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Abstract

There are continuum many ≤B-incomparable equivalence relations induced by a free, Borel
action of a countable non-abelian free group – and hence, there are 2ℵ0 many treeable countable
Borel equivalence relations which are incomparable in the ordering of Borel reducibility

1 Introduction

Definition An equivalence relation E on a standard Borel space X is said to be Borel if it is
Borel as a subset of X ×X – that is to say, it appears in the σ-algebra on X ×X generated by
rectangles of the form A ×B, A and B Borel subsets of X. The equivalence relation is said to
be countable if every equivalence class is countable. It is said to be treeable if there is a Borel
acyclic graph G whose connected components are the E-classes – in other words, there is a Borel
forest such that [x]E = {y ∈ X : yEx} equals the connected subgraph of G containing x. In the
case that X carries a standard Borel probability measure µ we say that E is measure preserving
if for each Borel bijection

f : A→ B,

with A and B Borel sets, f(x)Ex all x ∈ A, we have

µ(A) = µ(B).

We say that E is ergodic if any Borel E-invariant set is either null or conull.

Example Any free Borel action of the free group, F2, on a standard Borel space gives rise to
a treeable countable Borel equivalence relation. Write F2 = 〈a, b〉, and connect xGy if for some
c ∈ {a±1, b±1} we have c · x = y.

In the case that F2 acts in a measure preserving manner, the resulting equivalence relation
is measure preserving.

One natural way in which such actions arise is from the shift action. Equip 2F2 , i.e.
Y

F2

{0, 1},

with the product measure. There is an invariant, Borel, conull set X ⊂ 2F2 on which F2 acts
freely. The resulting equivalence relation is ergodic, measure preserving, Borel, and treeable.

Example Consider the linear action of SL2(Z) on R2. The integer lattice Z × Z is invariant
under this action, so we can pass to the quotient action of SL2(Z) on the torus T2 = R2/Z2.
There is a canonical Borel probability measure on this space, arising from the Lebesgue measure
on the complete section [0, 1) × [0, 1) for the surjection

p : R
2 → T

2.

The resulting action is measure preserving, ergodic, and free on a conull subset. It is well
known, and can be found for instance in [15], that an isomorphic copy of F2 appears inside
SL2(Z), and hence we can obtain a free action of the free group.
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Notation For Γ a group and X a standard Borel space equipped with a Borel action of Γ,

a : Γ ×X → X,

we use Ea to denote the orbit equivalence relation,

x1Eax2

if there exists some γ ∈ Γ with a(γ, x1) = x2.

In the field of descriptive set theory the study of equivalence relations has been largely
organized around the notion of Borel reducibility.

Definition For E and F equivalence relations on standard Borel spaces X and Y , we say that
E is Borel reducible to F , written

E ≤B F,

if there is a Borel function θ : X → Y such that for all x1, x2 ∈ X,

x1Ex2 ⇔ θ(x1)Fθ(x2).

Intuitively, E ≤B F can be thought of as asserting there is an “effective” or “reasonably
concrete” injection

X/E →֒ Y/F.

In answer to a question considered in [8], [9], and [17], we show that among the treeable equiv-
alence relations there are continuum many up to Borel reducibility.

Theorem 1.1 There are countable Borel treeable equivalence relations, (Es)s∈R, such that for
s 6= t we have Es not Borel reducible to Et.

The proof gives some further information.

Theorem 1.2 For n ≥ 2, there are standard Borel probability spaces (Xs, µs)s∈R, each equipped
with a free measure preserving ergodic action of Fn,

as : Fn ×Xs → Xs,

such that for any s 6= t, µs-conull As ⊂ Xs, the restriction of Eas
to As is not Borel reducible

to Eat
.
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3 Background and related results

Among the countable Borel equivalence relations, the smooth and hyperfinite equivalence rela-
tions can be thought of as the very simplest of their kind.

Definition An equivalence relation E on a standard Borel space X is said to be smooth if there
is a Borel function

θ : X → Y,

from X to some other standard Borel space Y , such that

x1Ex2 ⇔ θ(x1) = θ(x2);

in other words, E is Borel reducible to the identity relation on Y .
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In some sense the smooth Borel equivalence relations can be dismissed as the trivial cases.
It is easily seen that any countable Borel equivalence relation has either countably many equiv-
alence classes or continuum many. If E and F are smooth and have the same number of
equivalence classes, then

E ∼B F,

that is to say, each is Borel reducible to the other. The quotient objects arising from smooth
countable equivalence relations can be identified with Borel subsets of standard Borel spaces,
and hence provide no new phenomena not already found in classical descriptive set theory and
the study of Borel sets and standard Borel spaces.

