RIGIDITY AND EQUIVALENCE RELATIONS WITH
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ABSTRACT. We consider groups and equivalence relations with infinitely many
ends and the problem of selecting one end in a uniform manner. In general a
non-amenable equivalence relation may have infinitely many ends and yet ad-
mit a Borel function selecting from each class a single end; however, we show
that in the presence of an invariant Borel probability measure, the equiva-
lence having infinitely many ends precludes the existence of a Borel method
of selecting an end from each class.

By analyzing the action of a group on its space of ends, we obtain a new
proof of an earlier superrigidity result due to Monod and Shalom for actions
of certain product groups.

Finally, we discuss applications of equivalence relations with infinitely
many ends to the theory of percolation and to the abstract theory of Borel
equivalence relations. In particular, we show that for equivalence relations
with infinitely many ends, all the amenable normal subequivalence relations
are smooth.

1. INTRODUCTION

Informally, given a graph G = (V, E)) we can form the space of ends on that
graph. An end will be a consistent assignment of connected components in the
induced subgraph G\ F' to each finite set of vertices F' C V, so that distinct finite
sets are always assigned non-disjoint components. A particular case is when a
group itself has infinitely many ends in the structure provided by a Cayley graph.

The following result is implicit in Theorem 2.20, Chapter II of [DD89] (though
given its parallels with the later selection theorems for equivalence relations we
go to the trouble of giving an independent proof in Section 2).

Theorem 1.1. (Dicks-Dunwoody [DD89] and also [Dun97]) Let T be a countable
group. Assume that with respect to some finite generating set I' has infinitely
many ends. Then:

(i) the stabilizer of each finite subset of the ends of size greater than two will
be finite;

(ii) the stabilizer of a pair of ends will be amenable;
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(iii) the stabilizer of a single end will have infinite index in the group, though
it is not necessarily amenable.

In terms of the resulting equivalence relation arising from I' acting on its ends,
we are unable to say much when I' has a single end. However, looking at the
action of finite sets of ends, the arguments from the proof of Theorem 1.1 show
the following:

Theorem 1.2. Let I' be a countable group. Assume that with respect to some
finite generating set I' has infinitely many ends. Consider the natural action by
translation of the group on the space of ends and finite sets of ends.

(i) The orbit equivalence relation on pairs of ends is amenable.

(i) The orbit equivalence relation on subsets of size at least three is smooth.

Recall, from say [[<ec95], that an equivalence relation is smooth if there is a
Borel function assigning a real number to each equivalence class as a complete
invariant. In the context of an equivalence relations arising from the Borel action
of a countable group, an equivalent definition of smoothness is that there be a
Borel set meeting each orbit in exactly one point. In Section 3 we use 1.2 to
give a new proof of a special case of a superrigidity theorem proved previously
by Nicolas Monod and Yehuda Shalom [MS06].

The case of equivalence relations with many ends has been previously con-
sidered by Miller [Mil], who obtained results parallel to the ones in Theorem
1.2.

Theorem 1.3. (Miller) Let E be a countable Borel equivalence relation on a
Polish space X. Assume R is a Borel graphing on X whose connected components
form the E-classes. Assume that each class has infinitely many ends in this
graphing. Then:

(i) if one can in a Borel way assign exactly two ends to each class, then the
equivalence relation is hyperfinite;

(ii) if one can in a Borel way assign a finite set of size at least 3 to each class,
then the equivalence relation is smooth.

This left open the situation where exactly one end can be assigned to each class,
and we observe later in the paper that this is not in general sufficient to imply
hyperfiniteness or even amenability of the equivalence relation. Furthermore, in
light of 1.1 (iii) one might be cautious about drawing any conclusion from the
assumption that one can select an end. Nonetheless, in the measure theoretic
context we can say the following;:

Theorem 1.4. Let E be a countable, Borel, measure preserving equivalence re-
lation on a standard Borel probability space (X, ). If E admits a graphing with
infinitely many ends, then one cannot choose a single end for each class in a
Borel manner.
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From this, we can obtain a corollary for normal subequivalence relations. F' C
FE is said to be normal if there is a group action generating F which respects
F-equivalence, i.e., xF'x’ implies g - xFg - 2’ for every element g of the group.

Theorem 1.5. Let E be a countable Borel measure preserving equivalence rela-
tion on a standard Borel probability space. If E admits a locally finite graphing
with infinitely many ends, then every normal subequivalence relation of E is ei-
ther smooth or non-amenable.

This in turn gives an application to percolation.

Theorem 1.6. Let I' be a finitely generated non-amenable group. Let A be a
normal subgroup. Suppose S is a finite generating set for I' with a non-unique
percolation phase on the resulting Cayley graph. Suppose we choose p € (pe, pu)
in the non-uniqueness phase.

Then almost surely a randomly chosen percolation on the Cayley graph with the
indicated measure (of leaving in each edge independently with probability exactly
p) will have all its infinite clusters meeting A in only finitely many points.

Acknowledgments: We thank Warren Dicks, Martin Dunwoody, Russ Lyons,
Ben Miller, and Nicolas Monod for a number of helpful remarks in the course of
email messages. Russ Lyons in particular pointed out another proof of Theorem
1.6.

2. GROUPS WITH INFINITELY MANY ENDS

2.1. Background on groups and equivalence relations. In this section,
we recall some basic notions concerning countable Borel equivalence relations.
For much more on the subject, we recommend the book by Kechris and Miller
[KMO04].

Considering a standard Borel space X, an equivalence relation E on X is
countable if every FE-class is countable. In particular, if I" is a countable group
acting by Borel automorphisms on X, then the orbit equivalence relation that
arises from this action is countable.

A group T is amenable if for every finite ) C I' and € > 0, there is a non-
negative function f € ¢1(I') with norm 1 and such that for every v € Q,
Iy f = fllory <e
or, equivalently, if there is a finite subset F' C I' such that for every v € @,
|v- FAF| < €|F].

Similarly, an equivalence relation E is amenable if there is a sequence A\": £ — R
of non-negative Borel functions such that

(1) A? € (Y([z]g) where A2 (y) = A"(x,y) for xEy;
(2) [1IAZlor (o)) = 15

(3) for all zEy, ||\I — 0.

Aol o) =
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Furthermore, E is smooth if there is a Borel map ¢: X — R such that
1By <= ¢(z) = ¢(y).

Note that all finite Borel equivalence relations are smooth since it is possible to
just select a point from every equivalence class in a Borel way.

In the presence of a probability measure p on X, we have the notions of smooth
a.e. or amenable a.e.. Moreover, an action of I' on X is measure-preserving if
for every Borel A C X

p(A) = p(y - A)
and ergodic if whenever a Borel subset A C X is invariant under the action of T,
then A must be null or conull.

The Cayley graph C(I',S) of a group I' with respect to a symmetric generating
set is formed by letting the set of vertices be I' and letting the set of edges be
defined by

E={(ys,7)|v€eTl,seS}.
A Borel graphing of an equivalence relation E is a Borel subset G C X? such
that the connected components of G correspond to the equivalence classes in F.
As an example, an orbit equivalence relation given by a group action can always
be graphed by

G={(s-z,2) |z e X,seS}
In the remainder of the paper, we will be considering countable groups that
admit Cayley graphs with infinitely many ends as well as countable equivalence
relations that admit graphings with infinitely many ends.

2.2. The space of ends. We introduce the formal notion of the space of ends
of a group as well as a topology so that the space becomes compact metrizable.

Let G = (V,E) be a connected graph. An end is a function ¢ with domain
consisting of finite connected subsets of V' such that

(1) for each finite connected F' C V', ¢(F') is a connected component of V'\ F’;
(2) for Fy, F5 CV finite connected, ¢(F1) N @(Fz) # 0.

