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December 10, 2006

1 Rudin

1. Prove that the convergence of {s, } implies the convergence of {|s,|}. Is the converse true?

Proof: Suppose {s,} converges to s. So we know that |s,, — s| < e. We earlier proved from
the triangle inequality that ||a|] — |b]| < |a — b]. If we replace a and b with s, and s we get
l1sn] = ||| < |sn — s|. So we have that ||s,| —|s|| < |sn — s| < e. So we have that {|s,|} converges
to |s|. But since it is an inequality, we do not necessarily have that if {|s,|} converges then {s,}
converges.

2. Calculate lim,, o (V1% +n —n).
Proof: If we multiply by the conjugate we get:
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3. If 57 = \/5, and

Snt1=1/2++sn (n=1,2,3,...),

prove that {s,} converges, and that s, < 2 forn=1,2,3,... .
Proof: We can see that 0 < v2 <2 =2<24+ V2 <4 = V2 < V/2++2 < 2. Applying this

rule again we get that 2 + V2 < \V24+V2+ V2 < 2. So we can guess that s, < 2+ s, < 2
Vn € N. To prove this use induction. We have the case for n =1 : V2 < V242 <2 So now,

assume its true for n and show its true for n + 1. So s,11 = V2+ s, < V2+V2+s, < 2 =
Sn+1 < V24 Snt1 = Spt2 < 2. So we have a function that is always increasing and bounded above
by 2 so the sequence converges by the Monotone Convergence Principle.

4. Find the upper and lower limits of the sequence {s,} defined by

S2m—1
3 S2m41 = 5+ Som.

s1=0; s = 5 5

Proof: If we look at the first few terms of the sequence we have that:

o —0 131
2m — 747 87 167
6 —0 L3715
2m+1 — Y, 2; 43 87 16;
By inspection we can see that the liminf,, .. s, = liminf, .. s2, = % and limsup,,_, . $n =

lim sup,,_, o S2n+1 = 1.

5. For any two real sequences {a,}, {b,}, prove that

lim sup(a,, + b,) < limsup a,, + limsup b,,,

n—oo n—oo n— 00

provided the sum on the right is not of the form co — cc.

Proof: We know that

sup{an, + bpn, an+1 + bpt1, ...} < sup{an, dni1, ...} + sup{bn, by, ...}

n—0o0

= lim Sup{an + bna An+1 + bn+1a } < lim (Sup{ana An+1, } + Sup{bn; bn+1a })
= limsup(a, + b,) < lim (sup{a,} + sup{b,})

= limsup(a, + b,) < limsupa,, + limsupb,

n—oo n—00 n—oo



6. Investigate the behavior (convergence or divergence) of > a,, if

(a) ap = vVn+1—/n;

Proof: a, = (v 1 /i) Wty — _nlon
p-series test.

(b) @, = VS

\/n7+1+\/ﬁ > 5. So Y- a,, diverges by the

Proof: a, = (VaFI—vn) (VaFi+vn)

n+l—m _ 1
n (Vn+il+vn) — n(vntl+y/n) WJHF) < Wk So § ap, converges
by the p-series test with p = 3/2.

(©) an = (/= 1)"

Proof: Use the root test:

Yam = i/ (n- 1 = -
= limsup a, =limsup {Yn—1=1-1=0

n—oo n—oo

So limsup,,_,., /an, =0<1= > a, converges.

7. Prove that the convergence of 3 a,, implies the convergence of

Y Ve

if a,, > 0.

Proof: By the Schwarz Inequality:

and this is true for all N € N. Since ) # converges by the p-series test and we are given that >_ a,
converges, we can say:

N NlNllooool

Since both series are convergent we can say the product of any finite sum of terms is less than the

infinite sum. So we have that @ is always bounded above by Y a, > % < co. Since a,, > 0
for all n, we know that @ > 0. Since the terms are all positive we know the sequence of partial
sums {s,} is bounded above and monotonic increasing, so we have that the sum converges



8. If > a, converges, and if {b,} is monotonic and bounded, prove that > a,b, converges.

Proof: Consider the case where {b,,} is monotone increasing and bounded above by say B, then
b, < B for all n. So then > apb, <> a,B = B a, = AB where A is the infinite sum of the a,’s
The other case is if {b,} are decreasing and bounded below. Then we can not use the comparison
test with the lower bound of {b,,}. But we do know that b,, < by for all n > 2 because the sequence
is monotone decreasing. So we have that > apb, < > anby = b1 > a, = bjA. So in either case
>~ apby, converges.

