Strikwerda 3.1

3.1.1. Using equations Y. ay = 1, Y. ayf = —a), and > a,f?> = a®)\2, show that the Lax-
Wendroff scheme is the only explicit one-step second-order accurate scheme of the form v"! =

a1V, 11 + Qo + @10, .

Any explicit one-step second-order accurate scheme must satisfy > oy = 1, > ay¢ = —a), and
> apf? = a®\2. With the requirement that o, = 0 for |[¢| > 1, these equation reduce to

opt+ag+a; = 1
o] — o1 = —al
ar+a_; = a?)\?,

which has the unique solution a; = %*(aX — 1), ap = 1 — a?A?, a_y = %*(aX + 1). To see that
this is the Lax-Wendroff scheme, rearrange equation (3.1.1) to find
a\ a?\?
= Uy — 7(”2&1 —Up_1) + 5
= (ad—1) vl g+ (1 —a® )l + (1 +a\) vl .
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3.1.2. Solveus+u, =0, -1 <z <1,0 <t < 1.2 with u(0,z) = sin27z and periodicity,

ie., u(t,1) = u(t,—1). Use the forward-time backward-space and Lax-Wendroff methods with

1 1 1

A = 0.8. Demonstrate the order of accuracy of each method using h = 5, 55, 49>

1
and g.
Measure the error in the L? norm and the maximum norm.

The plots below show the errors for the two methods vs. i (for each h, the two norms compute

approximately the same errors). Indeed, the forward-time backward-space method is first-order
accurate and the Lax-Wendroff method is second-order accurate.
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Implementation (MATLAB):

$%% Forward—time backward—space %%% %$%% Lax—Wendroff %%%
hset = [1/10,1/20,1/40,1/80]; hset = [1/10,1/20,1/40,1/80];
L =0.8; L =0.8;
L2Error = []; L2Error = [];
MaxError = []; MaxError = [];
for h = hset for h = hset
x = (—1/h:1:1/h—1)+h; = (—1/h:1:1/h—1)«h;

x
v = sin(2*pi*x); v = sin(2+xpixx);
t = 0; t = 0;

a = [0.5%xLx(L — 1), 1 — L"2, 0.5xLx(1 + L)];
while t < 1.2

v = filter([1—-L,L],1,v,L*v(end)); while t < 1.2
t =t + Lxh; v = filter(a,l,v([2:end,1]),...
end [a(2)»v (1) + a(3)xv(end),a(3)*v(1)]);
t =t + Lxh;
vexact = sin (2xpix(x—t)); end
L2Error = [L2Error,sqgrt (h)*norm(v — vexact,2)];
MaxError = [MaxError,norm(v — vexact,inf)]; vexact = sin(2+pix(x—t));
end L2Error = [L2Error,sqgrt (h)*norm(v — vexact,2)];
MaxError = [MaxError,norm(v — vexact,inf)];
plot (hset, [L2Error;MaxError],'.—"); end
title('Forward—Time Backward—S o) r');
plot (hset, [L2Error;MaxError], '.—");
title ('Lax—Wendroff Error');
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3.1.3. Solve the equation u; + u, = — sin” u with the scheme

2)\2
n+l _ n a\ n n a
Um = Unm — ?(vm+1 - fvmfl) + 2

(Vg1 — 20, + V1) + K fs

treating the —sin? u term as f(t,x). Show that the scheme is first-order accurate. The exact
solution is u(t, z) = cot~!(cot[ug(z — t)] + t) (Exercise 1.1.5). Use a smooth function, such as
sin(z — t), as initial data and boundary data.

Similar to the previous problem, this program tests the scheme with various step sizes. The plot
verifies that the scheme is indeed first-order accurate.

hset = 2%pi+[1/20,1/40,1/80,1/160,1/320]; L2 Error vs. h
L =0.8;

L2Error = []; 0.2 T T T

for h = hset

x = —pi:h:pi—h;

v = sin(x);

t = 0;

a = [0.5%xLx(L — 1), 1 —L"2, 0.5%xLx(1 + L)];

T

while t < 0.5 0.1
v = filter(a,1l,v([2:end,1]),...
[a(2)*v (1) + a(3)*v(end),a(3)*v(1)]) ...
— (Lxh)*sin(v)."2;
t =t + Lxh;

end
vexact = atan(tan(sin(x—t))./(1 + txtan(sin(x—t))));
L2Error = [L2Error,sqgrt (h)*norm(v — vexact,2)]; 0 L L L

end 0 0.1 0.2 0.3 0.4

plot (hset, L2ZError, '.—");



3.1.4. Modify the scheme of Exercise 3.1.3 to be second-order accurate and explicit.

Using f; = %(f sin? ) = —2sinu cosu = — sin 2u, we can replace the f; term in the derivation

of the Lax-Wendroff scheme to obtain

n+1
Um

)\2 k2 .
=V, — 51 — o) + 5 (U — 20, + v q) — T osin 2vy, — %(f:th — fm—1)

3.1.5. Determine the order of accuracy of the Euler backward scheme in Exercise 2.2.6.

Rearranging, the scheme becomes

+1/2 +1/2
optt — o, n avgl-‘rl — Uy s
k 2h o
vt — 4 a“ﬁwl —Umo1 a2kvq77ll+2 — 205 T Vo — gl akfﬁlﬂ — fm
k 2h (2h)? " 2h ’
so its symbols are
_ 1.8k ia o a’k
Pin(s,8§) = (™ —1)+ Fsinh — G5 (cos 26h — 1),
ren(s, &) = e — 1k sin ¢h.

The symbol of the differential operator P = % + a% is p(s,&) = s + ia&. Applying Theorem
3.1.1, we evaluate the accuracy:

Prn(8,€) — T (8, §)p(s,€)
(e — 1)+ Lsin¢h — ‘2127’2“(008 26h — 1) — (e5F — % sin&h)(s + iaf)
(1+ sk + 1s2k? — 1) + 2(¢h) — k(1 — 262p% — 1)
—se®® —jage™ + W ssin ¢h +ia™E ¢ sinh + O(K%) + O(h?)
= s+ %.92]{? +ia€ + a*%k

—s(1+ sk) — iaf(1 + sk) + @ s(ch) — CEe(eh) + O(K?) + O(h?)
= —1%k + O(K?) + O(h?).
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So the scheme is accurate of order (1,2).



3.1.6. Find the symbol and accuracy of the scheme
U:Lnﬂ = %(U:LnJrl +vmo1) — %(Ufn+2 - 2U?VL+1 + 2051 — Vo) +Efp
We must first normalize the scheme such that Ry, ,1 = 1:

n+1
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The symbol of the scheme is thus

e — cos hé .sin 2h& — 2sin hé
+ a1 .
k h3

Prn(s,§) =
Since
sin 2hé — 2sin hg = 2sinhfcoshf —2sinhé = 2(cosh§ —1)sinhé
= 2(—2sin? $hé) sin hE,
the symbol is equivalently

ek — cos hé sin? %h{ sin h&
Prn(s,€) = ————— —dai—— 45—

(the problem statement has a sign error). The accuracy is

Pr,n(5,8) — (8, &)p(s, )

e — I cos hé + 1% (sin 2hé — 2sin hE) — (s — ial?)

(1+ sk + 5sk%) — £(1 — 1n%€%) + 24 (2h¢ — §RPE — 2n¢ + 2R°E%)
—s 4 iag® 4+ O(k?) + O(h?)

= 12k 4+ 1822 L O(k?) + O(h?)

= =

With k& = h, the scheme is accurate of order 1.