For F' C V finite and connected, let Cr be the set of components of V'\ F. If
CF is infinite, let C}, be Cp U {oor} equipped with the topology where the open
sets are the finite subsets of C'r and the cofinite subsets of C.. Then each C7},
is compact with respect to this topology. On the other hand, if C'r is finite, let

T = Cr equipped with the discrete topology.

We let the space of ends E(G) be the collection of all ends in G with the

product topology: A basic open set has the form

{¢ € E(G) : p(F1) = C1,0(F2) = Ca, .. o(Fy) = Chn, }
for Fy, Fy, ..., F), a finite sequence of finite connected sets in V such that C; € CF,
for every i < k.

Similarly, the extended ends E*(G) is the collection of all functions from finite
connected sets such that at each F, ¢(S) € C}. Again we take the product
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topology on this space.

In [Mil] the notion of end is explored through the natural equivalence relation
on rays, which we include here for the reader’s convenience. The definition we
have chosen is different but equivalent to the definition given in [Mil]. The main
appeal of the definition as presented here is in terms of making the appropriate
topology self-evident. In the case that V is countable, E(G) is a Polish space.

Let G = (V,E) be a connected graph. A ray in G is a one-to-one function
from N to G. Given two rays @ = (ap, a1, ...),3 = (Bo, b1, ...) we say they are
end equivalent if for every finite set F' C V| there is a path from & to 3 avoiding
F.

Each ray naturally gives rise to an end in our sense. Given a ray @, we let ¢z
be defined by
ea(F)=C
if and only if for all sufficiently large n we have

ay € C.

Since any ray is one to one, it eventually leaves each finite set and then will spend
the remainder of its journey inside one of the components of V' \ F. It is easily

seen that @ and 5 are end equivalent if gz = ©g Moreover for any end ¢ we

can find a ray @ with pgz = ¢:- First choose 5 € VN such that given any finite
connected F' we eventually have 3, € ¢(F); then contract the function g to a
ray a by excising all the repeated vertices and the edges in between.

Given a set of generators S for a countable group I', we denote by E(T', S) the
set of ends of C(I', S). Let E(I",S)* (the extended ends) be the set of maps from
finite subsets ' C V' to C}. that satisfy the following conditions:

(1) If Fy, F5 CV are finite connected and ¢(F1) # ocop, and ¢(Fz) # 0op,,
then o(Fi) N o(Fy) # 0.

(2) If (Fy) = cop, and Fy N Fy = (), then p(F) is the component containing
.

Remark It follows from the definition of E(I', S)* that if F}, F, C V and ¢ €
E(F,S)*, then either F1 - ¢(F2) or F2 - ¢(F1)

Similarly then, if ¢ € E(I',S) and Fy, F» as above, non-disjointness of ¢(F)
and p(Fy) entails F} C @(Fy) or Fy C o(F).

Proposition 2.1. E(I',S)* with the product topology is a compact metrizable
space.

Proof. Let us consider the space X of maps ¢ from finite connected subsets
F C V to C}. equipped with the product topology. We show that E(I',S)* is
closed in X with respect to this topology.
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Suppose that ¢, — ¢ in the product topology. Fi, Fo C V are finite connected
such that p(F)) # ocop, and p(Fy) # 0cop,. Then let o(Fy) = C; and ¢(Fy) = Cs.
There is then some m € N such that ¢, (F1) = C1 and ¢, (Fy) = Cy for alln > m
since

{¢ € X | o(F1) = C1,0(F2) = Ca}
is an open set in the product topology. But then since ¢, € E(T", S)*, it must be
that
P(F1) Np(F2) = C1 N Cy = pn(F1) Non(F2) # 0.

On the other hand, suppose that ¢(F}) = cop, and FiNFy, = (. We then claim
that ¢(F3) is the component containing Fj. Let C' be the component in V' \ F}
containing F». Then there is some m € N such that ¢, (F}) # C for all n > m.
Then ¢, (F) is the component containing Fj for all n > m and ¢(F3) = ¢, (F).
This establishes that E(T", S)* is closed in X.

Finally, since E(I',S)* is a closed subset of the second countable space X,
E(I',S)* is second countable as well. Moreover, E(I', S)* is a zero-dimensional
compact space and must be normal. By Urysohn’s metrisability theorem, E(T", S)*
is metrisable.

(]

We let E(I', S) = E(C(T',S)), the space of ends for I' given S as a generating
set. We will let I" act on E(I',.S) by

(g- @) F)=g-(plg7" - F))={g-olocpg ' F)}
where g - 0o = co. This action is then easily checked to be continuous.

From now on we will be assuming C(T", S) has infinitely many ends. This in
particular implies I' is non-amenable (see [[XMO04]).

2.3. Proof of Theorem 1.1. First, we reduce the situation to just considering
the action of I" on the space E(T',S).

Proposition 2.2. If p € E(I',S)*\ E(T',5), then ¢ has finite stabiliser.

Proof. Suppose that g- ¢ = . Then g- ¢(F) = cop. Since

g-p(F)={g-alocplg ' F)}
this implies that
plg™! - F) = o041
However, there is a finite subset Fy C I' such that for g € [y, g7' - FNF =),
which then would ensure that ¢(g~" - F) # 00,-1.p. O

To deal with the action on triples and pairs of ends, we will need the following
lemma:

Lemma 2.3. Let ¢1,p2 be distinct ends in E(I',S). Let F be a collection of
finite, connected subsets of I' such that:

(1) AR eF=FNF=0
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(2) each F € F has ¢1(F) # oo F).
Then if we define R on F by
FiRF,
if F{ # Fy and Fy C p1(Fy) then R is a linear ordering on F.

Proof. Transitivity of R is a routine consequence of the definition of an end.
From the fact that either Fy C ¢(F3) or Fy» C ¢(F1), we obtain for all Fy, Fy € F
that either F1 = FQ or FlRF2 or FQRFl.

Finally we need to avoid the situation that F» C ¢1(Fy) and Fy C p1(Fy)
for Fy, F» € F distinct. But this would entail Fy Z @o(Fy) and Fy € @o(F3),
yielding a contradiction. O

Proposition 2.4. The stabiliser T'(,, ) of a triple of distinct ends is finite.

»$P2,$3

Proof. For | # k € {1,2,3}, let Fj;, C V be finite such that ¢;(F) # ¢(F).
Then F = U, 44¢ {1,2,3} disconnects all three ends simultaneously.

Ifgel,, then
Q(F)=(g-@)(F)=g-@lg ' F)

92,$3)?

and, as a result,

wilg - F) #erlg™ - F)
for k #1 € {1,2,3}. Thus, FNg~!- F # () since otherwise by lemma 2.3, we can
find some m € {1,2,3} with

FCoulg - F), g ' FCon(F).

1. FNF =0 except for finitely many g, T,

Since g~ «p2,05) Must be finite.

Definition For g,h € T', let d(g,h) be the least m € N such that there exist
81,89, ...,8n € S with
5182+ Smg = h.
Similarly, for F, H CT and g € I" we let
d(g, F') = inf{d(g,h) | h € F},
d(H,F) = inf{d(o,7) :0 € H,T € F}.

Proposition 2.5. The stabiliser I, .,y of a pair of distinct ends is amenable.

Proof. Fix some finite connected F' containing the identity of the group which
disconnects the ends, i.e.,

e1(F) # @a(F).
Let G ={g-F:gqgc¢€ F(cpl,w)}. Note that each element of G also disconnects
©1,p2. Let G, be the elements F’ of G for which there exists some m < n and
81,82, -.rs S € S With

5182+ - 8m € F'/
In other words, these are the elements of G whose distance from e in the Cayley
graph is at most n.
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Lemma 2.5.1. There does not exist a set of three disjoint elements of Gy +1\Gn.

