (p — 1) (see [ICF, Theorem 5.11] or
[LFE, §3.5 and §4.4]). The p-adic analytic function Z, 3 s — L;((1+p)° — 1) € Z, is
called the Kubota—Leopoldt p-adic L-function.

Here is a general theory of A-modules (see [ICF, §13.2]). If M is finitely generated tor-
sion A-module, then there exists finitely many non-zero elements f; € A (j =1,2,...,7)
and a A-linear map i : M — @_, A/(f;) such that |ker(i)| < oo and | Coker(i)| < oo
(i.e., 7 is a pseudo isomorphism). Moreover the set of ideals (fi),...,(f.) is indepen-
dent of the choice of 4, and the ideal char(M) := (], f;)) is called the characteris-
tic ideal of M. It is easy to see that XU) is a torsion A-module of finite type as
XY = X0 /(y = 1)X@ c €Iy is finite. Iwasawa conjectured that char(X©)) = (L;)
in general for odd j, and it was first proven by Mazur-Wiles in 1984 [MW] and there
is another more elementary proof by Rubin (see [ICF, §15.7]). But the above theorem
tells more that X for odd j is cyclic over A, and Iwasawa conjectured also that r < 1
(pseudo-cyclicity conjecture), which is not known yet. Iwasawa himself seems to have
had a belief not just » = 1 but the cyclicity without finite error (see [U3, C.1]).

11. AN ASYMPTOTIC FORMULA OF |A, |
We would like to prove the following theorem of Iwasawa:
Theorem 11.1. There exist integer constants \, u, v such that
A= | = protwr+v
for all n sufficiently large.

There is another theorem by Ferrero-Washington [FW] (see also [S]) which was con-
jectured by Iwasawa when he proved the above theorem:

Theorem 11.2. We have p = 0.
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In this section, we prove Theorem 11.1 under the Kummer—Vandiver conjecture. A
polynomial P(T) in Z,[T] is called distinguished if P(T) = T™ + a, 17" + -+ + ag
with p|a; for all i. We first quote Weierstrass’ preparation theorem in our p-adic setting:

Theorem 11.3 (Weierstrass preparation theorem). Let f(T) = Y oo a;T" € Z,[[T]],
and suppose (f(T) mod pZy|[T)]) = >, @T" € F[[T]] with @, # 0. Then there exists
a distinguished polynomial P(T) of degree n and a unit U(T) € Z,[[T]] such that f(T) =
P(TU(T). More generally, for any non-zero f(T) € Z,[[T]], we can find an integer
>0 and a distinguished polynomial P(T') and a unit such that f(T) = p*P(T)U(T).
The triple P(T), u, U(T) is uniquely determined by f(T).

Once the first assertion is proven, P(T) =[] (T — «) for zeros a € Q,, with |a, < 0;
s0, the decomposition is unique. In other words, Spec(A)(Q,) = {a € Q, : |al, < 1} (the
open unit disk) which contains a “natural” Z,-line pZ,. Before proving this theorem,
we state a division algorithm for A:

Proposition 11.4 (Euclidean algorithm). Let f(T') = >_:2, a;T" € Z,[[T]], and suppose
(f(T) mod pZ,[[T]) = > s, aT" € F,[[T]] with @, # 0. Suppose that the index n is the
minimal with @, # 0. For each g(T) € A, there exists a pair (q(T),r(T)) with q(T) € A
and r(T') € Z,[T] (a polynomial) such that deg(r(T)) < n and g(T) = q(T) f(T)+r(T).

Proof. If ¢ = 0, we have ¢f +r = 0. Since f has leading term @,7", we find 7 = 0.
Thus Gf = 0; so, ¢ = 0. Dividing by p and repeating this argument, we find ¢ = r = 0
mod p’ for all j > 0; so, ¢ = r = 0. This shows the uniqueness of (q,r) for g # 0.
Define R : A — A removing first n terms and dividing by T7"; so, R(Z;';O a;jT7) =
Z‘;‘;n a;T9~". We put A :=Id —T"R; so, A projects a power series to the first n-term
up to degree n — 1. Thus we have
(1) R(T"W(T)) = h(T);
(2) R(h) =0 < h is a polynomial of degree < n.
Since R(f)™' = a,'(1+To(T))" = a," 3272 (=1 T ¢(T) € A for ¢(T) € Z,[[T]], we
have R(f) € A*.
We like to solve g = ¢f 4+ r. This is to solve R(g) = R(qf) by (2) above. Note that
f=A(f) +T"R(f); so, we need to solve

