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GENERAL REMARKS

This is a transition talk. Let me explain. 

The bulk of my efforts for decades concern

1. Is set theory relevant to anything other than set theory?

2. What does or could set theory mean? Is it a technical rendition of something more basic, transparent, fundamental, philosophical?

The situation with regard to 1 will be discussed in detail in the upcoming talk Boolean Relation Theory. My general conclusions are as follows.

a. It is doubtful that substantial levels of set theory are relevant to existing work in normal mathematics. 

b. However, I have uncovered a framework for asking for much more comprehensive information of a rather elementary and compelling nature, in nearly any mathematical context. 

c. Specifically, in Boolean Relation Theory, we seek to determine the truth and falsity of all assertions of certain simple forms. There are always finitely many such assertions of any of these simple forms, but the number is quite large. 

d. Several such classifications have been given, using substantial and diverse mathematical constructions. For some of these classifications, large cardinals are required to prove that they are correct. The large cardinals are necessary despite the elementary discrete nature of the statements.

e. The inevitability of Boolean Relation Theory as a compelling integral part of the mathematical environment is, in our (perhaps biased) opinion, evident. It follows that substantial set theory, including large cardinals, is also an integral part of the future of mathematics. 

f. It will take perhaps 20 years after the publication of the Boolean Relation Theory book, for BRT to take hold as a generally recognized important mathematical enterprise independently of its connections with set theory. The whole of this book is much greater than the sum of its parts. At that point, substantial set theory, including large cardinals, will begin to enter into the consciousness of the general mathematical community as a profoundly deep, important, and relevant mathematical topic. 

Enough about what this talk is NOT about. This talk is about item 2. What does or could set theory mean?

I am now going to jump ahead beyond the contents of this talk to what I am convinced is going to unfold in the months ahead. 

I now believe that set theory is the canonical mathematical limit of informal common sense thinking. Let me explain with an example you are all familiar with.

People, using common sense, think about, say, a full head of hair. They think that if you remove one strand of hair from a full head of hair, then it remains a full head of hair. 

Scientific thinking has a problem with this. After all, one can perform a thought experiment whereby the number of strands of hair is counted, and pulled out one by one, until there are no more. Clearly complete baldness is not a full head of hair. 

At this point, set theory enters the picture. The idea of a full head of hair is associated with the precise set theoretic notion of: infinite set. It is provable in set theory that if you take an element out of an infinite set, then it remains infinite. It is provable in set theory that infinite sets are not empty. It is provable in set theory that infinite sets cannot be numerically counted - the count never terminates. 

There is a more sophisticated idea of this sort. There is the common sense idea of a large system. Not just an inert clump like a head of hair, but rather a large system with a number of interlocking components with complicated internal connections. Like the physical universe, or like the human body, or like the world of living organisms, or like the world economic system. 

There is the idea that in any large system, we can take something away without the system breaking down. In reality, this must be the case since components are always malfunctioning or dying. In fact, in any large system, common sense says that we can not only take stuff away and not have the system collapse, we can even take stuff away and we can’t tell by looking at the system as a whole that anything was taken away.

So what are the missing parts of this analogy?

1. Any large clump stays large after some (any) point removal 

( infinite sets.

2. Any large system remains a large system after some portion removal ( XXX.

3. Any large system remains a large system, unaffected, after some portion removal ( YYY.

4. Any large system remains unaffected after some expansion

( ZZZ.

XXX ~ Jonsson cardinals ~ Ramsey cardinals. 

YYY ~ ZZZ ~ elementary embedding axioms roughly around a rank into itself.  

These calculations can certainly be backed up with precise theorems in set theory involving structures of sufficiently large cardinality. We call this subject, the theory of large algebras. The break point (how large is large?) depends on the notion of “unaffected” one uses. Some relevant notions are language oriented, whereas others are more directly mathematical.

But the bold new idea here goes well beyond any theory of large algebras within set theory. 

A. There is a nonmathematical common sense oriented theory of systems and components which corresponds to various well studied levels of set theory with/without large cardinals. 