9. Find the radius of convergence of each of the following series:

(a) Xon’z"

Proof: Use the root test:

1
o =limsup ¥/|n3] = limsup(n'/")? =1= R=—=1.
n—oo n—oo (6%
(b) 32 272"
Proof: The V/n! is harder to evaluate so use the ratio test:
o LI 1
o = limsu — = limsup ——— =limsup——=0=R=— =00

[n!]

10. Suppose that the coefficients of the power series Y a,,2™ are integers, infinitely many of which
are distinct from zero. Prove that the radius of convergence is at most 1.

Proof: Since } a,z" converges we know that lim,,_, ., a,2z"™ = 0. Since the limit exists we can
say that lim, . a, lim, . 2™ = 0. By assumption 1nﬁn1tely many of the a,’s are integers distinct
from zero so we know that limit is not zero. This means lim, .o 2" =0= |2/ <1=R=1 =1
So the radius of convergence is at most 1.

11. Suppose a, > 0,8, = aj + ... + an, and »_ a, diverges.
(a) Prove that }_ 4=

Proof: Assume to the contrary that 112 converges. That means that Y —— T has to go

to zero which means hm = oo = lima, = 0. From the Cauchy Criterion for convergence we
know that there exists and N > 0 such that for all n > N, a, < 1. If that is true then we

2

an n TL
can say that a, — 1+an = 12 < lia . So that means that San — T converges because by

assumption ) y§%— converges. But that means that 3" a,, — 9+ % = >_a, converges. But




this contradicts the assumption in the beginning of the problem that 3 a, diverges. So T +a
diverges.

(b) Prove that

AN+1 4o+ AN+E 1 — SN
SN+1 SN+k SN+k
[ 3
and deduce that > S diverges.
Proof: We know for sure that
SN+k
— =1
SN+k
SN aN+1+ ... FanN+k
= + th 1
SN+k SN+k
ON+1+ ... T ANyE 1- SN
SN+k SN+k
AN+1 AN+k SN
e e
SN+k SN+k SN+k

Because each a, > 0, if we exclude the right terms from each of the denominators on the left then
we will make each term larger and thus make the left hand side larger. So

ANl g ONEk Sy SN
SN+1 SN+k SN+k
To show that the ) $= diverges, assume to the contrary that it converges. Then we know that for
alle>Othereex1stsanN>Obuchthatforalln>m>N > m | <e Solete=1->2=%>0
then there is some N > 0 such |37} 4| < e=1— 2= > 0. But we have from the 1nequahty above
that = + ... 4+ 52 > 1~ ‘””—ﬂl which is a contradlctlon So it must be the case that } $ diverges.

(c ) Prove that
Qn, 1 1
<

$2 7 Sp_1 Sp

and deduce that ) % converges.

Proof: Start with the left hand side of the inequality and use the fact that s,,_1 < s,

an, Sn — Sp—1 < Sp—Sp—1 1 1

SnSn T SnSn—1 Sn—1 Sn

which is what we were trying to prove.

Now look at the the sums of both sides of this inequality:

n
ag a1 1 1
+ < — —_
Z % ];2 Sk—1 Sk
The right hand side is a telescoping sum so we have that
n

ay ag aj 1 1

-2 +> 2Ss2to o

5T =% %1 %1 n

(@31



Since the partial sums of ) ] % are monotone increasing and bounded above by
n
converges as well.

a4 1 an
P + 5, 80 the s

(d) What can be said about

Qnp Qnp
Pa— d —_—7
Zl—l—nan an Zl—i—nQan
Proof: For a, = *

the first sum diverges while for the example in the extra credit it converges
so we can not say anything about its convergence or divergence from the information given

As for the second one it converges. To see this compare it to > -

1 1 n 1
Zﬁzzi—kn?*%}zzl—kn%
L

3 1 an
Since ;7 converges so does ) 75—

12. Suppose a,, > 0 and >_ a,, converges

. Put
o0
=
m=n
(a) Prove that
A S
T'm Tn

T'm

if m < n, and deduce that > ;‘f—: diverges

Proof: Since >’ a, converges, we know that removing a finite number of terms at the beginning
does not change the convergence of the series so each r,, converges as well. So

T'm
— =1

m

=1

T'm
am Qp—1 Tn
= —+ ...+ =1-—
T'm T'm Tm



Because each a,, > 0, we know that r; < r,, for all m < ¢ < n. So changing each denominator from
rm to r; will make the left hand side larger. So we get the desired result that

Am 2% Tn
Lpa+ 221

T'm T'n T'm
To show that ) == diverges lets assume to the contrary that it converges Then that means for
all € > 0 there exists an N > 0 such that for all n >m > N| S > O
then there is some N > 0 such that | S o
above that = + ... 4 2= > 1 — ™= So it must be the case “that Z 2 diverges.
(b) Prove that

Zm?"

