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The Schrodinger equation.

Consider the Schrodinger equation

Oufx,t)
(1) I~ = Hu,

Hu = Y:: (-—15% — Az, t))zu(::c, 1)

j=1

+V(z, t)u(z,t),

in a domain D C R™.

Equation (1) describes the nonrelativistic electron in a
classical electromagnetic field.

lu(z, t)|? is the probability density.
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The gauge group.

Denote by G(D) the group of all C°°(D) functions
c(z,t) such that |c(z, )| = 1 for all (z,t) € D. Group
G(D) is called the gauge group and the map v(z,t) =

c(x, t)u(x,t) is called the gauge transformation.

Note that if (i2 — H)u = 0 then v/ = c“ Yz, t)u
satisfies the equation (zm H') ' = 0 where z—-— —H' =
0 has the form (1) with (A(z,t),V{(z,1)) replaced by
(A'(z,t), V'(x, 1)) where

(2)

Al(z,) = Ay, 1) +ic” (m,t)acéz;t),

1<7<mnm,
de(z, t)
ot
Potentials (A(z, t), V(z,t)) and (A'(z,1), V'(x,t)) are
called gauge equivalent.

Viiz,t) = V(z,t) —ic” }z, 1)



The Aharonov-Bohm effect.

If o = ¢z, t)u then [W/(z, 1) = |u(z, 1) ie.
the probability density does not change under the gauge
transformation. The same is true for all observable quan-
tities. Therefore any two potentials (A, V) and (47, V")
belonging to the same gauge equivalence class are undis-
tinguishable in any physical experiment, i.e. they have

the same physical impact.
Let
oV 0A
B = curl A, E—-mgx—wwé——%—
be the magnetic and electric fields, respectively. It follows
from (2) that if (4, V) and (A’, V") are gauge equivalent
then the corresponding electric and magnetic fields are
equal : B=B', E=FE
In classical physics only electromagnetic fields (E, B)
have a physical meaning and electromagnetic potentials
(A, V) are mathematical tools only. If D is simply-
connected ( in this case any element of the gauge group
has a form c¢(z,t) = %@ where ¢(x,t) € C>(D) )
then E = E'. B = B’ implies that (A, V) and (A',V’)
are gauge equivalent.
If D is not simply-connected then there exists (A, V)
and (A’, V") such that B/ = E, B’ = B, but (4,V) and
(A’, V') belong to different gauge equivalence classes.
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It was shown by Aharonov and Bohm (Phys. Rev.
115, 485-491 (1959) ) that such electromagnetic poten-
tials have a different physical impact. It can be detected

in a physical experiment.
This phenomenon is called the Aharonov-Bohm effect.



The domain.

Let € be diffeomorphic to a ball in R™. let D C
Q x [0,7] be a domain with the following properties :
Denote Dy, = D N {t = to}. We assume that Dy, =
Qo \ UTL,9;(to) where Q;(ty) are a piece-wise smooth
nonintersecting domains, called obstacles;, 1 < 7 < m.
We assume that

Y (to) = UjZ1€(to)

depends smoothly on tg € [0,T].
Finally we assume that the normal to 8D \ (Do U Dr)

in R""! is not parallel to the t-axis for any t € [0, 7.
D O W oot @




Description of gauge equivalent classes.

Let v be a closed curve in D. Let f7 A-dx — Vdt be
the line integral in . Denote

(3)
R(A, V) = expli / (—A(z, 1) - do + V (@, 1)db)}.

v
R is called the nonintegrable phase factor (c.f. Wu, T,

and Young, C., Phys. Rev. D 12, 38-45 (1975) and
Olarin, S. and Popescu, 1., Rev. of Modern Phys., vol.
57, 339-436) ).

It is easy to see that if (A, V) and (A', V") are gauge
equivalent then
(4) R(A,V,v) = R(A",V',7)
for all closed v € D. Vice versa, if (4) holds for all ~,
then (A, V) and (A', V') are gauge equivalent in D).

