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1 Introduction

In this paper we determine the number and other properties of the geometrically
irreducible components of the deformation space associated to a local Galois
representation of dimension two, in the [ # p case.

More precisely, fix two distinct odd primes [ and p and let L be a finite
extension of Q; and K be a finite extension of Q,. Denote by k the residue
field of K and fix a continuous representation p of G := Gal(Q;/L) over a two
dimensional k-vector space. Since p is odd, to study the deformations of p to
complete local noetherian Og-algebras it is enough to study deformations with
fixed determinant 1. Without losing generality we can also change p by a twist
and assume that it is either absolutely reducible or absolutely irreducible.

Denote by X the generic fiber of Spec Rg’w. Results of Kisin ([4], [3]) and
Pilloni ([5]) imply that X is a three dimensional reduced K-scheme and any
geometrically irreducible component C of X admits one of the following descrip-
tions: (I) there exists a character v : G — K* such that for any = € C(K), the
corresponding K-representation p, is an extension of v by (1); (II) there exists
a character v : G — K* such that for any 2 € C(K), 7! ® p, is unramified;
(III) there exists an irreducible representation o : G — GLy(K) such that for
any z € C(K), p, ~ o; (IV) there are characters 7, A : G — K* such that nA\™"
is ramified and for any = € C(K), p, ~ né & A\¢~ " where ¢ is an unramified
lifting of the trivial character. We say that a component of Xz has type I, II,
IIT or IV depending of which of the above descriptions it fits.

For any fixed pair (p, 1)) as above, we determine in this paper the number of
components of Xz of each type. At this purpose, denote by [/ the cardinality of
the residue field of L and set o = ord, (Y — 1), 8 = ord,(I/ +1) so that a3 = 0.



Let x be the p-adic cyclotomic character of G and let w be its reduction modulo
p. The symbol ~ denotes Teichmiiller liftings of elements in the residue field of
Q. For a fixed symbol % in the set {I,II,111,1V}, we let cx be the number
of geometrically irreducible components of type % contained in X and we set
c = (cr,crr,crrr,ery). The determination of the vector ¢ follows three different
paths, according to whether w is (A) trivial, (B) quadratic or (C) neither trivial

nor quadratic. We prove (Theorems and :
Theorem 1.1 (A) Assume [L(¢,): L] =1 (i.e., >0 and § =0).
Al. Let p=9® 1 where ¥ : G — k™ is a character, and set 1 = Ux.
ALl If9 =1, then c = (1, 1,0, 7’2——1)

A1.2. If ¥ # 1 is unramified, then ¢ = (0,1,0,p* — 1).
A1.8. If ¥ is ramified, then ¢ = (0,0,0,p%).

A2. Let p be a non-trivial extension of the trivial character by itself, and set

P =x.

_ . . a_q
A2.1. If p is unramified, then c = (1,1,0, b >

— . . 071
A2.2. If p is ramified, then ¢ = (1,0,0, P )

AS3. Let p be absolutely irreducible and set 1) = d/e\t_%. Then ¢ = (0,0,1,0).
Theorem 1.2 (B) Assume [L((,): L] =2 (i.e., a =0 and 3> 0).
Bi. Let p=9® 1 where ¥ : G — k* is a character.
F_1
Bi.1. If 9 =w set ¢y =x. Thenc= (2, 1, pT,O).

B1.2. If 9 # w is unramified set ) =19. Then c = (0,1,0,0).
B1.3. If 9 # w is ramified set = 0. Then ¢ = (0,0,0,1).

B2. Let p be a non-trivial extension of the trivial character by a character V.
B2.1. If 9 =1 setyp=1. Then c=(0,1,0,0).
B2.2. If 9 =w set Y =x. Then c = (1,0, #,O).

B3. Let p be absolutely irreducible and set ¢ = d/e\t_%.

B3.1. If p cannot be induced from a character of G ), then ¢ = (0,0,1,0).
B3.2. If p can be induced from a character of GL(Cp)f then c = (0, 0,p5, 0).

Theorem 1.3 (C) Assume [L((,): L] >2 (i.e., a==0).



Cl. Let p=9 @ 1 where ¥ : G — k* is a character.

C1.1. If 9 = w*! set o = x*'. Then c = (1,1,0,0).
C1.2. If 9 # w*' is unramified set » =1. Then ¢ = (0,1,0,0).
C1.3. If 9 # w*' is ramified set v = 0. Then ¢ = (0,0,0,1).

C2. Let p be a non-trivial extension of the trivial character by a character 9.

C2.1. If 9 =1 setp =1. Then c=(0,1,0,0).
C2.2. If ¥ =w set » = x. Then c = (1,0,0,0).

C3. If p is absolutely irreducible, set ¢ = a;t/p. Then ¢ = (0,0,1,0).

In particular, when p is big enough with respect to [ and f (e.g., p > If)
X is geometrically irreducible, unless p is twist-equivalent to w®! @ 1, in which
case X i has two geometrically irreducible components. On the other side, when
[L(C,) = L] <2, the number of irreducible components of Xz can be large and
the above theorems say that it depends only upon the shape of p (i.e., upon
which of the cases Ax.y., Bx.y. or Cx.y. the representation p falls into) and upon
the pair (a, 8) (and hence on the number of p-power roots of unity contained in
the quadratic extension of the residue field of L).

In sections [2] and [3] of the paper we determine many K-rational points on
each geometrically irreducible component of X. This is used to write the list
Iso(C) of K[G]-isomorphism classes of Og-lifts of p associated to closed points
on each component C.

When dealing with components C of type I and II, the construction of Iso(C)
is carried on in Props. .10l P14, 2.15] 2.17] .18 Notice that the
number of components of type I or II in the deformation space is always small
(at most two, for each type) and it does not depend upon the specific values of
a and f.

On the other side the number of components of type I can be large when w
is quadratic, and it depends upon 8. The determination of Iso(C) for components
of type IIT is correspondingly more difficult: it is carried on in section 3| (cf.
Props. 3-8), where some results of Choi ([I]) are used.

The number of components of type IV can be large only when w is trivial,
and in this case it depends upon «. The set Iso(C) in these settings is computed
in section I cf. Props. [2.6 . -, . - - - In some cases, explicit
computations with the tree of GLy(K) were used to exclude the existence of
liftings of p of type IV.

From the above constructions we deduce (Corollary [4.5)):

Theorem 1.4 (Rationality) FEach absolutely irreducible component of X has
a point rational over K(Cpaw), unless « > 0, B = 0 and p is non-semisimple
and twist-unramified, in which case every absolutely irreducible component of X
has a point rational over K((pa+1).



It would be interesting to extend the results of this paper to the study of
deformations of an n-dimensional representation p of G in characteristic p, when
Il #pandl,p#n>2. Forexample, when p is absolutely irreducible and n > 2
one could expect Proposition [3.9] to hold, so it is natural to conjecture that in
this case X is irreducible if and only if it is integral.

It is not clear to the author what is the meaning behind the existence of each
irreducible component of X . Applying the classical local Langlands correspon-
dence to each set Iso(C) that we determined in the paper, one could obtain a
new point of view on this matter, by looking into the space of deformations
of a smooth admissible representation of GLy(L) over k. The author hopes to
dedicate more time in the near future to these topics.

Conventions

All the homomorphisms, cocycle and coboundary maps in this paper are
assumed to be continuous unless otherwise stated. If p; and p, are two rep-
resentations of a group G with coefficients in a domain R contained in a field
K, the notation p; ~k p, means that p; and p, are K-linearly isomorphic as
G-representations.

If X is a scheme over a perfect field K, a geometrically irreducible com-
ponent of X is an irreducible component of Xz. The term "component" is
sometimes used to mean irreducible component and, if no ambiguity arises, to
mean absolutely irreducible component.

2 Reducible liftings

Let | and p be two distinct odd primes and fix a finite extensions L of Q.
Denote by G the absolute Galois group of L and let x be the p-adic cyclotomic
character of G and w its reduction modulo p. Set f = f(L/Q;). Let k be a
finite extension of F,, and let p : G — GLa(k) be a representation; let O be the
ring of integers in a finite extension K of @, having residue field k. Denote by
CLNo the category whose objects are pairs (R, ) where R is a complete local
noetherian O-algebra, i is an isomorphism from the residue field of R onto k,
and a morphism (R, i) — (R’,4") is a local O-algebra homomorphism compatible
with ¢ and ¢/. The framed deformation functor DE from the category CLNgp to
the category of sets is represented by the object R%‘ of CLN@. For any fixed lift
¥ : G — O* of det p, the functor Dg’w cutting out those framed deformations

whose determinant is ¢ is represented by RE’w.