\j% < 2(\/Tn — /Trnt1)
and deduce that > \;‘? converges.

Proof: Since r, = a, + any1 + ... and 741 = apy1 + Gngo + ... we know that a,, = r, — rp41.
So

Tn —Tn41 = anp

=t = (Vi = V) (Vi + VTarT)

(079
- — = Ty — T
NEEN

(07
e+ e =VTn = VTn+1
Qn

\/7 vV Tn+1

Ay,
= —= < 2(\/Th — \/Tni1)

As in the problem before, lets look at the sums of both sides

Z <D 2V = V1)

k=1 Vi k=1

N g ¢
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On the right hand side we again have a telescoping sum. So we continue with

n
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So > \j—ﬁ is monotone increasing and bounded above. So it converges by the Monotone Convergence
Principle.

13. Prove that the Cauchy product of two absolutely convergent series converges absolutely.

Proof: Let ) a, and Y b, are the two absolutely convergent series. Then we know that Y |ay|
and > |b,| both converge as well. From Merten’s Theorem we know that the Cauchy Product > d,,
of > |an| and > |b,| will converge. But this is not quite what we want. We want the Cauchy
product > ¢, of Y a, and Y b, to converge absolutely. But we do know that |c,| < d, for all n.
So we have that > |e,| < > d, = > ¢, converges absolutely by the comparison test.

14. If {s,} is a complex sequence, define its arithmetic means o,, by

:50+51+...+5n (n:OlQ )
w1 ,1,2,..0).

On

(a) If lim s,, = s, prove that limo,, = s.

Proof: If € > 0, we want to find an NV > 0 such that \(S“J;i;{s") —1l| <€ ¥n> N. So we have

that [sy41 — 1] < € |snyo — 1] <€ ..y |SNrm+1 — 1] < € and if we put them all together we get
|SN+1 — l| + |SN+2 — l| + ...+ |3N+M+1 — l| < (M+ 1)6

= |SN+1 + SN2+ ... F SNy — Ml| < Me

Also, we can say that

|SN+1—|-SN+2—|—...—|-CLN+M+1_ (M + 1)l < (M +1)e
N+ M N+M+1 N+M+1
As well we know that
|50+51+52+...+5N|<6
N+M+1
and (M + 1)1
_l’_
—_—
N e

if we pick an appropriate N. Finally, if we put all three together we get that:

‘5N+1+5N+2+...+5N+M+1 B (M + 1)l S0+ 81+ 83+ ...+ s8N (M + 1)l B
N+M+1 N+M+1 N+M+1 N+M+1
So+S1+S2+ ...+ SNyM+1

= | N+M+1

Since 3 is just a constant, we could go back and adjust our €’s but it won’t change the proof.

I < 3e

—1] < 3e

(b) Construct a sequence {s, } which does not converge, although limo,, = 0.



Proof: Look at the sequence s, = (—1)"™. The sequence obviously doesn’t converge because its
limsup is not equal to its liminf. But 0,, — 0 as n — oo because we get that the so + s1 + ... + 55, is
equal to either 1 or -1, while the denominator goes to zero.

(c) Can it happen that s, > 0 for all n and that limsup s,, = co, although lim o,, = 07

log log 1+log log 2+...4+log log(n+1)
n+1

. The lim o,, = 0 but limsup s,, = oo albeit slowly.

Proof: Let a, = loglog(n + 1) then we have that o, =
log(log(1)*log(2)*....xlog(n+1)) < log(nlogn)
n+1

n+1 —

2 Spivak

4. (a) Prove that if a subsequence of a Cauchy sequence converges, then so does the original
sequence.

Proof: Let {x,} be the Cauchy sequence, and let {x,, } be the convergent subsequence and call
its limit z. Suppose € > 0 then there exists an N such that d(z,,z;,) < €/2 whenever n,m > N.
Since x,,, is a convergent subsequence there exists ng > N with d(zp,,2) < €/2. If m > n then
d(@m — ) < ATy Tng) + d(Xng, ) < €/2+€/2 =€. So z, — .