R(g) = R(qA(f)) + R(¢T"R(f)) = R(¢A(f)) + ¢R(f)
by (1) above. Write X = qR(f). Then the above equation becomes

A(f) , A(f)
R(ig)=R(X—2)+ X =(id+Ro —%)(X).
(6) = RX5e) + X = R(f)x )
We need to solve this equation of X. As a linear map, Ro4 R(f ) has values in m, as A(f)
is divisible by p. Thus the map id+R o % X — X+ R(X RE];)) is invertible with

inverse given by

(id+Ro g(f))—l => (~Ro ;‘(f) ).
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In particular, X = (id+Ro %)_I(R(g)), and hence ¢ = XR(f) P andr=g—qf. O

Once an Euclidean algorithm is known, it is a standard to have a unique factorization
theorem from the time of Euclid:

Corollary 11.5. The ring A is a unique factorization domain.

Proof of Weierstrass theorem: Dividing f(T") by p* for p = min; v(a;) for the p-adic
valuation v, we may assume that @, # 0 for n as above. Therefore we only prove the
first part. Apply Euclidean algorithm above to g = T™, we get T™ = qf + r with a
polynomial r of degree < n. Writing ¢(7T") = Z;io c,I™ and comparing the coefficient

of T", we get 1 = cpa,, mod my; so, ¢g € Z,~; so, f=q Y (T" —r). Thus U(T) :=q!

and P(T) :=T™ — r satisfies the property of the preparation theorem. O
Lemma 11.6. If E = A/p*A, then |E/(v*" — 1)E| = p**".

Proof. Since E = A/p'A = (Z/p*Z)([T1)], from (Z/p"Z)[[T]]/ (""" — I)(Z/p*Z)[[T]] =
(Z/p*Z)[[T][T/TP"], we conclude the desired assertion. O

Lemma 11.7. If E = A/g(T)A for a distinguished polynomial of degree A with g((—1) #
0 for all ¢ € pp~, then there exists an integer ng > 0 and a constaint v € Z such that
|E/(4*" — 1)E| = p** for all n > ny.
Proof. A monic polynomial f(T') € Z,[T] is distinguished if and only if f(T") = T*mod p;
so, a product and a factor of distinguished polynomials are distinguished.

We put N, v = «,Pn/—11 = ?Zapn AP for n > n'. Writing ¢(T) = T* — pQ(T) with

'\/P —
Q(T) € Z,[T), we have T* = pQ(T) mod g; so, T* = pQi(T) mod g for all k > \ with
some polynomial Qx(7T) € Z,[T]. Therefore if p™ > A,
A= (1+T)Y =14+ pR(T)+T" =1+ pS,(T) mod g(T)

for R(T'), Sp(T) € Zy[T]. Thus

(1+T)""" =1+ pSp(T))? =1+ p*S.(T) mod g(T).

Thus we find

n+2

P 1= (P 1= (7
=1+ + T+’ P(T) (" = 1) mod g(T) = p(L+pP(D) (""" ~ 1),
where P(T') € Z,[T). Since (1+pP(T))~' = 3272 ((=pP(T)) € A, 1+pP(T) is a unit in

n+2
A. Therefore multiplication by Ny190 41 = :{’:,Hilj is equal to multiplication by p on F

n+1 n+1)

—1)(1+ fyP”H 44 7(20—1)?

as long as E is Z,-free of rank \; so, we find |E/pE| = p*. Thus if p™ > X and n > ny,
we get the desired formula. O

Since X = A/(L;) for j odd with j > 1, by the above two lemmas, we get Theo-
rem 11.1for A=3",_, 1 aAjand =31 1 ioaaly, where Lj = pi Dy(T)U;(T)
with distinguished polynomial D; of degree \; and units U;(T").
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Remark 11.8. Actually for any Z,-extension K, /x = U, K,k (ie., Gk /x = Z, and
Gk /K, = p"Zy,) for a number field K, writing the p-primary part of the class number

of K, = KL™ as p°, it is known that e, = In + mp™ + ¢ for constants [, m, c if n is
sufficiently large (see [ICF, Theorem 13.3]).