Denote by 1 the trivial O-valued character of G. There is a natural morphism
of functors Dy X D%W — D7 induced by sending a pair (o, 0) € Di(A) x
Dg’w(A) to @ ® o, for any ring A in CLNp. Since p # 2, this induces an
isomorphism R3 ~ R1®OR?,¢ ~ (’)[[G“b’(l)]}@)oR?’w, so that:

R;V([T, X]]
(I+X)r —1)

1R

|
Rf)
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where o = ordp(lf —1). To determine the geometrically irreducible components
of the generic fiber of Spec R%' it is therefore enough to study the irreducible

components of Rpmw[%)] for any fixed choice of .
If ¥ : G — k* is a character, there is a canonical isomorphism R%‘ — R§®p.
After replacing k with a finite extension if necessary, we are then left to consider

deformation spaces for representations p falling in one of the following cases:

(1) p =9 @1, where ¥ : G — k* is a character and 1 is the trivial k-valued
character;

(2) p is a non-split extension of 1 by 1 or a non split extension of 1 by w;
(3) p is absolutely irreducible.

Fix from now on a choice of arithmetic Frobenius ® of G. We denote by
t, : I¢ — Z, C O the tame character of inertia arising from the canonical
isomorphism I§, ~ 12 Zv. We identify ¢, with a generator £ of HY(G, K (1))
via the isomorphism H'(G, K(1)) — Hom(Ig, K) induced by restriction. We
can choose a representative £, € Z'(G, K(1)) for the class € having the following
properties: (1) &, 7, = tp; (2) ¢, takes values in Z,(1); (3) £,(®) = 0. We fix for
the rest of the paper such a choice of representative ¢, and we also denote it by
t, if no confusion arises.

Assume that w # 1: after reducing ¢, : Ig — Z, modulo p, we obtain a
group homomorphism ¢, : I¢ — F, C k that we identify with a generator £ of
H'(G, k(1)) via the isomorphism H!(G, k(1)) — Hom(Ig,k). A representative
for the class ¢ is given by the reduction modulo p of the 1-cocycle , that we
choose above. We fix this choice of representative for £ and we denote it by t~p
or simply by ¢, when no confusion arises.

2.1 Classification theorems

We keep the notation just introduced and we fix a lift ¢ of the determinant of
p. The following results are proved in [4], [3] and [5].

Theorem 2.1 The deformation space X = Spec Rg’w[ll)] 18 three dimensional,
reduced, and scheme-theoretic union of formally smooth components. Any geo-
metrically irreducible component C of X admits one of the following descriptions:

(I) There ezists a character v : G — IE'X such that for any geometric point
x : Spec K — C the corresponding K -representation p, is an extension of

v by v(1).

(IT) There exists a character v : G — K> such that for any geometric point
x : Spec K — C the K -representation v~ ! @ p, is unramified.

(III) There exists an irreducible representation o : G — GLy(K) such that for
any geometric point x : Spec K — C the K-representation p,, is isomorphic
to o.



(IV) There are two characters n,\ : G — K* such that nA\™" is ramified and
such that for any geometric point = : Spec K — C the K -representation p,
is isomorphic to ng ® Ao~ where ¢ is an unramified lifting of the trivial
character.

It two distinct components intersect, they are respectively of type I and of type
11 for the same character ~y; if x is a geometric point lying on the intersection
the associated K -representation is isomorphic to v @ v(1).
If x and y are two geometric points of X with corresponding K -representations
isomorphic and reducible, then x and y belong to the same geometrically irre-
ducible component.

We will use the above theorem without explicit mention. We will also refer
to the component of X as of being of type 1, IL,, III, and IV{"lch‘\Ic} with
the obvious meaning of this notation.

Theorem 2.2 For any character v : G — KX, there is at most one geometri-
cally irreducible component of X of type L, or of type IL,. There is at most one
geometrically irreducible component of X of type IV{”UG’A”G}’ unless p ~nd A

with 7’7;\5\71 non-trivial and unramified, in which case there are exactly two com-
ponents of X of type IV

Mrg Mgt

2.2 Semisimple reducible p

Assume p = ¥ @ 1 for some character ¥ : G — k*. It is easy to see that if
¥ # w* and w # 1 then H?(G,ad’ p) ~ H(G,ad" p(1)) is trivial, so that R%”w
is isomorphic to the formally smooth algebra O[[ X1, X2, X3]] and X has exactly
one irreducible component, which is of type IIy (resp. IV) if ¢ is unramified
(resp. ramified).

We can therefore assume that either w = 1 or w # 1 and ¥ = w; the case
w # 1 and ¥ = w! gives rise to a deformation space which is isomorphic to the
one of the case w # 1 and ¥ = w.

2.2.1 The case w=1

We assume ¢, € L (i.e., p|lf —1) and we work with 1) = U, where the symbol
~ denotes the Teichmiiller lifting.

Proposition 2.3 If ¥ # 1, X has no geometrically irreducible components of
type I. Assume 9 = 1; then there is exactly one component Cy of type I, which is
associated to the character v =1 and which contains a K -rational point x such
that p, = x ® 1 as O-representation. The lifts of p associated to K-rational
points on Cy are all and only K -isomorphic to either:

x®1 or (X t{’).



Proof Let C be a component of Xz of type I, and let = be a point on C,
so that p,, : G — GLy(Ok) is isomorphic over K’ to an extension of v by (1)
and p, = p ®y k', where K’ is some finite extension of K with residue field &'.
Since p is semisimple we obtain Y 1 ~ 3@y sothat 9 =1=7. If J =1
the representation y @ 1 defines point on C by Proposition 4.6.4 of [5].To show
that C is the only component of type I, notice that a component of type L,/ is
such that 4/ = 1 and (7/)® = 1, because of our choice of ¢: this implies v = 1
as p is odd. The final statement follows from the fact that H'(G, K(1)) is one
dimensional. W

Proposition 2.4 If ¥ is ramified, there are no components of type II; other-
wise there is exactly one component Crr of type II which is associated to the
character v = 1 and contains a K-rational point x such that p, = Ix ® 1 as
Ox -representation. The lifts of p associated to K -rational points on Cry are all
and only K -isomorphic to either:

Ixp t@e or x1/2®<1 Wl(l)>,

where @ is any unramified character G — OIX—( such that p =1 or p =9, and
nr(1) is the additive unramified character of G sending the arithmetic Frobenius
to 1 € K. The second representation only occurs if 9 = 1.

Proof It is obvious that a necessary condition for the existence of com-
ponents of type II is the unramifiedness of . Assuming this, a component of
type II; exists as p = 1~9X @ 1 is unramified. Assume now that X contains a
geometrically irreducible component of type IL, for some character v valued
in the ring of integers of some finite extension K’ of K. Notice that if 4/ is
another Ok -valued character of G which coincides on I with ~, then v and
~" define the same component of X, since two distinct type II components
cannot intersect. We can then assume that v, viewed as a character of G, is
trivial on G™ = Gal(L"™" /L), so that it induces by local class field theory a
homomorphism G — ;1 x (1 +9Mp, ) — OF,. Since 72 is unramified, v is
trivial on p?, | X (1+9Mp, ) and we conclude that v =1 as Ve = 1-

For the final statement, notice that any unramified two dimensional repre-
sentation p of G is either split or it is an extension of an unramified character

by itself. In the latter case, write p ~ a ® ( 1 7{ > where r is a continuous

unramified additive homomorphism G — K. By the lifting requirement we have
@ =1 =9 and the determinant condition implies that a? = x; notice that since
w = 1, the cyclotomic character has a unique well defined square root. Finally,
since we are working up to K-isomorphisms, we can rescale r so that it sends
an arithmetic Frobenius of L to one. B

Corollary 2.5 Assume v = 1. The unique component C; of Xg of type I and
the unique component Crr of X of type II intersect and if x is a geometric
point in their intersection the K-representation p,, is isomorphic to x ® 1.



Components of type IV  Let A be the set of equivalence classes of characters
n:G— (9;5( such that 7 =1 and 7]2{9_1 is ramified, where two such characters
n and 7, are considered equivalent if and only if n;, = 7;, or mmy1, = V)1c-
Let r be equal to two if ¥ # 1 is unramified, otherwise set r = 1.

Lemma 2.6 The number of geometrically irreducible components of X of type
1V equals r - #A.

Proof Let K'/K be a finite extension and let  be a character represent-
-1
ing a class in A. Denote by £2°7 X[%] the smooth closed subscheme of

-1

SpecR M o X[ | parametrizing lifts of p~! which are isomorphic over K to

29 X<p ® ¢! for some unramified character ¢ such that @ = 1 ([ ], 4 9).

If 9 # 1 is unramified, Proposition 4.9.4 in loc.cit. implies that £5-7 0" X[l]
is the umon of two geometrically irreducible components; in the other cases,
LOm*0” X[%] is geometrically irreducible. After identifying the spectrum of
2—1

?ﬁzﬁ X[%] with X, we deduce that if ¥ # 1 is unramified, the above sub-
scheme cuts out two irreducible components of Xz: one parametrizing lifts
isomorphic over K to 77’1{9@’1 @ pnyx for some non-trivial unramified character
o such that @ = 1, and the other parametrizing lifts isomorphic to 77’1{96977)( In
the other cases, we obtain just one irreducible component of Xz, parametrizing
lifts that become isomorphic to n~1d¢p~! @ pny over K for some unramified
character ¢ such that @ = 1.