B. More generally, one can formulate transparent principles of a plausible nature about ANY common sense notions, which correspond to various well studied levels of set theory with/without large cardinals. 

As we shall see, A is already implicit in the development below, where we focus entirely on the notion of a binary relation.  

However, with A above in mind, we will rework this development with clearer and more well developed connections with ordinary common sense ideas. 

Despite our best efforts at restraint, we have already begun to see how B will, at least initially, unfold. Obviously, binary relations are not the most thrilling of common sense notions to use for B. Instead, we have been thinking about using a transitive notion such as “better than”. Qualitative thinking is ever present in everyday thinking and forms an extremely rich environment in which to pull out large cardinals. There are deep interactions between such notions as 

1. Better than.

2. Much better than.

3. Unary improvement function.

4. Binary improvement function.

5. Various temporal considerations.

Common sense is incredibly richer, logically, than mathematics or science. I struggle to find normal mathematics that requires large cardinals. But large cardinals are everywhere in common sense thinking. 

We will get to the point where set theory with large cardinals emerges as the one mathematical area which applies to just about everything outside of science - across the board. 

In fact, set theory with large cardinals is to common sense thinking as the Newton/Leibniz calculus is to science. 

The “calculus” aspect of set theory with large cardinals is as follows. There will be a proliferation of natural formal systems involving various groups of common sense notions. One will want to know how these systems compare under interpretability. One will see that, in fact, there is a quasi linear ordering under interpretability. One will want to “calculate”, for any pair of such systems, how they compare in this quasi linear ordering. 

The only way to make such comparisons will be to have a manageable set of representatives for each level that arises, and first identify where each of the two systems to be compared fits in. 

The manageable set of representatives is, of course, just various well studied levels of set theory with large cardinals. 

So set theory with large cardinals is the appropriate measuring tool for the comparison of systems based on common sense notions. It can then emerge as the most generally and transparently useful area of modern mathematics. 

1. Set theory, class theory, bin theory, BIN theory.

The notorious Frege scheme was shown to be inconsistent by Bertrand Russell in 1902. Because of the at least superficially compelling nature of the Frege scheme, Russell’s refutation became known as Russell’s Paradox. 

Russell’s Paradox is most simply stated in terms of sets. Russell was fully aware that the Frege scheme and his Paradox were very general, and apply to myriad contexts such as intensional and extensional relations of one or more variables, as well as intensional and extensional total and

partial functions of one or more variables, and many others.

Most of our development lies in the context of binary relations (bins). Thus we work in the theory of binary relations. We will frequently make clarifying analogies with the theory of sets. 

All theories of sets use only the binary relation x ( y, with equality. No form of extensionality is used. The intended interpretation of x ( y is

x is an element of y.

Note that x ( y makes perfectly good sense (but may be true or false) for any x,y whatsoever, regardless of whether or not (none, some, or all of) x,y are considered to be sets. Of course, if the above holds, then y must be a set. Our formalisms leave it entirely open whether or not every object is a set.

We could introduce a predicate M for “being a set”, as is commonly done when considering so called “set theory with urelements”. However, the main purpose of introducing M in such theories is that one uses extensionality for sets - and so it is compelling to distinguish between the empty set and urelements, both of which have no elements. 

However, since we do not use equality or any version of extensionality, we have no compelling reason to introduce M. We omit the use of M in the interest of minimality. 

We distinguish two kinds of theories of sets. One is set theory, and the other is class theory. Since both are viewed here as theories of sets, they have the same language given above. 

For us, the overriding difference between set theory and class theory is the attention paid to the following condition on x:

for some y, x ( y.

In set theory and in class theory, the x satisfying this condition are usually called sets, whereas the remaining x are usually called proper classes. This terminology is not suitable in the context of set theory with urelements, as any urelement x satisfies this condition. 

We prefer to adopt the following terminology. The x obeying this condition are called elements, or elemental. The remaining x are called nonelements, or nonelemental.

In any reasonable set theory, it is provable that every x is elemental. In any reasonable class theory, it is provable that there exist both elemental and nonelemental x. 

Analogously, here all theories of binary relations use only the ternary relation x[y,z], with equality. No form of extensionality is used. The intended interpretation of x[y,z] is 

x holds of y,z.