Proof. Otherwise suppose F1, Fs, F3 were disjoint elements of this set. We may
define R as in Lemma 2.3 by HRH' if H C ¢1(H),H N H' = (), and appeal-
ing again to Lemma 2.3 we have that F, Fy, F3 are linearly ordered under R.
Without loss of generality, F} RF5, Fo RF3.

Then e ¢ po(Fy) would imply
d(e, Fl) > d(e, F2),

with a contradiction to the assumptions on Fj, F,. But then we obtain e ¢
©1(F»), and another contradiction with

d(e, Fg) > d(e, F2)
U

Let K be the cardinality of the set {F' € G : F' N F # (0}. The setup of our
situation gives for all other Fjy € G we again have

K=W{F e€G:F nFk#0}.
Appealing to the claim we have
UG \ UGl <2K.
Moreover for each g € ', ,) With d(e, g) < m we have
9 Gn C Gmn.

Looking at this information we can go ahead and let

Hy, = Tg),00) N (U Gn)

at each n. For g € ', ,,) we have some fixed M, depending on d(e, g) such that
at every n

|H,Ag - H,| < M,
ensuring the Hy,’s form a Folner set for I, ,,)- U

Remark In general, the stabilizer of a single end need not be amenable. Let
'y 2FyxZ and let I's 2 Fy and let A = I'; x 'y (with the obvious generating set
derived from the canonical generators for Z and Fy). Then for each o € T'y we
obtain an end which roughly corresponds to ¢ -I'; and has stabilizer o -I'y - 0~ 1.

Proposition 2.6. Let ¢ € E(I',S). Then the index of its stabilizer Iy, is infinite
i T,

Proof. We split into cases:
Case(i): There exists a finite connected F' C G and g € I', with

FZ (g F),
Fng-F=10.
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We fix such an F' and let A= {g-F |geT,}. For each Fj € A we let
A(Fy) = {F' € A| Fy € (F'), Fon\ F' = 0,d(Fo, F') < n}.
We also let
AN (Fy) = | Au(Fo) ={F' € A| iy € o(F'), o N F' = 0}

neN
Lemma 2.6.1. If F/,F" € AT (Fy) then either

1) F'"NF #0; or

(1) ;

(2) any path from F' to Fy intersects F" and F' C o(F"); or
(3) any path from F" to Fy intersects F' and F" C ¢o(F").

Proof. Assume F' N F” = (). Then F' C o(F") or F" C ¢(F'"). We may as well
assume F' C o(F"). Let py be a path from F” to F’ inside ¢o(F").

For a contradiction let p; be a path from F’ to Fy avoiding F”. Let p be
a path inside F” from the last point of pg to the first point in p;. Then the
concatenation

Po P P1
gives us a path in (F”) from F” to Fp, contradicting F” € A™(Fp). O
Lemma 2.6.2. If F', F" are disjoint elements in AT (Fy) with
F/ g (P(F”)

and any path from Fy to F' intersecting F" (i.e. we are in case (ii) of Lemma
2.6.1), then
F'e AT (F").

Proof. Otherwise let py be a path from F’ to F” inside ¢(F’). Let p; be a
shortest path from F” to Fy — and note that the assumptions of the claim yield
p1 avoiding F”.
Then letting p being a path inside F” from the head of py to the tail of p; we
get
Po P P1
witnessing Fy C ¢(F"), with a contradiction to the assumption F’ € AT (Fp). O

Let A be the set of g € T'y, with g- F'N F = (). Finitely many translates of A
cover I'y.

For each n € N, Fy € A let
Hy(Fy) = | An(Fo).
Lemma 2.6.3. Ifge Ty, g- F € AY(F), then there is a fited M such that
[Am(F)AAm(g - F)| < M

all m.
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Proof. Let d(F,g-F) = n. If d(F,F') > n,F' € A(F),g-FNF' =0, then
d(F,g-F) < d(F,F'"), and the last two lemmas yield
F'e A(g-F).
Thus
An(F)\ Al - F) € ((JAu(F) U{F € A: F'ng - F # 0},
which has a fixed bound to its cardinality. Since |A;,,(g - F)| = |An(F)| we get
a bound on |A,,(F)AA,,(g- F)| as well. O
Lemma 2.6.4. Ifge Ty, F € AT (g-F) then there is a fized M such that
[Am(F)AAm(g - F)| < M

at every m.

Proof. By the proof of the last lemma, interchanging F with g-F, g with g~'. O

Lemma 2.6.5. If g € I',,F C (g - F),g-F C p(F), then there is a fived M
such that

at every m.

Proof. Say d(F,g - F)=n. Then at every m
A (F) C Anmyn(g - F)

and so it suffices to show there is a fixed bound on each
[Ak1(g - F) \ Ak(g - F).

But it follows from Lemma 2.6.1 that if F', F” € Ag11(g9- F) \ Ag(g- F) then
F'NF" # (. Moreover since I'y, acts so as to preserve all the relevant structure
we have for any F' € AT (g- F) the set

{F'e A" (g-F): F'nF # 0}
is bounded in cardinality by
{h-F:hel,h-FNF #0)}.
O
Putting these lemmas together we have for every g € A, g- FNF = (), and we
will be in one of the cases described by the last three lemmas, and hence we will

have a fixed bound on

Even in the case g € I', we also obtain a bound. First of all given arbitrary
g € T', we can assume I, infinite, and then take ¢’ € T',, with

FNngF, gFNgF
both empty. Then using the bounds on
[ A (F)AAR(g'F)|
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and
|Am(gF)A-AM(9/F)|
we obtain a bound on
[ A (F)AAR(9'F)|.
Now we can choose some o € F' and let

Hy =Ty N (| JAn(F)o ™) =Ty n| {F o7 F' € Ap(F)}.

By the earlier lemmas, for any g € I', we always have a fixed bound on

and hence on
JAn(E)o A An(g - F)o™!.
Since g - Ay (F) = Ap(g - F') we obtain a likewise bound on
|HmAg : Hm|
We have H,, C H,,4+1 and so it suffices to show |J,,, Hy, is infinite.
We successively choose ¢;’s in A and define F;’s such that
Fy =4 g1 Fy € AT (Fp),

Fii1 =af giv1 - Fy € AY(F),
which we can always do since A acts by automorphisms on the Cayley graph and
fixes ¢. Then each F; € AT(F), and

9i9i-1- 91 € gigi—1 - g1 Foo ! = Fio™ !,

U H,,.

meN

which in turn is included in

Case(ii): For all F' C G finite connected, g € I'y,
Fng-F=0=FCp(g-F).

1 we as well obtain

g F Co(F).

Replacing g by g~

Fix such an Fj finite and connected for which there exists some end v with

(Fo) # ¢(Fo).

Assuming I',, to be infinite we let C be an infinite set of disjoint I',, translates of
Fy. For each F' € C choose an end pp with

or(F) # ¢(F).
Lemma 2.6.6. If F' # F" € C, then
or (') N opr(F") = D.
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Proof. Instead let o be an element of g/ (F') N g (F") and let py be a shortest
path from o to F'. We can either choose a path from ¢ to F’ which doesn’t
pass through F” or a path from o to F” which doesn’t pass through F’ — let us
assume the former case. But then we have F’ C p(F") by case assumption, and o
becomes a common element of g (F") and ¢(F”), contradicting the assumption

on Y. U
Lemma 2.6.7. At each F € C we can find g € I' such that

g-FNF =0,

g-F Cpp(F).
Proof. Since pp(F) is infinite, we can find infinitely many ¢’s which have g- F'n
op(F) # 0. Only finitely many of these g’s will have g - F = (). O

In light of this claim, at each F' € C we let gr € I" be such that
gr-FNF =10,
gr - F Cpp(F),

and, when possible,
F & (gr-¢)(gr - F).