Assume now that 7, is in the same equivalence class of n, say 1, = 711
and set n = Bn,. If p is a lift of p which is K-isomorphic to 7~ 001 & ¢ny
for some unramified character ¢ such that p = 1, then p is also isomorphic to
070 (Be) "t @ (Be)nx and By is unramified with trivial reduction. Similar
considerations can be made if nny;, = 1~9|[G so we conclude that if n and 7,
represent the same class in A, then they determine the same component of Xz
(or the same pair of components if ¢ # 1 is unramified). Thus we defined an
injective map O from the set A (or A x {0,1}, if ¥ # 1 is unramified) to the
collection of geometrically irreducible components of X of type IV. We now check
that © is surjective: if z is a geometrlc point of X that belongs to a component
of type IV, then p, ~ 9xB~! @ B for some character 3 as K- representatlon
Notice that since z cannot belong to a component of type II, 9572 is ramified.
We have 3 = 1 or 8 = ¥ and we deduce that z is a geometric point on ©(x~'f)
in the first case, and on ©(957") in the second case. W

Lemma 2.7 Let a = ord,(l/ —1). Then A contains p(12_1 element if ¥ is un-
ramified, otherwise it contains p® elements.

Proof Fix a topological isomorphism G® = Of x 7 and set K, = K(Cpa)-
Assume first that 9 is unramified. Suppose a > 0 and for any integer a such
that 1 < a < p* — 1 define an Ok, -valued character 1, of G by composing the



continuous homomorphism G* — of — Ppe C 1+ 9Mo,  with the ath power
map. It is clear that in this way we obtain £ a;l distinct classes in A, as n, ~ n,
if and only if @ = +b(mod p®). Viceversa, if n defines an element of A, then it
factors via the maximal pro-p quotient of G**, hence through a map Popee X Ly —
1+ Mo, ; after changing if necessary representative for 1, we can assume that
n is trivial on Z,, which implies that n = 7, for some a as above. When a@ = 0
and ¢ is unramified, we see that A is empty as 1 cannot be trivial by definition.

If ¢ is ramified, then A coincide with the set of equivalence classes of charac-
ters with trivial reduction, where two such characters are equivalent if and only
if they have the same restriction to inertia. As above we see that representatives
for the classes in A are given by the Galois characters induced by composing the
map G — of — Ppo € 1+9Mo . with the ath power map for 0 < a < p*—1.
|

As in the above proof, we fix a topological isomorphism G = Of x 7 and
for any integer a we denote by 7, the character of G defined by composing the
map G — Hpa C 1+ me(cpu) with the ath power morphism.

Corollary 2.8 Let o = ord,(If —1) >0 and Ko = K((a).

(a) IfYv =1, X has pa;lgeometm'cally irreducible components of type IV, say

CHy 1 < a < paz_l), For any unramified O -valued character ¢ of
G with trivial reduction, there is a point x € CH,(K,) such that p, =

ot~ @ en,x as Ok, -representations.

(b) If9 # 1 is unramified, X has p*—1 geometrically irreducible components of
type 1V, say Cy o, Cfyy (1 <a < ”a2_~1). There is a point ENC}IVVO(KQ)
(resp. x € Cy, 1 (Ko)) such that p, = 9n, ' ©n,x (resp. p, = Inteo e
enyx for any unramified Ok -valued character ¢ # 1 of G with trivial
reduction) as Of,, -representations.

(c) If ¥ is ramified, X has p* geometrically irreducible components of type
IV, say C§, (1 < a < p*). For any unramified O, -valued character
¢ of G with trivial reduction, there is a point x € Cfy,(K,) such that
0. =907 07t @ on,x as Ok, -representations.

In any case, the lifts of p associated to K -rational points on components of
type IV are all and only K-isomorphic to representations of the form

Ongte ™t @ on,x

where ¢ is an unramified K-valued character of G with trivial reduction and
Ny : G — O§(< ) is as above.
pOC

Proof It follows from the previous lemma and the proof of Lemma |



2.2.2 Thecase v =w#1

We assume ¢, ¢ L (i.e., p does not divide I/ — 1) and ¢ = w; we work with
P =X

Proposition 2.9 X always has a geometrically irreducible component Cr 1 of
type I with associate character 1; this component has a K -rational point x such
that p, = x ® 1 as Og-representation. If [L(C,) : L] # 2, there is no other
components of type I, otherwise there is exactly another component Cr ¢ of type
I having associated character v = w. This component has a K-rational point
y such that p, = & @& wx as Ok-representations. The lifts of p associated to
K -rational points on Cr1 resp. Cr g are all and only K -isomorphic to:

xd1l or <X t1p>;

LwdOx or d}®<x tf)

resp.

Proof The first statement is obvious. If v : G — (’)IX—{ is a non-trivial
character such that Xz has a component of type L,, then ~2 =1 because of the
determinant condition. By looking at the semisemplification of the reduction of
any representation corresponding to a point on this component we also obtain
¥ = w. This implies that w? = 1 and hence [L(C,) : L] = 2. We deduce that
7 is the quadratic character associated to the extension L((,)/L, or v = &. A
component of type I with such a character do occur as p, defines a point on
it. Finally, notice that = does not belong to this component. The only thing to
check for the last statement is that when [L((,) : L] = 2 the K-representation
p=w0® (X tlp) has an integral model whose reduction is equal (and not just
isomorphic) to p. This is obvious after conjugating p first by ((1) (1)) and then by

(;g). m

Proposition 2.10 X contains exactly one geometrically irreducible component
Crr of type 11, with associate character 1; this component has a K -rational point
x such that p, = x ® 1 as Ok-representation. The lifts of p associated to
K -rational points on Crr are all and only K -isomorphic to:

xe T @y,
where ¢ is any unramified character G — O;( such that o =1 or p = w.

Proof It is clear that X has a component of type II; containing = as in the
statement of the proposition. If C is a component of type II with associated
character v # 1, then v? and 4 are both unramified, so that + is unramified
as p does not divide If — 1. This implies that z also belongs to C. Since

10



two components of type II do not intersect, we deduce that C = Cy;. The last
statement follows from the fact that if an unramified representation o ® ( ! 7{)
is K-isomorphic to a lift of p we have @ = 1 or @ = w and the determinant
condition implies a® = y contradicting the fact that w # 1. W

Corollary 2.11 The components Cr1 and Crr of Xg intersect and if x is a
geometric point in their intersection the K -representation Py 18 isomorphic to
X ® 1. When [L(C,) : L] =2 also C1 5 and Cry intersect and if y is a geometric
point in their intersection then p,, is isomorphic to x &1 over K. There is no
intersection between Cr1 and Crg.

Proposition 2.12 X has no components of type IV.

Proof Assume that x is a geometric point of a component of type IV, so that
p, is K-isomorphic to B! @ f8 for some character 8 such that 52 is ramified.
The lifting property of p,, implies that the reduction of 3 is either trivial or equal
to w. In either case, the restriction of 8 to I must factors through the maximal
pro-p quotient of Gal(L"/L*"), which is trivial as ¢, ¢ L. This contradicts the
fact that § is ramified. W

2.3 Non-semisimple p

Assume p is a non-split extension of 1 by ¥, so that either ¥ =1 or ¥ = w. We
consider the following three cases:

l.w#1land 9 =1;
2. w#1and ¥ =w;
3. w=1v=1

We fix a topological isomorphism G ~ Of x Z identifying the arithmetic
Frobenius ® that we fixed earlier with 1 € Z. Denote by ¢ : G — Z, the unique
group homomorphism factoring through G™"®) and obtained by identifying
the latter with Z,; let ¢ be the reduction of @ modulo p and view it as a
homomorphism with values in £ via the embedding IF,, C k.

2.3.1 The case w# 1 and ¥ =1

Assume w # 1, ¥ = 1 and choose the determinant lift ¢ = 1. Since H*(G, k) =
Hom(G*(P) k) is one dimensional, we can assume that:

(1)

where ¢ : G — k is as above.
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Proposition 2.13 The deformation space X has no geometrically irreducible
components of type I or IV.

Proof If p is a lift of p corresponding to a point on a component of type I,
we have yw @4 = 1 @ 1, so that w = 1. Assume now that p corresponds to a
point on a component of type IV and that p ~ A @ A\~! as K-representations,
so that A\? is a ramified character of G. We deduce that A = 1 and hence X is
unramified. H

Proposition 2.14 X contains exactly one geometrically irreducible component
Crr of type 11, and its associate character is 1; this component has a K -rational
point x such that p, = (1 i”) as Oy -representation. The lifts of p associated to
K -rational points on Cry are all and only K -isomorphic to:

L ¢
(")

Proof It is clear that X contains a geometrically irreducible component
Cyr of type II with associate character 1. If y is any geometric point on this
component p, is unramified, so that Py = ('l i) as K-representations. Since
a? =1 and @ = 1, we deduce o = 1 so that b € H'(G, K') for some finite
extension K'/K. This implies that either b = 0 or, without loss of generality,
b= @ (after seeing Z, C K'). The first possibility does not occur as the trivial
representation does not have an integral model lifting p.

