Qualifying Exam on Applied Differential Equations Fall 2004

1. Solve the following initial-boundary value problem for the wave equation with a potential term,

U —Uge +u =0, 0<zx<m, >0,

w(0,¢) = u(m,t) =0, ¢>0,

u(z,0) = f(z), w(z,00=0, 0<z<m,
where

fa) :{ x ifz € (0,7/2),

7m—x ifze(r/2,7).
The answer should be given in terms of an infinite series of explicitly given functions.

Applying separation of variables, the solution has the form
u(z,t) = Z an (t) sinnz.
n=1

Substituting into the PDE yields

Z al(t) sinnx + Z n?a,(t)sinnx + a,(t)sinnzr = 0
an(t)+ (n® + Day(t) = 0,

which implies that a,(t) = ¢, cosvVn? + 1t + d,, sin v/n? + 1¢. The initial condition u:(z,0) = 0 deter-
mines that d,, = 0 for all n. From the other initial condition u(z,0) = f(x), the ¢, are the Fourier series
coefficients for f, f(x) =), ¢, sinnz.

™
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Cn = f/ f(z)sinnzdz = f{/ xsinnxd:v—i—/ (ﬂ—x)sinnasdx}
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T n? 0 if n is even.

4sinng { A (-1)™ ifnisodd,
Thus the solution is

4D .
u(z,t) = Z T2k )2 cos[ty/(2k + 1)2 + 1]sin[z(2k + 1)].
k=0
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2. Letu(z,t) be a bounded solution to the Cauchy problem for the heat equation
U = a*Ugzy, t>0, zER, a>0,
u(x,0) = o(z).
Here ¢(z) € C(R) satisfies
lim ¢(x) =b, lim ¢(z) =c.

r——+00 T——00

Compute the limit of u(x,t) ast — +oo, x € R. Justify your argument carefully.

The solution is

_@=w?

1 o0
wot) = s [ ey
1 o .
= 7/ e_zzap(x + 2V4a?t)dz substitute z = ==, dz =
™ — 00

4a2t
(e[

The boundary conditions and continuity imply that ¢ is bounded, let |p(z)| < M. The integrand is

1
Va2t dy

dominated by M e~ s0 by dominated convergence,

—€

—€ o0 oo
/ e_ZQcp(x + 2V4a?t)dz + / e_z2g0(9c + 2V4a?t) dz / e edz + / e %' bdz

t—oo
— 0 € —o00
— VT T
qo “get b

For any ¢ we have

/ e—z2¢(x+z\/m)dz</ 1-Mdz = 2eM — 0 aSelO.

—€ —€

Therefore,

lim u(z,t) = —= | —c+0+ —

t—o0o ﬁ 2 2
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3. Consider the following damped wave equation,

{ ug — Au+a(x)uy =0, (z,t) € R? x R,

Ult=0 = U0, Ut|t=0 = U1.

Here the damping coefficient a € C§°(R?) is a nonnegative function and ug,u; € C$°(R?). Show that
the energy of the solution u(x,t) at time t,

B0 = 5 [ (Vo +uf)

is a decreasing function of t fort > 0.

Claim: Fix o € R® and tq > 0. Let C' = {(z,t) : 0 <t < to,|z—xo| < |to —t|} be the cone of dependence
for point (zo,ty) and define B, = C N {t = 7}. Then v = u; = 0 in By implies v = 0in C.

Proof: . Lete(7) = [ 3 (Jue|* +|Vul?) dz, then

e(r) = ugge + Vu - Vg

.

Uplpp — / urAu + / utg—:; the third term is zero since 0B, = 0}
B

. B, 0B,

ut(Au—aut)—/ ur A
BT

I
N

T~

= —/ au? < 0.
BT

Also observing that e(0) = 0 and e(7) > 0, we have e(7) = 0 for 7 > 0. So u; = Vu = uy; = 0in C and
hence u =01in C.

The claim implies that the solution has finite propagation speed: w(z,t) = 0 for d(x, K) > t, where
K = supp ug Usuppu;. For any fixed ¢, there exists an open bounded set K; such that u(z,¢) = 0 on K.
Therefore, E(t) is a decreasing function of ¢,

El(t) / UtUgt + Vu - Vut
K

= /ut(Au—aut)—/ utAu-i-/ ut%
K K, DK =~

= —/ aufgo.
K
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4. Prove that each solution (except x1 = xo = 0) of the autonomous system

¥y = w4z (2 + 23)
xy = —x1+aa(rf +13)

blows up in finite time. What is the blow-up time for the solution which starts at the point (1,0) when
t=07?

