Convergence and Stability for Multistep Methods

We have been studying numerical methods to solve the initial value problem

{ Y0 =Fty(t), a<t<b a

y(a) =«

Let » > 0 and define ¢; = a +ih. We want to find values w; approximate that solution y; = y(¢;)
for each i. Consider the p + 1 step multistep method

Wy = Qag, ..., Wp = Qp,
p p 2)
Wiyl = Zakwi—k +h Z b f (tiees Wi—t)
k=0 k=—1
where ag,...,a, and b_y,...,b, are constants. We want to know when a method will work

well. A method is said to be convergent if it can achieve arbitrary accuracy with a sufficiently
small stepsize h,
lim max |w; —y(¢;)| = 0.
lim max |w; —y(ti)|
Important fact:
A consistent method is convergent if and only if it is stable.

Consistency
A method (2) is consistent if limj o o; = y; for i = 1,..., p and if the local truncation errors

p p
Tir(h) =+ |y = D aryik = > b f (g, Yik)
k=0 o

converge to zero as h | 0,

lim max |7;(h)| = 0. (3)
hl0 i>p

For multistep methods, there is an easy check for consistency: (3) holds if and only if

p p p
Zak:l’ —Zk‘ak—l-Zbk:l.
k=0 k=0

k=-1



Stability
On every step, a consistent method incurs a small error. A method is said to be stable if the
error propagates without growing too fast. Consider applying (2) to the perturbed problem

{ y(t) = flty(t), a<t<b

yla) =a+e € is small

Then (w;) should not vary too much from the approximation for the unperturbed problem.

Using Taylor expansion about (g, y9), we can approximate

y'(t) = ft,y)
~  f(to,yo0) + fi(to, yo)(t —to) + fy(to, o) (y(t) — vo)

g(t) = fy(to,yo) 4(t) + f(to, yo) + fi(to, yo)(t — to) 4(t) = y(t) — yo
X 9(t)
g(t) = Mg(t) +g(t)

for small ¢ — t;. So we can restrict our analysis of stability to equations of the form y/(¢) =
Ay(t) + g(2).

In fact, we can restrict even further. Let €, . . ., ¢, be a small perturbations, and let
wo = ag, ..., Wp = Qp, vg =g+ €y ..., Up=0Qp+€p,
P P P P
wiyr = Y agwi g +h > bef(tiok wiog) Vi1 = Y arviop +h Y bef (i vieg)
k=0 k=—1 k=0 k=—1
where f(t,y) = Ay + g(¢). The difference due to the perturbation is
P P
Vigl — Wiyl = Z ap(viek — wi—k) + h Z b [(Avi—p, + g(ti—k) — Awi—p — g(ti—p)]
k=0 k=—1
P P
= > ap(vick —wisg) +h Y beA(vimg — wig),
k=0 k=—1

so g(t) does not affect the stability analysis. Therefore, we can restrict to considering the
homogeneous problem /() = A\y().

We determine stability by behavior on the model problem: /() = \y(t), A € C.



Stability of the Model Problem
Applying (2) to the model problem, we have

Wiyl = Zasz K+ hA Z brw; g

k=-1
p

(1= hAb_1)wigr — > _(ak + hAb)wi_p, = 0.
k=0
This is a homogeneous linear difference equation—the solution of such equations is analogous
to homogeneous linear differential equations. Considering solutions of the form w; = 7!, we
obtain the characteristic equation,

p
(1= hAb_ )P = “(ag, + hAbp)rP™F = 0. 4)
k=0
Let r9(hA),...,rp(hA) denote the characteristic roots of this equation. We shall see that these

roots determine the stability. If all roots have multiplicity one, the general solution is

p
w; = Z cr rr(hA)
k=0

where the ¢, are determined by the initial conditions (and if r;(Ah) is a multiple root, there are
solutions i (Ah)™, nre(AR)™, n2r (AR, . ..).

When A\ = 0, the characteristic equation is

P
rPH— g aprP k=0
k=0

Consider the problem 3’ = 0 (so A = 0) and the initial values wy = w; = - -+ = w, = 0, then of
course w; = 0 for all 7. Compare this to the approximation with perturbed initial values
2o = €,21 = erg(0),..., 2, = ery(0)P.
Then Zi = erk(())i, and
|wi — zi| = e[y (0)['.
So the method is unstable if for any root |r;(0)| > 1. Conversely, if |r;(0)| < 1, then the error

|w; — z;| is bounded. For general A € C, similar conclusions can be made.

Define the root condition:

|Tk(0)‘§1 k=0,1,...,p,
and any root with |r;(0)| = 1 has multiplicity one.

A method is stable if and only if the root condition is satisfied.



A method is said to be stable for a given problem if it is robust against perturbation for suf-
ficiently small stepsize hy > 0. To determine this maximum stable stepsize hg, we define the
region of absolute stability.

The region of absolute stability is the set of all z = h\ such that |r(z)| < 1 for all roots.

For the model problem y’ = Ay, we should then choose h small enough such that A\ is inside
this region.