We now see that there is only one component of type IL. Let v : G — KX
be a character such that Xz has a component C of type IL,; let y € C(I_() SO
that v~ ! ® py is unramified. By the determinant condition we deduce that 72
is unramified; notice that y~! ® p, is unramified, so that 7 is unramified. We
conclude that + is unramified and therefore y € Cr;(K). Since two distinct
components of type II do not intersect, we have C;; =C. B

2.3.2 The case w# 1 and ¥ =w

Assume ¥ = w, w # 1 and set ¢ = x. Since H(G, k(1)) is one dimensional, we

can assume:
_ w t
p= ( 7 ) ;

where the 1-cocycle t,, is defined at the beginning of section

Proposition 2.15 X contains exactly one geometrically irreducible component
Cr1 of type I its associate character is v = 1. This component has a K-rational
point x such that p, = (X tlp) as O -representation. The lifts of p associated to
K-rational points on Cr 1 are all and only K-isomorphic to:

(1)

12



Proof By definition of the cocycles t, and i, p, is a lift of p so that the
generic fiber of our deformation space contains at least one component of type
I,. Notice that any lift of p associated to a K-rational point on this component
is K-isomorphic to either p, or to x @ 1; the latter case cannot happen as p is
ramified.

Let now 1 # v : G — KX be a character such that X has a geometri-
cally irreducible component C; . of type I,. Fix a K’-rational point on this
component for some finite extension K’ of K and let p be the associated O -
representation, which is K’-isomorphic to (W fy) Set p; = v and p, = yx. The
K'-representations p; @ p, and p have the same characteristic polynomial. Since
w # 1, p; is not isomorphic to p,. Also notice that p, which is indecomposable
by assumption, admits p; as subrepresentation: this follows from the conditions
P%° =~ py D Poy, v2 =1 and 7y # 1 (recall that p is odd). We conclude that by the
main theorem of [7] there is a matrix £ € GL2(Og) such that:

pr ¥ -1
=L L
g < P2 >

as Ok-linear representations. Since (pl ;;) = ’yx@(fl ’1‘) and H (G, O/ (—1)) =

0 we deduce that for some ¢ € Ok we have:

et ) (O e

so that p is semisimple, contradicting our assumption. l

Proposition 2.16 X has no geometrically irreducible components of type II or
V.

Proof If p is a lift of p corresponding to a point on a component of type IL,,

e

p is isomorphic over K to the representation (Xf *,1) for some unramified

Yo
character a. After reduction and semisemplification we deduce that ¥ = & or
¥ = aw. In any case, ¥ is unramified. Since w # 1, we conclude that + - and
hence p - is unramified, contradicting the fact that p(Ig) # 1.

A lift of p corresponding to a point on a component of type IV is isomor-
phic over K to (X% __,) for some character o such that o? is ramified. After
reduction we see that @ = 1 or @ = w™!, so that & is unramified. This implies
that « is unramified, and hence a contradiction. H

2.3.3 Thecasew=19=1

Assume w = 9 = 1 and ¥ = x. Let a = ord, (I — 1) > 0 and recall that we
have fixed an isomorphism G = OF x Z. The projection I¢ — Hpo = [y

induced by Of — p,. factors through 1P| which is identified with Z, via t,:
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this induces a surjection Z, — pu, and then an isomorphism p, ~ F, that we
consider fixed.

Let ¢ be the character defined at the beginning of 2.3] Denote by 6 : G — k
the additive character obtained by composing the projection G — G — Hopor

of G into the p-power roots of unity of O with the surjection Hpe — 1, and
then with the inclusion p,, C k induced by p,, ~ F,, and by the embedding of IF,,
in k. We have:

HY(G, k) = Hom(G*»®) k) = ke & kd.

We can then assume that p has one of the following shapes:

pz(l 6+1b(p)forsomeb€k, orp:(1 f)

We assume for this paragraph that we choose an element (,. generating fi,o
such that § ({,.) = 1.

Proposition 2.17 X contains exactly one irreducible component Cy of type I,
which has associated character v = 1. Furthermore:

1. Ifp= (1‘1;>, Cr has a K-rational point x such that p, = (th) as Ok -

representation. The lifts of p associated to K -rational points on C; are all
and only K-isomorphic to:
X tp
K

2. If p= (1 b‘sf“”) for some b € k, write I/ —1 = p®u and let a be an integer
such that au = 1(mod p). Then C; has a K-rational point x such that

- X1
Py = ( X btp+1a P )

as O -representation. If b =0 (resp. b # 0), the lifts of p associated to
K -rational points on Cy are all and only K-isomorphic to:

x@lor(x tlp) (resp. (X tf)).

Proof If X has a geometrically irreducible component of type L, then =1
and 4 = 1, which implies v = 1.

Since w = 1, the reduction modulo p of the cocycle ¢, : G — Z,(1) fixed
in [2] is a homomorphism ¢, : G — F, C k. Since ¢,(®) = 0 and ¢ is the

tame pro-p character of inertia, ¢, = . In particular, when p = (1 ‘15), the

plla

Ok -representation p = (X tf) defines a point on a component of X having type
I,. Since p is ramified, it cannot have any lift which is K-isomorphic to x @ 1.

14



Assume now p = (1 béf‘”). The continuous function ¢ := l;tp + a% is a

1-cocycle of G with values in K(1). Observe that bt, has values in W (k) C Ok
and the image of x — 1 is contained in p“Z,, so that { assumes integral values.
Since aX==(®) = 1(modp) by construction, the reduction of ¢ : G — W (k)
modulo p equals bd + ¢ and p, = p, so that there is a component of type 1;.
To prove the final statement, notice that if b # 0 we have p, ~ (X'7) as K-
representations, and p cannot have an unramified lift. When b =0, p, ~ (X 1)

over K and .
— ( X ptp + a’XpD‘ )
1

is an Og-linear representation which reduces to p and which is K-isomorphic

to (th).l

Proposition 2.18 If p = (1 5+1b“9> for some b € k, X has no components of

type I1. If p = (1 ‘f), X has exactly one component Cry of type I, corresponding
to the character v = 1. Cyy contains a K-rational point x such that

Lo
pzxm@( f)

as OK—represgntation. The lifts of p associated to K -rational points on Cry are
all and only K-isomorphic to either:

_ 1 ¢
xB® B! orx1/2®< ‘f)

where 1 G — K* is any unramified character such that f = 1 and ﬁ2(<1>) #
-7,

Proof If X contains a geometric point z lying on a component of type
1L,, 72 and ¥ are unramified, so that v and p, are unramified and p = (1 f) In
this case, a component of type II; exists as the above described representation
p, shows (we denoted by x'/2 the composition of x with the inverse of the
automorphism 1 + pZ, — 1+ pZ, given by squaring). Notice that this is the
only component of type IT as v = 1 and two type II components do not intersect.

For the last statement, notice that if p is an unramified non split represen-
tation K-isomorphic to a lift of p, then p ~5z a ® (1 ;) where a? = y and

1/2 and since r is unramified, we can assume up to

@ = 1. This implies a = x
K-isomorphism that r = .
If p is as above but split, we can find a finite extension K’ of K and an unramified
character § : G — Op, such that B =1and p~ xB8&® B . Notice that
since p(®) is not diagonalizable over k, we need to have x3(®) # 81 (®), so
that 1/3%(®) — 1 # 0. To show that these representations occur, up to K-
isomorphism, as liftings of p, denote by w a uniformizer of K’ and let

ord 17 82(®)—1

ey
11 3%(®) — 1 K

15



There is a K’-isomorphism:

2
2 XB°—1
p~p e XB" e orda (1 B2(3)—1)
1

By construction, the right hand side above is an O -linear representation which
lifts p. W

Components of type IV Fix a finite extension £ of K containing i, and
denote by w a uniformizer of Op. Let e be the ramification degree of E over

Qp.
Fix an integer r such that 1 <r < p® —1, an element ¢ in Z~oU {oo} and a
unit u € OF. Let
et G— 1+ Mg
be the character defined by composing the surjection G — G () ~ Hpac X dZe
with the homomorphism . x ®*» — O} defined by:

Cpo = Cpas d— 1+ wlu.

(We adopt the convention @™ = 0). Write I/ = 1+ w®w with w € O} and let

7y = ordy(r), so that (o = (pa—y is a primitive p*~7th root of one.

Lemma 2.19 Set:

Cc = min {m, Ordw (wt(Qu -+ wtu2) — weaw)} )

Then ¢ > 1 and the continuous function €y, — 5T_7tl)ux : G — Og takes values
m w°Og.

Proof We have (sm,u —8;,}7ux) (Cpa) = (Cf,a_7 — 1) ;},7 ~ Cpa—ry — 1,
where we write A ~ B in Og — {0} if and only if AB~! is a unit. Since
Qp(Cpa—-) is a subfield of E, we deduce:

e
de ((Ertw — 1 o)) = —————=2>1
or ((5 Wt €r,t,uX)(Cp )) pa_,.y_l(p — 1) =

We also see that
(Ertu — &m0 X) (@) ~ @' (2u + @'0?) — @ w

and the w-adic order of this element is positive.

