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Set Theory

This course will be an introduction to independence proofs by forcing. Our
basic treatment will be close to that in Kenneth Kunen’s Set Theory: an
Introduction to Independence Proofs, North-Holland, 1980. In particular,
we will use Kunen’s notation almost always.

1 Forcing

For the purposes of forcing, a partially ordered set (poset) is a triple (P, <, 1)
such that
(a) P is a nonempty set;

(b) < is a partial ordering of P; i.e., < is transitive, reflexive relation in
P (and sop < g A ¢ <p A p# qis not forbidden);

(c) forallp € P, p < 1. (1 need not be the only such maximum element.)

We shall often write P for (P, <,1).

Let P be a poset. If p is an element of P, then an extension of p is a
q € P such that ¢ < p. Two elements of P are compatible if they have a
common extension. We write p L ¢ to mean that p and ¢ are incompatible.
A subset D of P is dense in P if every element of P has an extension that
belongs to D.

A filter on a poset P is a non-empty subset F' of P satisfying:

(i) (vpe F)(VgeP)p<q—qcF);
(ii) any two elements of F' have a common extension that belongs to F'.

If M is a class and P is a poset, then a subset G of P is P-generic over
M if

(1) G is a filter on P;
(2) GN D # ( for every dense subset D of P such that D € M.



Remark. One often sees “M-generic on P” used to mean what we mean
by “P-generic over M.”

Example. Let M be a transitive class in which ZFC holds. Let P be the
set of all finite functions f such that domain (f) C w and range (f) C {0,1}.
Set p < q > q C p, and let 1 = (. Note that (P,<,1) € M.

Suppose that G is P-generic over M. It follows from property (ii) of
filters that any two elements of G are compatible functions. Thus [ JG is a
function. For n € w, let

D, ={p € P |necdomain(p)}.

It is easy to see that each D, is dense. By property (2) of G, it follows that
domain (G) = w. Thus JG : w — {0,1}.

Lemma 1.1. Let M be a countable set and let P be a poset. For every
p € P, there is a G that is P-generic over M with p € G.

Proof. Let D;, i € w, be such that each D; is dense in P and such that
every D € M that is dense in P is among the D;. Let p € P.
We construct a sequence

P=q=q =" -

of elements of P. Given g¢;, we let ¢;11 be an extension of ¢; that belongs to
D;.

Let G={reP | (Jicew)qg <r}. It is easy to see that G is P-generic
over M. g

Let P be a poset. An atom of P is an element p of P such that any two
extensions of p are compatible. P is atomless if it has no atoms.

Lemma 1.2. Let P be an atomless poset. Let M be a class such that the
set P belongs to M and such that M is closed under relative complements.
Let G be P-generic over M. Then G ¢ M.

Proof. Assume that G € M. Since M is closed under relative complements,
P\ G e M. Since GN (P \ G) = 0, we shall have a contradiction if we can
show that P\ G is dense. Let p € P. The atomlessness of P gives us
incompatible extensions ¢ and r of p. Since G is a filter on P, at least one
of ¢ and r does not belong to G. g



Exercise 1.1. Let M be a transitive class in which, say, ZF — Power Set
holds. Let P be a poset with P € M (i.e., with (P,<,1) € M) andletp € P
be an atom. Show that there is a filter G € M such that p € G and such
that G is P-generic over V.

Let P be a poset By transfinite recursion on rank, we define the class
VP of P-names. If rank (1) = «, then let

reVP o (risarelation A (V(o,p)eT)(c e VPNV, ApeP)).

Thus, for any set 7,
e VP o (risarelation A (V(o,p)eT)(c € VE ApeP)).
For classes M with P € M, let
M® = {7 | (r is a P-name)M} .

If M is a transitive class in which ZFC holds, then absoluteness implies that
MP =VPNM.

Fix P. For any set G, we define val(r,G) for all sets 7, by transfinite
recursion on rank(7):

val(1,G) = {val(o,G) | (3p € G) (o,p) € T}.

Note that the operation val is absolute for transitive classes in which ZFC
holds. We usually write 7¢ for val(r, G).
If M is a transitive class in which ZFC holds, if P € M is a poset, and
if G C P, then set
M[G] = {r¢ | 7 € M¥F}.

The absoluteness of val and of the property of being a P-name gives us
the following lemma.

Lemma 1.3. Let M and N be transitive classes in which ZFC holds. As-
sume that M C N. Let P € M be a poset and let G C P with G € N. Then
M[G] C N.

Let P be a poset. We define, by transfinite recursion on rank(x), a
P-name &P for each set x. Set

W = (7P, 1) |y e a}.

Note that the two-argument function Z¥ is absolute for transitive classes in

which ZFC holds. We shall usually write Z for #F.



Lemma 1.4. Let M be a transitive class in which ZFC holds, let P € M
be a poset, and let G be a filter on P. Then

(a) (V€ M) ig
(b) M C M[G].

€Ty

Proof. We prove (a) by transfinite induction on rank.

ic={oc|(Fpeq)(op) ci}={jg|1eGryca}={y|lyca}=u.
(b) follows from (a). O

If Pis a poset, let I'? = {{(p,p) | p € P}. (We usually omit the
superscript P.)

