
Strikwerda 3.2

3.2.1. Show that the (forward-backward) MacCormack scheme
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is a second-order accurate scheme for the one-way wave equation. Show that for f = 0 it is
identical to the Lax-Wendroff scheme.

Rearranging, the scheme is
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which is the same as the Lax-Wendroff scheme (3.1.2) if f = 0. The symbols are
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Since
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= ph,k(s, ξ) + O(h2) + O(k2),

the scheme is (2,2)-accurate.

3.2.2. Show that the backward-time central-space scheme
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is unconditionally stable.

Rearranging, vn+1
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m−1). Substitute gn′

eim′θ for vn′
m′ and then cancel the

factor of gneimθ to obtain
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h sin θ)−1.

Since |g(θ)|2 = (1 + a2k2

h2 sin2 θ)−1 ≤ 1 for all θ regardless of a, k, and h, the scheme is uncondi-
tionally stable.
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3.2.3. Show that the box scheme
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is an approximation to the one-way wave equation that is accurate of order (2,2) and is stable
for all values of λ.

The symbols for the scheme are

ph,k(s, ξ) = 1
2k (esk − 1)(eiξh + 1) + a

2h(esk + 1)(eiξh − 1)

= 1
2k (sk + 1

2s2k2)(2 + iξh) + a
2h(2 + sk)(iξh− 1

2ξ2h2) + O(k2) + O(h2)

= s + 1
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2sξh + i
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2 sξk − a
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4sξ2kh + O(k2) + O(h2),

rh,k(s, ξ) = 1
4(esk + 1)(eiξh + 1)

= 1
4(2 + sk)(2 + iξh) + O(k2) + O(h2).

Since rh,k(s, ξ)p(s, ξ) = (1+ 1
2sk+ i

2ξh+ i
4sξkh)(s+iaξ)+O(k2)+O(h2) = p(s, ξ)+O(k2)+O(h2),

the scheme is (2,2) accurate.

The amplifying factor is one:

0 = 1
2k (g − 1)(eiθ + 1) + a

2h(g + 1)(eiθ − 1)

g(θ) =
h(eiθ + 1)− ak(eiθ − 1)
h(eiθ + 1) + ak(eiθ − 1)

|g(θ)|2 =
[(h + ak) + (h− ak) cos θ]2 + (h− ak)2 sin2 θ

[(h− ak) + (h + ak) cos θ]2 + (h + ak)2 sin2 θ

=
(h + ak)2 + 2(h2 − a2k2) cos θ + (h− ak)2

(h− ak)2 + 2(h2 − a2k2) cos θ + (h + ak)2
= 1.

So the scheme is stable for all values of λ.
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