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Abstract

For any countable Borel equivalence relation E on a standard Borel space X, there is a Borel function
0 from X to the 2-generated groups such that xEy < 0(z) = 0(y) .

1 Introduction

Definition Let Grp denote the collection of (¢, ) € 28N x 2N such that
(a) ¢(0,n) = ¢(n,0) =n all n € N (identity);
(b)p(n, o(m, £)) = o(p(n,m),£) (associativity);
(©) ¢(n,¥(n)) = ¢(¢(n),n) = 0 (inverse).

This space Grp can be thought of as the possible ways to place a group structure on N. It forms a
closed subset of 2Y*N x 2% in the product topology and hence is a Polish space in the subspace topology.
Note that there is a natural equivalence relation on Grp: That of isomorphism. Thus we can set

(o, ) = (&', ¢)

if there is a bijection 7 of N such that at each n,m
(¥ (n)) = ' (x(n)),

m(p(m,n)) = ¢’ (7(m), 7 (n)).
The goal of this paper is to show the following:

Theorem 1.1 Let E be a Borel equivalence relation on a Polish space X all of his classes are countable.
Then there is a Borel function

0:X — Grp

such that
(a) V1,22 € X, x1E22 if and only if 6(z1) = 0(x2);
(b) at all z € X we have 6(z) is a group which is generated by two of its elements.

The case for general finitely generated groups was solved by [3], who could obtain in (b) that each
group was generated by five of its elements.

This notion of reduction is often referred to as Borel reducibility. The basic theory has been developed
in [2], where in particular it is shown that:
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Theorem 1.2 (Jackson, Kechris, Louveau) For any Borel equivalence relation on a Polish X with count-

able classes, there is a Borel function
p: X — 2%
such that
Vz,y € X(zEy < p(x)Er,p(y)).

Here Er, refers to the orbit equivalence relation arising from the shift action: Thus for
fyg:Fa— {0,1},

we say that they are Fr, equivalent if there is some o € F2 such that at every 7 € Fa

f(7) = g(70).

Thus in proving the main theorem it is only necessary to reduce the specific example Er, which they
provide.

The proof takes two steps. First we produce an infinitely generated group Gz which admits very
canonical isomorphisms. Then we embed it into a 2-generated group Hz. This second part of the
construction was inspired by some talks given by Simon Thomas at a set theory conference in Kyoto,
were he in particular described Galvin’s alternate proof from [1] that every countable group embeds in a
2-generated group and went on to comment on metamathematical issues related to that result.

The reductions
Z— Gz

and then
Gz — Hgz

are both Borel. The verification of this is little more than unwinding the definitions and therefore I will
not comment specifically on the effectiveness of the process.

2 The group Gz
Notation Let F2 = (a,b), F3 = (a,b,c). Let F2 act by right shift on 252 with

o f(r)=f(ro)
and F3 on (2V)" by
oZ(r) = Z(70).
Lemma 2.1 There is a Borel function
2]F2 N (2N)JF3
[Ty
such that

(a) TEr, g iff ZyEwsTo;
(b) for all F C F3 finite and and assignment

F—2"
T Sy
with each s; eventually zero (i.e. VT € FY*°n(s-(n) = 0)) we have some o € Fs with
Z(to) = s,

alTeF;
(c)Vf,g € 22V01,00 € T3, if (01 =)Ty(02) and neither is eventually zero (3%°n(Zs(o1)(n) #
0) and similarly for g), then
fE]F2 g-



Proof Let m map N onto Fa. Let (Fin)men enumerate finite subsets of Fs, each F, consisting only of
words with length < m; and at each m let (pn,m)nen enumerate functions from F), to the elements of
2V which are eventually 0.
Given f € 2%2 and o € Fy,
Zf(o)(n) = f(n(n)o).
For 0 € Fo,7 € F3, M € N, 7 having neither ¢ nor ¢~
a word, let

as its right most element in the representation as

Z(rcYo) =0
unless for some N = 5™+13n

M—N
TC € Fouon,

whence

M

E(rcM o) = ppm (™).