Definition An equivalence relation E on standard Borel X is hyperfinite if there is an increasing
sequence of finite Borel equivalence relations,

F0 ⊂ F1 ⊂ ...Fn ⊂ ...

with each Fn Borel and having only finite equivalence classes, with

E =
[

n∈N

↑ Fn.

Example The canonical example of a non-smooth hyperfinite equivalence is given by, E0,
eventual agreement on infinite binary sequences. Thus for f, g ∈ 2N, set

fE0g

if there exists N ∈ N such that for all n > N ,

f(n) = g(n).

The structure of hyperfinite equivalence relations was examined in [3]. In particular, drawing
on earlier work of Ted Slaman, John Steel, and Benji Weiss:

Theorem 3.1 (Dougherty-Jackson-Kechris, Weiss, Slaman-Steel; see[3]) An equivalence rela-
tion is hyperfinite if and only if it arises as the orbit equivalence relation induced by a Borel
action of Z.

They also observe as part of this analysis that every hyperfinite equivalence relation is
treeable and every smooth countable Borel equivalence relation is hyperfinite. Rephrasing, as
do the authors of [11], a classical theorem into the language of Borel reducibility, we obtain that
E0 provides a base for the non-smooth countable Borel equivalence relations.

Theorem 3.2 (Glimm, Effros) Let E be a countable Borel equivalence relation. Then either E
is smooth or E0 ≤B E.

Theorem 3.3 (Dougherty-Jackson-Kechris, [3]) If E,F are countable Borel non-smooth hy-
perfinite equivalence relations, then

E ∼B F.

Thus the hyperfinite and smooth equivalence relations both have a completely transparent,
and almost trivial, structure under ≤B. There is a single example of a non-smooth hyperfinite
equivalence relation up to Borel reducibility. There are exactly ℵ0 many smooth countable Borel
equivalence relations, and they can be classified depending on whether they have 1, 2, 3,..., ℵ0,
or 2ℵ0 many equivalence classes.

For many years it was not even known how to produce ≤B-incomparable countable Borel
equivalence relations. This was finally settled at the end of the 90’s by Scot Adams and Alexan-
der Kechris.

Theorem 3.4 (Adams-Kechris, [2]) There are continuum many ≤B-incomparable countable
Borel equivalence relations.

The proof given there was based on the superrigidity and cocycle theory of Zimmer for
algebraic groups. A more elementary proof, essentially free of black boxes, was presented in [9].

Yet in all these cases it was absolutely unclear how any kind of rigidity results could be
adapted for treeable equivalence relations or free actions of a free group. Indeed, a careful
inspection of the proofs shows the intrinsic role of product group actions. This is made explicit
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in [9]. It is more hidden in [2], where one has to go back to machinery of [18] – where the cocycle
rigidity results for an algebraic group G of sufficiently high rank uses the existence of a subgroup
of the form H × ∆ < G where neither group is compact and at least one is non-amenable.

In contrast to this, there has been a sequence of theorems, starting with a paper by Scot
Adams, [1], which show these kinds of groups give rise to equivalence relations which are not
treeable. For instance:

Theorem 3.5 (Hjorth, [6]) Let G1, G2 be lcsc groups. Assume neither is compact and G1 is
non-amenable. Let a : (G1 × G2) ×X → X be a measure preserving free action on a standard
Borel probability space (X,µ).

Then the result equivalence relation Ea is not Borel reducible to a treeable countable Borel
equivalence relation.

Corollary 3.6 Let G1, G2 be as above. Suppose G1 × G2 is a closed subgroup of lcsc H. Let
H act freely and by measure preserving transformations on a standard Borel probability spaces
(X,µ),

a : H ×X → X.

Then the resulting orbit equivalence relation Ea is not Borel reducible to a treeable countable
Borel equivalence relation.

Proof Suppose otherwise. Then by [11] we can assume that there is a free action b of F2 on
standard Borel Y with a Borel function

θ : X → Y

witnessing
Ea ≤B Eb.

Following [12] we can find B ⊂ X Borel meeting each orbit in a countable set such that for any
compact neighborhood V ⊂ H of the identity and x ∈ B,

|V · x ∩ B| < ℵ0.

Let
C = θ[B].