Lemma 1.5. Let M, P, and G, be as in Lemma 1.4. Then I'q = G, and
so G € M[G].

Proof. I'c ={pc |peG}={p|lpeG}=G. O

Lemma 1.6. Let M, P, and G be as in Lemma 1.4. Then M[G] is tran-
sitive.

Lemma 1.7. Let M, P, and G be as in Lemma 1.4. Then
(a) for every T € M¥, rank(rg) < rank(7) ;

(b)) ONNM[G] =ONN M.

Proof. (a) is easily proved by transfinite induction, and (a) implies that
ONNMI[G] CONN M. Since M C MI[G], the reverse inclusion also holds.
Il

For any poset P, we let

UPP(U7T) = {{o,1), (1, 1)};
op¥(0,7) = up(up(o,0),up(o,7)).

Lemma 1.8. Let M, P, and G be as in Lemma 1.4 and let o and T belong
to M®. Then

(a) up(o,7) € M¥ and (up(o,7))c = {oG, ¢} ;
(b) op(o,7) € M¥ and (op(o,7))a = (oG, 76) .



Lemma 1.9. Let M, P, and G be as in Lemma 1.4. Then Extensionality,
Foundation, Pairing, and Union hold in M|G].

Proof. For Union, let 7 € MFP. Let 7 = U(domain (7)), where U is the
union operation. We show that U(7g) C mg. Let x € 7g. There is a
o € domain (7) such that z = oG € 7¢. By the definition of 7, we have that
o C m. This implies that og C mg. Hence every element of 74 is a subset of
Tq. Il

Exercise 1.2. Let M and P be as in Lemma 1.4 and let G be a filter on
P. Prove that M[G] is closed under the operation U.

The next exercise requires the following definitions. Let P be a poset.
A subset D of P is predense if every element of P is compatible with some
element of D. An antichain in P is a pairwise incompatible subset of P.
Thus a maximal antichain is just a predense antichain.

Exercise 1.3. Let M and P be as in Lemma 1.4 and let G be a filter on
P. Show that the following are equivalent:

(i) G is P-generic over M;
(ii) G meets every D € M that is predense in P;

(i1i) G meets every A € M that is a mazimal antichain in P.

Exercise 1.4. Let M and P be as in Lemma 1.4 and let G satisfy the
conditions (1) and (2) for being P-generic over M but with condition (ii) in
the definition of a filter on P replaced by the weaker condition that any two
elements of G have a common extension in P. Prove that G is P-generic
over M.

Let M be a transitive class in which ZFC holds and let P € M be a
poset. Let L(P, M) be the result of adjoining to the language of set theory
each element of MY as a new constant. We define a relation e = IF
in Px the class of all sentences of L(P, M). Restricted to sentences of any
fixed complexity, | will be a proper class of M, definable in M from P.

We first define by transfinite recursion the forcing relation restricted to P
times the set of all atomic identity sentences of L(P, M). Weletp |- 11 =72
if and only if both (i) and (ii) below hold:



(i) For all (o1, s1) € 71 the set

{a<pla<st — (Foz,82) €m)(q<s2 A gl-o01=02)}

is dense below p (i.e., is dense in {g € P | ¢ < p}).
(ii) For all (o9, s2) € T the set

{a<plg<ss— (Hon,s1) €n)g<s1 Agqll-0o1=02)}
is dense below p.

Next we let p |- 71 € 72 iff the set

{a<p|(Blos)en)g<s Ngl-o=mn)}

is dense below p.
We finish the definition as follows.

(@) pl-(@eny) < (plEe Apl-9);
() pl-—e « (Vg <p)glf-e;

(¢) p |- (3z) ¢(x) if and only if {g < p| (o € M¥)q | p(0)} is dense
below p.

Theorem 1.10. Let M be a transitive class in which ZFC holds. Let P €
M be a poset. Let G be P-generic over M. Then, for any formula ¢(vy, ..., vy,)
of the language of set theory and for any elements 11, ..., T, of MF,

(1) (VP € G)(p H_ @(Tla s 7Tn) - (@(Tlca s >Tng))M[G}) ;
(2) (e(r1gs - MG — FpeG)p |- o(ri,. .., ).

Proof. Note before we start the proof that if p |- ¢ and r < p then r |- ¢.

We begin by proving the theorem for the special case that ¢ is an atomic
identity formula, which we may assume is v; = v2. We prove both (1) and
(2) by transfinite induction on the maximum of the ranks of 7, and 7.

For (1), assume that p € G and that p |- 71 = 75. We use clause (i) of
the definition to prove that 71, C 7. A similar argument using (ii) gives
that 7, C 71,,. Let a € 1,. Then a = 0y, for some (01, 51) € 11 such that
s1 € G. Fix such a (01, $1) and let 7 € G be a common extension of p and
s1. Since r | 71 = 72 and since r < s1, (i) gives that the set

E={q<r|(3o2,5)€n)(g< s Aql-o1=02)}



is dense below r. Let D = EU{q€P | ¢ L r}. Then D € M and D is dense
in P. Let ¢ € GN D. Then ¢ must belong to E; thus ¢ < r and there is a
(02, 82) € T9 such that

q<sy ANq|-o1=02.