]

Definition We define Gz for & in the image of our above reduction — that is to say, & = Z; some f € 272,
Fix an injection
2<N _, p,
S Ps
from finite sequences to primes, with po, the prime associated to the empty string, equal to 2.
Partition N into disjoint sets (Ao )sery and S. Each A, will be thought of as a copy of Q —

Agz{quQGQ}.
We let 7 € F3 = (a,b, c) act on these by

T Qo — Qro-
(Thus so far the permutation group does not depend on #. I will in the following identify each 7 with
the permutation of N it induces by this description above.) We define

dZ A, — Ao,

qo = Ps 4o
if Z(o) D s, and
9o = qo
if (o) does not extend s. We define
ezt ge — (14 q)e,
and the identity at all other points inside N.

It remains to define how the a, b, ¢ and various dZ act on 3, the set left to one side. Here we let those
group elements generate an infinite rank free group in the indicated basis. We have already indicated
that ez acts trivially on S.

Now we simply let Gz be the permutation group generated by the elements indicated: a, b, ¢, ez, d%, s €
2<%,

Note that only the d%’s depend on Z. Later on when considering isomorphisms between these groups,
we will simply want to move only the ez, and to underscore this I am choosing to write the & as a
subscript.

Notation For ¥ as above, 7 € F3



Lemma 2.2 If ZEp,y then there exists a permutation ™ of N such that

-1
TTT =T

all T € F3 and B
7t =dY,
7 lezm = el (= €Z)
for some o € F3.

Proof Fix some o € F3 such that
y(r) = @(r0)
all 7 € F3. Define

7o : N— N

to be the identity on S and on the various A;’s we let
To :qr V> Qro-

By multiplying on the right, we commute with the Fs action, and clearly we are okay for the generators
a,b,c.
For ¢ € A, we have -
o dime(47) = (psq)-
if Z(7o) D s, in otherwords if ¢(7) D s, and equal to the identity otherwise. Thus
Ty ldfﬂ'g = dg.

Finally for g,-1 € A,-1 we have

T, i i qy—1 = qe — (L4 q)e — (14 q)o-

Notation Let Hz be the subgroup of Gz generated by the elements of the form
- €z,

7 € F3,n € Q, with n - eZ well defined.

Lemma 2.3 Hjz is the set of v € G, for which

1
ryﬁ
exists for all n (that is to say, for all n there exists 0 with §9...(2n times)...d = 7).

Proof Clearly dgef(dg)_l = %655, so Hjz is included in the set of such elements.

On the other hand, note that Hz is a normal subgroup of Gz and, by our choice of S to one side,

Notation Let Bz be the set of v such that there exists h # e in Hz with

vy =2k
P

for some p € P,p # 1. Let Gz the set of elements of the form 172 with v2 € Hz and 1 in the subgroup
generated by the d®7 = gd%c!, s € 2,0 € F3.

Lemma 2.4 Gz is the subgroup generated by Bz.



Proof Clearly Gz is included in the generated subgroup. Conversely, we need to show that every element
of Bz is in Gz.

For this purpose, write v € Bz as

Y =712

where v1 € F3 and v2 € Gz. Let h € Hz witness ~’s membership in Bj.

h # e and so there finite set F C F3 such that h-q, # ¢ if and only if o € F. But now h"2 =4 vahvy; "
has the same property on the set 2 - F'. Since the action of Fs on its finite, non-empty subsets has no
fixed points, we have v2 = e, as required. O

For future reference, note that the proof of the last lemma in fact gives:

Lemma 2.5 Ifh € Hz # e and g € Gz with

1
g-h=-h
p
for some p € P, then g € Gz.
Notation From now on I will write
Gz = Kz x Hg,

as the semi-direct product of Hz with Kz, the subgroup generated in Gz by elements of the form d%7, o €
Fs,s € 2. Recall that d27 is the identity on A, if #(o7'7) L s and corresponds to ps multiplication
if #(o™'7) D s.

In future I will use abelian and additive notation to refer to the group operations inside Kz and inside
Hz. Given g € Kz, h € Hz,

g-h

denotes h? = ghg™!, the effect of conjugating h by g.

