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1. Consider the partial differential equation

utt − uxx − 2ux = 0, 0 < x < 1, t > 0,

with the boundary conditions ux(t, 0) = ux(t, 1) = 0, t > 0, and initial conditions

u(0, x) = e−x(π cosπx+ sinπx), ut(0, x) = 0, 0 < x < 1.

Show that a separation of variables leads to an eigenvalue problem in the variable x. Determine the
eigenvalues and the eigenfunctions for the eigenvalue problem. Find a solution that satisfies the bound-
ary and initial conditions.

Let u(t, x) = T (t)X(x), then T ′′

T = X′′

X + 2X
′

X = λ. First we solve for X(x):

X ′′ + 2X ′ − λX = 0

w2 + 2w − λ = 0 =⇒ w = −1±
√

1 + λ.

Since u is periodic (by the boundary conditions), X(x) =
∑∞
n=1 an(x) cos(nπx) + bn(x) sin(nπx). This

requires that the imaginary part of w is nπ, so

−(1 + λn) = (nπ)2 =⇒ λn = −1− (nπ)2.

The eigenvalues are e−x cos(nπx) and e−x sin(nπx). The equation T ′′ − λnT = 0 implies

T (t) = cn cos
√

1 + (nπ)2t+ dn sin
√

1 + (nπ)2t,

so the general solution is

u(x, t) =
∞∑
n=1

e−x [an cos(nπx) + bn sin(nπx)]
[
cn cos

√
1 + (nπ)2t+ dn sin

√
1 + (nπ)2t

]
.

The boundary condition ut(0, x) = 0 implies that dn = 0. The initial condition gives an and bn:

u(0, x) = e−x(π cosπx+ sinπx) =⇒


a1 = π

an = 0 for n 6= 1
b1 = 1
bn = 0 for n 6= 1

The solution to the problem is u(x, t) = e−x(π cosπx+ sinπx) cos
√

1 + π2t.
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2. Let ϕ ∈ C1(R2). Solve the following Cauchy problem in R3,{
x1ux1 + 2x2ux2 + ux3 = 3u,
u(x1, x2, 0) = ϕ(x1, x2).

Use the method of characteristics with the initial parameterization Γ = (s1, s2, 0, ϕ(s1, s2)).

x′1 = x1 x′2 = 2x2 x′3 = 1 u′ = 3u
x1(0) = s1 x2(0) = s2 x3(0) = 0 u(0) = ϕ(s1, s2)

x1 = s1et x2 = s2e2t x3 = t u = ϕ(s1, s2)e3t

s1 = x1e−x3 s2 = x2e−2x3

So u(x1, x2, x3) = ϕ(x1e−x3 , x2e−2x3)e3x3 .
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3. Let u(x) be harmonic in the unit disc |x| < 1 in R2, and assume that u ≥ 0. Prove the following
Harnack’s inequality:

1− |x|
1 + |x|

u(0) ≤ u(x) ≤ 1 + |x|
1− |x|

u(0), |x| < 1.

The Poisson integral formula is

u(reiθ) =
∫ 2π

0

u(eiϕ)Pr(θ − ϕ)
dϕ
2π

where Pr(θ) =
1− r2

1 + r2 − 2r cos θ
, r ∈ (0, 1), θ ∈ [0, 2π]. Note that

1− r

1 + r
=

1− r2

1 + 2r + r2
≤ Pr(θ) ≤

1− r2

1− 2r + r2
=

1 + r

1− r
.

So, by the mean-value property,

u(x) ≤ 1 + r

1− r

∫ 2π

0

u(eiϕ)
2π

dϕ =
1 + r

1− r
u(0).

Similarly, u(x) ≥ 1− r

1 + r

∫ 2π

0

u(eiϕ)
2π

dϕ =
1− r

1 + r
u(0). Therefore,

1− |x|
1 + |x|

u(0) ≤ u(x) ≤ 1 + |x|
1− |x|

u(0), |x| < 1.
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4. Let u(x, t) ∈ C∞(R3 × R) solve the Cauchy problem for the wave equation{
utt −∆u = 0, x ∈ R3, t > 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x),

with ϕ(x) and ψ(x) being smooth compactly supported functions on R3. Use an explicit formula for the
solution to show that there exists a constant C > 0 such that we have, uniformly in x ∈ R3,

|u(x, t)| ≤ C

t
, t > 0.

The solution is given by Kirchoff’s formula,

u(x, t) =
1
4π

∂

∂t

(
t

∫
|ξ|=1

ϕ(x+ ctξ) dSξ

)
+

t

4π

∫
|ξ|=1

ψ(x+ ctξ) dSξ,

where the integrals are over the surface of the unit sphere and, for this problem, c = 1. The change of
variables z = x+ tξ, dz = z3dξ, dSz = t2dSξ yields

u(x, t) =
1
4π

∂

∂t

(
t

∫
|z−x|=t

ϕ(z)
dSz
t2

)
+

t

4π

∫
|z−x|=t

ψ(z)
dSz
t2

=
1
4π

∂

∂t

(
1
t

∫
|z−x|=t

ϕ(z) dSz

)
+

1
4π

1
t

∫
|z−x|=t

ψ(z) dSz.