To compute R(A, V,~) one can use the Stoke’s formula

/A cdx —Vdt = /(B;d:z:gdsﬁg + Bodxidzs + Bsdxidxo
Y S

(5) +Eidtdxy + Esdtdzs + E’gChdeCg)7

where n = 3, v = 05.
In the case n = 2 we have :

(6)

/A1d$1 4 Asdzy — Vdt = /(Bgdiﬁ@dmg + FEidtdx, + Egdtd$2>.
y g
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The right hand sides of (5) and (6) are called the elec-
tromagnetic fluxes.

Formulas (5), (6) can be used for the computations of
R(A,V,), especially when either the magnetic or elec-
tric fields is "shielded” inside the obstacles, i.e. when
either B or E is nonzero in Q'(t) = UJ%,€;(t) and zero
in D.



Two examples.

We consider two examples when the Aharonov-Bohm
effect is caused by the magnetic and electric fluxes, re-
spectively.

Denote by O, the disk {z1, 73 : 22 + 25 < r°}. Let
Q) = On\Oqy, D=0x(0,T)and (A,V)and (A, V') be
two electromagnetic potentials such that the correspond-
ing magnetic fields B = curl A and B’ = curl A" are
shield in O, x [0,7], ie. B= B =0in D.

= ’O’,e/
Suppose B = F'in D. Weshall describe the gauge equiv-
alence classes of electromagnetic potentials with given

electromagnetic fields (0, F) in D in term of magnetic
fluxes an Bdxdzsy. Since B= B' =0inDand E =L’



in D, the Stoke’s formula gives that
(7) /(A*A’)-dxm(V——V’)dt
g

depends only on the homotopy class of the closed curve
~in D.

Note that the gauge group G(D) consists of ¢(z,t) =
eimf+io(®t) where m € Z, p(x,t) € C°(D) and 6 is the
angle in the polar coordinates. Fix any to € [0,7]. Then
~ is homotopic to kv(tg), where ¥(#) is a simple closed
curve in the plane t = ty encircling O,.

Denote
b(t()) — f foa Bdﬂi’ldﬂﬁg, bl(tg) = f foa B’d$1d$2
the magnetic fluxes of B and B’. We have that
ffy(to)(A — A") - dz = b(ty) — V/(to) is independent of tg.

Denote b(tg) — b'(tg) = o. lf a # 2mp, Vp € Z
then (A,V) and (A, V') are not gauge equivalent, 1.e.
Aharonov-Bohm effect takes place. If o = 27k for some
ko € Z then the integral (7) is equal to 2mkok and there-
fore R(A,V,v) = R(A, V' ~) for all v, ie. (A,V) and
(A', V') are gauge equivalent.

This example is a slight generalization of the original
Aharonov-Bohm example when V = E = 0,

Alz) = -g—%(ﬁ%, %15) is independent of ¢, B = byd(x),

by = [ [, Bdxidz is the magnetic flux.
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Consider now the Aharonov-Bohm effect caused by the
electric flux. Consider an obstacle O(t) moving with
speed vg in the zi-direction :

O(t) = {(z1, 22, 1) : (x1 — vot)? + 5 < a’}.

Suppose E = (0, Ey), E' = (0, Ej) are electric fields
with supports in O(t), ie. E=E =0in

— (Ox x [0,7))\ O().

Let (A, V), (A, V") be electromagnetic potentials cor-
responding to electromagnetic fields (E, B), (E', B"), where
B = B'in D. Denote by Og,, the intersection of O(t)
with the plane x; = x1p and let vy, be a simple curve in

this plane containing Oy, ,. Denote by €( e(r1) = | O, EQdZCth,

e(r1) = | Os, EQdIth the electric fluxes.

Since E = “F' = 0in D and B = B' in D we have
that the integral (7) depends only on the homotopy class
of ~v. As above this leads to the conclusion that €’ (210) =
e(x1p) = o, where « 18 independent of z10. Potentials
(A, V) and (4’, V') are gauge equivalent iff o = 27ky for
some kg € 4.
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Gauge invariant boundary data.

Consider the Schrodinger equation (1) in D.