For such a (o9, s2), s2 € G and so 02, € T2 Furthermore, we have by
induction that oy o =02 Thus we have shown that a € T2

For (2), assume that 71, = 72,. Let D be the set of all € P such that
one of the following holds:

(") For some (oq,s1) € 11,

{a<rlg<si — (Hoz,s2) €Em)(@<s2 Agl-o1=02)} = 0;
(i") For some (o9, s2) € T2,

{a<rlg<sy = (Hon,s1) em)@< st Agl-or=02)} =0

(iii/) T H— T = T92.

We first show that D is dense. For this let p € P. We may assume
that p |- 71 = 2. Thus either clause (i) or clause (ii) of the definition fails.
Assume that (i) fails. (The other case is similar.) This gives us (o1, 5s1) € 71
such that the set

{g<plg<s1 — (Fo2,82) €Em)(g<s2 AN q|Fo1=02)}

is not dense below p. Therefore this set is empty below some r < p. Such
an r satisifies (1').

Since D € M, let r € GN D. It suffices to show that (i') and (ii") fail.
Suppose that (i’) holds. Let (o1, s1) witness this. Note first that r < sq,
which implies that s; € G. Thus Ol € Tig- But Tig = g by hypothesis.
Hence o1, € mo,. This means that there is a (09, 82) € T2 such that so € G
and o1, = o0y,. It follows by induction that there is a ¢ € G such that
q ||— o1 = 02. Let ¢ € G be a common extension of ¢, 7, and sy. Since
¢ ||— o1 = o2, we have a contradiction. The assumption that (ii’) holds
yields a similar contradiction.

Next we prove (1) and (2) for the case that ¢ is an atomic membership
formula, which we may take to be v € wvo.

For (1), assume that p € G and that p |- 71 € 7. Thus the set

E={q<p|(3o,s)en)g<sAql-o=m)}



is dense below p. Since p € G, an argument like one in the proof of the
v] = vy case gives us a ¢ € GN E. For this ¢ we have a (o, s) € 15 such that
q<sandq | o=7. But then og = 711, and oG € 72,

For (2), assume that 71, € 3,. Let (0,s) € T2 be such that s € G and
oG = Ti,. Thus there is an 7 € G such that r |-o = 7. Let p € G be
a common extension of 7 and s. Then p |- 7 € 7. (Indeed, the set in
question is not merely dense below p; the single object (o, s) witnesses that
it is the whole {g € P | ¢ < p}.)

We now prove the theorem by induction on the complexity of the for-
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mula ¢. In the interests of brevity, we shall shall omit “ry,...,7,” and
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Suppose that ¢ is —1.

For (1), assume that p € G and p |- ¢. Then there is no ¢ < p such that
q |- 1. Hence there is no ¢ € G such that ¢ |- . By (2) for ¢, we get that
1 does not hold in M[G] and so that M1,

For (2), assume that ™G], Tt is obvious from the definition than {pcP |
pl-v V p| -1} is dense. Hence some p € G belongs to this set. By (1)
for ¢, it is impossible that p |- 1. Therefore p |- ¢.

Next suppose that ¢ is ¥ A x. If p € G is such that p |- ¢, then p |- ¢
and p | x. By (1) for  and for y, it follows that MG If MIC] then (2)
for ¢ and for y gives us elements ¢ and r of G such that ¢ |- ¢ and r | x.
If p € G is a common extension of ¢ and r, then p | ¢.

Finally suppose that ¢ is (3x) ().

For (1), assume that p € G and p |- ¢. Then some member of the set
{g<p| (30 € MP)q|-1(c)} belongs to G. Choose such a ¢ and choose a
witness 0. By (1) for 1, we have that (¢)(0¢))M[C). Hence pM(C].

For (2), assume that ¢™[¢. Let o6 € M[G] be such that (¢(og))MICl.
By (2) for 1, there is a p € G such that p |- ¢ (o). For any such p, p |- ¢.

O

Corollary 1.11. Let M and P be as in Theorem 1.10. Assume that M is
countable. Then for all sentences p(71,...,mn) of L(P, M) (with only the
indicated constants) and for allp € P, p | o(71,...,m) if and only if, for
every G with p € G such that G is P-generic over M, (¢(71, - - - ,TnG))M[G]

Proof. We first prove by induction that, for all sentences ¢ of L(P, M),

(*) plF¢ < {a<plql| ¢} is dense below p.

If p |- ¢, then g ||— ¢ for every ¢ < p. For the other direction, note that
if the set of ¢ < p such that D is dense below ¢ is dense below p then D



is dense below p. This directly implies the « direction of () for all cases
except those where ¢ is a negation or a conjuction. For the case of negation,
assume that p |- # 1. This means that there is an r < p such that r |- 1.
Nothing below r belongs to {¢ < p | ¢ |- =}, and so this set is not dense
below p. The the case of a conjunction follows by induction.

