Qualifying Exam on Numerical Analysis Weak Formulations

F’06. Let Q be an open, bounded and connected subset of R?, with sufficiently smooth boundary.
Consider the problem

—%((1 +22% + 3y uy) —uy, = finQ

(1 + 222 + 3y uzng +uyn, + \u

gonT = 09,

where f € L?(Q), g € L*(T"), @ = (n4, n,) is the outward normal to 99}, and A > 0 is a constant.

(a) Give weak variational formulations of the problem, by considering the cases A = 0 and A > 0. Show
that each of these formulations has one and only solution (under additional conditions on u, f, or g if
necessary, that you will specify).

(@) Leto = ( (1+2z;+3y4) <1J) such that the problem may be rewritten as

—V-(6-Vu) = finQ
n-oc-Vu+lu = gonl =90

Let V = H'(Q). For any v € V,

/Q—V-(U-Vu)v:/gfv
/QVU-0~VU—/FU(n-U-Vu):/va
Vo-o-Vu+ [ duwv= [ fv+ | gv.
J Jore= fe )

Let a(u,v) = [, Vv-0-Vu+ [ Auwwand L(v) = [, fv+ [ gv, then the weak formulation is: find u € V
such that a(u,v) = L(v) forallv € V.

Let C be such that [|v]| 2y < C'[|v]| 1. If we assume g € L?(T"), L(v) is continuous:

|L(v)] < Hf||L2(Q) ||UHL2(Q) + ||9||L2(Q) ||UHL2(F) < (||f||L2(Q) +C HQHLZ(Q)) ||”HH1(Q) :

Let B = sup(, ,)cq |1 + 22? + 3y*|, then we have that a is continuous

la(u,v)] < B ||VU||L2(Q) HVUHL2(Q) +A Hu||L2(F) HU||L2(F) < (B+XC?) HU”Hl(Q) ||U||H1(Q) :
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F’05. The following elliptic problem is approximated by the finite element method,

=V (a(@)Vu(@) = [f(@), Fe€Q=(0,1)x(0,1),
w(@) = wup(®), el ={(z1,22) 121 =0,0< a9 <1},
%D u(d) = 0, FeTy={(z1,22) 121 =1,0< 2y <1},
dgz(z) = 0, T e I's = {($1,$2> 0<z1 <1, 29 =0, 1}.

where 0 < A < a(z) < B fora.e.z € Q, f € L*(Q), and uqr, is the trace of a function uy € H'(12).

(a) Determine an appropriate weak variational formulation of the problem.

(b) Prove conditions on the corresponding linear and bilinear forms which are needed for existence and
uniqueness of the solution.

(c) Setup a finite element approximation using P, elements, and a set of basis functions such that the
associated linear system is sparese and of band structure. Discuss the linear system thus obtained, and
give the rate of convergence.

(a) Reformulate the problem as u = ¢+ ug, ¢ € V = {v € H'(Q) : v;r, = 0},

—V-(aV¢) = f inQ,
n-Vo+¢ = h inly,
n-V¢ = g inly,
where f = f+ V- (aVug), h = —n - Vug — ug, and g = —n - Vug. Assuming that a € L>*(Q), we have
fe H Q) and ug € H'(Q) implies h € H=(I';) and g € Hz(I's). Forv € V,

/S;v.(avgb)v:/glfv

=0 =a(h—¢)v =agv

/aVU~V¢+/ a¢v:/fv+/ ahv+/ agv.
Q I's Q I's T3

Let b(¢,v) = [ aVv-V¢+ [ a¢vand L(v) = [, fo+ Jr, ahv + [, agv, then the weak formulation is:
findu=¢+u, € H (), ¢ € V, such that b(¢,v) = L(v) forallv € V.

(b) Since vjr, = 0 and I', has positive length, there exists Cy > 0 such that [|Vv||;2q) = C1[[v]| 1)
Therefore, b is coercive:

b(v,v) = /Qa|V11|2 +/F alv’ > A|Vol[72q) > ACT 0]} o
2

Hv||iz(m + ||Vv||2LQ(Q), we have [[Vu| 2y < [[v]lg1(q)- There exists a constant C> > 0 such that

[vllr2(r,) < C2 |v]l g1 (q)- Therefore, b is continuous:

b(¢,v)| < B(1+C2) 19]l i1y 0]l 111 ) -

Let C3 > 0 be such that [|v|[ 2 (p,) < C3 [|v]| g1 (), then L is continuous since

By Cauchy-Schwarz, [b(¢,v)| < B[Vl L2 [VOllL2) + BlldllLa(ry) 0l L2(r,)-  Since ||7f||i11(9) =

IL)| < g1 1Wlar @) + BRI L2y 101|220y + B llgllLo g 10 L2 ry)
< (1Fll -1y + BC2 10l pa(ryy + BCs gl 12rg)) 10l ey -

Thus by the Lax-Milgram lemma, the weak formulation has a unique solution.
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W’05. Consider the boundary value problem

—-Au+u = f(z,y), for (z,y) € Q@ =10,1] x [0,1]
u = 0, for (x,y) € 9Q, x = 0,1
uy, = 0, for (xz,y) € 092, y =0,1

(a) Give a weak variational formulation of the problem.
(b) Analyze the existence and uniqueness of the solution to this problem. Assume f € L?(Q).

(c) Formulate a finite element approximation of the elliptic problem using piecewise-linear elements.
Discuss the form and properties of the stiffness matrix and the existence and uniqueness of the solution
of the linear system thus obtained.