Lusin-Novikov gives that C will be Borel and there will be some Borel

ρ : C → B

with θ ◦ ρ(y) = y all y ∈ C. Let B0 = ρ[C]. Now the reduction on B0 is one-to-one. B0 is still
Borel, still provides a complete section for the equivalence relation, and still has

|V · x ∩B0| < ℵ0

all x ∈ B0, all compact neighborhoods of the identity in H .
Fix compact neighborhood V of the identity in H . Again Lusin-Novikov gives

B1 = V · B0

is Borel. Since V is non-null in H we have that B1 will be non-null in X. To obtain a
contradiction to 3.5 we only need to show that the orbit equivalence relation of G1 ×G2 on B1

is treeable.
Let F(X) be the collection of all finite subsets of X; in the natural Borel structure, generated

by sets of the form
{F ∈ F(X) : F ∩B 6= ∅},

for B ⊂ X Borel, we have that F(X) is a standard Borel space. (See for instance the discussion
of the Effros standard Borel structure in [13].) Let Z be the collection of functions

f : F2 → Y × F(X)

which are equivariant in the sense that

f(σ) = (y, F )
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implies f(γσ) = (b(γ, y), F ′), some F ′. We let F2 act on Z by shift on the right:

c(γ, f)(σ) = f(σγ).

This action is free and Borel, hence Ec is treeable.
Applying [12] once more we obtain a complete section C0 ⊂ B1 for the action of G1 × G2

with
(V ∩ (G1 ×G2)) · x ∩ C0

finite for each x ∈ C0. Let φ : C0 → B0 be such that

φ(x) ∈ V · x

all x. Note that φ will be finite to one on each G1 ×G2 orbit.
We now define ψ : C0 → Z by

ψ(x)(γ) = (y, F )

where y = b(γ, θφ(x)) and F = {x′ ∈ (G1 ×G2) · x ∩ C0 : θφ(x′) = y}.
This gives the reduction of the orbit equivalence relation of G1 × G2 on B1 to the orbit

equivalence relation induced by the free action of F2 on Z, and the desired contradiction to 3.5.
2

Thus, while it seemed implausible that the treeable equivalence relations could have the kind
of transparent structure one finds with the hyperfinite, the methods for demonstrating that were
absent.

In some form parallel issues, and the unsuitability of the Zimmer type superrigidity, were
felt in the area of orbit equivalence.

Definition Let Γ and ∆ be countable groups. Two Borel, measure preserving actions a :
Γ1 × X → X and b : ∆ × Y → Y on standard Borel probability spaces (X,µ) and (Y, ν) are
said to be orbit equivalent if there is a measure preserving bijection

θ : X → Y

with
[θ(x)]F = {θ(y) : yEx}

for µ a.e x ∈ X.

After a sequence of earlier partial results the situation for free actions of F2 was only settled
relatively recently, using a subtle idea of SL2(Z)’s canonical action of T2 having a kind of relative
property (T):

Theorem 3.7 (Gaboriau-Popa, [5]) There are continuum many orbit inequivalent free, ergodic,
measure preserving actions of F2 on standard Borel probability spaces.

It should be pointed out that under Borel reducibility there is a maximum treeable equiva-
lence relation:

Definition Let F2 act on 2F2 by shift: (γ · f)(σ) = f(γ−1σ). Let Z be the set of all f ∈ 2F2

such that γ · f 6= f all γ ∈ F2, γ not equal to the identity. Let E∞T be the orbit equivalence
relation of F2 on Z.

Theorem 3.8 (Jackson-Kechris-Louveau, [11]) If E is a treeable countable Borel equivalence
relation, then

E ≤B E∞T .

Since E∞T is clearly treeable, and standard techniques show it to not be hyperfinite, the
authors of [11] were prompted to ask:

Question (Jackson-Kechris-Louveau) Does there exist a treeable equivalence relation E with

E0 <B< E <B E∞T ?
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This question was also posed in [9].
Using a completely ad hoc technique, created simply for the problem, this was answered

positively in [8]. Unfortunately the technique did nothing other than provide a narrow solution,
displaying the existence of a single example between E0 and E∞T .

A scenario for at least showing the existence of countably many incomparable Borel equiv-
alence relations was proposed Simon Thomas in [17]. His suggestion was to consider to the
canonical action of SL2(Z) on one dimensional subspaces of Q2

p for various different primes p;
these can be shown to all be treeable a.e. using that F2 sits as a finite index subgroup in
SL2(Z). In higher dimensions the superrigidity theory of [18] was extended in [17] to show
≤B-incomparability of the actions of SLn(Z) on n− 1-dimensional subspaces of Qn

p for different
primes p. The techniques of [18] do not adapt readily to the context of treeable equivalence
relations, and Thomas’ conjecture remains open.