Examples
Consider the trapezoidal method:

wit1 = w; + % [f(tig1, wigr) + f(ti, w)] .-
In the form of (2), we have p =0, ap = 1, b_; = 3, by = 3. The method is consistent since
p P P
Zakza():l, —Zkak—l—Zbk:O—F%—i—%:l.
k=0 k=0 k=1
Its characteristic equation is
(I —=b_12)r —(ao+boz) = 0
(1—32)r—(1+%2) = 0,

where z = hA. When z = 0, it reduces to »r — 1 = 0. Its only root is 7¢(0) = 1, which satisfies the
root condition. Thus the method is stable. Since it is both consistent and stable, it is convergent.
The region of stability is where |ro(z)| < 1:

1
eI = || <

1+32] < |1-37]

lz4+2| < |z—2

z+27 < |z—2

(+2?2+y* < (@-22+y"  z=z+tiy

dr < —4dx

= x < 0

The region of stability is the left half-plane, Re z < 0. A method with the left half-plane in its
stability region is called A-stable.



Forward Euler’s method is
Wit1 = w; + hf(t;, w;).

We can rewrite as in (2) with p =0, ag = 1, b_1 = 0, by = 1. Its characteristic equation is
r—(1+2)=0,

where z = hA. We see that it is stable by noting that for z = 0, its only root is 7¢(0) = 1, which
satisfies the root condition. The region of stability is |1 + z| < 1, pictured below.

Unstable
Stable

/)
&

Backward (implicit) Euler’s method is
w1 = wi + hf(tig1, wit1).
In the form of (2), we have p =0, ag = 1, b_1 = 1, by = 0. Its characteristic equation is
(1-2z)r—1=0.

For z = 0 itis r — 1 = 0 with the root r¢(0) = 1. It satisfies the root condition, so the method is
stable. The region of absolute stability is

<1 = 1<|1—2|
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Backward Euler’s method is A-stable.




Consider the method
wip1 = dw; — 3wi—1 — 2h f(ti_1, wi—1),

withp=1,a9=4,a1 = -3,b_1 =0, by = 0, by = —2. This method is consistent, since
p p p
Y ap=4-3=1, = kag+ > bp=0+b =1.
k=0 k=0 k=—1

For h\ = 0, its characteristic equation is

r’—ayr—a; = 0

r?—4dr+3 = 0,

which has roots 79(0) = 1 and r;(0) = 3. Since r1(0) is outside of the unit circle, the root
condition is not satisfied and the method is unstable. Hence it is also not convergent.

Thus we see that it is possible for a method to be consistent but not convergent.

We seek an explicit fourth-order method of the form
wit1 = aow; + a1wi—1 + agwi—2 + b [bo f(ti, w;) + b1 f(ti1,wi—1) + baf(ti—2, wi—2)].

To be fourth order requires ag = 7, a1 = 9, ap = =8 — v, by = 3(9 —7), by = —2(9 + 2v),
by = —%(9 4 7). The characteristic equation for kA = 0 is

3 —r? —9r + (8 4+7) =0,
which has roots
ro(0) =1, 71(0)=3(y—1—12+2y+33), 7(0)=2(y—1++/72+2y+33).

However, since 42 + 2y + 33 > 32 for all v € R, we have |r1(0) — r2(0)| = /72 + 2y + 33 >
44/2 > 2. For any -, we cannot have both r1(0) and r(0) simultaneously inside the unit circle,
so there is no 7 such that the method is stable.

Therefore, there are no three-step explicit and stable fourth-order methods.



The Adams-Moulton two-step (implicit) method is

Wit1 = Wi + Thz [5f (tit1, wit1) + 8f (ts, wi) — f(tim1,wi—1)].

In the form (2), we have p = 1, a9 = 1, a1 = 0, by = 3, by = &, by = —75. The method is
consistent since
p p p
Zak:aozl, _Zkak+zbk:0+%+%_%:1~
k=0 k=0 k=—1

To check that this method is stable, we see that the characteristic equation for hA = 0 is

r? —agr—a; =0 = r°—r =20,

which has roots r¢(0) = 1 and r(0) = 0. The root condition is satisfied, so the method is indeed
stable. To find the region of absolute stability,

(1 — b_lz)TZ — (ao + boZ)T — (a1 + blz) =0
(1-— %z)r2 — 14+ E)r+52 = 0

In principle, we could compute both roots r(z), r1(z) and then find for which z both are inside
the unit circle, but that is hard.

12r(r—1)
_ 5r248r—1°
stability by substituting r = ¢’ As a function of 6,

Instead, solving for z, we have z = We can find the boundary of the region of absolute

®) 12e¥(e? — 1)
z = - -
5120 + 8e?? — 1

parameterizes the boundary of the region of absolute stability. (You can use this trick for any
method with the form (2).)
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Stable




The Adams-Bashforth four-step (explicit) method is

Wit = w; + a5 [55F (ti,w;) — 59f (ti—1, wim1) + 37f (ti—o, wi—2) — 9f (ti—s, wi—3)]

withp =3anday =1,a1 =0,a2 =0,b_1 =0, bg = %,bl :—%,bgz %,bgz—%. Its
characteristic equation is
rd — (ag 4 boz)r — (a1 + b12)r? — (ag + bez)r — (a3 +b3z) = 0
= (1 + B2+ 0 =3+ 22 = 0.

When z = 0, we have r* — r3 = 0, which has roots 7(0) = 1 and r1(0) = 72(0) = r3(0) = 0. So
the method satisfies the root condition and is stable. Using the same trick as on the previous
example, we can find the boundary of the region of stability from

B 24(ei49 _ eiSG)
~ 55eidd — 59¢i20 4 37l — 9’

z(0)

(In this case, the curve intersects itself twice, and two of the loops are unstable regions—these
excess loops have been removed in the plot below.)
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