Note that x[y,z] makes perfectly good sense (but may be true or false) for any x,y,z whatsoever, regardless of whether or not (none, some, or all of) x,y,z are considered to be bins. Of course, if x[y,z] holds, then x must be a bin. Our formalisms leave it entirely open whether or not every object is a bin.

We distinguish two kinds of theories of bins. One is bin theory, and the other is BIN theory. Since both are viewed here as theories of bins, they have the same particularly primitive language given above. 

In the theory of binary relations, we say that x is an argument of y if and only if 

there exists z such that y[x,z] or y[z,x].

The overriding difference between bin theory and BIN theory is the attention paid to the following condition on x:

for some y, x is an argument of y.

The x satisfying this condition are called arguments, or argumental. The remaining x are called nonarguments, or nonargumental.

In any reasonable bin theory, it is provable that every x is argumental. In any reasonable BIN theory, it is provable that there exist both argumental and nonargumental x. 

In the theory of sets, we use the phrase “Virtual set”. This phrase is taken in an entirely syntactic sense - as a particularly convenient and transparent way of informally stating axiom schemes. 

There are two forms of the notorious Frege scheme for the theory of sets, both of which lead to simple contradictions. 

The first form is the simplest, and is of special importance in set theory. It is stated informally as

1) Every Virtual set forms an object.

Here “forms an object” means “has the same elements as an object”. 

The second form is of special importance in class theory. It is stated informally as 

2) Every Virtual set, all of whose elements are elemental, 

forms an elemental object.

Both of these schemes lead to contradictions in complete isolation, without any further assumptions.  

There is a weakening of 1) that is of special importance in set theory:

SET SEPARATION. Every Virtual set contained in an object 

forms an object.

Set Separation corresponds to the usual separation axiom in set theory. It is also derivable in any reasonable class theory. 

There is a weakening of 2) that is of special importance in class theory:

CLASS SEPARATION. Every Virtual set, 

all of whose elements are elemental, forms an object.

(In more standard terminology, this asserts that every defined class of sets forms a class - which may or may not be a set). 

Class Separation is of no importance for set theory, since in set theory we always intend to have

3) All objects are elemental.

Clearly Class Separation and 3) jointly imply the contradictory 1). 

We will use the abbreviation LST for the language of the theory of sets. In the theory of sets, Virtual sets are given by formulas of LST with a single distinguished variable. Thus the notorious Frege scheme in set theory, 1), is formally stated as follows.

1’) ((x)((y)(y ( x ( (), 

where x,y are distinct variables and 

( is a formula of LST in which x is not free.

The second notorious form is formally stated as follows.

2’) ((y)(( ( ((x)(y ( x)) ( 

((x)(((y)(x ( y) ( ((y)(y ( x ( ()), 

where x,y are distinct variables and 

( is a formula of LST in which x is not free.

Set Separation is formally stated as follows.

SET SEPARATION. ((z)(((y)(( ( y ( z) ( 

((x)((y)(y ( x ( ()), 

where x,y,z are distinct variables and 

( is a formula of LST in which x is not free.

The weakening of 2) of special importance in class theory is formally stated as follows.

CLASS SEPARATION. ((y)(( ( ((x)(y ( x)) ( 

((x)((y)(y ( x ( (), 

where x,y are distinct variables and 

( is a formula of LST in which x is not free.

Note that in the above four, we have used the Virtual set given by the formula ( with the distinguished variable y.

Of course, 3) formally reads

3’) ((x)((y)(x ( y).

A contradiction from 1’) is easily obtained by using y ( y. Thus from 1’) we have ((x)((y)(y ( x ( y ( y). Let x be such that ((y)(y ( x ( y ( y). Then x ( x ( x ( x. 

A contradiction from 2’) is easily obtained by using ((x)(y ( x) ( y ( y. Thus from 2’) we have ((x)(((y)(x ( y) ( ((y)(y ( x ( (((x)(y ( x) ( y ( y))). Let x be such that ((y)(x ( y), ((y)(y ( x ( (((x)(y ( x) ( y ( y))). Then x ( x ( (((x)(y ( x) ( x ( x). Hence x ( x ( x ( x. 