Subcase (iia): At some F' € C we have F' C (gr - ¢)(gr - F).

Then let F1 = F,g1 = gr,1 = ¢, and applying our subcase assumption
successively choose g, € I" such that for

Fn+1 =U0n - an
Pn+1 = Gn - Pn,
we get
d(Fy i1, F) > d(F,, F),
Fry1 € on(Fn),
and
FoioinNE, = 0
all m <n.

Now assuming for a contradiction that I', has finite index in G, we could
arrange

¥n = P2
and g, € Gy, all n > 2.

This would in particular give
9291 - F = gog1 - F1 = go - Fo = F3 £ p2(F2) = (91 - 1) (91 - F)

oot ag - F L (97 91 9) (g7 g1 - F) = o(F).

But since g; 'gag1 - ¢ = gy 'gap2 = g ‘92 = ¢ we get g; 'gagi € I, with a
contradiction to the assumptions of case (ii).
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Subcase (iib): At every F' € C we have F Z (gr - ¢)(gF - F).

Then (gr - ¢)(gr - F) C @r(F'), and hence we obtain from Lemma 2.6.6 that
for Fy, F5 distinct elements of C
(97 - @) (gr - 1) N (gR, - @) (9, - F2) = 0.

Thus (gr - ¢)rec are all distinct ends, showing the stabiliser I',, to indeed have
infinite index in I U

In summary, the following hold for the action of T' on E(T,S):

(1) T ~ [E(T, S)*]? has finite stabilisers.
(2) T ~ [E(T, S)*]? has amenable stabilisers.
(3) ' ~ E(T',S)* has stabilisers of infinite index.

and we have completed the proof of Theorem 1.1.

2.4. Proof of Theorem 1.2. The proof of the results for Theorem 1.1 gives
that the equivalence relation of I" acting on triples (or larger finite sets) of ends
is smooth. In the case of pairs, we obtain amenability.

Proposition 2.7. The orbit equivalence relation E given by the diagonal action
of I' on distinct pairs of ends is amenable.

Proof. For every (¢1,2), there is some finite subset F' C V such that ¢ (F) #
wao(F'). Let {Fy,}men enumerate the finite subsets of V' containing the identity
element. We then obtain a Borel map

F:[E(I,S)?—N

such that F'(¢1, ¢2) disconnects ¢1 and ¢ by letting F'(¢1, ¢2) be the least m € N
such that some I' translate of F},, disconnects ¢1 and 5. Note that F' is Borel
and Er-invariant since for any g € T,

O1(F) # pa(F) <= g-1(g-F)#g-p2(9- F).
We now define
Gn(F)={g-F|lgeTl,deg-F)<n}.

To show that F is amenable, we define a sequence \'": E — R as follows:

g-FeG,(F(x))

e fy=g-a
2.1 N (z,y) = 4 [G-F@ ! ,
(21) (z,9) { 0 otherwise.

We now consider the functions \? € I!([z]g) given by A\%(y) = A\*(x,y). It is
clear that ||| =1 for all € X. It remains to show that

Az =gl =0

as n — oo for all zFEy.
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Let zFy. Then y = g -z for some g € I'. From now on, we will denote
Gn(F(z)) by Gy, since we will only be referring to a single equivalence class of
E.

Lemma 2.7.1. Let m = d(e,g) = d(e,g~'). Then

2 |GM+n \ Gn”

H)‘z_)‘yH1 B |Gn|

Proof. Let z € [z]|p = [y|p. Then z = g1 - z and y = go - z for some g1,92 € T
Suppose that A7 (z) # Aj(2). Without loss of generality, assume A7 (z) # 0. Then
g1+ F#G,,but gg1 - F &€ G,,. Then gg1 - F € Gy Thus,

[{z € [el | X2(2) # 0,X)(2) = 0}] < Gy \ Gl

The remaining case is symmetric and we have our conclusion as desired.

Lemma 2.7.2. There is some k € N such that
for alln € N.

Proof. Since F is finite, observe that except for finitely many g € T', v- FNF = ().
In addition, the set

A={g-Flg-F-h#0}

is invariant under the choice of h € I'. We also know that G,,4+1 \ G, has at most
two disjoint elements. From this, it follows that for any n € N,

Grs1 \ G| < 2]4]
and if we let k = 2|A|, then

m—1

|Grn \ Gn| = Z |Gnit1\ Gntil <k -m.
=0

From the above two claims, we have that

N n 2k -m
A% = Ay”l < G,

for all n € N. Since |G| — oo as n — 0, this implies that

1A = A5l —o.
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3. RiGcipiry

We adapt the arguments of [HK05], and by implication [Ada90], [ALI1],
[Zim8&4], to use the above results to give a new proof of an old theorem.

The result as stated below is implicitly due to Nicolas Monod and Yehuda
Shalom [MS06], who obtain these kinds of rigidity results in the situation I' is a
non-trivial free product. In turn it follows from the classification of groups with
infinitely many ends by Dicks and Dunwoody [DD89], that torsion free groups
with infinitely many ends are indeed free products. Our proof is more direct than
the argument one obtains in this way.

Theorem 3.1. (Monod-Shalom) Let T'1,T'y be countable torsion free groups and
assume L'y has infinitely many ends. Let 'y X Z and 'y X Z act freely, ergodically,
and in a measure preserving manner on standard Borel probability spaces (X, ),
(X', 1) and assume that the action of Z on X is itself already ergodic.

Then there is a homomorphism from I'1 to I's with amenable kernel.

Proof. Assume 7 : X — X' witnesses orbit equivalence and let
a: X x (1 xZ)—Ts

be the induced cocycle, defined by the requirement that for each ©z € X,~ €
I'y, ¢ € Z there exists k € Z with

((X(.%', (776))7 k) : 7T(.%') = W((’y,E) : .%')

Apply the Furstenberg-Zimmer lemma as found at say B3.1 of [HI<{05] to obtain
a measurable assignment from X to the probability measures on E(I'9,S)*,

X — P(E(I'2,9)"),

T = g,
which is Z-equivariant:
:U'(e,f)m = Oé(q,', (676)) C M-

Following a standard exhaustion argument (see [Ada90], [HKO05] B4.1), we can
assume that the cardinality of the support of p, is almost everywhere constant
and is almost everywhere maximal — that is to say, if

X — P(E('2, 5)),

.’IJ|—>,LL33’

is again Z-equivariant, then the cardinality of the support of u, is almost every-
where as large as the cardinality of the support of [i.

Case(i): Almost everywhere we have p, supported on one or two points.
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Here we can assume that u, is a.e. distributed evenly. So in the case it has
support of one point, ¢, it will be the Dirac measure, d,, on that point; in the
case that it has support two points, it will be of the form

1
Mz = 5(5901 + 5@2)'
Lemma 3.1.1. For g € I'y, the assignment

x+_>a(g-ax(gJD)_1'V@n>m

s again Z-equivariant.

Proof. Let v, = a((g, 0) -z, (g,O))f1 “V(g,0)-x Since for any £ € Z we have

a(ac, (e,é)) Uy = a(w, (e,ﬁ)) -a((g,O) -, (g,O))_1 " V(g,0)a>

which by the commutativity of the I'y and Z actions equals
-1
a((gve) *Z, (gve)) (X((g,()) - Z, (6,6)) 'V(g,O)ﬂc

Oé((g,E) T, (gvg))ily(g,ﬁ)-z = V(e)x-
U

But then we would be able to create a new equivariant assignment of measures
with
1 _
€= 5(”2? + a(g " T, (970)) L. V(g,0)-z
The only way that this could fail to have larger support, and hence by giving a
contradiction to our choice of p,, is if

~1
Ck(g © T, (gv 0)) “V(g,0)-x = Ha
almost everywhere.