(b) Prove that any subsequence of a convergent sequence converges.

Proof: Let {z,} converge to x. Then for all € > 0 there exists an N > 0 such that d(z,,z) <€
for all n > N. Every convergent sequence is Cauchy, so that means there exists M such that
d(xp,xm) < € for all n,m > M. So consider a subsequence {z,,} of the sequence. Then there
exists a K such that ny > maz{N,M} = J for all k > K. So then we have that d(z,,,z) <
d(xp,,xy) +d(xy,x) < €+ €= 2¢. So the subsequence {z,, } converges as well to x.

(a) Prove that if 0 < a < 2, then a < v2a < 2.
Proof: Weknow that 0 < a <2=0<a’<2a<4=a< v2a< 2.

V2, \/E \/ 2@,

Proof: So the sequence can be be written as a,4+1 = v/2a,. From part (a) we know that V2 <

22 < 2, as well we know that v/ 2V/2 < \/ 2V 2v/2 < 2. So we can guess that a, < v/2a, < 2
Vn € N. To prove this use induction. We have the case forn =1 : V2 < V22 < 2. So now, assume
its true for n and show its true for n + 1. So a,+1 = V2a, < V220, < 2 = apy1 < 20041 < 2.

So we have a function that is always increasing and bounded above by 2 so the sequence converges
by the Monotone Convergence Principle.

(b) Prove that the sequence

converges.



(¢)Find the limit. Hint: Notice that if lim, . a, = [, then lim,_ o v/2a, = v/2l, by Theorem

Proof: Since lim,,_, a, exists from part (b), then lets say that lim,, o, a, = . We also know
that lim,, o @y = lim, o0 ap41 = lim, oo vV2a, = V2. So we have that [ =20 = 12 -2 =0 =
l=0orl=2. Since a,, > 0 for all n we know that lim,, ... a, = 2.

6. Let 0 < a1 < by and define

a, + by,
Ap+1 = V anbnaanrl - 9 .

(a) Prove that the sequences {a,} and {b,} each converge.

Proof: We have from the first homework that if 0 < a < b and a < Vab < %rb < b. We

know 0 < a1 < by so a1 < Vaiby < ‘“—;rbl < by = a1 < as < by < by. So we want to show that
a1 < a, < b, < b;. We have that it is true for n = 1. Assume it is true for n, then we have that
a1<an<\/anbn<%<bn<b1:>a1<an<an+1<bn+1<bn<b1:>a1<an+1<bn+1<
b1. So we have that each a,, is bounded above by any b,, and it is increasing so a,, converges by the
Monotone Convergence Principle. The same is true for b,, except that it is bounded below by each
a,, and decreasing so b, converges by the Monotone Convergence Principle.

(b) Prove that they have the same limit.

Proof: From part a) we know both the sequences converge. So say the limit of {a,} is a, and
the limit of {b,} is b. lim, o0 an = lim,, oo Vanby, and lim, e by, = lim,, o 22fbs = p = ofb =
2b=a+ b= a =0>. So they have the same limits.

8. Identify the function f(z) = lim,, o (limy_, o (cos nlrx)?*).

Proof: Consider the cases separately when x is irrational and when x is rational. Assume z is
rational. Then z = p/q for some p,q € N. That means f(p/q) = lim,, o (limg_ oo (cos n!m(p/q))?*).
If we let N = 2¢, then Vn > N we will have that lim,, .o (limy_, o (cos n!7(p/q))?*) = 1 because every
value of n!m(p/q) will be divisible by 27 if n > N. So that means that lim,, o (lim_ o (cosn!m(p/q))%*) =
lim,, 00 (limp oo (1)2F) = 1.

Now consider when x is irrational. That means that for all n € N, nlz will always be irrational.
So we have that |cos(n!rz)| < 1 = limg_ o (cos n!ra)?* = 0 = lim,, _, oo (limg . oo (cos nlrx)?*) = 0.

So we have that
1 if z is rational

flx) = { 0 if z is irrational

9. Many impressive looking limits can be evaluated easily, because they are really upper or lower
sums in disguise. With this remark as a hint evaluate each of the following. (Warning: one of these
can be evaluated by elementary considerations.)