Analogously, there are two forms of the Frege scheme for the theory of binary relations, both of which lead to simple contradictions. 

The first form is stated informally as

1*) Every Virtual bin forms an object.

Here “forms an object” means “holds at the same pairs of objects”. 

The second form is of special importance in BIN theory. It is stated informally as 

2*) Every Virtual bin, all of whose arguments are argumental, forms an argumental object.

Both of these schemes lead to contradictions in complete isolation, without any further assumptions.

There is a weakening of 1*) that is of special importance in bin theory:

BIN SEPARATION. Every Virtual bin contained in an object 

forms an object.

Here we have used “containment” which is directly analogous to the notion of “containment” in the theory of sets. I.e., for objects x,y, x is contained in y if and only if ((z,w)(x[z,w] ( y[z,w]). This definition makes sense if x is either an object or a Virtual bin, and y is either an object for a Virtual bin. In Bin Separation, we have used this notion where x is a Virtual bin and y is an object.

There is a weakening of 3*) that is of special importance in BIN theory:

ARGUMENTAL SEPARATION. Every Virtual bin, 

all of whose arguments are argumental, forms an object.

This weakening is of no importance for bin theory, since in bin theory we always intend to have 

3*) All objects are argumental.

Clearly Argumental Separation and 3*) jointly imply the contradictory 1*). 

We will use the abbreviation LBT for the language of the theory of binary relations. In the theory of binary relations, Virtual bins are given by formulas of LBT with two distinguished variables. Thus 1*) is formally stated as follows. 

1*’) ((x)((y,z)(x[y,z] ( (), 

where x,y,z are distinct variables and 

( is a formula of LBT in which x is not free.

2*) is formally stated as follows. We let arg(x) abbreviate ((y,z)(y[x,z] ( y[z,x]). 

2*’) ((y,z)(( ( (arg(y) ( arg(z))) ( 

((x)(arg(x) ( ((y,z)(x[y,z] ( ()), 

where x,y,z are distinct variables and 

( is a formula of LBT in which x is not free.

Bin Separation is formally stated as follows.

BIN SEPARATION. ((w)(((y,z)(( ( w[y,z]) ( 

((x)((y,z)(x[y,z] ( ()), 

where x,y,z,w are distinct variables and 

( is a formula of LBT in which x is not free.

Argumental Separation is formally stated as follows. 

ARGUMENTAL SEPARATION. ((y,z)(( ( (arg(y) ( arg(z))) ( 

((x)((y,z)(x[y,z] ( ()), 

where x,y,z are distinct variables and 

( is a formula of LBT in which x is not free.

Note that in 1*’),2*’),3*’),4*’), we have used the Virtual bin given by the formula ( with the distinguished variables y,z.

Of course, 3*) formally reads 

3*’) ((x)(arg(x)).

A contradiction from 1*’) is easily obtained by using (y[y,y] ( (z[z,z]. A contradiction from 2*’) is easily obtained by using arg(y) ( arg(z) ( (y[y,y] ( (z[z,z]. 

2. Operational, Surjective, Full, Proper Containment, Equivalence, Sharp Containment. 

We now focus on the theory of binary relations, and put aside the theory of sets. 

Below, let x be an object or Virtual bin, and y be an object or Virtual bin.

The arguments of x are the z such that for some w, x[z,w] ( x[w,z].

The first arguments of x are the z such that for some w, x[z,w].

The second arguments of x are the z such that for some w, x[w,z].

We say that x is operational if and only if 

i) x is nonempty;

ii) every second argument of x is a first argument of x. 

The corresponding notion in mathematics is that x as a nonempty multivalued function from its domain into its domain.

We say that x is surjective if and only if 

i) x is nonempty;

ii) every first argument of x is a second argument of x and every second argument of x is a first argument of x. 

Condition ii) is equivalent to: every argument of x is both a first and second argument of x. The corresponding notion in mathematics is that x is a nonempty multivalued function from its domain onto its domain.