There was nothing specific about choice of g, and so quantifying over all ele-
ments of I'; we in fact obtain

T g

a I'y X Z equivariant assignment.

Subcase(ia): There are finitely many ends, 1, 9, ..., @y, such that for a.e. x,
L is supported on @1, ..., p,.

For notational simplicity let us assume the measure p, is a.e. supported on a
single point. (The support on two points case is entirely similar.) We may fix
some non-null A C X such that for all z € A,

HCE = 5<pi0)

some 7g. But then, using that the stabilizer of a single end has infinite index,
Proposition 2.6, we choose v € I'y such that v - ¢;, € {¢1,...on}. Since 7 is an
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orbit equivalence we can measurably choose for each x € A some f(z) € X N [x]
with
v-m(z) = 7(f(2)).

The function x — f(z) is measure preserving, since it is a morphism included in
the equivalence relation, and yet for all 2/ € f[A] we have

Mg = 57-<pi07

contradicting a.e. every point in X having the associated measure supported on
P1; P25 - Pn-

Subcase(ib): There does not exist a set of finitely many ends on which pu, is
supported a.e.

Again, let us make the simplifying assumption that u, has support a single
end a.e; the case where it is supported on two ends a.e. is only notationally more
complex. For each = in the corresponding conull set let ¢, be the end on which
1 is supported. The equivariance assumption on the measures translates across
to give

Piy)e = (@, (7, 4)) - pa-

Consider X? equipped with the measure p?. Our case assumptions imply that
the set A of triples (x1,z2,x3) for which ¢z, ¢z, , Pz, are distinct is non-null in
(X3, 13).

Now we are going to seriously use that 7 is an orbit equivalence. For each
v € 'y we define a corresponding action on (a conull subset of) X by

v =1y w(w).
The I'y X Z equivariance gives
Y Pr = Py
for all v € I'y, a.e. z € X. In particular we obtain that if (x1,x9,23) € A then
(’Y L1, $2,’Y’$3) € A

Fix S C I'y some finite connected set such that for a non-null collection of
(x1,m2,23) € A we have S separating ¢y, , ¥z, Pzg — 1.€.

Pa1(5); 02, (5)s Pus (5)

all distinct. We then let B be the set of (21, x2,x3) for which some I'y translate
of S separates @z, , Pry, Pus- This subset of A will be invariant under our induced
action of I'y.

Now we can proceed to the analogue of the Russ Lyons trick (see for instance
C2.3 [HKO05]). For each & = (x1,x2,23) € B we let Fz be the collection of v - S
which separate the three associated ends; the equivariance assumptions yield that

f,y.j‘:’)/'fj =df {’y-S' -5 < .7:5}
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By Proposition 2.4 we have each F3 finite, and in fact there will be a uniform
upper bound. We then let v, be a finite measure on I's which has

1/55(0') =1
if o € S’ for some S’ € Fyz, and
vz(o) =0

otherwise. We can then define a measure v on I'y by v = [ vpdp3 () — that is to
say,

v({o}) = p*({Z: 35 € Fz(o € §")}).
Lemma 3.1.2. v is I'y tnvariant.
Proof. Fix v € I's.
v({y to)}) = p ({#:39 € Fz(vlo € S'1)
= ({Z:35 €y Fzlo € 5'}),
which by equivariance equals
3(r=. / / _ . 3/(.—1 = . / !
p ({735 € Froz(oe8)}) =’ (v {7 :35 € Fz(o € 5)}),

but since the induced actions of I'y on X and then X3 are measure preserving,
this in turn evaporates away to give

p({7: 38" € Falo € 5)}) = v({o}),

as required. O

But now we have the radically ridiculous situation of v providing an invariant
finite measure on an infinite group.

Case(ii): p, is not supported on one or two points a.e.

Again we can find some single finite connected S C T'y such that for a p
positive collection of x € X there is a () positive collection of (¢1, @2, p3) for
which S separates o1, @9, 3. By ergodicity we obtain for u-a.e. x there is some
translate -.S of S for which there is a (u,)® positive set on which ~-.S separates
the three ends.

For each x in this conull set we let r, > 0 be the largest positive r for which
there exists some v - .S with

(12)? ({ (01,02, 03) | 1(7 - 8),02(7 - S), p3(7 - S) all distinct}) = r.
Again by ergodicity, there is a single ro such that r, = rg a.e. For each x in this
conull set we let H, be the collection of all v -.S such that

(1)* ({(p1, 02, 03) [ 91(7 - S), (7 - ), p3( - 9) all distinet}) = ro.

Appealing to Proposition 2.4 and recalling that the measure p, is finite we con-
clude that H, will be a finite set of finite subsets of I's.

We let 'y act on the finite collections of finite subsets of I's in the usual way,
vy H={y-T:T¢eH}
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Since I'y is torsion free, this action will be free. Z-equivariance gives that for all
{eZ and ae. x € X
H(e,@)-z = Oé((L‘, (676)) “Ha.

Then by ergodicity of the Z action on X we can find some single Hy such that
a.e. H, is a translate of Hy. For a.e. x we can then let g, € I's be the unique
element with

9z - HJ} - HO-
We can then define a new reduction

. X =Y

T = go - m(2),
with associated cocyle
Oé*:XX(F1XZ)—>F2,

(x’ (’Ya 6)) = g('y,é)-xa(x’ ('Ya 6))9:;1'

It follows from the structure of the definitions that
(X*(II), (676)) ' HO = g(e,@)-z‘a(xu (676))9517{0 =

g(e,ﬁ)-wa(xv (6, e))Hx - g(e,ﬁ)-xH(e,é)m = Ho,
and thus o* (ac, (e, E)) is equal to the identity in I's a.e.

But now we obtain a homomorphism from I's in the usual way. For each v € I'y
we define a function

fr: X =Ty
z—a’(z,(7,0).

The function is invariant under the action of Z, and hence, by ergodicity, constant
a.e. So we can let p(y) be that a.e. constant value of f,(x). Since

f’Yl (’72 : :C)fwz(x) = f’Yl'YQ (:C)

we obtain that p is a homomorphism. Let A be the kernel. Our journey home
will be over once we verify A is a amenable.

But for any h € A we have a.e. x € X with
a(z, (h,0)) = e,
and thus there must be some ¢ € Z such that
7 ((h,0) - x) = (e,0) - ().

Thus we have a Borel reduction of the equivalence relation induced by A to the
equivalence relation induced by the action of {er, } x Z, which implies the former
group is amenable. U



20 INESSA EPSTEIN AND GREG HJORTH

4. SELECTION OF AN END

The connection between countable Borel equivalence relations and the ability
to select a given number of ends from each component of a particular graphing
has been previously explored in the measure theoretic setting by Adams [Ada90],
Paulin [Pau99] and Jackson-Kechris-Louveau [JIXL02]. In the descriptive set
theoretic setting, Miller [Mil] recently showed that if a Borel equivalence relation
admits a graphing whose number of ends is finite and is at least two, then the
equivalence relation must be hyperfinite. This is also the case for equivalence
relations that admit graphings for which one can select, in a Borel fashion, from
each component a number of ends that is finite and is at least two. Unfortunately,
every countable Borel equivalence relation with infinite classes admits a locally
finite single-ended graphing. Even assuming infinitely many ends, the ability to
select two does not place any bound on the complexity of the equivalence relation.