The proof we give here of continuum many treeable equivalence relations is much closer to
the construction of [5], in that we form these as subequivalence relations of the orbit equivalence
relation of SL2(Z). However this proof is independent of their argument and does not appeal
to the relative property (T) property which they use there. The argument here was strongly
influenced by work of Adrian Ioana at [10]; as in his argument, we use a kind of reduction into
the action of SL2(Z) on projective space.

4 E0-ergodicity and amenability

There are two structural facts used in the proof. First of all the amenability of SL2(Z)’s canonical
action on projective space P1(R), the space of one dimensional subspaces of R2. Secondly the
E0-ergodicity of the action of SL2(Z) on T2.

These can be thought of as contrasting. E0-ergodicity is like a very strong failure of amenabil-
ity.

The results in this section are all well known, though in many cases it is hard to say where
they were first observed and whether they should be considered as folklore.

In most of what follows we will have to consider various different actions of the same group
on the same space. I will usually take care to specifically indicate the action intended. For the
case of SL2(Z) with its usual linear action on R2 and T2 I will use the unadorned ·, so that these
actions are being given a privileged notational status.

Notation For M ∈ SL2(Z) and ~x ∈ R2, we will always use

M · ~x

to denote the linear action of M on ~x. Thus if ~x = (a, b) and M = (aij)i,j∈{0,1}, then

M · ~x = (a11a+ a12b, a21a+ a22b).

For
p : R

2 → T
2

(a, b) 7→ (amod1, bmod1),

the canonical surjection, we we will let

M · (p(~x))

denote p(M · ~x). Note that this action is well defined and Borel.
We let µ2 denote the analog of Lebesgue measure for T2. Thus,

µ2(A) = λ2({(x, y) ∈ [0, 1]2 : p(x, y) ∈ A},

where λ2 is the usual Lebesgue measure on R2. Note that this measure is SL2(Z)-invariant.

Definition Let P1(R) be the collection of all one dimensional subspaces on R2. This is a
standard Borel space in the Effros standard Borel structure – see for instance [13], §3.2 [11].
Consider the induced action of SL2(Z), arising from its usual linear action on R2. Thus for
A ⊂ R2, M ∈ SL2(Z),

M · A = {M · ~x : ~x ∈ A}.
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Lemma 4.1 The induced orbit equivalence relation of SL2(Z) acting on P1(R) is hyperfinite.

See §3.2 of [11]

Lemma 4.2 In the above described action of SL2(Z) acting on P1(R), the stabilizer of any line
is amenable.

Proof It suffices to see that in the induced action of GL2(R), the general linear group over
all the reals, the stabilizer of any point is amenable. Since this action is now transitive, the
stabilizer of the various lines are all isomorphic – hence one is amenable if and only if all are
amenable.

Consider then the line consisting of all {(a, 0) : a ∈ R}. The stabilizer of this line is the
collection of upper triangular matrices, and hence not only amenable but solvable. 2

Lemma 4.3 Let Γ be a countable amenable group acting in a Borel manner on a standard Borel
space X. Let µ be a standard Borel probability measure on X. Then there is a µ-conull set on
which the induced orbit equivalence relation is hyperfinite.

Proof Appealing to 2.13 [11] we obtain the orbit equivalence relation is 1-amenable. In partic-
ular it is µ-amenable. Now the result follows from the form of Connes-Feldman-Weiss presented
at 2.6 [11]. 2

Definition Let E be a countable, Borel, measure preserving equivalence relation on a standard
Borel probability space (X,µ). Let [E] denote the full group of E – that is to say, the set of
Borel bijections

f : X → X

with f(x)Ex all x ∈ X.
E is said to have almost invariant sets of measure 1/2 if there exists a sequence of measurable

sets, (An)n∈N, with

µ(An) →
1

2

and
µ(θ[An]∆An) → 0

all θ ∈ [E].
E is said to be E0-ergodic if whenever

ρ : X → 2N

with x1Ex2 ⇒ ρ(x1)E0ρ(x2) all x1, x2 ∈ X,

[ρ(x)]E0

is constant on a conull set.