We say that x is full if and only if 

i) x is nonempty;

ii) every object contained in an argument of x is an argument of x. 

There are many natural elementary and fundamental conditions on bins in addition to operational, surjective, and full. We intend to make a systematic study of such conditions. Such a study would alleviate the need for defending any particular conditions as particularly natural. 

In particular, we anticipate a finite set of “elementary conditions”. The finite set may be quite large. There would be a complete analysis of what happens if, in the results presented here, we replace operational, surjective, full, respectively, by such notions. We anticipate that the corresponding formal systems will, once again, correspond exactly to various well studied levels of set theory. 

We say that x is properly contained in y if and only if x is contained in y and y is not contained in x. 

In the absence of any form of extensionality, proper containment is too weak for many purposes.

We say that x,y are equivalent if and only if ((z,w)(x[z,w] ( y[z,w]). This is written as x ~ y. Extensionality asserts that x ~ y ( x = y. Nonempty Extensionality asserts that (x,y nonempty ( x ~ y) ( x = y. 

We say that x is sharply contained in y if and only if 

i. x is contained in y.

ii. (( nonempty z,w)(y[z,w] ( ((u,v)((z ~ u ( w ~ v) ( (x[u,v])).

Obviously under Nonempty Extensionality, proper containment is equivalent to sharp containment.

All of the results below hold and are easier to obtain if we always assume Nonempty Extensionality (or even Extensionality). Nevertheless, we will avoid using it.

3. Bin Theory.

We now work in Bin Theory. The highlight of this section is Theorem 3.3, which asserts that Boolean + Full Containment corresponds exactly to ZFC. 

We begin with the following basic axiom. 

BOOLEAN. The intersection, union, and difference of any two objects forms an object.

Here is the formal statement.

BOOLEAN’. ((x,y)((z)((u,v)(z[u,v] ( (x[u,v] ( y[u,v])) ( ((x,y)((z)((u,v)(z[u,v] ( (x[u,v] ( y[u,v])) ( ((x,y)((z)((u,v)(z[u,v] ( (x[u,v] ( (y[u,v])).

Of course, Bolean by itself has a one point model with (x[x,x]. So Boolean has no logical strength in the sense used here.

We write ZF(C) to indicate either ZF or ZFC. ZF and ZFC are well known to be mutually interpretable.

Z2 is the usual two sorted first order theory of second order arithmetic, and ZF(C)\P is ZF(C) without the power set axiom. 

Z2, ZF\P, ZFC\P, and countable set theory, represent (the same) significant logical strength, but are far less than the strength represented by the usual formalizations of set theory, most notably ZF and ZFC. 

We now consider 

INFORMAL CONTAINMENT. Every Virtual bin with a certain property contains an object with the same property.

We use the notions introduced in section 2 to give fundamental instances of Informal Restriction.

OPERATIONAL CONTAINMENT. Every operational Virtual bin contains an operational object.

SURJECTIVE CONTAINMENT. Every surjective Virtual bin contains a surjective object.

FULL CONTAINMENT. Every full Virtual bin contains a full object.

THEROEM 3.1. Operational Containment + Surjective Containment + Full Containment has the one point model where x[x,x].

THEOREM 3.2. Boolean + Operational Containment, Boolean + Surjective Containment, Boolean + Operational Containment + Surjective Containment, are each mutually interpretable with ZF\P. 

THEOREM 3.3. Boolean + Full Containment, Boolean + Operational Containment + Surjective Containment + Full Containment, are each mutually interpretable with ZF(C). 

Note that the conditions “operational” and “surjective” are equivalent to asserting that the object obeys certain first order conditions, where the quantifiers range over the arguments of the object. No parameters are allowed. We call such conditions “local”.

LOCAL CONTAINMENT. Every Virtual bin obeying a given local condition contains an object obeying the given local condition.

THEOREM 3.4. Boolean + Local Containment is mutually interpretable with ZF\P.

Fullness is not a local condition. Conditions on objects x stated using quantification over “the objects contained in arguments of x” instead of just the arguments of x, are called subarg local. Fullness is obviously subarg local. 