Since w = 1, we can view €4, — ETT;UX as a continuous function Hopar X
oy — Of. To show that it takes values in w“Op it is enough to show that
(Er)t,u - E;tl,uX) ((g)aq)") has w-adic order larger than or equal to ¢ for any 1 <
j < p® and any integer i > 0. For simplicity set d = ¢/p®~7"1(p — 1). Assume
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t # 00, so that (g,.4.4 — E,T’tl’ux)(d,a i) ~ C?)ﬂ;,w(l +w'u)? — (14 @w*w)’. The
w-adic order of the latter is larger than or equal to

min {ordw (C?)ﬂ,v(l + wlu) — 1) yord ((1 + ww)" — 1)} .

We have ord, ((1 + wmw)i — 1) > ea and a simple computation shows that
2j i : .
ord, (Cpi_w(l + whu)? — 1) > min{t,d}. We conclude:

orde (er 0 — E,T,tl’ux)(q;n ®Y) > min{t,d, ea}
= min{¢,d}.

By definition of ¢ we see that ¢ = min{¢,d} if ¢ < ea and ¢ = d otherwise, so
that min{t,d} > c as desired. If ¢ = 0o, then ¢ = d and we obtain an analogous
inequality. H

Proposition 2.20 If p is ramified, X has pﬂglgeometrically irreducible com-
ponents of type IV, say Cy, (1 < r < %—_1) Let Ko = K((pe) and de-
note by w a uniformizer of K,. Fir an integer r € [1,#] and set d =
e(Ko/Qp)/p*= (=1 (p —1). The characters &, .« : G — 1+ My, appearing

below are defined as at the beginning of the section:

(a) Ifp= (1 ‘15), there is a point x € Cjy, (Ka) such that

-1

€r,00,1 = €p 001X
1 w?
E'r,oo,lx

_ € t1 -
Py = 7,00,1 1

as O, -representation. Herety equals w®/((pa—( o) € Ok . The lifts of
p assoctated to K-rational points on Cyy, are all and only K-isomorphic to
representations of the form gr,m,lﬁ@ﬁ715;;7lx, where B is an unramified
K -valued character of G with trivial reduction.

(b) If p= (1 b‘sf“") for some b € k*, there is a point y € Cjy,(Kq) such that

—1
" Erdov — gr,d,vx
_ Er 99—
py = r,d,v wd

—1
gr,d,vX

as O, -representation. Here to = wd?)/((;a —(pa) € O and v = i
The lifts of p associated to K -rational points on Cy, are all and only K -
isomorphic to representations of the form e, 4,0 @ﬂ_lsr_};’vx, where 3 is

an unramified K -valued character of G with trivial reduction.
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Proof Let C C X be a component of type IV and select a point € C(K),
so that p, ~ (”\ A‘lx) for some character A : G — O such that A? is ramified

and A = 1. As in the proof of Lemma there is a three-dimensional formally
smooth closed subscheme E[%] ~ LEA X[%} of X parametrizing lifts of p which
are K-isomorphic to A3 @ 8~ *A\"!y for some unramified character 8 of G such
that 3 = 1. Since p is not semisimple E[%] is geometrically irreducible (|5,
4.9.4) and C = ﬁ[%]. By associating to C the set of characters of the form Ag
with 8 as above, we obtain therefore a well defined map:

O: {components of X } { characters )\:GHO}; } / ~

of type IV with A2 ramified and A=1

where A\ &~ A1 if and only if A)\li}c = 1. Since two distinct component of type
IV do not intersect © is injective and Lemma implies that X z has at most
E a;l components of type IV. Notice that under our assumptions this number
is not zero.

Fix for the rest of this proof an integer r so that 1 <r < pZ—_l.

(a) Assume p = (1 f) and set

-1
€r,00,1 ~ €p 001X
—_—g

E =

w

Applying Lemma 2.19 with £ = K,, t = oo and u = 1 we obtain ¢ = d so that

the image of ¢ is contained in Q. We also have £(®) = (1-1/)/w? = 0(mod @)

since ea > d. As p # 2 we have (&,,00,1 — S;ioJx) (Cpa) = Cpa —(pa # 050 that

t1 is well defined, and by construction ¢; - £({,a) = 1. Since @w?/((pa — (pa) €
(’)IX(Q we conclude that p, has integral values and p, = p as desired.

(b) Assume p = (1 baf‘P) for some b € k* and set

—1
Erdov — Ep g X
wd

& =

where v is a unit in Ok, that we will determine. Using Lemma [2.19] applied
with E = K,, t = d and u = v we see that &, is an Of_-valued function on
Hepa X ®Zr. We have that

b= (raw = ErguX) (Gpo) = =/ (G = G

is a unit in O, which does not depend upon the choice of v. We deduce that

the continuous function 5: := hb- £, has values in Of_ and py is an O, -linear
representation. Observe that:

€, ((pe)(mod @) = bd , )

" = 20+ wv® — w %w
®)="hb-

£(2) 14 wiv

?
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where we wrote I7 = 1 + @*w. In particular f;/ (®)(mod @) = 2bho, where the
bar denotes reduction modulo w. Since b # 0 we can choose v so that 2bhv = 1
in the residue field of K. With this choice of v, p, = p as desired.

Finally, since r € [1, 2 a; 1] the definition of the equivalence relation ~ implies
that the components defined above are pairwise distinct. Bl

Proposition 2.21 If p = (l‘f), X has paglgeometm’cally irreducible com-

ponents of type IV, say Cjy, (1 < r < pa;l). Let Koqp1 = K((pa+1) and
denote by m a uniformizer of Ko11. Fiz an integer v € [1, p<*2_1} and set
d = e(Kat1/Qp)/p*=0 (=1 (p — 1). There is a point z € Cyy(Kar1) such
that

-1
€rd-1,1 — €. g-11X

— | erda-—11 ts-
Py = E ’ 3 1,ﬂ-d—l
€rd—1,1X
. 1 -1
as Ok, -representation. Here t3 equals rl—d (Er,d—l,l(q)) — gr,d71,1X(¢’)> €

O]X(QH. The lifts of p associated to K-rational points on Cyy, are all and only
K -isomorphic to representations of the form Erd—1,10 ® 6715;;71 1X; where B
is an unramified K -valued character of G with trivial reduction.

Proof As in the proof of Propositionm7 X has at most pa;l > 0 distinct
components of type IV. Fix an integer r so that 1 < r < paT_l. Notice that
e(Ka+1/Qp) > p*(p — 1) so that d —1 > 0 and the character €, 4-11 : G —
14+ Mk is well defined.

Set:

a+1
-1
¢ €rd—1,1 = €. g-11X
qd—1

Using Lemma [2.19) applied with £ = K411, t = d—1 and u = 1 we see that £ is
an O, ,,-valued function on pi,. x ®%». We see that ord,(£(¢,a)) > 0, while:

71_d71(2 + 7.rclfl) — %y
-1

§(®) ~

md

and t3 = £(®) 7!
is an element of O§a+1. We deduce that the continuous function ¢3-£ has values
in Ok,,, and p, is an Of, ,-linear representation such that p, = p as desired.
Finally, since r € [1, 2 a; 1] the definition of the equivalence relation ~ implies
that the components defined above are pairwise distinct. ll

for some w € OIX<Q+1. This implies that £(®) is a unit in Ok, ,

Remark 2.22 One way to determine the possible shapes of the lifts of p in
the above settings is to motice that if p = €1 ® €2 is a degree two K-linear
representation G — Autg(V), and if p : G — Auto, (L) is an Ok-integral
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model of p, there is an Ok -basis of the Ok -lattice L C 'V such that the matricial
form of p in this basis is:
€1 7“(61 — 62)
&2

for some r € K which makes the function r(e; — e2) to be Ok -valued.

3 Irreducible liftings

We maintain the notation introduced at the beginning of We furthermore
set @ = ord,(lY — 1) and B = ord,(I/ + 1). We now look at the existence of
geometrically irreducible components of type III in the generic fiber X of the
framed deformation space of p.

3.1 Preliminary results

Proposition 3.1 Let C be a geometrically irreducible component of X and sup-
pose that there is a K-rational point on C whose associated K -linear represen-
tation o is absolutely irreducible. Then:

(a) If z is any geometric point lying on C, we have p, ~ o as representations
over K.

(b) C is the only geometrically irreducible component of X containing a geo-
metric point whose associated representation is K-isomorphic to o.

Proof Part (a) follows from the proof of Proposition 4.10.3 in [5]. Part (b)
is a consequence of the results of Chapter 4 of [I] (notice that in loc. cit. the
role of p and [ is switched with respect to our conventions). When p is reducible,
(b) also follows from the proof of Proposition 4.10.8 of [5]. W

We adopt the following terminology. Let F' be an algebraically closed field
of characteristic different from two. Fix an index-two closed subgroup H of
a topological group P and let v be a homomorphism from H to F*. For a
choice of element s in P — H we denote by ¢ the character of H defined by
v¢(h) = v(s71hs) for h € H; notice that the choice of s is irrelevant and that
v coincides with its P/H-conjugate v¢ if and only if it can be continuously
extended to a character of P. If that is the case, v has exactly two extensions
to P: if we denote one of them by ¥, the other is Yx p/i where xp,/y is the only
character of P over F' whose kernel equals H.

