LIMIT THEOREMS

1. Markov’s inequality: “A non-negative random variable is unlikely to be

far above its mean.”
For any non-negative random variable X,
P(X>a) <! fora>o.
a

Note that we do not need to know o, and we do not need to know how X is distributed.
It follows that for a non-negative X with non-zero mean, P(X > ku) < 1/k. For

example, the probability that a non-negative X is twice its mean is 1/2 or less.

2. Chebyshev’s inequality: “A random variable is unlikely to be far away

from its mean.”

0,2

P(X —pl>c)<—  fore>0.
c
Note that we do not need to know how X is distributed. It follows (if o is non-zero)

1
that P(|X — u| > ko) < ok For example, the probability that X is within two

standard deviations of its mean is 3/4 or more, no matter how X is distributed.

3. Weak law of large numbers: “The average of a lot of measurements

should be close to the mean.”

If Xi,...,X, are ii.d. with mean p, and if X,, is their average, then for any
e >0,
P(|X,—pl>¢e)—0 asn— oo.

Note that we do not need to know how the X; are distributed.

4. Central limit theorem: “Averages and sums of measurements are always

normally distributed, almost.”
Assume that Xq,...,X,, are i.i.d. with mean g and standard deviation o.

(a) Let X, be their average. Then X, is approximately normally distributed
with mean p and standard deviation o/y/n, and the approximation becomes exact as

n — OoQ.

(b) Let S,, be their sum. Then S, is approximately normally distributed with
mean nu and standard deviation o+/n, and the approximation becomes exact as n —

oo. (A more precise statement of this is given on page 891.)
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