SUBARG LOCAL CONTAINMENT. Every Virtual bin obeying a given subarg local condition contains an object obeying the given subarg local condition.

Boolean + Subarg Local Containment considerably overshoots ZFC in logical strength. It corresponds roughly to the existence of a second order indescribable cardinal. This large cardinal hypothesis fits strictly between the existence of weakly compact cardinals and the existence of higher order indescribable cardinals. The latter is weaker than the existence of subtle cardinals, which in turn is weaker than the existence of a cardinal ( such that ( ( (. The latter is still well below hypotheses incompatible with V = L such as (0# and the existence of a Ramsey cardinal ( in the sense of ( ( (. 

In any case, we emphasize relatively language independent principles such as Boolean and Full Containment, rather than Local and Subarg Local Containment. 

The results hold even if we weaken Boolean to Intersection - the intersection of any two objects forms an object.

4. BIN Theory.

We now work in BIN theory. We begin with the basic axiom scheme from section 1. 

ARGUMENTAL SEPARATION. Every Virtual bin, all of whose arguments are argumental, forms an object.

Once we lay down the above scheme of Argumental Separation, we can consider a number of single sentence axioms. 

OPERATIONAL CONTAINMENT. Every operational object contains an argumental operational object.

SURJECTIVE CONTAINMENT. Every surjective object contains an argumental surjective object.

FULL CONTAINMENT. Every full object contains an argumental full object.

THEOREM 4.1. Argumental Separation + Operational Containment, Argumental Separation + Surjective Containment, Argumental Separation + Operational Containment + Surjective Containment, are each mutually interpretable with ZF\P + “the set of all subsets of ( exists”, and Z3 = third order arithmetic.

THEOREM 4.2. Argumental Separation + Full Containment, Argumental Separation + Operational Containment + Surjective Containment + Full Containment, are each mutually interpretable with MK(GC).

Here MK is the usual Morse Kelley theory of classes, and GC is the usual Global Choice.

We say that a cardinal ( arrows an ordinal (if and only if under any partition of the finite sequences of ( into two pieces, there is a subset of ( of order type ( such that any two finite subsequences from the subset of the same length lie in the same piece. This is a standard concept from combinatorial set theory.

A Ramsey cardinal is a cardinal ( which arrows (. An almost Ramsey cardinal is a cardinal ( which arrows every ( < (. An almost Ramsey cardinal is still quite enormous, and even ( ( (1, which is much weaker, is incompatible with V = L. 

NONARGUMENTAL OPERATIONAL CONTAINMENT. Every nonargumental operational object sharply contains a nonargumental operational object.

NONARGUMENTAL SURJECTIVE CONTAINMENT. Every nonargumental surjective object sharply contains a nonargumental surjective object.

THEOREM 4.3. Argumental Separation + Nonargumental Operational Containment, Argumental Separation + Nonargumental Surjective Containment, Argumental Separation + Nonargumental Operational Containment + Nonargumental Surjective Containment, each interpret ZFC + “there exists ( ( (” and are interpretable in ZF\P + “there exists ( ( ( (a Ramsey cardinal)”.

STRONG NONARGUMENTAL OPERATIONAL CONTAINMENT. Every object whose arguments include those of a nonargumental operational object sharply contains a nonargumental operational object.

STRONG NONARGUMENTAL SURJECTIVE CONTAINMENT. Every object whose arguments include those of a nonargumental surjective object sharply contains a nonargumental surjective object.

THEOREM 4.4. Argumental Separation + Strong Nonargumental Operational Containment, Argumental Separation + Strong Nonargumental Surjective Containment, Argumental Separation + Strong Nonargumental Operational Containment + Strong Nonargumental Surjective Containment, are each mutually interpretable with ZF\P + “there exists ( ( ( (a Ramsey cardinal)”.

We first established the weaker result that these theories interpret ZFC + "every set of natural numbers has a sharp".

We then showed that ZFC\P + "there exists a Jonsson cardinal" is interpretable in these theories. In

W. Mitchell, Ramsey Cardinals and Constructibility, JSL, Vol. 44, No. 2 (June 1979), 260-266, 

the Dodd Jensen core model is used in order to establish the mutual interpretability of 

ZFC + "there exists a Jonsson cardinal".