We denote by Ind% () the group homomorphism p : P — GLo(F) defined
by the following matrices:

( 1(9) ) > ifgeH

( (s1g) v(95) ) ifge P—H.
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We have IndL(y) ~ Indb (4¢). The F-representation Ind% (v) is irreducible if
and only if v # v°. When v = ~°, Ind}, (v) is isomorphic to YXp/u 7, with ¥
an extension of vy to P.

Lemma 3.2 Let M/L be a quadratic extension and let E/K be a finite exten-
sion. Fix a character v : Gy — OE with trivial reduction. Then:

(a) If M/L is ramified, then v extends to a character of G.
(b) Ifa=p=0 ora>0, and M/L is unramified, then v extends to G.

(c) Ifa=0, 8>0 and M/L is unramified, then v extends to G if and only if
v is unramified.

Proof Let o/ = ord,(1(M/@) —1). Choose a uniformizer s of M; if M/L
is ramified (resp. unramified) we can assume that ¢ = ¢2 (resp. € = ¢) is a
uniformizer for L.

We normalize the reciprocity law of local class field theory so that uniformiz-
ers corresponds to arithmetic Frobenii. There is a commutative diagram:

Gy — G}l\s’(p) - ,Upo/><§Zp - 14+ mp

1 1 1N

G . Gab,(P) AN Lo X €Zp

in which the central horizontal isomorphisms are induced by the reciprocity
maps, N is induced by the norm map of M over L, the first two vertical maps
are induced by the inclusion of L in M, and v denotes the morphism induced
by the given character Gy — Op (also denoted 7) on fi . X ¢Zr. Assume

M/L is ramified, so that @ = o’. As the image under G* = OF x €’ of
ker(G® — G (®)) contains —1, we see that ‘ﬂ((éagj) = CZL ¢l for all integers
i and j. In particular 91 is an isomorphism and « extends to a character of G
with values in 1 4 9. This proves (a). A

Assume that M/L is unramified, so that ‘J’{(C;a/gj) = g“iie%. In this case
o' = a+f, so that if & > 0 we have a = o’ and 9 is an isomorphism. Similarly
if « = 8 =0 we have o =0 and M is bijective. This proves (b).

To prove (c), assume M/L is unramified. Suppose that « =0 and o/ = 3 >
0. Define a continuous character 7/ : €2r — 1+ g by setting 7/ (e) = y(s)'/2. If
~ is unramified, 7’ o9t = 7 so that 4/ defined an extension of v to G. Viceversa,
assume that v extends to a character 4 : G — Oj. By contradiction suppose
that there is g € Gy such that y(g) # 1 and g is sent by the fixed epimorphism
Gy = flyar X ¢%r to Cpor- Then

1#5(g) = 7" (M(Cper)) =7"(1) =1
for some character 7" : Of x e — O} induced by 4. This is impossible. W

We introduce another piece of notation. Recall that we have chosen an
arithmetic Frobenius ® of G. Assume for this definition that L(, ) is a quadratic
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extension of L so that ®? is an arithmetic Frobenius for G L(C,) and 8 > 0. By
local class field theory we obtain an identification GaLZZ’C(p )) & flyp X ¢%r sending
p

®2 to a uniformizer ¢ of L(¢,). For any integer r and for any extension E of K
containing (,s we denote by v, (resp. 7,.;) the homomorphism

GL(QP) — 1+ Mg

obtained by sending (,,s to (;,s and < to —17 (resp. s to 1). If an extension FE is
not specified, we see 7, (resp. 7,.;) as a character with K((,s)-values.

3.2 Semisimple reducible p

Assume p = 9 @ 1 for some character ¥ : G — k*. We saw that if 9 # w*!
and w # 1 then R?’w is an integral domain and X has exactly one irreducible
component of type IIy (resp. IV) if ¢ is unramified (resp. ramified). We
therefore assume that either w =1 or w # 1 and ¥ = w.

Proposition 3.3 Ifw =1 and ¢ = Oy, or if 9 =w # 1, [L(C,) : L] # 2 and
¥ = x, then X has no geometrically irreducible components of type III.

Proof Let p : G — GLy(K) be an absolutely irreducible representation
lifting p, say p ~z Indk () for a quadratic extension M/L and a character
v: Gy — (9;5( such that ~ is different from its G/G p-conjugate €.

Assume w = 1 and ¢ = 1~9x. Since p is reducible, we have ¥ = ¢ and %
extends to G; denoting by 7 any such extension, we obtain p >~ YXy,, © ¥
where X/, is the quadratic mod p character associated to the extension M/L.
If ¥ =1, parts (a) and (b) of Lemma imply that v = ~°. Then Yx,;/p =1
which again implies ¥ = 1 and vy = 7€, so that there are no components of type
IIT in this case.

Assume now ¥ = w # 1 and ¢ = x. As before we find p ~ YX /1, &7, which
implies w = X7/, and therefore [L((,) : L] =2. W

Proposition 3.4 Assume ¥ =w # 1, [L(¢,) : L] =2 and ¢ = x. Then 3 >0

and Xg has pB2_1 geometrically irreducible components of type I, say Ci;;

(1<r< L;l), Let Kg = K(Cps): there is a point x € Ci1(Kg) such that

—1
11 . 11
Pz = ( 1 1 ) 'IndL(Cp)(’yr)' ( 1 1 )

as Ok -representation. The lifts of p associated to K -rational points on C¥;
are all and only K-isomorphic to the above p,,.

Proof By way of Proposition we need to classify the K-linear isomor-
phism classes of absolutely irreducible lifts of p. Fix a finite extension K’ of
K and let p: G — GLy(K’) be an absolutely irreducible representation having

22



determinant x; assume that p has an integral model whose reduction is equal
to p. We can assume p = Ind@('y) with M a quadratic extension of L and
v : Gy — OF, a character which is different from its G/Gps-conjugate. Since
any integral model of p has reducible reduction we deduce that ¥ = ¢ and
V&1~ Xy &7, where 7 denotes any fixed extension of 7y to G. This implies
that ¥ = w = X,/ so that M = L (¢,). Since ¥ = 1, part (c) of Lemma
implies that v is ramified. Assuming without loss of generality that (,s € K
we see that - factors as:

7 G,y = By X7 — 14+ My

and satisfies v((,s) = (s for some integer r € [1,p” —1].
Since ® ¢ G and ®? is an arithmetic Frobenius in G L(¢,) we obtain using
the determinant condition:

1(@%) = 7(®?)? = 1%,

Assume that in the projection GL(gp) — s X ¢Z», ®2 corresponds to the

uniformizer ¢, so that v(s) = £17. Since the image of 7 is contained in 14+ Mg,
we have that v(¢) — 1 is an integer divisible by p. Since o = 0 this means that

() = ~U). )

We conclude that our original representation p is K-isomorphic to p, :=
Indf(cp)(%) for some integer r € [1,p” — 1]. We claim that if r,s € [1,p” — 1]
then:

0, ~i p if and only if 7 = +s(mod p?).
Indeed, if p, ~g p, pick an element ¢ € Ig = Ig, & whose image under the
surjection GL(CP) — s X ¢Zr equals Cps- By Kummer theory together with the
fact that 7, = 1, we see that v5(i) = 'y,,(i)rf. The equality of traces of p,.(7)
and p,(4) implies then that:

. g—Ff . g
Cra+Cp =Con+ (06

Since [=f = —1 in Z/pZ we deduce that Cps + C;BT = (st C;BS so that
r = +s(modp?). On the other side, by similar computations one sees that
Y& =~_,, so that the claim is proved.

Fix now an integer r € [1, pﬁgl] and set p, = (7' 1)_1 p (1'1), viewed as a
representation with coefficients in Kz. To conclude the proof of the proposition,
we are left with checking that p, is an integral representation with determinant
x and that it reduces to p.

Since v¢ = v_,., the determinant of p, is unramified. As ¢ ¢ Gr,) we

have det p,.(®) = —,.(®?) = I/ and we conclude det p,. = x. An explicit matrix
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computation shows that:

L v (9) +7(9) vilg) —7.(9) .
5.(0) 2 ( V5(9) — v (9) vr(9) +77(9) ) ifg€Gre,)
pr(9) =
L =7(92) =7, (27 1g) —7,.(9®) +7,(®1g) \ | -
2< 7 (9®) =7, (@) 7, (g®) +7,.(27g) > fgeG—Gre,:

This implies that p,. is Ok, -integral and its reduction modulo M, equals p,
as vy, = ﬁi =land Y =w = XL(CP)/L' |
3.3 Non-semisimple p

Assume p is a non-split extension of 1 by ¥, so that either ¥ =1 or ¢ = w.

Proposition 3.5 If p is a non-split extension of 1 by 1, then X does not have
any geometrically irreducible component of type III.

Proof If x is a K-rational point on a component of type I1I, p, ~ Indﬁ/[('y)
where M is a quadratic extension of L and -y is a character of G j; which satisfies
v # ~¢. Since p is reducible, we have ¥ = 4¢; since p** = 1 @ 1, if we denote by
7 any extension of ¥ to G we have ¥ =1 = Jx,;/p,, so that x,;,;, = 1, which is
impossible. W

Assume ¥ = w, w # 1 and set ¢ = xy. We can assume:
_ w t
p= ( 1 > :
where the 1-cocycle ¢, is defined at the beginning of section

Proposition 3.6 Assume ¥ =w # 1 and ¢ = x.