If X is a smooth projective curve over the finite field IF,,, we can think of the extension
F,(X)/F,(X) of the function fields, where F, is a fixed algebraic closure of F,. Then
Gal(F,(X)/F, (X)) = 7 = Frobzz,. Put X = Gal(L/F,(X)) for the maximal abelian
extension unramified everywhere L/F,(X). Then Gal(F,(X)/F,(X)) acts on X by con-

jugation. Let Jyr, be the Jacobian variety of X' (i.e., degree 0 divisors modulo principal
divisors). Then X = [[,T,J for the Tate module 7,7 = lim J[I"] for primes [. In

particular, 1; 7 = leg for the genus g of X if | # p. If | = p, then T,J = Z," for
0 < r < g called the p-rank of X. The Frobenius has reciprocal characteristic polyno-
mial det(1ly, — Frob,|nsz) = ¢(x) € Z[z] independent of | # p. Then (the main part
of) the zeta function of X" is given by L(s, X) = ¢(p~*). For an eigenvalue « of Frob,
on 777, Weil proved that |a| = \/p. Thus by definition, L(s, X) = 0 < p~® = a for an
eigenvalue . This implies Re(s) = 3 (Riemann hypothesis for X).

In Twasawa’s case, for the maximal p-abelian extension L/F,, unramified everywhere,
X = Gal(L/Fy) is a module over I' := Gal(F./Fy) = v*. By p = 0, X is Z,-
free (under the Kummer—Vandiver conjecture). We have an isomorphism of A-modules
X = @0<j<p—1,j;£1,j;odd A/(Lj). Write X := ;X = A/(L;) and L;(T') = P;(T)U;(T)
for U; € A* and a distinguished polynomial P;(T"). Regard P;(T) as a polynomial of
t = 147 and write P;j(t). Since X; = A/(P;(t)), the action of v on X satisfies P;(y) = 0;
so, Pj(t) = det(t — v|x,). Perhaps an analogue of the Riemann hypothesis is to believe
that P;(t) factors into a product of linear polynomials in Z,[T] as {z € Z,, : |z], < 1}

is alinein D = {z € Q, : |z|, < 1}. This is something which Iwasawa seems to have
believed to be true (see [U3, C.6]).

12. CYCLOTOMIC UNITS

We now prepare some facts for determining |Cl| as an index of the cyclotomic units
in the entire units in O;. This is a base of the proof of the cyclicity theorem in [ICF,
§10.3] a bit different from our proof in Section 9. For a number field, if F®gR = R" x C?,
we know ranky O = dimg O ®7Q =r+ s — 1. Since F,, ®g R = Ce""'=r"/2 we find
rank O = (p"™! — p")/2 — 1 for the integer ring O,, of F,,. Let V;, be the multiplicative
group generated by fiyne U{l — (5. 11]1 <a < p"tt —1}. Put C,, := 0 NV,. A unit in
C,, is called a cyclotomic unit.

Lemma 12.1. (1) Cf :=C, N Ef is generated by —1 and the units

a

—a I =Gt . n
§o 1= (Zg,llﬂ)/zﬁ with 1 <a <p"'/2 and (a,p) = 1;

(2) we have Cy, = CF pyn+1.
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Proof. Let m = n + 1, and write ¢ := (,m. Note that
C(l—a)/21 —¢ (/% — (/2 _ Sin(ﬂa/Pm)'
1—¢ (=g sin(m/p™)
Since (/2 = —(,m as p is odd, & € F}. Note that (1 — () = p = p° = (1 — ¢?) for
3

the unique prime ideal p of Z[u,=]| above p, we find (§,) = O, and hence &, € (O;)*.
Thus the assertion (2) implies (1).

ga:

We now prove (2). Note that ¢P"" generates fpk; s0, we have for 0 < k <m

-1

1-x" = J[a-¢" " X).

=0
Thus making X = ¢® for 0 < b € Z prime to p, we have

pF—1
L= = [T =),
=0
Since (1 — (%) = —(*(1 — (%), to show (2), we only need to consider (1 — (%) for
1 <a < p™/2 prime to p.
Suppose that & := +C T, ycpm o (ap=r(1 — €9 € O Since p = (1 — () = p =
(1 — (%), we have (£) = pXae©a; therefore > e, = 0, which implies [] (1 — (%)% = 1,

and hence
- ﬂﬂl'* ~='le
with f =d+ ), eq(a—1)/2. This shows (2). O

13. CLASS NUMBER FORMULA FOR Ff

Generally, take a number field F' with integer ring O. Identify F' ®g R = R" x C*
as semi-simple algebras, and write oy, ...,0,.s be the projection of F' into each simple
factor of F' ®g R so that oy,...,0, having values in R. We write the corresponding
simple factor as F,,. By Dirichlet’s unit theorem, O* has rank R :=r + s — 1; so, it
has r + s — 1 independent units €1,...,eg. By the proof of Dirichlet’s unit theorem,
Rp(e1,...,er) := det(log |;7|%)1<i j<r is non-zero real number called the regulator of
{€1,...,er}. Here d; = dimg F,, (so, d; = 1,2 according as Fy,, is real or complex
embedding). If {ey,...,ex} span the maximal free quotient of O*, Rp(e1,...,eR) is
independent of the choice of the basis Rp(ey,...,eg) and is just written as Rp (and is
called the regulator of ).