0
%%*HUWO (z,t) € D,

u(xz,0) =0, € Dy=Dn{t=0},
’U/laﬂf(t) = () Yt - {O, T]

where €'(t) = UTL,Q;(2).
On the boundary 8 x (0,T") we impose the following
boundary conditions:

(8) u(z, ) |*|aqex o) = J1(2, 1),

0
“é;|u($7t)12iaﬂgx(e,z") = fo(z, 1)

S(z, t)ulpogxior) = fa(z,1)
where Su = & (g; iAu) T is the probability current,
% is the normal derivative at 9. It is easy to see thatSu
is gauge 1nvariant.
Denote by A the Dirichlet-to-Neumann operator on

0y X (O,T):

ou
(9) Af = £ + (A - V)UIGQGX((];T)’
v
where@ — Hu=01n D, f = u|aqyx0.1)-

We say that the D-to-N operators A aﬁd N corre-
sponding to the Schrodinger operators 'z,m— — Hu = 0
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and i%%{- ~ H'W = 93__ respectively, are gauge equivalent if
there exists ¢ € G(D) such that

A = 051A0c0 on 0§ x (0,7,
where ¢g is the restriction of ¢(z,t) to 0 x (0,T).

Lemma .1. Let (iZ2 — H)u =0 and (12 —Hw =0

be two Schridinger equations in D, u(z,0) = u'(x,0) = 0,
ulz, t)]agf(t) = u’lagf(t) =0 forallt & [O,T}. Then the
D-to-N operators A and A are gauge equivalent on
O x (0,T) if and only if for any solution u there
erists u' such that the gauge invariant boundary data
(8) of u(z,t) and v'(z,t) are equal.
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Inverse problem.

We consider the inverse problem of the determination
of the gauge equivalent class of electromagnetic potentials
by the gauge equivalent boundary data.

An affiramtive solution of the inverse problem assures
that measuring the gauge invariant boundary data (8) we
can detect the Aharonov-Bohm effect.

Theorem 1. Assume that n = 2 and that for each
to € [0, T] obstacles Qj(to), 1 < j < m, are piece-wise
smooth and convexr. Suppose that there is no trapped
broken rays in S \ V{(to) for each ty € [0,T|. If the
D-to-N operators A and N are gauge equivalent on
O x (0,T) then the electromagnetic potentials (A, V)
and (A", V') are gauge equivalent in D.

4
E Yer i onn " . 4

Broken ray v(fg) has finite number of nontangential
reflections v =y Uy U ... Uy
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Proof of Theorem 1 (see ArXiv:math.AP /0611342)

Making a gauge transformation one can assume that
A=A on 30y x (0,T).

Lemma 0.2. Suppose A = A" on 00y x (0,T). Then
for each broken ray y(ty), Yty € [0,T] we have

exp {'L A-da:} = exp {z A’-d.’c'}
(o) 7(to)

or more explicitely

(10)

expl iy / (A2 + 56, 1) — A'(@ + 50,,10)) - ,ds b = 1,
=0 "7

where 8; is the direction of y;, :}:éj ) is the starting point

of vi, 0 <3<,

Proof of Lemma 2 For each broken ray ~y(ty) we
can construct a geometric optic solution of i%% —Hu =20
of the form

(11)
r N
_ apj(xat:'g()) —ik2tikap; (x,t,00) 1
uy =) Gy O\ 5T )

j=0 p=0




where 1o(z, t, 6y) = 6o, kis alarge parameter, un|a ) =
0, un(z,0) = 0, the principal part of uy is zero outside
of a small neighborhood of v =y Uy U ... U~,. Using
the Green’s formula and that A = A’ we can get after
some computations the relation (10).

Analogously one can prove the following lemma:

Lemma 0.3. Let A = A and A = A’ then for any
broken ray we have:

(12) Z / (V = V')ds =0

=0 Y 75(t)
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The tomography of broken rays.

Lemmas 2 and 3 reduce the proof of Theorem 1 to
the study of a new branch of X-rays transform (X-ray
tomography) the tomography of broken rays:

Given the value of f,y( o) fds for each broken ray in Dy,
recover f(z,tp) in Dy, or at least prove the uniqueness:

If [ (4 fds = Ofor all broken rays v(to) then f(z,t0) =
0 in Dy,

The study of broken rays transforms can be useful in
some problems.

Consider the case of one convex obstacle :

Let Q = Qg \ € where )y C R? is a disk and
is a convex domain. Let f(z) be a smooth function in
Qo \ Q. The following uniqueness theorem is known
(Helgason and others):
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Theorem - 2 (“hole” theorem). If [ fds =0 for
all lines v € Qo nonintersecting Q then f(x) = 0.