(a) If[L(C,) : L] # 2, X does not have any geometrically irreducible component
of type III.

(b) If [L(¢,) : L] = 2, X has p’-1 geometrically irreducible components of

2
type III, say Cj;; (1 <r < pB2—1)' Let Kg = K((ps): there is a point

x € Cj;;(Kg) such that for some X € GLy(Kp)

Pz = X71 : Indé(g"p)(’)/r) - X

as O, -representation. The lifts of p associated to K -rational points on
Ci;y are all and only K-isomorphic to the above p,.

Proof Let K’ be a finite extension of K. If x is a K'-rational point on a
component of type III, p, >~ Indﬁ/[ (7) where M is a quadratic extension of L
and < is a character of G, which satisfies v # v°. We have ¥ = 4¢ and from
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p** = w @ 1 we deduce w = X/, and hence M = L(¢,). Let us now assume
[L(¢,): L]=2and M =L (Cp).

As in the proof of Proposition [3.4] we see that we can assume K’ = Kz and
we have p, ~k, p, where p, = Ind L(Cp)(%) for a uniquely determined integer

r € [1, pﬁ; 1], Since the semisimple reduction of p, is isomorphic to w @ 1,
by Ribet’s lemma ([6], Proposition 2.1) we can find a matrix ¥ € GL2(Kp)

w cty

such that Y ~1p Y is Ok ,-integral and has reduction equal to ( 1
¢ # 0 in the residue field of Kj3. Then we can also find X € GL2(Kg) such that
X~1p, X is Ok ,-integral and has reduction equal to p. Since det(X ~'p, X) = x,
we are done. W

for some

3.4 Absolutely irreducible p
Suppose that p is absolutely irreducible. We can assume that ([2] 2.3, 2.4):
p = Indj;(0)

where M is a quadratic extension of L and 6 : Gj; — k™ is a character which is
different from its G/G s conjugate 6°. We set ¢ to be the Teichmiiller lift of det p
and we consider as usual framed deformations of p having determinant ). The
generic fiber Xz of the corresponding deformation space has only components
of type III.

A straightforward computation shows that H?(G,ad’ p) is non-trivial if and
only if one of the following mutually exclusive conditions is satisfied:

(IRR1) M =L ((,), or
(IRR2) L (¢,) /L is quadratic and 0° = 0 @ wc,, .

~ If (IRR1) and (IRR2) are both false, X is an integral scheme and up to
K-isomorphism there is only one integral lift of p defining a point on X, namely
Ind%,(6).

Lemma 3.7 Assume that (IRR1) does not hold and (IRR2) holds. Then p is
isomorphic to Indf(gp)(n) for some character n : G ) — k> which satisfies

n# nc.

Proof Let § denote the restriction of 6 to GM(CP)' Fix an element s €
Grc,) — Guc,): the value at g € Gy (¢ ) of the conjugate 0¢ of 0 with respect
to the quadratic extension M(,)/L(¢,) can be computed as:

3°(9) = d(s " gs) = 6°(9),
where 0° is the conjugate of § with respect to the extension M/L. By (IRR2),
3°(g) equals (0 ®w) (9) = 0(g9)X1(c,)/L(9) = d(g), so that & extends to a char-
acter n of GL(CP)' Since HIM(C,,) =Mmc,) We have:

L M L L(¢p)
IndM IndM(Cp)(0|M(Cp)) >~ IndL(Cp) Ind]”(gp)(nlM(Cp)) (1)
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As 9|M(Cp) extends to M we have

Indj7c ) (Oar(c,)) = 0 S OX)arc, )

Similarly:
L) N )
Indy &) (Marce,) = 1S MX L) mc,)-

We conclude from that Ind%, () @ Ind%, (0>’<|M(<p)/M) ~ Indf(cp) (n) ®
Ind%(cp)(nXL(Cp)/M(Cp))' Since X|M(¢,) /M = WG (IRR2) implies that the

representation Ind%; (9)’<|M(<p)/M) is isomorphic to Ind%, () and:

Indfh (9) D IndLM (9) ~ Indf(cp) (77) D Ind%((p)(nXL(Cp)/M(Cp))

As the left hand side above has length two, it follows that p is isomorphic to
Indf(cp) (77) .

By the above lemma, we can assume from now on that M = L((,), which
implies w # 1 (i.e,, @« = 0) and 8 > 0. Recall the characters v, ; introduced
in [3.1] and recall that the symbol ~ denotes Teichmiiller lifting for some finite
extension of Q,, inside Q,.

Proposition 3.8 Assume M = L((,) and set ¢ = 5&7—;. Then Xg has p°

geometrically irreducible components of type III, say Cr;; (0 <r <pP —1). Let
Kp = K((,s): there is a point x € Cj(Kp) such that

Pz = Indﬁ(ﬁp)(é ® 77",1)

as O, -representation. The lifts of p associated to K -rational points on Ct;;
are all and only K-isomorphic to p,.

Proof Let M; be a quadratic extension of L inside Q; and let p = Indh1 ()
be a degree two absolutely irreducible representation of G defined over some
finite extension K’ of K. Assume that p has determinant ¢» and has an integral
model whose reduction equals p. This implies Ind@1 (0) =~ Indf(gp)(t?), so that
6 is different from its G'/G pr,-conjugate §°.

We claim that we can suppose M; = L((,). Assume M; # L(C,) and set
F = M;(¢,). Since Ind@1 (6) ~ Indf(gp)(H) we can assume /g, = 0|, which
implies B

Ojr =bicr @1
for some character n : Gp — 1+ 9Mg+. Denote by ¢ a uniformizer of L((,), so
that ¢ = 12 for a choice of uniformizer v of F. The norm map F* — L(¢,)*
induces an isomorphism fi,,s X v%» — 11,5 x (—¢)%», so that the character 7 can
be extended to a character of G L(C,)- Since the same is true by assumption
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for é|GF, we conclude that J|g, extends to a character d; of GL(C;,)' It is easy
to check that 0 is different from its G/G L(¢,)-conjugate. We conclude that
p = Indyy, (6) = Indf (c )(61).

Assume now M; = L((,) and p = Indi(cp)((S) as above; also suppose (s €
K’. The isomorphism Indf@p)(g) ~ Indf(cp)(ﬁ) implies § = 6 or 6 = 6°. We
assume ¢ = ¢ as the other case can be treated similarly and does not produce
new irreducible components. We write 6 = 6 ® v where

7 Gr,) =GRl = s x ™ = 14 My

(< is a uniformizer of L(C,)) sends (s to (}s for some integer r € [0, p” — 1] and
sends ¢ to some m € 1 + Mg . By the proof of Proposition and by Lemma
(¢), it follows that the G/GL(CP)-conjugate 7¢ of v sends (s to Cp?f and ¢
to m.

Since the determinant of the representation Indf(g y(0) is assumed to be

equal to ¥, we obtain that for g € G L(¢,) which is sent to ¢ by the reciprocity
map we have

~ ~c ~~c
30°(g) = 670 v“(g) = 66 (g).
This implies m? = 1 and hence m = 1 since 1 4+ Mg is a pro-p group. We
conclude that v =, ; and:
L -
p=p,=Indf (0 ®7,,)
Observe that p, is an Ok ,-integral representation whose reduction modulo
My

ps we must have 9%71 = 97571 or 9%71 = 967_571: the first option implies

; is irreducible and equals Indf(cp)(ﬁ), as 4,1 = 1. Furthermore, if p, ~g

r = s(mod p?), while the second option cannot occur as reducing modulo M,
it would imply 6 = 6°.

To conclude the proof, in view of Proposition it is then enough that we
show det p, = . If g € Gr(¢,) we have det p,(g) = 9%71067_,%1(”(;) =06"(g) =
¥(g). Assume g € G — Gr,): we need to check that Y,1(9%) =1 (notice that
g% is an element of Grc,))

Assume g = 17" with + € Iz and n € 7 — 27, so that

Wr,l(g2) = ’YT,I(L)’YT,l((I)_n[’q)n)’)/r,l(q)_%l) = ’77‘,1(1’)77’,1(@_”“1)”)'

Let (s be the image of + under the projection G‘zb(’c(:)) — fi,s. By Kummer

theory and the definition of v, ; we obtain:
_ —nf
’Ynl(q) nL@n) = Ci}ﬁ o

—nf A~
so that 7,1 (1), (@~ "®") = C;l;rl %" — 1, as If = —1(mod p?) and n ¢ 27Z.
|

‘We can conclude:
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Proposition 3.9 Let p be an absolutely irreducible two-dimensional represen-
tation of G over k. Let i be the Teichmdller lift of det p and let X denote the
generic fiber of Spec RE’U}. The following conditions are equivalent:
(i) H?(G,ad’p) is non-trivial;

(ii) X5 is not an integral scheme;

(iii) X is not irreducible;

(iv) p can be induced from a character of GL(CP);

(v) [L(Cp) : L] =2 and p has a G, -stable line.