The — direction of the Corollary is just part (1) of Theorem 1.10. For
the other direction, suppose that p |- ¢(71,...,7,). We show that there is
a G that P-generic over M such that p € G but ¢(71,..., ;) does not
hold in M[G]. By (x) there is a ¢ < p such that there is no r < ¢ satisfying
r ||—e(r1,...,m). Fix such a ¢q. By definition, ¢ ||— —¢(71,...,7). By
Lemma 1.1, let G be P-generic over M with ¢ € G. By (1) of Theorem 1.10,
(m(T1gs - ,TnG))M[G}. Since p € G, our proof is complete. O

Theorem 1.12. Let M be a transitive class in which ZFC holds. Let P €
M be a poset. Let G be P-generic over M. Then ZFC holds in M[G].

Proof. By Lemma 1.9, we know that Extensionality, Foundation, Pairing,
and Union hold in M[G].

To prove Comprehension, let ¢(x, z,w1,...,w,) be a formula and let o
and 71, ..., 7, be elements of M¥. We want to prove that X € M|[G], where

X ={acoq|(pla,06,Tig - Tne) "}

Let

7= {(u,p) | p € domain (0) A p |- (€0 A (p,0,71,...,7))}-

Assume that a € X. Then a = ug for some p € domain (). By (2) of
Theorem 1.10, there is a p € G such that p |- (p € o A p(p, 0,71, ..., ™))
For such a p and p, (u,p) € m and so pg € 7.

If (1, p) € m and p € G then, by (1) of Theorem 1.10, ug € X.

For Replacement, assume that

(Va € 06)(Fy € MIG)(p(x, 4,06, T1gs - » Tng) M.
For each p € domain (o) and each p € P, let f(u,p) be the least ordi-
nal o such that there is some p € MF with rank(p) = a and such that
pl- ¢o(u, pyo, 71, ..., ), if such an « exists. Otherwise let f(u,p) = 0. By
Replacement in M, f € M. Let 5 > f(u,p) for all (u,p) € domain (f). Let
™= (MP NVg) x {1}. It is easy to see that mg witnesses that the given
instance of Replacement holds in M[G].



We now know that ZF — Power Set — Infinity holds in M[G]. Since
w € M C M|G], it follows that Infinity holds in M[G].
For Power Set, let 7 € MP. Let

S = {0 € M¥ | domain (¢) C domain (1)} .

Let m = S x {1}. It is fairly easy to show that P(rq) N M[G] C ng.

For Choice, it is enough to show that for x € M|[G] there exist an ordinal
a and a function f : & — M[G] such that f € M[G] and = C range (f).
(This implies that “Every set can be wellordered” holds in M[G], and Choice
in M[G] readily follows.)

Let 7 € M¥®. By Choice in M, let g : & — MPF be such that &« € ONNM,
g € M, and range (¢g) = domain (7). Let

7= {{op(B,9(B)),1) | B < a}.

Then 7¢ is a function with domain « and, for each § < «, 7¢(8) = (9(6))a-
Thus 7¢ C range (7g).
O

Exercise 1.5. Let M be a countable transitive model of ZFC. Let P be

the poset of the example on page 2. Show that there is a filter G on P such
that | JG : w — 2 but M[G] is not a model of ZFC.

10



2 Forcing with Partial Functions

Theorem 2.1. Let M be a transitive class such that ZFC holds in M. Let
P be the poset of the example on page 2. Let G be P-generic over M. Then
V # L holds in M[G]. Indeed P(w) € L holds in M[G]. Thus if there is a
countable transitive model of ZFC then there is a countable transitive model
of ZFC + P(w) € L.

Proof. P is atomless, and so G ¢ M. As we showed on page 2, | JG : w —
{0,1}. Now

G={peP|pclJa},

so it follows that |JG ¢ M. By absoluteness, LM = LM — Loy
Hence (JG ¢ L)M. If x is the subset of w whose characteristic function is
UG, then (z ¢ L)M. O

For sets I and J with J # (), let Fn(I,J) be the set of all functions
f:x — J with = a finite subset of I. Partially order Fn(I, J) by reverse
inclusion. (Hence 1 = ().)

Lemma 2.2. Let M be a transitive class in which ZFC holds and let I and
J belong to M, with J # 0. Let G be Fn(I,J)-generic over M. Then
UG : I — J, and M[G] is the smallest transitive class N such that ZFC
holds in N, | JG € N, and M C N.

Proof. The proof of the first assertion is like that for the special case I = w
and J = 2. The second assertion follows from the corresponding assertion
with “G” replacing “(JG,” which follows from Lemmas 1.3, 1.4, 1.5, and
1.6, together with Theorem 1.12. O

Lemma 2.3. Let M be a transitive class in which ZFC holds. Let o be an
ordinal of M. Let G be Fn(a xw,2)-generic over M. Then (280 > |a|)MIC],

Proof. For § < «, let g : w — 2 be given by gz(n) = (JG)(B,n). For 8
and ' less than a, let Dg g be the set of all p € Fn(a x w,2) such that,
for some n € w, p(B,n) and p(B’,n) are defined and different. For distinct
B and ', Dg g is dense and so meets G. U

A A-system is a set A such that, for some set r (the root of the A-
system), a Na’ = r for all distinct elements a and a’ of A.