Example Let I' = (IF; x Z) *F9 and as in the previous aside in Section 2.3, take
the canonical generating set, S. We let X be the standard Borel space of all
functions

f:T —{0,1}

where f assumes non-zero values on ezactly one of the right cosets of o X Z. Set
f1R fo if there is some

o e St

such that o - fi = f5, where we define the usual shift action by

o f(r) = flo~ 7).

Given f € X, we obtain different ends of [f]r by for instance considering the
various right cosets of Fy x Z. For each right coset

(F2x Z)g

we choose a ray inside {og - f : 0 € Fy x Z}. Then we obtain a resulting end ¢
with
p(F)

the connected component of C(I", S)\ F' containing all but finitely many points in
the ray. Moreover, we do have the ability to select an end inside each equivalence
class: Namely choose the coset of Fa xZ on which f achieves some non-zero values.
Finally, he equivalence relation is not amenable, in fact it has no reasonable bound
on its complexity. We can Borel reduce E]%ZQXXZZ to Eff .

The example above, however, did not come equipped with a Borel probability
measure, and this is the critical issue. If we assume infinitely many ends and
the existence of an invariant Borel probability measure, then there is no way of
choosing an end for each class.
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Theorem 4.1. Suppose that E is an ergodic, measure preserving equivalence
relation on standard probability space (X, u) that admits a graphing R with in-
finitely many ends. Then there is no E-invariant Borel assignment

x— @, € O(R|[z]E).

Proof. Assume, for the purpose of contradiction, that there is such an assignment.
Let [X]<* denote the standard Borel space of finite subsets of X and let

[E]<° ={S € [X]<® |Vx,y e S zEy} C[X]|*®

denote the set of pairwise E-related finite subsets of X. First, let = — {F¥},en
be a Borel assignment of enumerations of the finite connected subsets of [z]g.
Indeed, the set

C<* ={S € [X]**| S is connected }
is Borel and so is C<°° N [E]<*>. Given a Borel ordering <x on X, one can use
a lexicographical ordering on C'<®° N [E]<* to obtain the enumeration.

Then for each = € X, there is some F' € {F},cn such that o(F) # ¢, (F) for
some ¢ € O(R|[z]g). In particular, [z]g \ ¢z(F) is infinite. Then if we let N,
be the size of the smallest such F' in the enumeration, the assignment x +— N, is
FE-invariant and, by ergodicity of F, is constant almost everywhere. Thus, let N
be such N = N, for almost every = € X.

Lemma 7.3 of Kechris-Miller [[X)M04] guarantees the existence of a finite Borel
subequivalence relation £y on a Borel subset Y C X such that

(1) Yz € Y, [z]g, is connected in R|[x]g;
(2) Y is an almost everywhere complete section for E.

Then if we let
Fo={lyley | yEa} C [la]e] ",

then x — F, is an E-invariant Borel assignment to disjoint connected subsets of
[z] g such that for all F' € F,, [z|g \ ¢z (F) is infinite. Observe that F, is infinite
almost everywhere. Otherwise, by ergodicity of F, the assignment x — |F,| < oo
is constant almost everywhere and we have a Borel F-invariant way of selecting
a finite set of elements from each FE-equivalence class, contradicting the non-
amenability of E.

We say that ' € F, is bad if
VF' € F, F C . (F) = F C . (F).

Lemma 4.1.1. For almost every x € X, there are only finitely many bad F € F,
and, thus, we may assume that none are bad.

Proof. First, note that for two distinct bad Fi, Fy € F,,, we must have ¢, (F;) U
0z (Fy) = [z]g. Indeed, if we let y & @ (F1) U @z(F2), then let us consider a
path from y to Fy; U F5. Without loss of generality, assume the path reaches
F first. Then since F; and F, are disjoint, we must have that F; C ¢, (F5) or
F> C ¢, (F1). By badness, both these inclusions hold and, as a result, y € ¢, (F»),
leading to a contradiction.
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Now let
Ay, ={F € F, | F is bad}.

Then x — A, is also an E-invariant Borel assignment so that A, is infinite.
V={yeX|IFecA, y&¢(F)}
Then p(Y) > 0 since u([Y]g) > 0. We now define an equivalence relation F' on
Y by
yFys <= 1By and IF € Ay, = Ay, y1,92 € @a(F).
Then this is a measure preserving equivalence relation with infinite classes. How-
ever, if we then for y € Y, let F, be the one element in A, such that y & F),

then this assignment is F-invariant and F' must be smooth, leading to a contra-
diction. O

Then we may then obtain a Borel assignment
z = {Fnen € Fo
such that
(1) Fiy1 Cee(Fy) and F7 € 0p(F7);
(2) F7,., so that the distance from F7 | to F) is minimal;
(3) if F¥ = FY, then Fy,, = FY, .
Lemma 4.1.2. Suppose that Fy, Fo, F3 € F, and the following hold:
(1) F> C @u(F1), F3 C py(F2);
(2) F ,@ (PJ:(FQ)y F3 ,@ ‘Pw(F?))'
Then F3 C o, (F1) and Fy € @, (F3). In particular, in the above sequences, if
j > 1, then
Fy Cou(F),  F € ou(F).
Proof. There is a path inside ¢, (F3) from F, to F3 such that ps N Fy = () since
Fy € ¢, (Fy). Then since Fy C ¢,(F1), F3 C @u(F1).

If i C p,(F3), then there is path inside ¢, (F3) from F3 to Fy avoiding Fh
since Fy € . (F3). Now, since F3 C o, (Fy), this implies that F; C ¢, (Fy) also
and we obtain a contradiction. O

Lemma 4.1.3. For almost every x € X, given T € F,, there exists some n € N
such that for all i > n, F* C @ (T).

Proof. Suppose that for some | € N, Fj* Z ¢,(T) since otherwise we are done.
Let p be a path from F}* to T" and let n € N be such that n > [ and for all i > n,
F? avoids p. Then for ¢ > n,

T C o (FYY) or Fi* C oo (T).

The former cannot happen since it would imply that F* C ¢, (F;*) and contradict
the previous lemma so we are done. O

Lemma 4.1.4. If xEy, then there exist i,j7 € N such that F* = F]y.
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Proof. Suppose that this is not the case. First, let n € N be obtained by the
previous lemma such that
Vizn F Céy(Fy) = ¢2(Fy)

and the distance from F§ to F) is the minimum possible given the above con-
straint. It must then be that

F§ € 62(F )
Indeed, there is then a path from FY 41 to Fy inside ¢u(FY 1) and a path from

F? to F}) avoiding F”_ ,, leading to the conclusion that Fy C ¢,(FY. ;).
0 n+1 n+1

As a result, by the previous lemma again, we may let k € N be least such that
FE C 6u(FY,,).
Let po be a path from F}7 | to F}¥ of minimal length inside ¢, (Fj’_;). Observe

that po avoids F, ;. Indeed, otherwise FY | C ¢,(Fj—1) and the distance from
FY 41 to Fy7_; is smaller than the distance from F}’ to F}’_;. Since
Fkxfl ,@ (bm(F;z/—f—l)

by our choice of k, this would entail that F}* = FY i1

Furthermore, let p; be a path from F! | to F inside ¢, (F?, ;). Obtain the
path ps from pg by reversing the order of the path py. Now pips gives a path
starting in ¢, (F?Y 1) and ending in Fj? ;| avoiding FY +1- We may thus conclude
that Fj7 | C gbx(Fg Jr1), leading to a contradiction to our choice of k. O

As a result, we have
tBy = Ji,jeN VneN F., =F/ .
Let f2 € I'([z]g) be defined by

n—1
1
T— 1p=.
Fn N-n ; E;
Then each fZ € I'([z]g), 1 fa i ((a)) = 1 and
VeEy | fy = il — O

This witnesses that E is amenable, contradicting that £ has infinitely many ends.
O

5. EQUIVALENCE RELATIONS AND PERCOLATION

5.1. Amenable subequivalence relations. Let (X, ) be a standard proba-
bility space and E a Borel equivalence relation on X. Following Kechris-Miller
[KXMO4], we say a subequivalence relation F' C E is normal if there is a countable
group of Borel automorphisms G = {g; };cn that generates E and such that each
gi preserves F' in the sense that

zFy <= gi(v)Fg;(y) VieN Vz,yelX.
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As an example, suppose that A is a normal subgroup of a countable group I'
and I' ~ (X, p). Let Er, Ea be the orbit equivalence relations obtained from the
action of I' and the action of I" restricted to A, respectively. Ea is then clearly
normal in Er.

