Qualifying Exam on Applied Differential Equations Winter 2005

1. Consider the partial differential equation
Upt — Ugy — 22Uy = 0, O<x<l, t>0,
with the boundary conditions u,(t,0) = u,(t,1) = 0, t > 0, and initial conditions
u(0,x) = e~ *(wcosmx + sinmx), ut (0, ) = 0, 0<z<l

Show that a separation of variables leads to an eigenvalue problem in the variable x. Determine the
eigenvalues and the eigenfunctions for the eigenvalue problem. Find a solution that satisfies the bound-
ary and initial conditions.

Let u(t,z) = T(t) X (x), then TTH = )g(” + 2% = ). First we solve for X (z):

X"4+2X'—2X = 0
wW42w—A = 0 = w=-1+vV1I+\

o0

o1 an(z) cos(nmz) + by (x) sin(nmz). This

Since u is periodic (by the boundary conditions), X (z) = )
requires that the imaginary part of w is n, so

—(1+ M) =(nm)? = A\, =-1—(nn)*
The eigenvalues are e™* cos(nmz) and e~ sin(nmz). The equation 7" — \,, T = 0 implies
T(t) = cpcos /1 + (nm)t + dy, sin /1 + (nm)?t,

so the general solution is

o0

u(z,t) = Z e™ [ay cos(nmx) + by, sin(nma)] [cn cos\/1+ (nm)?t + d, sin/1+ (mr)2t] .

n=1

The boundary condition u,(0,z) = 0 implies that d,, = 0. The initial condition gives a,, and b,,:

ay =T
n=0 for 1
u(0,x) = e~ 7 (wcos T + sin 7x) — Z . n#
1 p—

b,=0 forn#1

The solution to the problem is u(x,t) = e~% (7 cos Tz + sin wx) cos /1 + 72t.
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2. Let ¢ € C1(R?). Solve the following Cauchy problem in R3,
T1Uey + 202Uz, + Uy = 3U,
u(z1,w2,0) = p(z1,22).
Use the method of characteristics with the initial parameterization I' = (sq, s2, 0, ¢(s1, 52)).
¥y = m xh = 2 xh u o= 3u
21(0) = s 22(0) = s x3(0) u(0) = p(s1,82)
r, = set To = s9e%t x3 u = (s1,s2)e3
s1 = xe7 "3 Sy = @xge 2

So u(w1, z2, 13) = p(r1e7%3, w00~ 2%3)e3%3,
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3. Let u(x) be harmonic in the unit disc |x| < 1 in R?, and assume that u > 0. Prove the following
Harnack’s inequality:

u(0) < u(x) <

0 1.
< TR0, lel<

1—r?
where Pr(e) = m, re (0, 1), RS [0,271'] Note that

_ _ 2 2
1—r _ 1—r7r SPT(H)S 1—r _ 1—|—r.
1+7r 1+ 2r 472 1—2r 412 1—r

So, by the mean-value property,

L+7 [ u(e) 1+
< dep = 0).
“(“")—kr/o o 99 = 7 ul0)
1—r [?7u(e 1—
Similarly, u(z) > T +:/0 u(; ) dy = . +:u(0). Therefore,
1— || 1+ |z
< 0 1.
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4. Letu(z,t) € C°(R3 x R) solve the Cauchy problem for the wave equation

upg —Au=0, xR t>0,
u(a:,O) = 90(37); ut(a:,O) = 1/)(55)7

with o(x) and () being smooth compactly supported functions on R3. Use an explicit formula for the
solution to show that there exists a constant C > 0 such that we have, uniformly in z € R3,

C
|u(z,t)] S?, t>0.
The solution is given by Kirchoff’s formula,

10 t
u(z,t) = =5 (t /|5|—1 oz + ctf) ng) + - P(x + ct€) dSe,

where the integrals are over the surface of the unit sphere and, for this problem, ¢ = 1. The change of
variables z = z + t&, dz = 23d¢, dS, = t?dS; yields

10 ds, t ds,
u(@t) = A Ot <t/zw—t<p(2) 12 >+47T/zm—tw(2) 2

10 (1 11
- 22 (t /”H o) dSZ> +47Tt/|ml_t¢(z)dsz.