11



Lemma 2.4 (A-System Lemma). Let A be an uncountable set of finite
sets. Then there is an uncountable B C A such that B is a A-system.

Proof. Shrinking A if necessary, we may assume that |A| = N;. Thus
|UJA| < w; and we may assume that (JA C wy. By further shrinking, we
may assume that, for some n € w, |a|] = n for all @ € A. For a € A and
for 1 < m < n, let a,, be the mth element of a in order of magnitude. By
shrinking A still further, we may assume that there is an m, 1 < m < n,
and there is an r = {rq,...,r,_1} such that

() (Vo€ AYVR)(1 <k <m — ay = i)
(ii) (Vae A)(Vd' € A)(a #d — am #al,).

Define (b, | @ < wi) by transfinite recursion as follows. Let b, be some
element b of A such that

(VB <) (bg)n < by, .
The set B = {by | & < w;} is a A-system. O

A poset P has the countable chain condition (ccc) if every antichain in
P is countable.

Lemma 2.5. Let I and J be sets with J non-empty and countable. Then
Fn(I,J) has the ccc.

Proof. Let {p. | z € Z} be an uncountable antichain in Fn(I,.J). Let
a, = domain (p,) for z € Z. Since J is countable, {p, | a. = a} is countable
for each a. Thus {a, | z € Z} is uncountable. Shrinking Z if necessary, we
may assume that the function z — a, is one-one. By the A-System Lemma,
let X C Z be uncountable and such that {a, | z € X} is a A-system. Let r
be the root of this A-system There is an uncountable Y C X such that, for
some fixed p, p, [r =pforall z € Y. If 2z and 2’ belong to Y, then p, Up.
is a common extension of p, and p./. This is a contradiction. O

Lemma 2.6. Let M be a countable transitive model of ZFC. Let P € M be
a poset such that “P has the ccc” holds in M. Let G be P-generic over M.
Let X and'Y belong to M and let f € M[G] with f: X — Y. Then there is
a g such that

(a) ge M;

(b) g: X =P(Y);

12



(c) Ve X) f(z) €g(z);
(d) (Vz € X) (|g(x)] < Ro)™.

Proof. Let f = 7. Let ¢(v1,v2,v3) be the formula “v; is a function from
vg to v3.” Then some p € G is such that p |- o(7, X,Y). For z € X let

gx)={yeY |(F¢<p)q|-7(&) =7}.

Clauses (a), (b), and (c) are clear. For (d) let x € X. For each y € g(x),
let g, < p be such that ¢ |- 7(Z) = §. By the fact that P has the ccc, it
suffices to show that ¢, and g,/ are incompatible when y and y' are distinct
elements of g(z). If this fails for some y and 3, then let r be a common
extension of ¢, and ¢, and let H be P-generic over M with » € H. Then
P, Gy, and g, all belong to H, and so we have the contradiction that the
function 77 has two distinct values on the argument x. O

Remark. As we shall see later, the assumption that M is countable (or
even a set) is unnecessary.

Exercise 2.1. Which of the following have the ccc?

(a) Fn(w,w);

(b) The set of all subsets A of [0, 1] such that A is Lebesgue measurable
and has positive Lebesgue measure, ordered by inclusion and with
1=10,1].

Exercise 2.2. Let M be a countable transitive model of ZFC. Let P be the
partial ordering defined in M by the definiton of the partial ordering (b) of
Exercise 2.1. Let G be P-generic over M. Show that M[G] = P(w) € L.

Let M be a transitive class in which ZFC holds. A poset P € M preserves
cardinals (with respect to M) if 1 |- “% is a cardinal” for every cardinal  of
M. P preserves cofinalities (with respect to M) if 1 | “cf(&) = (cf(a))™”
for every limit ordinal o of M.

Lemma 2.7. Let M be countable transitive model of ZFC. Let P € M be a
poset.

(1) If P preserves cofinalities, then P preserves cardinals.

(2) If1 | “t(k) = K" for every uncountable reqular cardinal k of M,
then P preserves cofinalities.

13



Proof. (1) Suppose P preserves cofinalities. Let k be a cardinal of M. Since
M is countable, it is enough to prove that, for every G that is P-generic
over M, every cardinal of M is a cardinal of M[G]. Let G be P-generic over
M. If some cardinal x of M is not a cardinal of M[G], then the least such
Kk is a successor cardinal of M. Hence M[G] = (cf(k) # k), and so P does
not preserve cofinalities.