Lemma 4.4 Let E be a countable, measure preserving, ergodic Borel equivalence relation on a
standard Borel probability space (X,µ). Then the following are equivalent:

(i) E is E0-ergodic;
(ii) E does not have almost invariant sets of measure 1/2;

Moreover in the case that E = EΓ is induced by the Borel action of a countable group Γ on
X, these are both equivalent to:

(iii) there does not exist a sequence of measurable sets, (An)n∈N, with

µ(An) →
1

2

and
µ(γ · An∆An) → 0

all γ ∈ Γ.

See the appendix of [9].
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Definition A countable group Γ acting by unitary transformations on a Hilbert space H is
said to have almost invariant unit vectors if for all finite F ⊂ Γ and ǫ > 0 there exists v ∈ H,
||v|| = 1, with

||γ · v − v|| < ǫ

all γ ∈ F . It is said to have an F − ǫ-invariant unit vector if we witness the above just for the
finite F ⊂ Γ and positive ǫ – that is to say, there exists v ∈ H, ||v|| = 1, with

||γ · v − v|| < ǫ

all γ ∈ F .

Lemma 4.5 Let Γ be a countable non-amenable group acting on a countable set S with ev-
ery point having amenable stabilizer. Then the induced action on ℓ2(S) does not have almost
invariant vectors.

See for instance [16] or [14].

Corollary 4.6 Let Γ < SL2(Z) be non-amenable. Then the induced action on

L2
0(T

2, µ2) =df {f ∈ L2(T2, µ2) :

Z

fdµ = 0}

does not have almost invariant vectors.

Proof The dual group of T2 is Z2 and the action of SL2(Z) on L2
0(T

2, µ2) is naturally isomorphic
to the linear action of SL2(Z) on ℓ2(Z2 \{~0}). The stabilizer of any point in the action of SL2(Z)
on Z2 − {~0} is amenable, and now the result follows by the previous lemma. 2

Corollary 4.7 The action of any such non-amenable Γ on T2 does not admit almost invariant
vectors of measure 1/2.

There are two other minor, unrelated, but well known, facts we will need.

Definition For (X,µ) a standard Borel probability space, we let M∞(X,µ) be the collection
of all measurable functions

φ : X → X

such that φ is measure preserving and one-to-one almost everywhere, with the identification of
functions agreeing on a conull set. We equip this set with the topology of sub-basic open sets
of the form

{φ ∈M∞(X,µ) : µ(A∆φ(B)) < ǫ}.

Lemma 4.8 M∞(X,µ) is a Polish group.

See for instance [13].

Lemma 4.9 SL2(Z) contains a copy of F2.

See for instance [15] or [5].
Note then that since F2 contains a copies of free groups with any countable number of

generators, we obtain Fn as a subgroup of SL2(Z) for any n.

5 Proof

Notation Let E denote the orbit equivalence relation induced by the action of SL2(Z) on T2.
Fix matrices a, b, c ∈ SL2(Z) such that 〈a, b, c〉 is canonically isomorphic to F3. Let EF3

denote the orbit equivalence relation induced by the action of 〈a, b, c〉.

Lemma 5.1 This action of F3 on T2 is E0-ergodic. In fact, the action of just 〈b, c〉 is E0-
ergodic.

Proof By 4.7. 2
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Now, following a parallel step in [5] we will define a parameterized collection of morphisms,
(φt)t∈R such that for s < t, and for a non-null x ∈ T2, {φℓ

s(x) : ℓ ∈ Z} is strictly included in
{φℓ

t(x) : ℓ ∈ Z}.
First fix a measurable partition (An)n∈N of T2 with each µ2(An) > 0 and {aℓ ·An : ℓ ∈ Z} =

T2. Let {qn : n ∈ N} be an enumeration of the rationals. For each t ∈ R let

Bt =
[

{An : qn < t}.

Note then that for s < t we have Bs ⊂ Bt and Bt \ Bs non-null.
Given t ∈ R we define Nt : T2 → N by cases:

1. If x ∈ Bt then Nt(x) is the least N > 0 such that

aN · x ∈ Bt;

2. if x ∈ An for some n with qn ≥ t, then Nt(x) is the least N > 0 such that

aN · x ∈ Bn.

By the Poincare recurrence theorem, Nt is defined a.e. We then define

φt : T
2 → T

2

x 7→ aNt(x) · x.

φt is defined a.e. and the assignment

R →M∞(T2, µ2),

t 7→ φt

is measurable.
We then let at : F3 × T2 → T2 be the action defined by

at(a, x) = φt(x),

at(b, x) = a(b, x),

at(c, x) = a(c, x).