(iv) Tt oo (7 + gy + -+ ye)-

10



Proof: Each term in the sequence is less than n% So we can compare the limit to:

1 1 . 2n

. 1
A (g g+t gp) = lim 25 =0
1 1 1 2n
= li —_ 4+ — 4 ... < lim — =0
A G e T ) S A

(V) oo (Grimye + iy + o+ Gy
Proof: We can rewrite the part in the limit as an integral. To see this
- n - n - 1 1
lim ——— = lim ————— = lim —_—

If we interpret this as an integral we get:
= 11 21 1
n—oo i1 (1+E) n 1 X 2

Proof: Again, we can rewrite this limit as a limit of a sum:

n n
n 1 n
lim —— = lim —_——
T
If we again interpret this as an integral we get:
n

1 1 L T
lim _— = [ ——dz=arctanz|} = =
Jim 2.5 ;22 - /0 1o gadr =arc an x|y 5

10. Although limits like lim,, o, {/n and lim,,_,~, a™ can be evaluated using facts about the behavior
of the logarithm and exponential functions, this approach is vaguely dissatisfying, because integral
roots and powers can be defined without using the exponential function. Some of the standard
”elementary” arguments for such limits are outlined here; the basic tools are inequalities derived
from the binomial theorem, notably

(1+h)" > 1+ nh, forh > 0;

and, for part (e),

1 —1
L n) > 14nhg M Dpa s =Dy
2 2

(a) Prove that lim, . a™ = o0 if a > 1, by setting a = 1 + h, where h > 0.

11



Proof: Let a = 1+ h then lim, . a™ = lim, (1 + h)"™ > lim, o 1 + nh = co. So we have
that lim,, . a™ > oo = lim,, . a™ = cc.

(b) Prove that lim, .o a” =0if 0 < a < 1.

Proof: We know that 0 <a<1=0<1< % So then if we let % = b, then by part a) we have
that lim,, o b" = 00 = lim,, %n = lim,, o a"™ = é =0.

(c) Prove that lim, ., {/a =1 if a > 1, by setting {/a =1 + h and estimating h.

Proof: So following the hint let {/a =1+ h = a = (1+ k)" > 1+ nh for all h > 0. So then we
can solve for h to get h < %1

~1
S l<l4h<142=
n

1
= lim 1< lim (1+A) < lim (1+——)

n—oo n—oo n—oo n

=1< lim {a<1

n—oo

= lim {a=1

(d) Prove that lim,, .o /a=1if0<a < 1.

Proof: Weknow that 0 <a<1=0<1< % Then lim,, T\L/g =1=lim, .
lim,, .o ¥/a =1. So we have that

(e) Prove that lim,_,o {/n = 1.

Proof: We can use the hint to say that

Yn=1+h

M _
A-1=

=n=(1+h) 5

2
=4/ >h
n—1

So no we have a bound for h we can say that:

Yn=1+h<1+

n—1
. . 2
= lim Yn< lim 1+4/—
n—oo n—oo ’[7,71
= lim ¥n<1
n—oo

Since {/n = 1+ h that implies that lim, ., {/n > 1 which means that lim,,_ ., /n = 1.

11. (a) Prove that a convergent sequence is always bounded.

12



Proof: Since the sequence converges, it is Cauchy. So that means for € = 1 there isan N > 0 such
that for all n,m > N we have that d(a,, a,,) < 1. More importantly, this is true for all n,m > N so
that means d(an41,dm) < 1forallm > N. Solet M = {d(z1,xn+1),d(x2,ZN11), ..., d(TN, TN+1), 1}
Then d(zk, xn4+1) < M for all k=1,2,3....

(b) Suppose that lim, . a, = 0, and that each a,, > 0. Prove that the set of all number a,,
actually has a maximum member.

Proof: Since the sequence converges to zero, we can say that there exists an N such that
la, — 0] < € = ay, for all n > N. Then the max of ay,...,ay is max of a, for all n because all the
a,’s after N will be smaller than a; so we need only consider the ones from 1 to N. So a, has a
maximum member.