Forr € Q,r # 0,1, let B, z the set of elements in Gz such that there exists some h € Hz, h # 0, with

1
h=Zh
g T

(that is to say, if r = =, then adding g - h to itself m many times yields the same group element if we

add h to itself n many times) and for every h € H we have that if g - h € Q - h then either
1
g-h=-h
r
or
g-h=h.
Lemma 2.6 If
g = Z nidgscf S Bm
i<N
with each lh(s;) < L then at each o € Fa, s € 2k,
T @) efr
{i:7;=0,5;Cs}
Proof Choose some 7 with #(0~'7) D s. Then
ez qe — (1+q)e
ver i e (L4 gle (14 9)r
For any s; C s we have .
A3 g = Go1e = (Psy Qo170 (Ps; - D7
since 5(0717') D s;, and hence
g:qr— ( H (psi)"™ - @)r-
{i:7;=0,5;Ds}

From this the claim follows. O



Lemma 2.7 If g € Kz N B, for some p € P,p # 2, then it can be written uniquely as
> di”
TEF

for some s with ps = p.

Proof We can find a finite set F' such that

9=> g,

TES

E nsd:ﬂ—7

sES+

where each gs has the form

for some finite S, C 2<°°. The last lemma gives that in each case ps = p, since p is prime. This gives
the representation as indicated. Uniqueness follows since for any two choices F' # F’ we can find a
0o € FAF’ and 7 € F3 such that

S —1

Z(og T)Ds
but

Zo'r) Ls
all 0 # 09,0 € FUF'. O

Sharper representation theorems are possible, but this lemma will suffice for our purposes.

Definition g,g € Gz are p,p’ related if g € By, g’ € B, and for all h € Hg,

s

g-hzlh:>g/-h:lh
p

Lemma 2.8 Ifg,¢' € Kz are p,p’ related, p,p’ # 2, and we write them in the normal form

g= an'df’77

TEF
TEF/

ps = p,p’ = py indicated by the previous lemma, then
FCF.

Proof Suppose instead that op € F'\ F’. By assumption on Z being in the image of f — Z'¢, we can get
some o1 € F3 such that

#(og'o1) D s,
but for all 7 € FU F’, T # 09,

L -1 '

Z(r o1) LS.

6;1 4oy (1 +'Q)Uu

and is the identity off of As,. On the other hand,

if Z(77'o1) does not extend s’ while

. 1
since Z(og "01) D s. Hence

o1 __ g1
g-ez = —€z,
/ o1 __ 01
g €z = ¢z



Lemma 2.9 For s D s, d and df/ are always ps, ps related.

Proof ez witnesses their membership in By, Bp_,. To see they are related, note that dZ skews A, by
a factor of ps exactly when #(c) D s, which always implies Z(¢) D s’ and then that d% acts by p.
multiplication on A,.

For any h € H, we can let F be the finite subset of Fs on which it is supported — i.e.

h-qo # qo & o € F.

Then d% - h = p%h if and only if Z(o) D s all ¢ € F, which would in turn imply #(c) D s’ all 0 € F,
which in turn yields df, ~h=-Lh. O

Dy

Definition For z € 2%, a sequence (gn)nen in Gz is said to be z-connected if each g, € B, and

Gn+1,Gn is always pn41,P:|n related and there is a single h € Hz such that

In

h

gn-h=
Pzin

at every n.

Lemma 2.10 If (gn)n is z-connected, then for some o we have
Z(o) = 2.

Proof By considering the semi-direct product structure of Gz, we can assume each g, € Kz. Using the
previous couple of lemmas we can write each

_ E Z,T
gn = nT,ndpz‘n7

TESn

where at each n we have S,4+1 C Sy, both finite and non-empty. Thus there is a single S such S, = S
all sufficiently large n.
Let h € Hz be the witness to z-connectedness. Let F' C F3 be the support of h, in the sense

h-qo # qs

exactly when o € F.
Kz acts by multiplying each of the A,’s separately, and hence at each n and o0 € F

gn 4o = (Pzjnd)o>

and hence for some 7 € S,, = S we have
Z(r7'0) D sn.