For a compact metric space K, we denote by M(K) the compact space of
measures on K (see [Kec95]). Furthermore, we let

M<o(K) ={ve M(K) | |[supp(v)| <2}
M3(K) = M(K) \ M<a(K).

As mentioned previously, let 9G be the compact space of ends of a countable
graph G.

Proposition 5.1. Suppose that E is a measure preserving equivalence relation
on standard probability space X and F C E is an ergodic subequivalence relation
that admits a locally finite graphing R such that for almost every x € X, R|[x]p
has infinitely many ends. Let Fy C E be a normal subequivalence relation. Then
F N Fy is non-amenable or smooth almost everywhere.

Proof. Let {g;}ien be a countable enumeration of automorphism group elements
witnessing that £y is normal in £. For the purpose of contradiction, suppose that
F N Fy is actually amenable. Following the methods of Hjorth-Kechris [HI<05]
and using the Furstenberg-Zimmer lemma (see Chapter 4 of [Zim&4]), consider a
p-measurable map

x = vy € MOR|[z]F))

that is Fy N F-invariant almost everywhere, i.e.,
e(FoNF)y = vy =1y

for almost every z,y € X.

One situation is that v, € M<y(9(R|[z]p)) for a subset of X of positive
measure. This set is, of course, F' N Fy-invariant. We may assume that the map
T — U, is maximum and claim that it is F-invariant as well.

Fix 7 € N. Let

A ={z € X | gi(z)Fx}.
and consider the measure v}’ = vy, (,). We claim that the assignment = — v’ is
also F'N Fy-invariant on [A;]pnr. Suppose that xFpy. Then by normality of Fj
in F, we have
9i(2) Fogi(y)-

Thus,

Vgi(a) = Vaily) and vg' = vy,
Consequently, for almost every = € [A;|pynr, by maximality of v,, we must have

supp(vy') C supp(vz)-
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So then,

VI = v,
for almost every x € [A;|pynr. Since this is the case for every i € N, the assign-
ment x — 1, is an F-invariant assignment.

Now, by ergodicity of F, either v, concentrates on two ends in O(R|[z]r) for
almost every x € X or on one end for almost every x € X. Theorem 4.1 precludes
the latter situation. Theorem D of Miller [Mil] ensures that every countable Borel
equivalence relation with a graphing for which it is possible to select two ends
from every component must be hyperfinite. As a result, F' must be amenable,
leading to a contradiction.

It remains that v, € Mj3(9(R|[z]r)) for almost every z € X. Since v, is
supported on at least three ends for almost every x € X, the set
3 3
[O(R|[z]r)], € [0(R|[z]F)]
of triples of distinct ends has positive (v,)3- measure for almost every z € X.
For 5
(61, 62,65) € [ORI]r)]’,
let S(¢1, P2, ¢3) be the finite connected subsets of [z]r of least cardinality that

separate ¢1, @2, ¢3. As mentioned earlier, if Fy, Fy € S(¢1, 2, ¢3), then F1NFy #
(). Since R is locally finite, this implies that each S(¢1, ¢2, ¢3) is finite. Let

F(¢1,2,63) = | S(61, 62, 03)-

Define the functions h, € I'([z]Fnr,) by
1
[ el
(oI, F (1, b2, 03)
Now, if z(F' N Fy)y, then h, = hy,. As a result, we may let
a(z) = max{he(y) | y(F N Fp)z}

1F(¢1,¢>2,¢>3) (y) dl/a:(¢1, P2, ¢3)

and then let
A={x € X | hy(z) = a(zx)}.
Then A is an almost everywhere Borel complete section for F'N Fy such that only

intersects every F'N Fy class in finitely many points. This establishes that £'N Fy
is smooth.

O

Corollary 5.2. If E is a measure preserving equivalence relation that admits a
locally finite graphing with infinitely many ends, then E does not admit a normal
ergodic amenable subequivalence relation.

Recall that an equivalence relation E is amenable if there exists a sequence
An: B — R of non-negative Borel functions such that

(1) \* € I}([z]g) where \?(y) = A\"(x,y) for zEy;
@) Azl =1
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(3) there is a Borel E-invariant set A C X with u(A) = 1 such that
s = Ayl =0
as n — oo for all xEy with =,y € A.

Following Jackson-Kechris-Louveau [JIX[.02], E is 2-amenable if there exists a
doubly-indexed sequence {\,, ,,,: E — R}, men of non-negative Borel functions
such that conditions (1) and (2) hold as above and also there is a Borel E-
invariant set A C X with p(A) = 1 such that for all z,y € A such that zEy and
€ > 0, there is some M € N such that for all m > M, there is some N € N such
that for all n > IV,

[ A — )‘Z’mHll({x}E) <e

Proposition 2.13 of Jackson-Kechris-Louveau shows that a Frechet-amenable
equivalence relation (this includes 2-amenable equivalence relations) is p-amenable,
but this uses the Continuum Hypothesis. By Appendix 2 of Adams-Lyons [AL91],
the statement “E on (X, p) is amenable” is a projective statement and is true in
ZFC without the assumption of CH.

Definition Suppose that E C F are countable equivalence relations on standard
probability space (X, ). We say that F' is given by a Z-action over E if there is
an action Z ~ X/E such that for a.e. z € X, [z]p = J(Z - [x]g) and there is a
Borel function

m: X x7Z—X

such that [7(z,0)]p = - [z]p for all z € X, { € Z.

Proposition 5.3. If E is amenable and F' is given by a Z-action over E, then
F' is also amenable.

Proof. Let \™: E — R be a sequence of functions witnessing the amenability of
ErNF. Given x € X, let F¥ = k- [2]p (this is the k-th equivalence class from
x). We will need the following lemma:

Lemma 5.3.1. There exists a Borel sequence of functions {pgtrez: X — X
such that oy (z) € F¥.

Proof. Let G ~ (X, ) be such that Eg = F. Then let {g, }nen be an enumera-
tion of G. Then define fr: X — N by letting gx(x) be the least n € N such that
gn(z) € k- [z]g. Then it is routine to check that each g is Borel and we may let

o1(T) = gf@) - - O
We then define functions Ay € I'([z]r) as follows:
)\n
n,m __ 1)
Ar lg 2m+1

It remains to establish that the doubly-indexed sequence {A™"™}, nen wit-
nesses the 2-amenability of F. For this purpose, let F'y. Then there is some
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k € Z such that k - [z]g = [y]p. Without loss of generality, we may assume that
k is non-negative. We then let M be such that k/M < e. Then let m > M.