Multiplying the first equation by x; and the second by x> and then adding them,

rhry = ximo+ 22 (a? + 22) . rhwy +ahre = a3(2? +22) + 23(2? + 23)
Thry = —map +25(af +23) s@i+ad) = (af+a3)%
yields the one-dimensional equation
i =2
Then
dr
— = dt
3= ]
-1 -1
2r + 2r(0)
-1
rt) = ———.
Q(t - 27'1(0))

With the exception of x;(0) = 25(0) = 0, the solution blows up at ¢t = m < 00. The blow-up
time from the starting point (1,0) is t = 3.
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5. Let us consider a generalized Volterra-Lotka system in the plane, given by
2 (t) = f(z(t)), x(t) € R?

where f(z) = (fi(2), f2(2)) = (axy — br132 — €x?, —cwy + dr1wy — f23), and a,b,c,d, e, f are positive
constants. Show that
V(«pf);éo, 1 >0, 22 >0,

where o(x1,x9) = 1/(x122). Using this observation, prove that the autonomous system has no closed
orbits in the first quadrant.

Indeed, V - (¢f) # O:

V(of) = Vo-f+eV-f
fi fa

_ 2 2
= ——— - 5 + (axy — b9 — €x] — cxo + dx1T0 — f25)
T1T2 T1T5 X192

1
= (—exy — fx2) < 0.
X129

Suppose there is a closed orbit in the first quadrant. Let 2 be a domain with the closed orbit as its

boundary. Then
[en) = [ enen

/ Soflan 1’2,(E1)

o0

/ A
= / o( $1>x2 (-3, 27) = 0.
o0

Since ¢ and f are continuous, this implies that V - (¢f) = 0 for some (x1,z2) € ; contradiction.
Therefore, there is no closed orbit in the first quadrant.
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6. Let g € CL(R3). Prove that the vector field

1 a(y)(z —y
)= g /R3 Irf) yf? ay
enjoys the following properties:
1. wu(z) is conservative
2. V-u(z)=q(x) forallz € R?
3. |u(z)| = O(|z|~?) for large x.
Furthermore, prove that the properties (1), (2), and (3) above determine the vector field u(x) uniquely.

A fundamental solution of Av = f in three dimensions is K(z) = —ﬁ\/ﬁ. Then VK (z) =
(z1,22,%3) 1 =z

ﬁ(\/ﬁw = LaEsou=qxVK = V(q * K), which implies property (1).
For property (2), compute V-u = A(g+x K) = g+« AK = ¢g*xJ§ = q.

For property (3), let R be sufficiently large such that Bz (0) D supp ¢, then for |z| > 2R,

1 la(y) 1 1
w(@) < = Q< gl [
Wl < g7 fp0 o= oP ar e [ o Tl = P
< Llal=1Br) (2 i since |z| — R > 12l
S i ql|L>|DR ] z Z 3
1 _ _
< —llgllz=[Br(0)]|2] 2= O(lz|7?).
Consider the problems
u=Vf v="Vfo f1, f2 € C(R3)
lul = O(Jz]~?) lv| = O(|z|7?) for large |z
Letw =u —wvand f = f; — f, then
w=Vf Af=0 (sincew =V fand V-w =0)
Vew=o =\ fl=0(al"") forlarge |z
=0O(|x
lw| = O(|z]~2)

Since f is continuous and |f| = O(|z|~!) for large |z|, f is bounded. By Liouville’s theorem, bounded
harmonic functions must be constant; f = C. Then w = VC = 0, so u is uniquely determined.
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7. Consider the partial differential equation

uu, +up +u=0, (z1t)¢cR

e Find the particular solution that satisfies the condition u(0,t) = e~2,

e Show that at the point (z,t) = (1/9,log2), u = 1/3.

Applying the method of characteristics,

z' u t/ 1
2(0) 0 t(0) s
z = e ¥ e T2 t = s+7

e
e = J(eTt Ve T+ 4z) T = t—s
we have u(z,t) = Je~'(e™! + V=2 + 4z2).

At (z,t) = (1/9,log2),

U —u
u(0) e 2
— 677725
eftefs
5 _ 1
§) =3
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8. The function y(z,t) satisfies the partial differential equation

and the boundary conditions
y(,0) =1, y(0,t) =e" ",

where a > 0. Find the Laplace transform, 3(x, s), of the solution, and hence derive an expression for
y(x,t) in the domain x > 0, t > 0.

In terms of g(z, s), the problem is

Y, + U, — Y= (0) +27 =0
y(oas) = s.t,l_g,

where y,.(0) = 0 by the condition y(x,0) = 1. Therefore,

(*+s)y, +2y = 0
djy _ _2/ dx
Yy Tr+s
logy = —2log(z+s)+C
y(x,s) = 76” 1 *g
v\ (x4 5s)2 ats 82
2
Yl s) =

(ats)@+9)?

We can now find the solution y(z, t) either using transform pairs (e~*'u(t) < sia, te~tu(t) «
or using complex contour integration:

1
Grar)

( t) 1 +ioco+1 826315
x = _— _—
v\ 270 ) _jooq1 (a+s)(z+ )2

2 st

s“e R s2est o
= Res (W,S——a)—&-Res (W,S——m)

a’e” N (d Szest>
(a — Z‘)z ds ats s=—ux
2,—at .
_ a“e 4 (256.6t+sztest _ s2est )
(a — $)2 ats (at+s)? s=—x
a2€—at _2$e—xt +x2te—xt :L,Qe—mt

(a —x)? a—x (a —x)%