S is finite and hence we obtain a single 7 € S such that
Z(t7'0) D s
at infinitely many n, which completes the proof. a
Lemma 2.11 ez witnesses that (df;(e)\n)neN is @(e)-connected.
Proof Clearly ez € Hz and at each n we have

dz(e)in * Qe — (Pa(e)nd)es

1
Pz(e)|n

and so df;(e)‘ acts on ez by sending it to ez. Now the lemma follows by 2.9. m|

n



3 The group H,

Now we will define for each Z in the set {Z; : f € 2]F2} a second group Hz which will be generated by
two elements.

Definition Fix an enumeration (s,)nen of 2<°°. We let 4 be a permutation on N x Z?, defined by
P (myn, ) — (m,n—1,£).

Keeping in mind the group elements defined in the previous section, and viewing them as permutations
on N in the way they were defined at that time, we let

¢f : (m7 170) = (ef -m, 170)7

¢f : (m7 17‘€) and (m7 176)
for ¢ # 0,
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oz : (m,3,0) — (a-m,3,0),
oz : (m,5,0) — (b-m,5,0),
oz (m,7,0) — (c-m,7,0),
¢z : (M, 2n+9,0) — (dfn -m,2n + 9, /),

and at all £ >0
¢f : (mn7‘€) = (m7n7‘€)7

for n =0,
oz : (m,0,0) — (m,0,£+ 1),

and
¢5c‘ : (m7n7£) = (m7 n, Z)

for n < 0 and n an even number > 0.
We then let Hz be the permutation group defined by these elements.

Lemma 3.1 For each of g € {a,b,c,d% : s € 25®°} we can find some ¢ € Hz such that
¢:(n,0,0) — (g-n,0,0)

and ¢p(n,m, L) = (n,m, L) for (m,£) # (0,0).

Proof Say that g appears in the 2n + 1 row (i.e. ¢z(m,2n+1,4) = (g-m,2n + 1,£).

Then
2ntl

#1 = (¢2) =g PP g

places g on the blocks of the form {(m,0,¥¢) : m € N} for £ > 0 whilst
p2n41 n Con—1 ,—
p2 = (02)7"" = da™" T pry P gL

places it on the blocks of the form {(m,0,£) : m € N} for £ > 0; on all other blocks of the form Thus
¢2_1¢1 is as required. O

Lemma 3.2 There exists some ¢ € Hz with
¢ :(n,0,0) — (ez-n,0,0)

and ¢(n7m7€) = (n7m76) fOT (m7 6) 7é (07 O)



Proof Applying the same construction as before with 0 = 1, letting
o1 = (92)",

¢z = (¢2)%""
we obtain with ¢3 = ¢, "¢1 an element which looks like ez on the block {(n,0,0) : n € N} and —ez on
the block {(n,1,0) : n € N}. By applying the last lemma to some g € Gz which has

1
9'652565

we can find an element ¢4 of Hz which looks like g on the {(n,0,0) : n € N} block and the identity
elsewhere. Conjugating ¢3 by ¢, we obtain (¢3)?? which acts like Sez on the block {(n,0,0) : n € N}

and —ez on the block {(n,1,0) : n € N}. Then the required ¢ is in the group generated by ¢s and (¢3)%9.
O

Lemma 3.3 If ZEr,y, then

R

Hz = Hy.

Proof Start with H, in the indicated generating set. Suppose o - Z = y. By the arguments given in
the last two lemmas, we can find some ¥, € Hy which is exactly the same as 1y except on the block
{(m,1,0) : m € N} it has

o 1 (m,1,0) — eg.

The proof of 2.2 gives a permutation 7 of N with
-1
Togn=g

for all g € {a,b,c}, has
T = dj
for s € 2<°°, and has

-1 o
™ egmMm = ez — €

< q

This then extend to an isomorphism of Hz to Hy via
T®1®1: (m,n, L) — (r(m),n,l),

and then
(rel1®1)" : Hz — Hg,

v (melel) Yrelel).