Note that for every [ € Z, Fé = F'*F and, as a result, ¢;(y)Eg,(z). By our
choice of the sequence {\, },en, for every [ € Z, there is some N; € N such that
for n > Ny,

HAZZ(m <e.

n
Prk(T)

Mler(w)e)

Let N =max{N; | —m <1 <m —k} and let n > N. Then

[\~ )‘Z’mHzl(

[z]F)
ubs o) 3 o)
2m+1 2m+1
ll|<m ll|<m 1'([z] )
1 m
(5.1) ~o9m+1 Z sm(:v Z )‘sm(y
l=—m+k l=—m 1 ([z]F)
—m+k—1
(5.2) Z M) ~ Z Moutw)
l=m—k+1

1 ([=]r)

We now calculate (5.1) and (5.2) separately. Note that for n € N and [ € Z,

Abi(y) concentrates on [¢i1(y)]E. Thus, for (5.1), we have

w1y

1 m
om 4+ 1 Z 901(96) Z )‘wz(y
l=—m+k l=—m 1 ([z]F)
1 m—k
T om+1 Z Pryk(T Z )‘w (v)
l=—m l=—m 1'([2]F)
m—k
1 (2m+1)e
n _ )\TL =
2m+1 zz_:m‘ ere@ ~ Y0l e T 2m 1

For (5.2), we have
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1 —m+k—1 m
ol 22 Maw 2L Maw
l=—m l=m—k+1 1 ([z]F)
—m+k—1

1 1
< AT (
~2m+1 2 ‘W“)Mmum+2m+1z§%H

l=—m =m—

ATL
P11 (1 )

k

< < — 9.
Somal Tomy1 SeTeT e

From the above calculations,

A = A gy < 3€
O

5.2. Percolation on Cayley graphs. It turns out that the analysis of equiv-
alence relations admitting graphings with infinitely many ends has some appli-
cations to percolation. We recommend the book by Lyons and Peres [LP] for a
thorough introduction to the subject.

Let us consider a locally finite countable graph G - in fact, for our purposes,
we will just consider Cayley graphs of finitely generated groups. If we let E be
the set of edges in G, then every element in the space X = {0,1}¥ has a natural
identification with a subgraph of G.

A bond percolation is a probability measure on the space X. In particular, the
Bernoulli bond percolation is obtained by equipping {0, 1} with the Bernoulli(p)
measure and X with the product measure for some p € [0, 1]. This can be thought
of as independently removing edges in G with probability 1 — p. We will denote
the Bernoulli bond percolation with parameter p by f,,.

There is a very prominent connection between percolation on Cayley graphs
of countable groups and countable equivalence relations. I' acts on E by right
translation and this induces a shift action on {0,1}¥. This gives rise to the full
equivalence relation Er given by the orbit equivalence relation associated to the
action I' ~ {0,1}¥. This is clearly ergodic since it is even mixing. Furthermore,
the cluster equivalence relation E¢ (see Gaboriau [Gab05]) is formed by letting
xEl’ily if and only if there is some v € I' such that y~! -2 = y and v is in the
connected component of the identity in x.

The number of infinite clusters in x will actually be constant for p,-almost
every x € X and there will be 0, 1 or infinitely many infinite clusters.

Associated with any Cayley graph are the constants
pe(G) = inf {p | pp —a.e. x € X has an infinite cluster}

pu(G) = inf {p | pp —a.e. x € X has infinitely many infinite clusters},

Héggstrom-Peres [HHP99] showed that for a given graph G, there are three phases
in [0,1]. In particular, there are no infinite clusters p,-a.e. for p < p.(G),
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infinitely many infinite clusters p,-a.e. for p.(G) < p < p,(G) and exactly one
infinite cluster py-a.e. for p > p,(G). Graphs for which p.(G) < p,(G) are said to
have a non-unique percolation phase. Pak, Smirnova-Nagnibeda [PSN00] showed
that every finitely generated non-amenable group admits a Cayley graph with
a non-unique percolation phase. Lyons and Schramm [[.599] showed that for
p > pc(G), the infinite clusters are indistinguishable and the cluster equivalence
relation is ergodic when restricted to the p,-positive measure set U of elements
in {0,1}¥ with an infinite cluster at the identity.

An L-graphing of an equivalence relation E (see Kechris-Miller [IXM04]) is a
family ® = {¢;};cs of partial automorphisms where ¢;(x)Ex for every i € I and
x € X such that if xFy, then there is a word w consisting of elements of ® such
that w(z) = y. To every L-graphing corresponds a graphing R where

(z,y) ER = Fped o¢x)=yor¢ *(z)=y.
The full equivalence relation on (X, ) is graphed by the set
¢ = {¢S}SES

where ¢, corresponds to the action by the generator s—'. The cluster equivalence
relation is graphed by

> = {¢%}ses

where ¢ is the restriction of ¢ to the set of elements 2 € X such that the edge
(er, s) lies in @. In the graphing R of E& on (X, p,), for every z € X, RH.’IJ]EFZ is
isomorphic to the cluster containing er in x. Since for almost every = € X, every
infinite cluster has infinitely many ends, the graphing R has infinitely many ends
almost everywhere as well.

For a non-amenable group I' with Cayley graph G, Eff is non-amenable ex-
actly when p > p.(G). If there are infinitely many infinite clusters j,-a.e., then
the resulting equivalence relation has infinitely many ends, which implies non-
amenability. If there is just one infinite cluster, then Rr coincides with Rff on
the set U C X of elements that have an infinite cluster at the identity, which has
pp-positive measure. Conversely, the cluster equivalence relation is pi,-almost
everywhere finite for p < p.(G) and p,-hyperfinite for p = p.(G); it was first es-
tablished that at p.(G), the clusters are pu, -almost everywhere finite in [BLPS99].

We can now look at the infinite clusters in (X, y1,) in terms of the associated
cluster equivalence relation. Specifically, we may conclude the following;:

Corollary 5.4. Let I’ be a finitely generated non-amenable group with a normal
infinite amenable subgroup A. Let G be a Cayley graph of I' with a non-unique
percolation phase and p € (pe,pu). Then for py-almost every x € {0, 1}E, every
infinite cluster has only finitely many points in A.

Remark After learning of this result by email, Lyons [L.yo] obtained Corollary
5.4 for amenable subgroups of finitely generated non-amenable groups without
the assumption of normality. His argument is also more direct than ours.
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In contrast, a cluster’s interaction with I' in I" x Z is very different even when
the cluster does not have infinitely many ends, as witnessed by the following;:

Corollary 5.5. Consider G = (V,E) be a locally finite Cayley graph of T x Z
where T' is a non-amenable group. Let p > p.(G). Then for p,-almost every
x € {0,1}F, there is some n € N such that

N (I x [-n,n])

contains an infinite cluster in the induced subgraph structure.

Proof. We establish this on a subset of (X, 1) of positive measure and conclude
the result by ergodicity of the cluster equivalence relation when restricted to the
subset of X that has an infinite cluster at the identity. We show that if this is not
the case, then Er N F is py-hyperfinite, where F' = Eff is the cluster equivalence
relation and Er is the orbit equivalence relation arising from the canonical action
on I' by shift. We define an increasing sequence {E, },en of equivalence relations
as follows:

xFEypy if and only if

(1) T, (3,00 z =y
(2) (v,0) is in the connected component of eryz in x N (I’ x [—n,n]).

It suffices to check that each FE, is an equivalence relation since it is evident
that £, C Er N F and {J,cn En = Er N F.

Indeed, suppose that for some n € N and z,y,z € X, we have zFE,y and
yE,z. Then let 71,72 € I' witness the first condition above for xE,y and yF, z,
respectively. Then

2= (12,007 y = (72,0 (11,07 = (1172, 0) 7 -
There is a path p; from (er,0) to (71,0) in N (I x [-n,n]) and a path py from
(er,0) to (72,0) in ((71,0)~ - 2) N (T x [-n,n]). As a result, (y1,0) - p2 from
(71,0) to (7172,0) in z N (" x [—n,n]). As a result, the concatenation of p; and
(71,0)pe witnesses the second condition for x and z and we may conclude that
zFE,z.

(]
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