HW2, Math 223d, Fall 2009

Due date: Wednesday, November 11, 1pm at start of class

1. Let X be a Polish space and let Y C X be a subset which is Polish in the subspace topology.
Show that Y is G5 in X.

2.Recall that S, is the group of all permutations of the natural numbers with the topology of pointwise convergence. S
Show that S, does not have a compatible complete left invariant metric. That is to say, there is no metric

d:Soo X S — RZY

such that: (i) it generates the topology on S.o; (ii) it is complete (i.e. every Cauchy sequence converges); and (iii)
Voi,02,T € Seo(d(o1,02) = d(T01,T032)).

3. (i) Let X,Y be Polish. Let B C X x Y be Borel. Show that for each open V C Y
{z € X : B, NV isnon — meager}
is Borel.!

(ii) Let G be a Polish group equipped with a Borel action on a Polish space X — in other words, the function

GxX—-X

(9,2) = g-x
is Borel. At each B C X let
BAY ={ze€X:{geV:g -z c B}isnon — meager}

is Borel.

(iii) For G, X as above, d a compatible right invariant metric on G bounded by 1, and B C G Borel, V' C G open,
z € X, let
@fm/ : G — [0,1]
by B (g) = inf{d(g,h) : h -z € BAV}.
Show that the function
X — G
(0,1]

av
T ol

is Borel.

IRemarks: (a) Here By = {y € Y : (z,y) € B}. (b) Probably the natural way to prove this is by some kind of transfinite induction —
e.g. show that the sets B with the property we want form a o-algebra containing the open sets. If you go that route, you may also want to
observe at some point in the induction that each set of the form

{zx € X : B NV isco — meager inV'}

is also Borel.