(2) Suppose that the antecedent of (2) holds. Since M is countable, it is
enough to prove that, for every G that is P-generic over M, the function cf
is the same in M and M[G]. Let G be P-generic over M. Let « be a limit
ordinal of M and let x = cf™(a). Since & is regular in M, the antecedent
of (2) implies that x is regular in M[G]. Let x* = cfMl%(a). We have
f:k— aand g: k" — asuch that f € M, g € M[G], both range (f) and
range (g) are unbounded in «, and range (f [ ) is bounded in « for each
v < k. Define h : k* — k by letting h(/3) be the least ordinal v < x such
that f(v) > g(8). Then h € M[G] and range (h) is unbounded in . Hence
k* > of MG (k) = k. O

Remark. As was the case with Lemma 2.6, the lemma holds without
the assumption that M is countable or even a set. This is also true of the
results that follow. This will be explained in the next section.

Lemma 2.8. Let M be a countable transitive model of ZFC. Let P € M be
a poset such that “P has the ccc” holds in M. Then P preserves cofinalities
and cardinals.

Proof. Let G be P-generic over M. Let x be an uncountable regular
cardinal of M. Let A < kand let f : A — k with f € M[G]. Let g : A — P(k)
be given by Lemma 2.6. Since cf™ (k) > w, we have that h(8) = Jg(8) <
for every 5 < A. Since k is regular in M, (Jrange (h) < k. But f(5) < h(5)
for every B < A, and so the range of f is bounded in k. O

If P is a poset and o € VP, then a nice name for a subset of o is a
7 € VP such that, for some function 7 + A, defined on all 7 € domain (o)
and such that each A is an antichain in P,

S U{{W} X Ay | m € domain (o)},

Remark. Note that being a nice name for a subset of o depends on P as
well as on . Note also that “z € VP and y is a nice name for a subset of

2

2” is absolute for transitive class models of ZFC to which P belongs.
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Lemma 2.9. Let M be a countable transitive model of ZFC and let P € M
be a poset. Let o and u belong to MY . Then there is a nice name 7 for a
subset of o such that T € M and

1| (uCo—p=r1).

Proof. For m € domain(c), let A; be an antichain in P such that

(1) VreAn)r|Fmew
(2) (Vr e P)(r | 7€ p— ris compatible with a member of A;).

Do this so that the function m — A, belongs to M. Let 7 be the nice name
for a subset of o given by 7 +— A.

Let G be P-generic over M. (1) implies that 7¢ C pg. Assume that
ta C og. We must show that ug C 7¢. Let a € ug. Since a € og, there
is a m € domain (o) such that a = wg. Let D be the set all ¢ € P such
that either ¢ < p for some p € A, or ¢ L pfor all p € A,. Then D € M
and D is dense in P. Let then ¢ € GN D. Since m7g € ug, there must be
an r € G such that r |- 7 € p, and hence there is such an r that is < g¢.
By (2), r (and hence ¢) must be compatible with some element of A,. By
the definition of D, there is a p € A, such that ¢ < p. But then (m,p) € 7
and p € G, and so g € T¢. O

Lemma 2.10. Let M be a countable transitive model of ZFC and let P € M
be a poset such that “P has the ccc” holds in M. Let k be an infinite cardinal
of M such that (|P| < k)M. Let \ be an infinite cardinal of M and let 6 be
such that (v = 0)™. Let G be P-generic over M. Then 2* < 6 holds in
MI[G].

Proof. Work in M. (That is, construe our assertions as relativized to M.)
The number of antichains of P is < ™. Since domain (\) = {a& | o < A},
we have that |[domain (A\)] = A. The number of nice names for subsets of \
is thus < (k") = k* = 0. Let o +— 7, have domain 6 and range the set of
all nice names for subsets of \. Now in M[G] let f(a) = (74)¢ for a < 6.
By Lemma 2.9, range (f) 2 P(X) N M[G]. O

Theorem 2.11. Let M be a countable transitive model of ZFC and let x
be any infinite cardinal of M such that KN = k holds in M. Let G be
Fn(k,2)-generic over M. Then all cardinals of M are cardinals of M|G]|
and (280 = g)MIC],
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Proof. The first assertion holds by Lemma 2.8. By Lemmas 2.5 and 2.10,
(2% < k)MIE] By Lemma 2.3, (280 > x)MIC], O

Remarks:

(a) If M is a countable transitive model of ZFC then so is L™, and
the GCH holds in LM. The GCH implies that any cardinal & such that
cf(k) > w satisfies the condition kM0 = k.

(b) By a theorem of Kénig, cf(2¥) > w, so, for M as in the statement
of the theorem, the conclusion (2% = k)M must fail for x such that
cf(k) = w holds in M. In fact, it is easy to see that the conclusion fails for
all x such that k™ = k does not hold in M.

For sets I, non-empty sets J, and infinite cardinals A, let Fn(I, J, \) be
the set of all functions f : x — J with z C I and |z| < A. Partially order
Fn(I,J,\) by reverse inclusion. For A > w, it turns out that Fn(Z, J, \) is
not absolute for transitive M in which ZFC holds.

Lemma 2.12. Let M be a transitive class in which ZEC holds, let I and
J be members of M with J # 0, let A be an infinite cardinal of M, and let
G be FnM(I,.J,)\)-generic over M. Then \JG : I — J, and M|G) is the
smallest class N such that ZFC holds in N, | JG € N, and M C N.