Let M = ||ϕ||L∞ and N = ||ψ||L∞ . The integrals are bounded,∫
|z−x|=t

|ϕ(z)|dSz ≤
∫

suppϕ

|ϕ(z)|dz = ||ϕ||L1 < ∞,∫
|z−x|=t

|ψ(z)|dSz ≤
∫

suppψ

|ψ(z)|dz = ||ψ||L1 < ∞.

For t ≥ 1,

|u(x, t)| ≤ 1
4π

∣∣∣∣ ∂∂t ||ϕ||L1

t

∣∣∣∣+ 1
4π

1
t
||ψ||L1 =

1
4π
||ϕ||L1

t2
+

1
4π

1
t
||ψ||L1

(since t ≥ 1)
≤ 1

4π
(||ϕ||L1 + ||ψ||L1)

1
t
.

And for 0 ≤ t ≤ 1,∫
|z−x|=t

|ϕ(z)|dSz ≤ 4πt2||ϕ||L∞ ,
∫
|z−x|=t

|ψ(z)|dSz ≤ 4πt2||ψ||L∞ ,

which implies

|u(x, t)| ≤
∣∣∣∣ ∂∂t t2||ϕ||L∞t

∣∣∣∣+ t2||ψ||L∞
t

= ||ϕ||L∞ + t||ψ||L∞

≤ ||ϕ||L∞ + ||ψ||L∞ ≤ (||ϕ||L∞ + ||ψ||L∞)/t.

Choose C = max
{

1
4π (||ϕ||L1 + ||ψ||L1), (||ϕ||L∞ + ||ψ||L∞)

}
.
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5. Solve the inhomogeneous problem for the Laplace operator in the unit disc
D = {(x, y) ∈ R2 : x2 + y2 < 1}, {

∆u = x2 − y2 on D
u = 0 on ∂D.

In polar coordinates, the problem is{
1
r
∂
∂r

(
r ∂u∂r

)
+ 1

r2
∂2u
∂θ2 = r2(cos2 θ − sin2 θ) on 0 < r < 1, 0 ≤ θ ≤ 2π,

u = 0 on r = 1.

With the change of variables r = e−t, with dr
dt = −e−t = −r, dt

dr = − 1
r , t = − log r, yields

1
r

∂

∂r

(
r
∂u

∂r

)
=

1
r

∂

∂r

(
r
∂u

∂t

dt
dr

)
=

1
r

∂

∂r
(−ut) =

1
r2
utt.

So utt + uθθ = r4(cos2 θ − sin2 θ), or equivalently, utt + uθθ = e−4t cos 2θ.

First we solve the homogeneous problem utt +uθθ = 0. With separation of variables, u(t, θ) = T (t)Θ(θ).
Since Θ is periodic, the eigenfunctions of Θ′′

Θ = λ are cosnθ and sinnθ. The eigenfunctions of T
′′

T = −λ
are ent and e−nt, or in terms of r, r−n and rn. Thus the solution has the form

uh(r, θ) =
∞∑
n=1

rn(an cosnθ + bn sinnθ).

Now we find a particular solution to utt + uθθ = e−4t cos 2θ. Substituting up = Ce−4t cos 2θ yields

C(−4)2e−4t cos 2θ − C22e−4t cos 2θ = 12Ce−4t cos 2θ ⇒ C = 1
12 .

So u = uh+up =
∑
rn(an cosnθ+sinnθ)+ 1

12r
4 cos 2θ. The boundary condition u|r=1 = 0 requires that

an, bn = 0 for all n except a2 = − 1
12 . Therefore,

u = − 1
12r

2 cos 2θ + 1
12r

4 cos 4θ

= 1
12

[
−r2(cos2 θ − sin2 θ) + r2 · r2(cos2 θ − sin2 θ)

]
= 1

12

[
−(x2 − y2) + (x2 + y2)(x2 − y2)

]
= 1

12 (x2 + y2 − 1)(x2 − y2).
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6. Find the Fourier transform of the integrable function x 7→ (sinx)2/x2. Hint: Determine first the
Fourier transform of x 7→ x−1 sinx.

Let f(x) =
{
b |x|<a
0 |x|>a , then

f̂(ξ) =
∫ a

−a
e−2πiξxb dx =

−bi2 sin(2πξa)
−2πiξ

=
b sin(2πaξ)

πxi
.

Let g(ξ) =
{
π |ξ|< 1

2π

0 |ξ|> 1
2π

, then ǧ(x) = sin x
x . Therefore,

(
sin2 x

x2

)b
(ξ) = (ǧ(x)ǧ(x))b(ξ) = (g ∗ g)(ξ)

=

{
π(1− |πx|) |ξ| < 1

π ,

0 |ξ| > 1
π .
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7. Consider an autonomous system in Rn, x′(t) = f(x(t)), where f = (f1, f2, . . . , fn) is a smooth vector
field, such that

n∑
k=1

xkfk(x) < 0 for x 6= 0.

Show that lim
t→∞

x(t) = 0, for each solution of the system, independent of the initial condition x(0).

Let V (x) = 1
2 (x2

1 + · · ·+ x2
n). Then V is positive definite and V (x) →∞ as ||x|| → ∞.

V ∗(x) = ∇V (x) · f(x) =
n∑
k=1

xkfk(x) ≤ 0 in Rn

The origin is the only invariant subset of the set {x : V ∗(x) = 0} = {0}. Thus by Lyapunov’s second
method, the zero solution is globally asymptotically stable. So lim

t→∞
x(t) = 0 independent of the initial

condition x(0).