(Strictly speaking this action is only defined on a conull subset of T2, but that is sufficient for
our purposes.)

Then
R 7→ M∞(T2, µ2)

t 7→ (x 7→ at(γ, x))

will be Borel for any γ ∈ F3.

Lemma 5.2 If s < t then for a.e. x

{φℓ
s : ℓ ∈ Z} ⊂ {φℓ

t(x) : ℓ ∈ Z};

moreover for a.e. x ∈ At \ As this inclusion is strict.

Proof It suffices to consider the situation when x ∈ At, since in the other cases the orbits are
immediately equal. Then the structure of the definition gives

{φℓ
t(x) : ℓ ∈ Z} = {aℓ · x : ℓ ∈ Z} ∩At.

If x ∈ Bm ∩At for some qm ≥ s, then

{φℓ
s(x) : ℓ ∈ Z} = {aℓ · x : ℓ ∈ Z} ∩Bm,

which is strictly included in {aℓ · x : ℓ ∈ Z} ∩At. 2

Lemma 5.3 [Es : Et] = ∞ all s < t – that is to say, each Et class contains infinitely many Es

classes a.e.



Treeable 10

Proof Let C be the set of y for which {φℓ
s(y) : ℓ ∈ Z} is strictly included in {φℓ

t(y) : ℓ ∈ Z}.
The saturation of C under b and c will be conull by 5.1. Then for a.e. x we can find a infinite
set {yn : n ∈ N} ⊂ C included in the orbit under 〈b, c〉 of x.

At each yn we can fix a

zn ∈ {φℓ
t(y) : ℓ ∈ Z} \ {φℓ

s(y) : ℓ ∈ Z}.

Given that the original action of 〈a, b, c〉 on T2 was free a.e., we will have a.e. that no zn is
Es-equivalent to zm for n 6= m. 2

Lemma 5.4 Es will be E0-ergodic for all s.

Proof By 5.1. 2

Theorem 5.5 For each t0 ∈ R, there are only countably many s ∈ R with

Es|B ≤B Et0

on some µ2-conull B ⊂ T2.

Proof Assume instead there is an uncountable A ⊂ R with corresponding conull (Bs)s∈A having
Es|Bs

≤B Et0 . For each s ∈ A let
ρs : Bs → T

2

be a Borel reduction of the equivalence relations. Let

αs : Bs × F3 → SL2(Z)

be the cocycle given by the requirement

αs(x, γ) · ρs(x) = ρs(as(γ, x)).

Let d0 be the canonical complete compatible metric on T2:

d0(x, y) = inf{|v1 − u1| + |v2 − u2| : (u1, u2), (v1, v2) ∈ R
2, p(u1, u2) = x, p(v1, v2) = y}.

For ρ1, ρ2 measurable functions from T2 to T2 we let

d1(ρ1, ρ2) =

Z

d0(ρ1(x), ρ2(x))dµ2(x).

This gives a complete metric on this space of functions, where we identify functions agreeing
a.e. The induced topology is separable.

Now fix an enumeration of (γn)n∈N of F3. Given two cocycles

α, β : F3 × T
2 → SL2(Z)

we let
d2(α, β) =

X

n∈N

2−nµ2({x : α(γn, x) 6= β(γn, x)}).

Again, assuming we identify cocyles agreeing a.e., this gives a complete second countable metric.

Claim: For s1 6= s2,
µ2({x : ρs1(x) = ρs2(x)}) = 0.

Proof of Claim: Suppose instead on some positive measure B we have ρs1(x) = ρs2(x) all
x ∈ B, with s1 < s2. Then we get

xEs1y ⇔ xEs2y

all x, y ∈ B.
Using [Es1 : Es2 ] = ∞ we can find a non-null C ⊂ As1 ∩As2 and a Borel injection

θ : C → T
2

such that
θ(x)Es2x,

θ(x) 6Es1x,
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all x ∈ C. By ergodicity of Es1 we have

[x]Es1
∩B 6= ∅

for a.e. x. Similarly
[x]Es1

∩ θ[B] 6= ∅

for a.e. x. Choosing an x with both these properties we obtain a contradiction to our assump-
tions on θ. (�Claim)

Using second countability of our metrics we can find some u ∈ A and (sn)n∈N with

d1(ρsn
, ρu), d2(αsn

, αu) → 0,

and for all γ ∈ F3, the function
x 7→ asn

(γ, x)

converges to
x 7→ au(γ, x)

in the uniform topology on [E] – that is to say,

µ2({x : asn
(γ, x) 6= au(γ, x)}) → 0.