ZFC + "there exists a Ramsey cardinal".

For our result, we need the mutual interpretabilty of 

ZF\P + "there exists a Jonsson cardinal".

ZF\P + "there exists a Ramsey cardinal".

Mitchell has confirmed that his argument can be easily adapted to establish this.

We now introduce a notion of completeness for objects x. It asserts that every nonargumental y contained in x is well approximated by an argument of x. Hence the term “completeness”. I.e., every nonargumental y contained in x is the intersection of x with an argument of x. 

STRONG NONARGUMENTAL COMPLETE OPERATIONAL CONTAINMENT. Every object whose arguments include those of a nonargumental complete operational object sharply contains a nonargumental complete operational object. 

STRONG NONARGUMENTAL COMPLETE SURJECTIVE CONTAINMENT. Every object whose arguments include those of a nonargumental complete surjective object sharply contains a nonargumental complete surjective object. 

These two principles, separately or jointly, correspond roughly to NBG plus the existence of a nontrivial elementary embedding j from some V( into V( such that j+ of any well ordering of V( is a well ordering of V(. 

It is easy to see that this theory is stronger than ZFC + many measurable cardinals. Using known inner model theory, it is stronger than ZFC + projective determinacy, or ZFC + Woodin cardinals. Woodin, using forcing arguments, has shown that it is stronger than ZFC + “there exists a cardinal that is n-huge for all n < (”. Perhaps he can show that it is stronger than ZFC + “there exists a nontrivial elementary embedding from some V( into V(.  

There is an elegant language oriented form of these extremely strong principles which does not mention completeness.  

5. Structural Contexts. 

NOTE: We wrote this section when we were using binary operations instead of binary relations, and using nonempty extensionality.

A Structural Context is a theory in the usual many sorted first order predicate calculus. The only difference is that we will allow empty models of Structural Contexts.

Set theory with urelements corresponds to the Structural Context of one sort and a 1-ary relation symbol, and no axioms. Binary operation theory with urelements corresponds to the Structural Context of one sort and a 2-ary function symbol, and no axioms.

Here is the formal treatment. A many sorted finite type ( consists of

i. Finitely many sorts. We require that there be at least one sort.

ii. Equality in every sort.

iii. Finitely many constant symbols. Each constant symbol is assigned a sort. 

iv. Finitely many relation symbols. Each relation symbol is assigned an arity n ( 1, and a list of n sorts.

v. Finitely many function symbols. Each function symbol is assigned an arity n ( 1, and a list of n+1 sorts.

We now define the terms of ( as follows. The variables of ( have the form xi^s, where i ( 1 and s is a sort of (.

a. Every variable of sigma is a term of ( whose sort is the sort of the variable.

b. Every constant symbol of ( is a term of sigma whose sort is the sort of the constant symbol.

c. Let t1,...,tk be terms of sigma of sorts a1,...,ak, respectively. Let F be a function symbol of sigma with sort list a1,...,ak,b. Then F(t1,...,tk) is a term of sigma of sort b.

The atomic formulas of sigma are defined as follows.

d. Let t1,...,tk be terms of ( of sorts a1,...,ak, respectively. Let R be a relation symbol of ( with sort list a1,...,ak. Then R(t1,...,tk) is an atomic formula of (.

e. Let s,t be terms of sigma of the same sort. Then s = t is an atomic formula of sigma.

The formulas of ( are defined as follows.

f. Every atomic formula of ( is a formula of (.

g. Let A,B be formulas of (. Then ((A), (A ( B), (A ( B), (A ( B), (A ( B), are formulas of (.

h. Let A be a formula of ( and v be a variable of (. Then ((v)(A), ((v)(A) are formulas of (.

A Structural Context T consists of

A. A many sorted finite relational type (.

B. A set of sentences of (.

Let T be any Structural Context. We describe the associated theory T in single sorted first order predicate calculus with equality as follows.