12.
(a) Prove that

1
1 1) -1 —.
T <log(n+1) —logn < -

Proof: Consider the intergral f:+1 %dx. Then the smallest lower sum is just the smallest
function value on the interval [0,1] evaluated at the partition P = {n,n + 1}. This gives f(n + 1) %
(n+1l-—n)= %—H And if we use the same partition P and just evaluate at the largest value of f

we get % Since the function is continuous we know the function falls somewhere in between these

two values, which gives us our desired result that ﬁ <log(n+1)—logn < %
(b) If
1+ ! + ! +...+ ! 1
Ay = — - — — logn,
2 3 n &

show that the sequence {a,} is decreasing, and that each a,, > 0. It follows that there is a number
, 1
v= lim (1+..+ — —logn).
n— 00 n

This number, known as Euler’s number, has proved to be quite refractory; it is not even known
whether v is rational.

Proof: To show that the sequence is decreasing, we want to show that a,41 < a, = 0 <
Gp, — Gpt1. S0 we have:

1 1
=gy = (14 .o+ = —1 (4t ———1 1
an = i1 = (14 .+ = —logn) = (1+ ..+ —— —log(n +1))

1
= ap — Apy1 = —1 - —+1 +1
a An+t1 ogn —— og(n+1)

1

From part (a) we know that D

< log(n + 1) — logn, so we know have that

1
= Gpg1 =1 1) —logn — ——— >0
an = a1 =log(n +1) —logn — ———

13



= Apt1 < Qp.

As in part (a) we can look at the upper sum of the fln %dI. If we consider the partition P =
{1,2,3,...,n}, then the upper sum of this partition is just the function values at right endpoints
because the function is monotone decreasing and continuous. Then we get that f(2) + f(3) + ... +
f(n) > flnédleogn—loglzlogn:%+%+...+%—1ogn>0: 1+%+%+...+%—logn>
0=a,>0.

13. (a) Suppose that f is increasing on [1,00). Show that
fA+..+fn-1)< /1 fx)dz < f(2) + ... + f(n).

Proof: Since f(x) is increasing on the interval [1,n] then this looks like upper and lower sums.
The left hand side is 22;11 f(z;)Az; and the right hand side is Y.} _, f(z;)Az; where Az; = 1.
Since the integral is always between any upper and lower sum for a given partition if the function

S(7,P) < / " f(a)dz < S(f.P)

And this is exactly what we are trying to prove for any given partition of f(x) where Az; = 1.

(b) Now choose f = log and show that

n (n+ 1)n+1
<n!<
enfl en
it follows that
. vn! 1
lim — = —.
n—oo 1 e

Proof: Since logz is increasing on [1, 00), it follows from part (a) that:
n
log(1) + ... +log(n — 1) < / log(z)dz < log(2) + ... + log(n)
1

= log((n — 1)) <nlogn —n+1 <log(n!)
= elog((n—l)!) < enlogn—n+1 < elog(n!)
= (n—1)! <n"e " <nl
Looking at just the right inequality we have

n

ne " < nl = < n!

enfl
Looking at just the left inequality we have

nn+1 - (n+1)n+1

(n—D!<ne " =nl <
' : en—1 en

14



From these two separate inequalities we get what we wanted:

n 1n+1
n—l <nl< M

e?’L 671,

16. Prove that if lim,, . a, = [, then

lim (a1 4 ...+ ayn)

n— 00 n

=1.

Hint: This problem is very similar to (in fact it is a special case of) Problem 13-40.

Proof: If € > 0, we want to find an N > 0 such that |w —1] <€ ¥n> N. So we have
that l[ant1 — 1] <€ Jan+a — 1] <€ ..., lantam — ] < € and if we put them all together we get

|aN+1 — l| + |(1N+2 7l| + ...+ |aN+M — l| < Me

= |CLN+1 +ang2+ ... tant+Mm — Ml| < Me

Also, we can say that

|aN+1+aN+2+-~-+aN+]\/[_ Ml < Me ce
N+ M N+ M N+ M

As well we know that
ay+ a2+ ... +an

| N+M

| <e

and
| Ml
N+ M

if we pick an appropriate N. Finally, if we put all three together we get that:

—ll<e

|aN+1+aN+2+...—|—aN+M B Ml " ar+as+ ... +ay n Ml —l| <3
N+M N+M N+ M N+ M

‘a1 +ag+...+anN+m
N+ M

Since 3 is just a constant, we could go back and adjust our €’s but it won’t change the proof.

=1 < 3¢

17. Suppose that f is continuous and lim, . f(z + 1) — f(z) = 0. Prove that lim, o, f(z)/x = 0.
Hint: See the previous problem.