Notation For z ∈ Bu let N(z) be

sup{||αu(z, d)|| : d ∈ {a±1, b±1, c±1}},

where ||M || of an element of SL2(Z) refers to the matrix norm given by the sum of the absolute
values of its entries.

Definition At each n define the relation Rn by

xRny

if and only if the following all take place:
(i) x = au(y, d) = asn

(y, c) some d ∈ {a±1, b±1, c±1};
(ii) αu(y, d) = αsn

(y, d);
(iii) x, y ∈ Bu ∩

T

m∈N Bsm
;

(iv) d0(ρsn
(x), ρu(x)) < 1

100N(x)
, d0(ρsn

(y), ρu(y)) < 1
100N(y)

.

Let Ên be the equivalence relation arising from the transitization of Rn. For each θ ∈ [Eu],

µ2({x : xÊnθ(x)}) → 1.

Hence after possibly thinning out the sequence (sn)n∈N we can assume that for each γ ∈ F3

there is conull Bγ ⊂ Bu ∩
T

n∈N Bsn
such that for all x ∈ Bγ

∃N∀m > N(xÊmau(γ, x)).

Let Fn =
T

m>n Êm. Then, on a conull set, Eu is the increasing union of the Fn’s. In particular,
we obtain at large enough N that FN does not have almost invariant sets of measure 1/2.

Fix this N . Let

B = {x ∈ T
2 : d0(ρsN

(x), ρu(x)) <
1

100N(x)
}.

FN does not have almost invariant sets of measure 1/2 and is trivial outside B, and hence there
is some C ⊂ B which is non-null and has FN |C E0-ergodic. After throwing away a null set
we may assume ρu(x) 6= ρsN

(x) all x ∈ C. The definition of B gives for each x ∈ B a unique
(s, t) ∈ R2, with

|s|, |t| <
1

100N(x)

and
p(s, t) = ρu(x) − ρsN

(x),

for p : R2 → T2 the canonical surjection. Denote this by (s, t) = ψ(x).
Now let f : R2 \ {~0} → P1(R) be the surjection which sends each (s, t) to the line passing

through ~0 and (s, t). Then define
ϕ : C → P1(R),

x 7→ f(ψ(x)).
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Notation Let E
P1(R)
SL2(Z) denote the orbit equivalence relation given by the linear action of SL2(Z)

on P1(R).

Claim: If xRNy then ϕ(x)E
P1(R)
SL2(Z)ϕ(y).

Proof of Claim: Say d ∈ {a±1, b±1, c±1} with

y = au(x, d) = asN
(x, d).

Let M ∈ SL2(Z) with
αu(x, d) = αsN

(x, d) = M.

By the definition of the cocycles this gives

M · ρu(x) = ρu(y),

M · ρsN
(x) = ρsN

(y).

Suppose (u, v) ∈ R2 with
ρu(x) = p(u, v).

Then we have (s, t) ∈ R2 with

|s|, |t| <
1

100N(x)

and
ρsN

(x) = p(u+ s, v + t).

ρu(y) = M · ρu(x) = p(M · (u, v))

while
ρsN

(y) = M · ρsN
(x) = p(M · (u+ s, v + t)) = p(M · (u, v)) + p(M · (s, t)).

But the assumption |s|, |t| < 1
100N(x)

yields that M · (s, t) = (s′, t′) for some s′, t′ with

|s′|, |t′| <
1

10
.

This in turn gives ψ(y) = (s′, t′), and hence ϕ(y) = M · (s, t) = M · ϕ(x). (�Claim)

Claim: If γ ∈ F3, xFNy, then M · ϕ(x) = ϕ(y).

Proof of Claim: Since the action of F3 is free, there will be a unique redundancy free sequence
d0, d1, ...dk ∈ {a±1, b±1, c±1} such that

y = au(d0d1...dk, x) = asN
(d0d1...dk, x).

The assumption of FN equivalence give that at each i < k

au(d0...di, x)RNau(d0...didi+1, x),

and now the result follows from the preceding claim. (�Claim)

Claim: [ϕ(x)]
E

P1(R)

SL2(Z)

is constant for a.e. x ∈ C.