Lemma 2.13. Let M be a transitive class in which ZFC holds. Let A and
N < X be infinite cardinals of M and let « be an ordinal of M. Let G be
Fn (a x X, 2, N)-generic over M. Then (2* > |a|)MIA],

Proof. The proof is like that of Lemma 2.3. O

Lemma 2.14 (General A-System Lemma). Let k be an infinite cardi-
nal. Let 0 > k be reqular and satisfy (Vy <) |<"y| < 0. Let A be set of size
> 0 of sets of size < k. Then there is an B C A such that |B| = 6 and B is
a A-system.

Proof. Shrinking A if necessary, we may assume that |A| = 6. Thus
|UA| < 0 and we may assume that (JA C 6. By further shrinking, we
may assume that, for some p < k, ot(a) = p for all a € A. For a € A let
(aq | @ < p) enumerate the elements of @ in order of magnitude.

By shrinking A still further, we may assume that there is an o < p and
there is an r = {rg | B < o} such that

(i) (Vae A)(VB<a)ag=rg;
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(ii) (Vae A)(Vd' € A)(a #d — aq #dl,).

To see this, let o be the least ordinal such that either @ = p or else
{ao | @ € A}| = 6. The regularity of # implies that there is a v < 6 such
that {(ag | B < «) | a € A} is a subset of “y. By the hypothesis that
(Vy < 8) <] < 0, it follows that |{(ag | B8 < a) | a € A}| < 6. From this
we get both that o < p and that (ag | f < a) is constant on a subset of A
of size 6.

Define (b(&) | £ < 6) by transfinite recursion as follows. Let b(§) be some
element b of A such that

(vn <& [Jbn) < ba.
The set B = {b(¢) | £ < 0} is a A-system. O

For cardinals 6, a poset P has the 0-chain condition (6-cc) if every an-
tichain in P has size < 6.

Lemma 2.15. Let I and J # ) be sets and let A be an infinite cardinal.
Then Fn(I,J,\) has the (|J|<)*-cc.

Proof. We may assume that |.J| > 2. Suppose that {p, | z € Z} is antichain
in Fn(1,J,\) with |{p, | z € Z}| > (|J|<M* = 0.

Assume first that A is regular. Let a, = domain (p,) for z € Z. Let
A={a,|z€ Z}. Foreacha € A, |{z | a, = a}| < |J|<*. Thus |{a, | z €
Z}| > 0. Shrinking Z if necessary, we may assume that the function z — a,
is one-one. Since \ is regular, (|J|<*)<* = |J|<* < . Therefore the General
A-System Lemma applies with k = A. By that application, let X C Z be
such that |X| = 6 and {a, | z € X} is a A-system. Let r be the root of
this A-system. There is a Y C X such that |Y| = 6 and such that, for some
fixed p, p, [r=pforall z €Y. If 2 and 2’ belong to Y, then p, Up./ is a
common extension of p, and p,,. This is a contradiction.

Now assume that A is singular. Since 6 is regular and A is not of the
form &1, there is a regular A < X such that |[{z € Z | |p.| < N'}| > 6. The
argument of the preceding paragraph shows that this is impossible. O

Lemma 2.16. Let M be a countable transitive model for ZFC. Let 6 be a
cardinal number of M. Let P € M be a poset such that “P has the 6-cc”
holds in M. Let G be P-generic over M. Let X andY belong to M and let
f € M|G] with f : X — Y. Then there is a g such that

(a) g€ M ;
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() g: X -PY);
(c) (VzeX) f(z) € g(x);
(d) (Vo € X) (lg(x)] < O)M.

Proof. The proof is just like that of Lemma 2.6. 0

Let M be a transitive class in which ZFC holds. Let 0 be a cardinal of M.
A poset P € M preserves cardinals > 0 [< 0] (with respect to M) if 1 | “&
is cardinal” for every cardinal k of M such that K > 6 [k < 6]. P preserves
cofinalities > 6 [< 6] (with respect to M) if 1 |- “cf(&) = (cf(a))” for
every limit ordinal a of M such that cf™(a) > 6 [cfM (o) < ).

Lemma 2.17. Let M be a countable transitive model of ZFC. Let 6 be an
infinite cardinal of M. Let P € M be a poset such that “P has the 6-cc”
holds in M. Then P preserves cofinalities > 0, and if 0 is reqular in M then
P preserves cardinals > 6.

Proof. The proof is like that of Lemma 2.8. O

If A is a cardinal number, then a poset P is A-closed if, whenever v < A
and (pg | f < ) is a decreasing sequence of elements of P, then there is a
q € P such that ¢ < pg for all 8 < .

Lemma 2.18. If \ is regular, then Fn(I,J,\) is A-closed.

Proof. If A is regular and v < A and (pg | 8 < 7) is a decreasing sequence
of elements of Fn(I, J,\), then | {pg | 8 <~} € Fn(I, J,\). O

Lemma 2.19. Let M be a countable transitive model of ZFC. Let A\ be a
cardinal of M. Let P € M be a poset such that “P is A-closed” holds in M.
Let X andY belong to M with | X|™ < \. Let G be P-generic over M. Let
f:X =Y with f € M|G]. Then f € M.

