Qualifying Exam on Applied Differential Equations Fall 2006

4. Consider the Laplace equation
Uge +Uyy =0, y>0, z€R
together with the boundary condition
uy(z,0) — u(x,0) = f(z),

where f(x) € C§°. Find a representation for a bounded solution and show u(z,y) — 0 asy — oo,
uniformly in x.

Take Fourier transforms over z to obtain

ﬁy(w, 0) - ﬁ‘(wa O) = f(w)
For each fixed w, this is an ODE with (bounded) solution
W(w,y) = c(w)e™ W,
The boundary condition implies
_ fw)
W
50 i(w,y) = —e l¥ f(w)/(1 + |w|). Since f is in the Schwartz space, f is in the Schwartz space, and

thus 4(w,y) and u(z, y) are in the Schwartz space for each fixed y. Together with the exponential decay
in y, this implies that u(z, y) is bounded.

To show that u(z,y) — 0 uniformly as y — oo, compute
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and since the integrand is dominated by | f (w)‘ €L
1 —lwly |
= — im - w)‘ dw = 0.
21 Jry—oo 1+ |w