Proof of Claim: Since FN |C is E0-ergodic and E
P1(R)
SL2(Z) is hyperfinite. (�Claim)

Thus we can get some D ⊂ C, µ2(D) > 0 and z ∈ P1(R) such that

ϕ(x) = z

all x ∈ D. Let ∆ < SL2(Z) be the stabilizer of z in the linear action on P1(R). This will be an
amenable subgroup, and for all x ∈ D, γ ∈ F3, if au(γ, x) = asN

(γ, x) ∈ D with xFNau(γ, x),
then

αu(γ, x) ∈ ∆.

Let D+ be the saturation of ρsn
[D] under the action of ∆. Let E∆ be the orbit equivalence

relation induced by ∆. Let ν = ρ∗sn
(µ2) – that is to say, define ν by

ν[B] = µ2(ρ
−1
sn

[B]).
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Applying 4.3, we obtain that E∆ is hyperfinite ν a.e. in D+. Thus we can assume, without any
damage to the generality of the argument, that E∆ is hyperfinite.

Note here that for all x, y ∈ D

xFNy ⇒ ρsn
(x)E∆ρsn

(y).

Then E0 ergodicity of FN |D implies that ρsn
is constant on a positive measure subset of D –

which contradicts our assumption that ρsn
witnessed Esn

|Bsn
≤B Et0 . 2

Corollary 5.6 There is a perfect set P ⊂ R such that for any s, t ∈ P and B ⊂ T2 conull,
Es|B is not Borel reducible to Et.

Proof Recall that the class of Borel sets is closed under the measure quantifier ∀µ for any Borel
probability measure µ. (See [13]). Thus to say the set of triples (ρ, s, t) ∈M∞(T2, µ2) × R × R

such that ρ : T2 → T2 Borel reduces Es to Et on some conull set is Borel.
Thus the set of pairs (s, t) for which such a ρ exists is Σ∼

1
1, or analytic. In particular it has

the property of Baire.
However given that it has countable sections, it must be meager as a subset of R×R. Hence

we can find a perfect set P ⊂ R such that for all s 6= t in P , Es is not Borel reducible to Et on
any conull set. 2

Theorem 5.7 There exist 2ℵ0 many treeable countable Borel equivalence relations which are
pairwise incomparable under ≤B.

Proof Take (Es)s∈P from the last result. 2

Theorem 5.8 For n ≥ 2 there are 2ℵ0 many free, measure preserving, Borel, ergodic actions
of Fn on standard Borel probability spaces, (aα)α<2ℵ0 , each

aα : Fn ×Xα → Xα,

with resulting orbit equivalence relations Eα on Xα, such that for α 6= β, there is no conull set
A ⊂ Xα with

Eα|A ≤B Eβ.

Proof The case for n = 3 is given by the argument above.
First consider the case for n = 2. Begin with the orbit equivalence relations Eα on standard

Borel probability spaces, each Eα treeable, ergodic, induced by a free Borel action of F3, on
standard Borel probability space (Xα, µα), with no Eα Borel reducible to another Eβ on a conull
set.

Replace each Xα with the disjoint union, of two copies,

Yα = Xα × {0, 1}.

Take the product measure, να. Define Fα by

(x1, i1)Fα(x2, i2)

if x1Eαx2. It follows from the induction theorem, or cost restriction formula, or [4] that the
cost of Fα equals

Cνα
(Fα|Xα×{0}) + να(Xα × {1}),

which in turn equals
1

2
Cµα

(Eα) +
1

2
.

A free action measure preserving action of a free group on a finite measure spaces is equal to
the measure of the space multiplied by the number of generators, from [4]. Hence

1

2
Cµα

(Eα) +
1

2
=

3

2
+

1

2
= 2.

By [7] we can find a free measure preserving action of F2 on Yα which induces Fα on a conull
set. Since Eα is orbit equivalent to Fα|Xα×{0}, this is as required.

For n > 3 the same kind of argument works, but now restricting the space to drive up the
cost.
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Take Aα ⊂ Xα with measure equal to

1 −
n− 3

n− 1
=

2

n− 1
.

Then the cost of Eα|Aα
equals 3 − n−3

n−1
, again by Gaboriau’s cost restriction formula from [4].

Renormalizing the measure with

να = µα ·
n− 1

2

we obtain
Fα = Eα|Aα

with respect to µα equals

(3 −
n− 3

n− 1
) ·
n− 1

2
=

3n− 3 − n+ 3

n− 1
·
n− 1

2
=

2n

2
= n.

The subequivalence relation of a treeable equivalence relation is treeable, by [11], hence Fα is
treeable. Then apply [7] to get a free action of Fn inducing Fα on a conull set. 2
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