Proof: Consider the sequence of a, = f(n+ 1) — f(n). So we have lim, o f(z +1) — f(x) =
lim,_. o a, = 0. From the problem above we get that

lim (a1 + ... +ap)

n— o0 n

=0

15



= lim =0
n— o0 n
S i LTV M
n—o0 n
1 1
- o (0D Dy
n—oo n n
= oqm L0
n— o0 n
= lim M 0

So for all integers n we know that lim, ! (:) = 0 but that doesn’t necessarily imply that

lim, o0 f(x)/x even if f(z) is continuous. So I am not sure what to do from here.

18. Suppose that a, > 0 for each n and that lim, o any1/a, = I. Prove that lim, . /a, = [.
Hint: This requires the same sort of argument that works in Problem 16, together with the fact that
lim,, o ¥a =1, for a > 0.

An41

Proof: We know that if lim,, o @y41/a, = [ then liminf, = limsup,,_, o, a;? =1. We
also know that liminf, . “* < liminf, . {/a, < limsup, ., {/a, < limsup,,_,, “*=2, so by

n An
the Squeeze Theorem we have the desired result.

22. (a) Use Problem 2-5 to show that if ¢ # 1, then

At = ———

Proof: It is easy to see that (1 —¢)(14+c+c?+...4+¢™ 1) =1—c™. So then we have:

n—m-+1 mo_ cn+1

1—c¢

1—c¢
1—c

C

) =

We need the fact that ¢ # 1 because otherwise the right hand side is undefined.
(b) Suppose that |¢| < 1. Prove that

b ="t ) =

Iim ™ +..+c"=0.

m,n— 00

Proof: We know that || < 1 = —1 < ¢ < 1= ¢™ < 1 and since m < n, we know that
o< ¢ = 0 < - "t < 1 and we know that 0 < 1 — ¢ < 1. So then we have that
0< &= <1

—c
1—c

(c) Suppose that {z,} is a sequence with |z, — 2,41] < ¢, where ¢ < 1. Prove that {x,} is a
Cauchy sequence.
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Proof: Lets try to use what we have from part (b) and work toward the definition of a Cauchy
Sequence. Assume n < m, then we know that

|-rn - -Tm| - |xn — Tnp+1 + Tn+1 — Tn+2 + Tn+2 + ... = Tn4+m—1 + Tn+m—1 + mml

= |(En - xm‘ S |xn - xn+1| + ‘(En+1 - (En+2‘ + ...+ |xn+mf2 - (En+m71| + |xn+m71 + (Em‘
= |z — x| <" 44

= lim |z, —2,|< lim ™ +..+c"
m,n— oo m,n— o0

= lim |z, —x,| <0

m,n— o0

= |z, — x| <€

So we have that for all e > 0 3N such that Vn,m > N |z, — 2| < € so the sequence {x,} is
Cauchy.

23. Suppose that f is a function on R such that

(If (@) = f(y)] < elx = yl, forallzandy,

where ¢ < 1. (Such a function is called a contraction).
(a) Prove that f is continuous.

Proof: We want to show that Ve > 0,35 > 0 such that Vz,y € R, |z—y| < d = |f(z)— f(y)| <e.
If we pick § = 5~ and from the condition above on f, we get |f(z) — f(y)| < clz —y| < cd =c(5;) =
5 < €. So f is continuous.

(b) Prove that f has at most one fixed point.

Proof: Assume there were two distinct fixed points z,y. Then by definition f(z) = z and
fly)=y=|f(x) = f(y)| = |z — y|, but we also have that |f(z) — f(y)| < c|]z — y| where ¢ < 1 but
this would imply that |f(z) — f(y)| < |x — y| which is a contradiction. So f has at most one fixed
point.

(c) By considering the sequence

x, f(x), f(f(x)),

for any x, prove that f does have a fixed point. (This result, in a more general setting, is known as
the ”contraction lemma.”)

Proof: We know that |f(f(z)) — f(z)| < ¢|f(x) — x| because of the given property of f. As well,
[f(F(f(@) = f(f(@))] < elf(f(x)) = f(@)] < [f(x) = z|. So in general we have that [f"*!(z) —
fr(x)| < |f(x) — z|. So if we take the limit as n — oo we get that |f"T1(z) — f*(z)] < 0 =
F(f™(x)) < f™(x). So the fixed point is the limit of the sequence above.