The recovery of f(z) from the integrals qu fds over
these lines is severly ill-posed problem. The problem of
the recovery of f(z) from integral over all broken rays in
) is a well-posed problem. The following estimate holds:

For each € Qp \ € and § € S denote by v, a
broken ray that starts on 9, ends at  and has the di-
rection 8 at x. Let g(x,0) = f%g fds. Suppose we know
g(z,0) when = € 89 and any 6 € S’. The following
stability estimate holds:

) [ i
e / /zﬂ" ( LGOR >! +139($(§30,9(90)!2) dsdo

where 8(¢) = (cosp,sing), « = x(s) is the parametric
equation of 8Qp, L is the length of 9€2p. Estimate (13)
can lead to a proof of convergence of numerical methods
for computing f(z) from g(z(s), 8(¢)).

Estimate of the form (13) for domains without obsta-
cles was established first by Mukhometov (1977).
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The case of several obstacles.

Consider the case of more than one obstacle. We want
to prove the uniqueness theorem. The problem that one
has to overcome here is the presence of trapped rays. For
example, if the obstacles have two parallel segments, then
there are many trapped rays, and one can show that n
this case there is no uniqueness for the tomography prob-

lem. : ‘
Mw I 0 et e m&‘«?@

i
Ve Uit § L€

Note that trapped rays always exists if there is more than

] Al L s
one smooth obstacle. 4 We tn “pjpd Tow
of A plaAadic go g -
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In the last example introduce a corner. Then there is
no trapped rays for such domain. We can prove the fol-
lowing lemma:

Lemma .4. LetQ;, 1 < j < m, be piece-wise smooth
conver obstacles such that there is no trapped rays in

the domain Q = Qo \ UL,Q; C R*. Then [ fds =0

for all broken rays ~ in Q implies that [ = 0.

Lemma 5. Let () be the same as in Lemma 3. Sup-
pose exp(i va - dx) = exp(i f,y A" - dx) for all broken

rays in Q0 C R2. Then there exists c(x) € C*((2),
ic(z)] =1, c(z) =1 on 0, such that

Combining Lemmas 1, 2, 3, 4, 5 we prove Theorem 1.
Some references.

The inverse scattering problem for the Schrodinger equa-
tion for n = 2 with one smooth convex obstacle and time-
dependent potentials was considered by Nicoleau (2000)
and R.Weder (2002) in connection with the Aharonov-
Bohm effect (see also Yafaev).

Inverse scattering problem for the Schrodinger equa-

tion with time-dependent periodic in ¢ potential was con-
sidered by R.Weder (2003).
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The Schrodinger equation with
time-dependent Yang-Mills potentials.

The equation has the form:

Lol iau(x, t) i (mzj 9 _ Az, t)>2 u(z, t)

ot o1 maﬂﬁj
(14) +V iz, Hu(z,t),

where A;, 1 < j <mn, V(z,t), u(z,t) are m X m ma-
trices, I, is the identity matrix in C™. We assume that
A;,V areself-adjoint. The electromagnetic potentials are
the particular case when m = 1. The equation (15) is
considered in the domain € x (0,7") without obstacles.
The gauge group G consists in this case of m X m unitary
matrices smooth in Qg x [0, 77.

Yang-Mills potentials (A, V) and (A, V') are gauge
equivalent if there exists c¢(x,t) € G such that

, Oc

A =c T Ac+ici=—, 1<j<n

J I 8133' =J ="
)

V= ¢ We—ic

ot

As in the case of electromagnetic potentials one can
prove that if the D-to-N operators A and A’ are gauge
equivalent on 9y x (0,7") then (A4, V) and (A’, V') are
gauge equivalent in gy x [0, 7.
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The reduction to the tomography problem (analog of
Lemmas 2 and 3) is similar to the case of electromagnetic
potentials.

The tomography problem in this case has the following
form (when n = 2):

Let b(z,t,6) be the solution of the following Cauchy
problem:

Ob(z,1,6)
ox

r € R?, 0 € S, tisa parameter, b(x + s6,t,0) — I,
when s — —00.