Let (r(s) := >, N(n)™* = [[(1 — N(1)~*)"! be the Dedekind zeta function of F,
where n (resp. [) runs over all non-zero (resp. prime) O-ideals and N(n) = |O/n|.
The sum converges absolutely and locally uniformly if Re(s) > 1. By Hecke, this zeta
function is continued meromorphically to the whole complex plane having an only simple
pole at s =1 (e.g., [LFE, §2.7] and [CFT, V.2]). So lim,_,11(s—1){p(s) exists which was
proven by Dedekind earlier than Hecke. Here is his limit formula (e.g., [CFT, V.2.2]):
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Theorem 13.1 (R. Dedekind). We have
. QT(QTF)S|CZF|RF
= lim (s —1 s) = ,
O
where w is the number of roots of unity in F' and Dp is the discriminant of F.

Theorem 13.2 (Dirichlet/Hecke). The L-functions L(s,x) and (r(s) can be continued
analytically to C — {1} and satisfies

AF(S)CF(S) = AF(l - S)CF(S) and AX(S)L(S> X) = 8X‘/\X(l - S)L(l -5 X_1)>
where Ap(s) = AT ($)'T(s)* with A = 2-*n~IFQU2\/|Dp|, e, = \/_% for the conduc-

tor f of x and A\ (s) = (f/m)*/*T(£2) with § = I_X#(_l) If x # 1, L(s, x) is holomorphic
everywhere on C.

Ress—1(r(s)

Since Res;—1((s) = 1, we get
Corollary 13.3. We have
li CF(S) _ QT(QTI')S|CZF|RF
s—+1 ((s) wy/|Dr|

Lemma 13.4. Let {ny,...,nr} be a basis of a subgroup E of O* modulo torsion. Then
we have
Rp
Rp(m, ..., nr)

This is because Rp(n,...,ngr) is the volume of the lattice spanned by Log(n) =
(log |n77|%); in the subspace {z € F|Trp/g(x) = 0} ®gR of the real vector space F ®gR.
See [ICF, Lemma 4.15] for more details.

Suppose now that F' = F,f with m = n + 1 for n > 0. We now quote from [ICF,
Theorem 4.9]:

= [O™ Jtorsion : E.

X

Theorem 13.5 (Dirichlet-Kummer). For a primitive character x : (Z/p™Z)* — Q
with x(—=1) =1, we have

L) = =T Y x@tog 1 - Gl
a=1

The Galois group Gp/g = (Z/p™Z)* /{%1} acts on F, and hence F' = Q@ Ker(Trp/q)
as a Galois module. Let p be the representation of Gp/g on Ker(Trp/g). By a normal
basis theorem of Galois theory, we have F' = Q[Gr/q| = Q[(Z/p™Z)*] as Galois modules;
so0, F ®q Q = @X X, where x runs over all characters of (Z/p™Z)* with x(—1) = 1.
Thus shows p = P, ; x. Then we have

Lemma 13.6. We have (p+(s) = ((s)L(s, p) = ¢(8) [ [0 y(-1)=1 L(8, X), where x runs
over all characters of (Z/p™Z)* /{£1} and L(s, x) is the Dirichlet L-function of a char-
acter x : (Z)p™Z)* J{£1} — Q.
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Proof. Let 0 < I # p be a prime. Then (1) = [[{_, [; for primes [; in F, where g is the
index of the subgroup D; of (Z/p™Z)* generated by [ (see Lemma 1.1). Then writing
f =|Di|, we have gf = [F: Q]. Note that

(1=NG™*) =1 -1 =TTa-a>)=[[a-x0r),

CEpLF X

where y runs over all characters of D;. The restriction map Hom((Z/p™Z)*, Q") —

Hom(Dl,@X) has fiber containing ¢ elements, we get the desired formula by Euler fac-
torization of (p. O

Corollary 13.7. For F' = F", we have

n’

2P U ClE| R
[ £y = 2kl
x#1 wy/|Dr|

Y

where x Tuns over all non-trivial characters of (Z/p" ™ Z)* with x(—1) = 1. In addition,
we have

(13.1) [[ex=1 and J[(-G(x) = VIDkl.
x#1 x#1
This follows from Lemma 13.6 and the functional equation of Theorem 13.2 via the
formula I(£)[(2£) = 215 /7T(s).