Definition Define
0:Hz — Sym(Z X Z)

by the specification that if ¢(m,n,£) = (m’,n’,£'), then

0(p)(n, €) = (n', ).
This is well defined, since ¥z and ¢ never split between the blocks of the form {(m,n,¢) : m € N}.
Lemma 3.4 Ifvy € Hz is divisible by all powers of 2, then it is in the kernel of 0.

Zx@z.
Z

Proof The image of 0 is isomorphic to



Notation From now on I will identify elements of Ker(6) with the corresponding element in
H Gz
ZXZ
That is to say, if ¢ is in the kernel, then we identify ¥ with the corresponding function
(n,€) =
if Y(m,n, ) = (v-m,n,l).
Lemma 3.5 If ¢y € Hz NKer(0) is divisible by all powers of 2, then it has finite support.

Proof Let Gr be the subgroup of Gz generated by {a,b, c, ¥ : s e 2<>°}. As we previously observed
in the last section, this group is naturally isomorphic to F, and hence has no elements divisible by all
powers of 2.

Now by the choice of our generating set, every element in hz behaves like some element in Gz \ Gr
on only finitely many blocks of the form {(m,n,¢) : M € N}. O

Definition Let H;‘ be the elements of Hz which are divisible by all powers of 2. For r € Q,r # 0, 1, let
B:f the set of elements in Hz such that there exists some h € H;, h # 0, with

g-hzlh
T

and for every h € H;r we have that if g- h € Q - h then either

g-hzlh
r
or
g-h=h.

Let G%L be the subgroup generated by the B;f as p ranges over the primes. g,g € G;r are p,p’ related if
g€ Bt g’EB;ﬂandforaﬂhGH;,

p,T? z
1 1
g-hz—h:>g/-h=—/h.
p P

For z € 2N, a sequence (gn)nen in Gz is said to be z-connected if each g, € B;:M and gn+1, gn is always

Dz|n+1, Pz|n Telated and there is a single h € H; such that

1
gn-h =
Pzin

h
at every n.
Lemma 3.6 Ifh € H;‘ with non-trivial support F', and ¢ € Hz has

ooh=
p

for some prime, then
(a) o(m,n,£) is of the form (m',n,£) for all (n,) € F;
(b) for each (n, L) € F, there is some gn € Gz such that
Vm(p(m,n,£) = (gn,e(m),nk).

Proof (a) follows by considering the homorphism 6 : Hz — Sym(Z xZ) and noting that every v € Ran(0)
we have that v - F = F only if y(n,£) = (n,¥) all (n,£) € F. Then (b) follows from 2.5. o
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Lemma 3.7 If z € 2V and (pi)ien are z-connected, then at some (n, £) we have a sequence (g:)ien such
that

(a) pi(m,n,£) = (gi(m),n, L) at at all i,m;

(b) (gi)ien are z-connected.

Proof Let ¢ € H;r be a witness that the ¢;’s are z-connected. Fix some (n,f) in the support of h
and apply the last lemma to obtain g¢;’s in Gz as indicated at (a). We need to check that at each 4
gi+1 € Byp_ (141):9i € Bp,|; and for all h € Hg,

1 1
gi-hz—h:>gi+1-h=—/h.
p p

The implication regarding all h € Hz holds, since if it did not then we could define some " € H;‘
with ¥+ (m,n,£) = (h(m),n,£) and T (m,n’,£") = (m,n’,£') for (n',£') # (n,£). The same consideration
then also shows them to be p.|41),p-; related. O

Corollary 3.8 If Hz = Hy, then TEr,Y.

Proof Assume the groups are isomorphic.

We can define ¢ € Hz to act like a copy of ez on {(m,0,0) : m € N} and the identity on all other
(m,n,?), (n,€) # (0,0). Similarly we can produce ¢, which behave like dg( on {(m,0,0) : m € N}
and the identity outside.

We need to check Z(e)-connectedness, but the structure of the definitions gives that this will hold
since it is happening on the one block, {(m,0,0) : m € N}, on which ¢, is acting non trivially.

But now over on the Hy we must have a sequence of (¢}, )nen which are Z(e)-connected. But then by
the last lemma, such a Z(e)-connected sequence will exist in Gy, which is sufficient to ensure §Er,Z. O

e)|ln
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