Matrix oo = lim,_ o0 b(x + 86,1, 0) is called the non-
Abelian Radon transform of A. The problem of unique-
ness of the non-Abelian Radon transform is much harder
then in the case m = 1 (c.f. works of R.Novikov, G.Eskin
and J Ralston, G.Eskin). It can be proven that if A(z,t) =
(Ai(z,1), Ao(z, ) has a compact support then by uniquely
determines A(zx,t) for each ¢ (see [E], Russian Journ. of
Math. Phys., 2004). The case n > 2 follows easily from
the case n = 2.

g - ~i(A(x,t) - 6)b(x,t,6) =0,
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Hyperbolic inverse problems approach.

In the case when electromagnetic potentials are time-
independent there is a direct connection between the initial-
boundary problems for the Schrodinger equation and the
hyperbolic equation:

&*v 0
—8“%”5 + H(ZC7 —Z'é;)?) = (.

The connection is given by the formula (Y.Kanai, 1977):

(15)

1. RO
u(z,t) = \/é_ﬁ%/ e fu(x, s)ds,
where 5 5
.OU .
i H(z, mzé—a;)u = 0.

Also both (1), (15) can be reduced to the stationary
Schrodinger equation by the Fourier-Laplace transform
in 2.

For the hyperbolic inverse problem with time-independent
coefficients there is a powerful Boundary Control (BC)
method discovered by M.Belishev and extended by Bel-
ishev, Y.Kurylev, M.Lassas and others including myself.

It follows from these results that A = A’ on 9§ X
(0, +o0) implies that (4, V') and (A’, V') are gauge equiv-
alent for any smooth multi-connected domain @ C R*, n 2
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9. No convexity restriction and no the condition of ab-
sence of the trapped rays (assuming that A,V are real-
valued).

This is a corollary from! G Eskin, New approach to the hy-
perbolic inverse problems 11 (Global case), ArXiv:math. AP/ O?OlBs
that shows the flexibility and strength of the hyperbolic
approach:

Let zo € 0€ and z; be any point in 2. Let v be
any continuous curve connecting xg and . Denote by
V a small neighborhood of . Let ¥ = 9{p U V. Then
knowing the D-to-N operator in &’ x [0, 2L] where X' is
any neighborhood of ¥ and L > ||, |v| is the length of
~, we can recover (A, V) modulo gauge transtormation
in V. The proof uses the hyperbolic operator only in a
small neighborhood V'’ of V. For example, A,V can be
real-valued only in V.

The strength of the hyperbolic approach is due to
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the finite domain of dependence property of the hyper-
holic operators, and to the unique continuation theorem
(Tatary,1996).

In l@.ESkin, ArXiv:math. AP /050816 /v.ﬂwas consid-
ered the inverse problem for the hyperbolic equations
with time-dependent coefficients of general form:

(16) (w-{% + Al t))2 ul(z, 1)
- i 1 (Wié%; + A;;(ﬂat)) Vo(z)g*(z)

o Velx)
d

: (mzb—;; + Ap(z, t)) u+ Vi, t)u=0,
where [|g7* (|| is the metric tensor in 2, g(z) = det hg?*|,
Aj(z,t), 0 < j < n, and V(z,t) are smooth in z € Q
and real analytic in ¢, ¢ € [0, Tq].

The result is that the D-to-N operator on I'g x (0, Tp),
where Ty is any open part of the boundary and ¢ 1s large
enough, determines ||g’F(z)||, A, V up to a diffeomor-
phism and a gauge transformation under the following

assumptions:

1) A,V are analytic in ¢ (this is required by the unique
continuation theorem of Tataru and Robbiano-Zuilly.

2) The BLR (Bardos-Lebeau-Rauch) condition must

be satisfied : there exists T, such that any broken geodesics
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in € must intersect I'g in time ¢ < T%.

Apparently, there is no relation between the inverse hy-

" perbolic problem and the inverse problem for the Schrédinger
equation in the case of the time-dependent coefficients.
Note that the hyperbolic equation approach works with-
out complications in the Yang-Mills case, i.e. when m >

1. In particular, one can consider the Aharonov-Bohm
effect, for the hyperbolic equations with Yang-Mills po-
tentials.



Hyperbolic equations of general form.