2

Exercise 13.8. For a general field F' not necessarily abelian over Q, we write the Galois
representation on V = Ker(Trp/q) C F as p and define

L(s,p) = Hdet(l — plyn (Frob))I=%)~ (Artin L-finction of p).
1

Prove that (r(s) = ((s)L(s, p).

Lemma 13.9. Let G be a finite abelian group, and let f : G — C be a function. Then

(1) det(f(r0™"))orec = det(f(07))arec = [yctomccx) 2ovec X(0)f(0);
(2) det(f(ro™") = f(7))grmr = det(f(o7) = f(7))grtr = 11 Zoec X (@) f ().

A proof of this lemma will be given after proving the following theorem:

Theorem 13.10. Let F' = F. Then we have |Clf, | = [(O}F)* : Cf], and {&a}1<a<pm 2,pta
is a set of independent units giving a basis of (OF)* @z Q.

Iwasawa seemes to have believed Af = ((Of)*/C{) ®z Z, as Galois modules (this
follows from AJ = Ry /sy ; see the statement below [U3, C.1]).

Proof. Let {&q}1<a<pm2,(ap)=1 e the generators of C;f in Lemma 12.1. Note that

(31 = ¢
CPI=0)

ga:
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Note that [{&} = [F : Q] — 1 for FF = F;. Thus we can think of the regulator
Ro = Rp({€.}). Write ¢ = Gyn (m = n-+1) and I(0) = log [((-Y2(1—¢))°]| = log|1—¢"
for 0 € G = GF/p. We have for G = Gp/q
Ro = £ det(log &, |)arec—(1)
= xdet({(o7) — U(T))or21

e 139.2) L TT S (0)i(o)

x#1l oeG

=+I[ D x(@log|(1-¢)|

x#1 1<a<p™/2

=+ D> x(a)log|1—¢|

x#1 1<a<p™/2

- iH%ZX(U)IOgH — (Y as|1—=CY=|—-CY1—-CY)=1-C.

x#1  a=l1

Since H1<a<pm PR pk(l —(")=1- Cfg’k for 1 < k < m, we get for y primitive modulo

pk

k

> x(o)log|1 = ¢l = x(o)log|1 — " = —T(i_l)L(Lx‘l) = —700)L(1,x7).

Therefore we conclude from the formula (13.1)

1
Re ==+ H —§L(1>X) = |Clr|RF.

X#1

Since Reo/Rr = [(O))* : C;F] by Lemma 13.4, we conclude the theorem. O

Proof of Lemma 13.9: The proof is representation theoretic, and left regular represen-
tation and right regular representation of G is isomorphic, we get det(f(70™"))preq =

det(f(07))oreq and det(f(ro™') — f(7))orz1 = det(f(o7) — f(7))o.r21. Thus we prove
(1) det(f(ro™"))orec = I etom(c,cx) 2ooea X(0)f(0);
(2) det(f(r07") = f(T))orr1r = [ 1 2oec X(0)f(0).

Let V be the complex vector space of C-valued functions on G, and let ¢ € G act on
V' by inner left multiplication. Consider the linear transformation 7" : V' — V given by
¢ — Y., flo)p(ox). Let ¢, be the characteristic function of {7}; i.e, ¢.(0) = d,,, for
the Kronecker symbol §. Then 3 := {¢,}, is a basis of V. Since

pr(or) =1 or=T =0T pr,(x) =1,

we have

T (x Zf )ér (o) Zf H(2) TN fro ) (o).
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Thus the matrix expression of T' with respect to the basis 3 is given by (f(70™!))srec-
Since { X }yetom(c,cx) also form an T-eigen basis of V' with eigenvalue > x(o)f(c). This
shows (1).

To show (2), let Vo = {h € V|>_,h(o) = 0} which is stable under the action of
G. Set 1V, = ¢y — ﬁ which is in Vj, and §y := {¢s}s»1 forms a basis of V. Since

wl + 20751 wa' =0, we have 'l/]l = — ZT;&I wT' Since

Pr(ox)=1—(1/|G)) e =T =0T ¢y1,(),
we have
1 -1
Tir(x) =Y flro )go(x) =Y (f(ro™") = f(7)) s ().
oceG o#1
Then Ty, has the matrix expression (f(76™) — f(7))s.r21. This shows (2). O
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