(@ LetTy =9QN{z=0,1}and ', =90 N{y =0,1}. Let V = {v € H'(Q) : vy, = 0}. Forany v € V,

/Q—Auv-i-uv:/ﬂfv
/QVU~Vu+uv—/Flv(n-Vu) - /FZU(n~Vu) :/va

zero since vir, =0  zero since u, = 0 on I'y

Let a(u,v) = [,Vv-Vu+ww and L(v) = [, fv. The weak formulation is: find v € V such that
a(u,v) = L(v) forallv € V.

(b) Since a(u,v) = (u,v)m1(Q),H1(Q), it is coercive and by Cauchy-Schwarz it is continuous. The linear
form L(v) is continuous, also by Cauchy-Schwarz:

IL)] < £l L2y 10l L2y < 1712 @) N0l oy -

By the Lax-Milgram lemma, the problem has a unique solution.
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F04. Let Q be a sufficiently smooth and bounded domain in the plane and let the boundary T" of ) be
divided into two parts 'y and T's. Give a variational formulation of the following problem:

—Au+u = f in{,
n-Vu = g only,
u = ug O0on FQ,

where f, ug and g are given functions satisfying some appropriate assumptions (that you should spec-
ify). Formulate a FEM for this problem, and discuss (verify) the assumptions of the Lax-Milgram lemma.
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W’04. Consider the following problem in a domain Q C R? withT' = 9S).

—Au+ B+ o +u = f  inQ
u = 0 inl

where (3, and (3, are constants.
(a) Choose an appropriate space of test functions V, and give a weak formulation of the problem.

(b) Foranywv €V, show that

/(ﬁl ’U-’-ﬁz . )d.T:O

(c) By analyzing the 11near and bilinear forms, show that the weak formulation has a unique solution.

(d) Set up a convergent finite element approximation and discuss the linear system thus obtained.

(a) Set V = HY(Q) = {v € L*(Q) : |[Vo| € L2(Q), v = 0} and let 8 = (g;). For any v € V,

/Q—Auva(ﬂ'vu)erm’:/va
(n-Vu)UZ/QfU-

=0

/QVv-Vu—k(/B-Vu)v—Hw—/

r

Let a(u,v) = [, Vv-Vu+ (8- Vu)v+uv and L(v) = [, fv. The weak formulation is: find v € V' such
that a(u,v) = L(v) forallv € V.

(b) Forany v € V,

/(ﬁl v+ﬁ2 )dxz/vﬁ-Vu
Q
:—/qu-(vB)Jr/Fv(vﬂ)-n:—/Qv(gazﬁﬁaa;;ﬁz)=—/Qv5-W-

Therefore, [, v3- Vv =0.

(c) V = Hy(Q) is a Hilbert space with inner product (u,v) = [, Vu-Vo+uv. If f € H~1(Q) = (H'(Q))/,
then L(v) = (f,v) -1 m; is a continuous linear form. By part (b), we have

a(v,v) = /QVU -Vou+ovv = HU||§{6 ,
so a is coercive. Let ||| ,- denote max{|3|,|32|}. By Cauchy-Schwarz,

< lull g 101z + 18l ges 0]l L2 V] 2 -

= |(u,v) my 12 +/Q(ﬁ-Vu)v

since [[v]2y = |o]22 + [|V0]2., we have [[v]] 2 < [[v] 7y and [ V]l 2 < [[o] 5, which yields

la(u, v)[ < (L4 (1Bl goe) lull gz ol g -

So «a is a continuous bilinear form. Therefore, by the Lax-Milgram lemma, the weak formulation has a
unique solution.
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F’03. Develop and describe the piecewise-linear Galerkin finite element approximation of

—Autu = flz,y), (z,y)eT ={(z,y):x>0,y>0, z+y <1},
u = qi(z), (r,y)eTi={(z,y):y=0,0<2x<1},
u = ¢2(y), (z,y)eTa={(z,y):2=00<y<1},

% = h(z,y), (v,y)eTs3={(z,y):x>0,y>0, z+y=1}

Justify your approximation by analyzing the appropriate bilinear and linear forms. Give a weak formula-
tion of the problem. Give a convergence estimate and quote the appropriate theorems for convergence.

Define g € on 9T such that g7, = g1 and g;;, = go. Assume that g is smooth enough such that an
extension § € H%(ﬁT) exists with g, = ¢. Then there is a lifting u, € HY(T) such that UgloT = G-
Reformulating the problem as u = uy + ¢, ¢ € Hjp (T) = {v € H'(T) : vir,ur, = 0}, the Dirichlet
boundary conditions are homogeneous:

“Ap+¢ = f+Aug—uy, inT,
¢ = 0, onT; UTs,
n-Vé¢ = h—n-Vug, on T3.

Let f = f + Auy —ugand h = h — n - Vau,. Foranyv eV = Hjp (T),

/T—A¢v+¢v:/va

/TVU-VQH—WJ—/TIUH(n~V¢)U—/T3(n~V¢)v:/TfU.

=0 =hv

Let a(¢,v) = [, Vv V¢ + ¢vand L(v) = [, fo+ Ir, hw, then the weak formulation is

Find v € H'(T) such that
u=ug+¢, ¢V,
a(¢p,v) = L(v), YveV.

V is a Hilbert space. Since a(¢,v) = (¢,v)v,v, is coercive and by Cauchy-Schwarz continuous. If
f,h € H-Y(T), then f,h € H-'(T) and L is continuous. Then by the Lax-Milgram lemma, the weak
formulation has a unique solution.