The language of T# is single sorted and consists of

a. The unary relation symbol S.

b. For each sort s of T, the binary relation symbols Ds.

c. For each constant c of T, the binary relation symbol c*.

d. For each k-ary relation symbol R of T, the k+1-ary relation symbol R*.

e. For each k-ary function symbol F of T, the k+2-ary relation symbol F*.

The intended interpretation of T# is as follows. The variables range over all objects whatsoever. S(x) means "x is a model of T". Ds(x,y) means "x is a model of T and y lies in the sort s domain of the model x. c*(x,y) means "x is a model of T whose interpretation of c is y". R*(x,y1,...,yk) means "x is a model of T whose interpretation of R holds at y1,...,yk".

F*(x,y1,...,yk,z) means "x is a model of T whose interpretation of F at y1,...,yk is z". 

Note that in the case of BOP#, we did not use a binary relation symbol D to carve out arguments of bops. The arguments of a bop are particularly easily defined from APP. But the more general Structural Contexts, with multiple

domains, it is best to include the Ds.

The axioms of T# are as follows.

i. The usual logical axioms and rules of inference for the language of T#.

ii. If any of Ds(x,y), c*(x,y), R*(x,y1,...,yk), F*(x,y1,...,yk,z) hold, then S(x).

iii. Let S(x),S(x'). Suppose Ds(x,y), c*(x,y), R*(x,y1,...,yk), F*(x,y1,...,yk,z) are respectively equivalent to Ds(x',y), c*(x',y), R*(x',y1,...,yk), F*(x',y1,...,yk,z), for all y,y1,...,yk,z. Then x = x'.

iv. Let S(x), and the sort of c is s. There exists unique y such that c*(x,y). For this y, we have Ds(x,y).

v. Let S(x) and the sort list of R be s1,...,sk, Then R*(x,y1,...,yk) implies Ds1(x,y1),...,Dsk(x,yk).

vi. Let S(x) and the sort list of F be s1,...,sk+1. Then F*(x,y1,...,yk+1) implies Ds1(x,y1),...,Dsk+1(x,yk+1).

vii. Let S(x) and the sort list of F be s1,...,sk+1. Let

Ds1(x,y1),...,Dsk(x,yk). Then there exists a unique z such that F*(x,y1,...,yk,z).

viii. Let S(x). Note that according to the preceding axioms,

Ds1(x,_),...,Dsk(x,_), c*(x,_), R*(x,_), F*(x,_) form a structure of type (. We assert that all of the axioms of T hold in that structure.

We now discuss the Frege Scheme and Russell's Paradox for Structural Contexts. 

The Frege Scheme for any Structural Context takes the form

Every Virtual structure forms a structure.

Let T be a Structural Context. We present the formalization of the Frege Scheme for T#. This is an axiom scheme over the theory T#. We give it in semiformal terms. 

Let ( be the relational type of T.

Let (s1,...,(sk be formulas in L(T#) without x free, where s1,...,sk are the sorts of T. For each constant symbol c of sigma, let (c be a formula in L(T#) without x free. For each relation symbol R of (, let (R be a formula in L(T#) without x free. For each function symbol F of (, let (F be a formula in L(T#) without x free.

Suppose the (s1,...,(sk on y, the (c on y, the (R on y1,...,yp, the (F on y1,...,yq+1, carve out a structure in sigma, where the arity of R is p = p(R), and the arity of F is q = q(F). Suppose the structure so carved out satisfies all of the axioms of T. Then there exists x such that S(x) and x is extensionally the same as the structure so carved out.

There are several useful conditions on T that imply that T# plus the Frege Scheme for T is inconsistent.

THEOREM 5.1. Let T be a Structural Context with no axioms. If T has a constant symbol and no relation symbols, then the Frege Scheme for T# over T has a single point model. Otherwise, the Frege Scheme for T# over T# is inconsistent.

THEOREM 5.2. Let T be a Structural Context with only relation symbols. If T has an infinite model then the Frege Scheme for T# over T# is inconsistent. If T has a model but has no infinite model then the Frege Scheme for T# over T# is consistent. 

Recall that we allow the empty model for Structural Contexts. Of course, if there is at least one constant symbol in the Structural Context, then all models must be nonempty.