Proof Write p = Ind%,(9) where M is a quadratic extension of L and 6 is a
k*-valued character of Gpy. If () is true, then (IRR1) holds or (IRR2) holds. If
(IRR1) holds, M = L((,) and (iv) is satisfied; if (IRR2) holds, (iv) follows from
Lemma That (iv) implies (i4i) follows from Proposition and the fact
that p divides I/ + 1. The implications (iii) = (ii) and (ii) = (i) are obvious.
We are left with proving the equivalence between (iv) and (v).

If (iv) is true, write p = Indf(gp)(ﬂ). By definition of induced representation
PGy, = 0 @ 0° where 6° is the G/Gr,)-conjugate of 0, so that (v) is clear.
Viceversa, assume (v) holds and let v be a vector in the representation space of
p whose k-span is a GL(CP)—stable line 0. Let s € G — GL(CP): by irreducibility
of p, s-v does not belong to ¢, so that the representation space of p decomposes
as £ @ sl. Since G acts transitively as permutation representation on {¢, sf}, it
follows that p can be induced from G L, N

Remark 3.10 [t is natural to ask whether a result similar to the above propo-
sition holds for deformation spaces of representations of degree n > 2, as long
as the distinct primes | and p are both different from n.

4 Counting the irreducible components

For convenience of the reader we recall our notation. Let [ be an odd prime and
fix a finite extension L of Q; whose residue field has cardinality (/. Let G be
the absolute Galois group of L. Fix an odd prime p # [ and let K be a finite
extension of Q, having residue field k. Denote by x be the p-adic cyclotomic
character of G and by w its reduction modulo p. Set

a=ord,(If —1), g =ord,(l’ +1).

We denote by ~ the operation of taking Teichmiiller liftings of elements in
the residue field of Q,. For any non-negative integer m we denote by K,, the
extension of K in @@, generated by the p™nt roots of unity.
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Fix a continuous representation p : G — GLy(k) and let ¢ : G — Opx
be a lifting of the determinant character of p. Denote by R%”w the complete

local noetherian O-algebra representing the functor D%”w and let X denotes

the generic fiber Spec Rg’w [%] of the corresponding deformation K-scheme. In

view of what remarked at the beginning of [2] in what follows we can replace k
with a finite extension, we can change p by a twist and we are allowed to fix a
specific value for 1.

If C is a geometrically irreducible component of X, we say that it is of type
I, II, III or IV according to the classification given in Theorem For a fixed
symbol % in the set {I,II,IT11,IV}, we let cx be the number of geometrically
irreducible components of type % contained in X. We will denote by Ky a
finite extension of K inside Q, over which every component of type % has a
rational point. We set:

c = (er,crr, e crv)
K = (K, K, K, Kry)

and let c=c;+crr+crpr+cry and K. = K K KKy .

We now summarize some of the results of the previous sections. We distin-
guish three cases depending on whether (A) [L(¢,) : L] =1, (B) [L(¢,) : L] =2
or (C) [L(¢,) : L] > 2. These three cases also correspond to, respectively: a > 0
and 8 =0; a=0and 8 > 0; a = S = 0. Notice that since p is odd it cannot
happen that a > 0 and 8 > 0.

Theorem 4.1 (A) Assume [L((,) : L] = 1 (equivalently: o > 0 and g = 0,
e, w=1).

Al. Let p=9® 1 where ¥ : G — k™ is a character, and set 1) = 1~9x.

Al.1. IfYv =1, thenc = (1, 1,0, ”2—71) and K = (K, K,—,K,). In partic-
ular ¢ = I’QTJFS and K. = K.

A1.2. If 9 # 1 is unramified, thenc = (0,1,0,p* — 1) and K = (—, K, —, K,).
In particular ¢ = p® and K, = K.

A1.8. If ¥ is ramified, then ¢ = (0,0,0,p%) and K = (—,—,—, K,). In
particular ¢ = p®* and K. = K.

A2. Let p be a non-trivial extension of the trivial character by itself, and set

P =x.

A2.1. If p is unramified, then c = (1,1,0, pa2_1> and K = (K, K, —, Kq41)-

In particular ¢ = pa;?’ and K. = Kq41.

A2.2. If p is ramified, then c = (1,0,0, pa2_1) and K = (K, —,—, K,). In

particular ¢ = pa;1 and K. = K,.
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A3. Let p be absolutely irreducible and set 1) = aé\t/f). Then ¢ = (0,0,1,0) and
K= (-,—K,—). In particular c=1 and K. = K.

Proof The result follows from the propositions proved in sections [2.2.1]
753,53 B3 and B3, W
Theorem 4.2 (B) Assume [L(C,) : L] = 2 (equivalently: o = 0 and 8 > 0,
pe, w=w"l#1)

Bi. Let p=9® 1 where ¥ : G — k™ is a character.

B1.1. If0 = w set) = x. Thenc = (2, 1, #,0) andK = (K, K, Kz, —).

s
In particular ¢ = 22 and K. = Kg.

B1.2. If 9 # w is unramified set » = 9. Then ¢ = (0,1,0,0) and K =
(=, K,—,—). In particular c=1 and K, = K.

B1.3. If ¥ # w is ramified set ¥ = U. Then ¢ = (0,0,0,1) and K =
(=, —,—, K). In particular c=1 and K. = K.
B2. Let p be a non-trivial extension of the trivial character by a character 9.
B2.1. If 9 =1 setp =1. Thenc = (0,1,0,0) and K = (-, K,—,—). In
particular c =1 and K. = K.
B2.2. If0 = w set ) = x. Thenc = <1,o, Pﬁgl,o) andK = (K, —, Kz, -).

In particular ¢ = pﬁ;l and K. = Kg.

B3. Let p be absolutely irreducible and set ¢ = m.

B3.1. If p cannot be induced from a character OfGL(CP); then ¢ = (0,0, 1,0)
and K = (—,—, K, —). In particular c=1 and K. = K.

B3.2. If p can be induced from a character of GL(CP)’ then ¢ = (0,0,pﬁ,())
and K = (-, —, Kg,—). In particular ¢ = p° and K. = Kp.

Proof The result follows from the propositions proved in sections [2.2.2]

237] B3 and[3.4 M
Theorem 4.3 (C) Assume [L((,): L] > 2 (equivalently: o = 8 = 0, i.c.,
w#Lw?).
C1l. Let p=9®1 where 9 : G — k> is a character.
C1.1. If 9 = wt! setp = x*'. Thenc=(1,1,0,0) and K = (K, K, —, —).

In particular ¢ =2 and K, = K.
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C1.2. If ¥ # w*! is unramified set v = 9. Then ¢ = (0,1,0,0) and K =
(=, K,—,—). In particular c=1 and K. = K.

C1.3. If ¥ # w*' is ramified set » = 0. Then ¢ = (0,0,0,1) and K =
(=, —,—, K). In particular c=1 and K. = K.

C2. Let p be a non-trivial extension of the trivial character by a character 9.

C2.1. If 9 =1 setp = 1. Then c = (0,1,0,0) and K = (-, K,—,—). In
particular c =1 and K. = K.

C2.2. If 9 = w set p = x. Then ¢ = (1,0,0,0) and K = (K,—,—,—). In
particular c =1 and K. = K.

C3. If p is absolutely irreducible, set ¢ = ac_eju/p. Then ¢ = (0,0,1,0) and
K= (-,—,K,—). In particular c=1 and K. = K.

Proof The result follows from the propositions proved in sections [2.2.2]

B30 23232 B.3andB4 W

If I # 2 and f are fixed and we let p grow, we eventually end up in the case
a = 3 =0, so that:

Corollary 4.4 Fix an odd primel and assume that p is a prime big enough with
respect to 1 and f (for example, p > 1f). Then X is geometrically irreducible,
unless p is twist-equivalent to w™' @1, in which case X g has two geometrically
1rreducible components.

Notice that the proof of the corollary can easily be done without using any
of the Theorems or On the other side, when [L((,) : L] < 2, the
number of irreducible components of Xz can be large and the above theorems
say that it depends only upon the shape of p (i.e., upon which of the cases Ax.y.,
Bzx.y. or Cz.y. the representation p falls into) and upon the pair (o, ).

Corollary 4.5 Fach absolutely irreducible component of X has a point rational
over Koy, unless a > 0, B =0 and p is non-semisimple and twist-unramified,
in which case every absolutely irreducible component of X has a point rational
over Kq41.

Proof This follows from the determination of K, in Theorems and
[4:3] The special case corresponds to case A2.1. of Theorem [ |

The isomorphism of local O-algebras RY ~ RE’w[[T, X))/((1 4+ X)P" — 1)
allows the counting of the geometrically irreducible components of the defor-

mation space Spec R%‘ [%] In particular, if L does not contain a primitive pth

root of unity, this number is still equal to c.

The results proved in sections [2] and 3] give more information than the above
theorems do: in the mentioned sections, for any geometrically irreducible com-
ponent C of X, the list of K[G]-isomorphism classes of lifts of p corresponding
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to K-points of C is determined. Furthermore, some rational points on C are
explicitly computed. For simplicity, we did not summarize in this section these
results.
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