Let M = ||¢||r~ and N = ||¢)||=. The integrals are bounded,

/ lo(2)] dS. s/ lo(2)dz = il < oo,
lz—x|=t supp ¢

[ wenas. < [ el = il < o
|z—z|=t supp
Fort > 1,
119 |lellr 11 1lellpr 11
N < — | Z0FNENy L 2 2 - — =z
el < i |t vle w2 Tl
(sincet > 1) 1 1
< — .
<77 il + 9l

Andfor0 <t <1,
/|  1e(:)145. < 4ol /| ()48, < an?lylse
z—x|=t z—x|=t

which implies

9 il

n t2[|h]| Lo
ot

t

llellzoe + tl[3][ Lo

< lellzee +[[9llze < (lellzee + [[Pllz)/t.

ju(z, )| < |

A

Choose C' = max { 1 (Il¢llL: + [[¥]21), (lellzee + [[¥llL=)}-
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5. Solve the inhomogeneous problem for the Laplace operator in the unit disc
D= {(z,y) e R?: 2% +3% < 1},

Au=2z%>—-9> onD

u=20 on 0D.

In polar coordinates, the problem is

2

%({%(T%)+%%:T2(COSQQ*$H29) on0<r<1,0<8<2m,
u=0 onr =1.
With the change of variables r = e~*, with 4= = —e~t = —, 4t = _1 '+ — _]ogr, yields
dt dr T
Lo (0w _ 10 ( oudt
r or or - ror ot dr
10 1
= ;5(—%&) = putt-

S0 uyy + ugg = r*(cos® O — sin® 0), or equivalently, uy; + ugg = e~** cos 26.

First we solve the homogeneous problem w;; + ugg = 0. With separation of variables, u(t,0) = T'(t)O(6).
Since © is periodic, the eigenfunctions of %” = )\ are cosnf and sinnfd. The eigenfunctions of TT” =-A\
are "' and e~™, or in terms of r, »—™ and »”. Thus the solution has the form

up(r,0) = Z 7" (a, cosnb + by, sinnb).
n=1

Now we find a particular solution to u;; + ugg = e~ ** cos 2. Substituting u,, = Ce™*! cos 20 yields

C(—4)%e " cos20 — C2%e " cos20 = 12Ce " cos20 = C= 3.

So u=up+u, =Y r"(a, cosnf +sinnd) + r* cos 26. The boundary condition u|,—; = 0 requires that

an, by, = 0 for all n except ay = —%. Therefore,

_ 1.2 1,4
u = 57 C0829+12T cos 46

= & [-r*(cos® 0 —sin? ) + r° - r*(cos® 0 — sin® 0)]

= H[-@-)+ @+ -] = 5@+ -1 - 7).

Ju
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6. Find the Fourier transform of the integrable function x — (sinz)?/z%. Hint: Determine first the

1

Fourier transform of x — z~!sinzx.

Let f(z) = {8 E‘ég, then

—2mi& Xl

f(g) _ /a 0—2miET] g — —bi2sin(27€a)  bsin(27af)

—a

Let g(&) = {g Ilgl‘ijj , then §(z) = 22, Therefore,

(Sm x><5>=<g<x>g<x>f ©) = (9%9)(©)
) {m—mn €l <

0 &l >

Al =
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7. Consider an autonomous system in R", «/(¢t) = f(x(t)), where f = (f1, fa,..., fn) is a smooth vector
field, such that

Zwkfk(x) <0 forxz #0.
k=1
Show that tlim x(t) = 0, for each solution of the system, independent of the initial condition z(0).
Let V(z) = 3(z% + -+ + 22). Then V is positive definite and V (z) — oo as ||z|| — oc.
V() =VV(x) f(x) =Y axfe(z) <0 inR"
k=1
The origin is the only invariant subset of the set {z : V*(z) = 0} = {0}. Thus by Lyapunov’s second

method, the zero solution is globally asymptotically stable. So tlim x(t) = 0 independent of the initial
condition z(0).