In a new work with Jim Ralston we consider the sec-
ond order hyperbolic equations with time-dependent co-
efficients of a general form:

- 1 )

J:k=0
o

V (=1)rg(z)g’" (x) (—z‘—-——— + Ak(:c)) u(z) — V(z)u =0,

633;6

where z = (zq, ..., ) € R™, the quadratic form
T

(18) dF@)&, M=) = gV (@),
1.k=0

has the signature (1, —1, ..., —1), g(z) = det ||g’%||~".
We assume that (1,0, ...,0) is a time-like direction for
all z € R* ie ¢%(z) > 0.
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Consider a domain D ¢ R of the form

~— %
...wm4w~%%”

Xo ™

i

{
Vo)

H

H

H .

§§ & / . 5 i

; %mﬁ/;} K\\\\.“ﬁkmw" - "”"W"X/

} Using the change of variables

Yo = Lo,

Y — (pj(xeamlﬁ "‘:mn)y 1 é .] < T,

we can transform this domain D to a simpler domain D":
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Note that equation (17) has the same form in y-coordinates.
We assume as above that

1) Coefficients of the equations are real analytic in yo.
2) The BLR-condition is satisfied.

3) We also impose the following condition : For each
y € D'the cone Z? o MMk = 0 intersects the plane
mp = 0 only when n; = ... =1, = 0.

S N e

We consider the initial*value problem with zero ini-
tial conditions and zero conditions on 9§ x (0,77). One
can show that under conditions 1), 2), 3) and T is large
enough the Dirichlet-to-Neumann operator given on 9§l X
(0, T) determines the coefficients of the hyperbolic oper-
ator up to a diffeomorphism and a gauge transformation.

Note that the condition 3) is very important. If it is
not satisfied the uniqueness of the solution of the inverse
problem may fail and the phenomenon of the invisibility
may take place.

29



The nonuniqueness and the invisibility.

a) Consider the equation

5, aN? u
(]—) ('é;*aO(fl:mZ)“é”;) u”’"@"—ggg——o

in the cylinder Dy = {(z1,79) : 23 +23 < 1} x(—00,00).
Here ag(z1,x0) € C®, 1 = J/ai + 35, ao(®1,%2) =
ag(r) for r € [5 —£,1], ao(1) =0, ag(r) <0
on [t —¢,1], ao(3) =1, ag(z1,z2) = 0 for |z] <e€.

We consider the initial-boundary value problem in Dj:

u(z,t)=0 for <0,
w=f for r=1,1€ (—o0,+0c0),

where f=0fort <0.




Denote Do = {(z,t) : v < 3, t € (—00,+00)}. For
any (z,t) € Dy the domain of dependence of (z,%) is
contained in Ds. Therefore v = 0 in Dy for all f and all
a(z) € C™ that coincide with ag(r)o on [5 — €, 1J.

There is no uniqueness of the solution of the inverse
problem in this case. Note that the domain of influence
of (z,t) € D1\ Dy is contained in D\ Ds.

b) Consider the equation similar to (19) with a(z)
changed to —a(x):

9 8\ u O
(575 ~ aola, IQ)”@”?) LR R e A

in the same domain D;. Now for any (z,t) € D, the
domain of influence of (x,¢) }S contained in Ds. For any
(x,1) in Dy \ Dy the domain of dependence of (z,t) is
contained in Dj \ Ds. Therefore the restriction of the
solution of the initial-boundary value problem to Dy \
D, is independent of a(z) in [ — €,0]. Therefore again
we have a nonuniqueness of the solution of the inverse
problem.

¢) We compare the cases a) and b). Note that the
equations of the form (19) arise in the problems with the
moving medium.

Tn the case a) the point in Dy depends on D only,

but the point in _DW{\ Dy depends on Ds. Therefore if we
2




change the problem and allow a nonzero right hand sides
in Dy ("active devices”) then their effect will be felt in
D, \ D».

However any event in Dy \ Do (for example, changing
the boundary condition f) will not be felt in Dy. The
domain {z : 7 < 3} is called sometimes a ”"white hole”.

In the case b), even if we introduce ”active devices” in
D, the impact of any event in D will be felt in D5 only.
Events in D, \ Do have impact on Dy but not vice versa.
In this case {z : r < 3} is called a "black hole”.
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