24. (a) Prove that if f is differentiable and |f’| < 1, then f has at most one fixed point.
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Proof: Assume there were two distinct fixed points x,y. Then by definition f(x) = = and
F) =y = f@) = f) = le—y| = LLLO0 =1 5 tim, [FOT0) — fim, 1= [£/(y)] = 1.
This is a contradiction to the fact that |f’| < 1 for all y. So that means f has at most one fixed
point.

(b) Prove that if | f/(x)] < ¢ < 1 for all z, then f has a fixed point.

Proof: So |f'(z)| = |[{2=1W) < ¢ < 1 = |f(x) = f(y)| < clo —y|. This means that this
is a contraction. So if we consider the sequence from question 23 part (c), we will get the same
conclusion that f has at least one fixed point, namely the limit point of the sequence.

(c) Give an example to show that the hypothesis |f/(z)| < 1 is not sufficient to insure that f has
a fixed point.

Proof: Let f(z) =« + 1, then f/(x) = 1. But this is a line parallel to the line f(z) = x so the
two will never cross, so f has no fixed points. Actually any line of the form f(z) = x + ¢ where
¢ # 0 will work.

25. This problem is a sort of converse to the previous problem. Let b, be a sequence defined
by by = a,bpt1 = f(bn). Prove that if b = lim, o b, exists and f’ is continuous at b, then
|£/(b)] < 1. Hint: If |f/(b)] <1 > 1, then |f/(b)| > 1 for all z in an interval around b, and b,, will be
in this interval for large enough n. Now consider f on the interval [b, b,].

Proof: Following the hint, assume f’(b) > 1. Since f’ is continuous, for all € > 0 and z €
(b—e,b+¢)|f(x)] > 1. The lim,,_ b, = b means there exists N such that b, € (b—€,b+¢) for all
n > N. That means f is differentiable at b, which means f is continuous at b. So from a problem
above we have that f(b) = b. Suppose b,, < b and f’ > 1 in this interval, we have f(b) > f(b,). Then

|W|>1:>f(b)—f(bn)>b—bn:>b—bn+1<b—bn:bn+1<bn

This is a contradiction to the assumption that b, < b,4+1 < b. And things would follow similarly if
by, > b and f' < 1. Also, for b,, = b, then f’(b) = 0. Thus |f'(b)] < 1.

27. Let {z,} be a sequence which is bounded, and let
Yn = Sup{xnv LTn+4+1, Tn+2, }
(a) Prove that the sequence of {y,} converges. The limit lim,, ., ¥, is denoted lim,, _o.x, or

limsup,,_, ., @, and called the limit superior, or upper limit, of the sequence {z,}.

Proof: Since {x,} is bounded then {y,} is bounded as well. Since we are only removing terms
as n — oo then y,, is non-increasing. So it converges by the Monotone Convergence Principle.

(b) Find lim,, ..oz, for each of the following:
(i) x, = %

lim, oo, =0
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(i) zn = (=1)"
limy—eon =0

(iii) @, = (=1)"[1 + Z].
limy,— ooty = 1

(iv) , = ¥n.

limy, oo, =1

S|

(c) Define lim x, and prove that

—n—0o0

lim, 2, <lim,_ ooy

Proof: Let {z,} be as before, and let

/ .
y, = inf{z,, Tpni1, Tonyo, .}

The limit lim,_, . ¥ is denoted lim, , x, or liminf, .. z,, and called the limit inferior, or
lower limit, of the sequence {z,}. Also, we know that y/, < y,. If we take the limit as n goes to
infinity of both sides we get:
= lim y/, < lim y,
n—oo n—0oo

= lim inf{x,, Tnt1, Tni2, ..} < lim sup{z,, Tpi1, Tnyo, .-}

n—oo n—oo

=lim, 2z, <lim, ooy,

(d) Prove that lim,, s 2, exists iff limy,— ooy = lim x,, and that in this case lim,,_, o , =

R 1 — 00
limy, ooy = lim,_, %y

Proof:

(=) Assume lim,_, o z,, exists. From above we have that lim, 2, < lim,_.z,. So it is
enough to prove that lim,, ..z, <lim, , x,.

(<) Assume lim,, .oz, = lim, ,__z,. This means the smallest subsequential limit point is equal
to the largest subsequential limit point. This means there is only one. So that means lim, . @5
exists and is in fact equal to lim,_ oz, = lim T

n—0o0n

(e) Recall the definition, in Problem 8-18, of limA for a bounded set A. Prove that if the numbers

r, are distinct, then lim, _ x, = limA, where A = {z,, : n € N}
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