Proof. Let 7¢ = f. Let ¢ € G be such that ¢ |- 7: X — Y. Work in M.
Let a +— z, be a one-one function from some ordinal 5 < A onto X.

For p < g, we use transfinite recursion to associate with p a decreasing
sequence (po | @ < ). Let pg = p. Given (p, | @ < ) with v < 3, let
Ty < po forall a < . If v < B3, let p, < r, be such that p, |- 7(2y) = vy
for some y, € Y. If y = 3, let p, = r,,. Then pg |- 7(zy) = y, for all vy < 3.
Thus pg |- 7 = §,” where g is v — y,. Since the set of all pg, p < ¢, is
dense below ¢ and belongs to M, some pg belongs to G.
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Corollary 2.20. If M, X\, and P are as in Lemma 2.19, then P preserves
cofinalities and cardinals < A.

Lemma 2.21. Let M be a countable transitive model of ZFC and let I and
J # (0 belong to M. Let \ be an infinite reqular cardinal of M such that
(|J|<* = M. Then FoM(I,J,\) preserves cofinalities and cardinals.

Proof. Work in M. By Lemma 2.15, Fn(I,J,)\) has the A*-cc. By
Lemma 2.17, Fn(l,J,\) preserves cofinalities and cardinals > A*. By
Corollary 2.20, Fn(I, J, \) preserves cofinalities and cardinals < . O

Theorem 2.22. Let M be a countable transitive model of ZFC. Let A and
Kk be infinite cardinals of M such that, in M, X is reqular, A < k, 2<* = )\,
and k* = k. Let G be P-generic over M, where P = Fn(kx A, 2, )\)M. Then
cardinals and cofinalities are the same in M and M[G], (2\)MIC] = (22)\M
for N < X, and (2* = r)MIC],

Proof. The first assertion follows from Lemma 2.21. The second assertion
then follows from Lemma 2.19.

Work in M. The cardinal of P is < k<* . 2<* = k- A = k. Lemma 2.15
implies that P has the AT-cc. Hence the set of all antichains in P has
cardinal < k* = k. Thus there are no more than k* = k nice names for
subsets of \.

The argument of just given implies that (2 < x)M¢l. Lemma 2.13
implies that (2} > x)MIC], O

Exercise 2.3. Let M be a countable transitive model of ZFC + GCH. Let
A and & > A be infinite cardinals of M with X regular in M and c¢f* (k) > .
Let G be Fn™ (), k, \)-generic over M. Show the following:

(1) If § is a cardinal of M and 6 < X or § > k, then ¢ is a cardinal of
MI[G].
(2) (s = 0ME.

Exercise 2.4. Let M be a countable transitive model of ZFC. Let (k >

2R0)M “and let G be FnM (w1, k, w1 )-generic over M. Prove that the contin-
uum hypothesis holds in M|[G].
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3 Relative Consistency and Boolean Valued Mod-
els

Weakening hypotheses.

Most of the results of §2 have the hypothesis that M is a countable
transitive model of ZFC. Except for results whose conclusions assert the
existence of generic objects, we can always weaken this hypothesis, requiring
only that M is a transitive class in which ZFC holds.

To indicate why this is so, we discuss the case of Lemma 2.6. Suppose
we change the statement of Lemma 2.6 as follows:

(a) Replace the hypotheses that G is P-generic over M, f € M[G], and f :
X — Y by the hypothesis that p € P, 7€ MP andp | 7: X — Y.

(b) Replace clause (c) of the conclusion by (Vo € X)p |- 7(Z) € §(&).
It is easy to see that

(i) for M a countable transitive model of ZFC, the modified Lemma 2.6
for M is equivalent to the original Lemma 2.6 for M;

(ii) for M a transitive class such that ZFC holds in M, the modified Lemma 2.6
for M implies the original Lemma 2.6 for M.

It is also easy to see that there is a sentence o such that, for each transitive
class M such that ZFC holds in M,

(iii) the modified Lemma 2.6 for M is equivalent to oM.

It can be verified that there is some m € w such that our proof of
Lemma 2.6 for a countable transitive M goes through when we require only
that ZFC,,, holds in M, where ZFC,,, is the set of the first m axioms of ZFC.
(Fix some reasonable enumeration of the axioms of ZFC.)

Suppose that M is a transitive class in which ZFC holds. By the Re-
flection schema (applied to the VM), the Lowenheim-Skolem Theorem, and
Mostowski Collapse, let N be a countable transitive model of ZFC,, such
that oV < ¢™. Then Lemma 2.6 holds for N. Hence ¢V holds. Hence o™
holds. Hence Lemma 2.6 holds for M.

Some of the results of §2 are like Lemma 2.6 in that they can be refor-
mulated in the form “for all countable transitive models M of ZFC, o™
holds.” Others are already essentially in this form.
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Relative Consistency.

To see how the results of §2 give relative consistency results, let us as
an example indicate how Theorem 2.1 yields a proof that ZFC 4+ V # L is
consistent if ZFC is consistent.

Let P be the partial ordering of Theorem 2.1. One can see that our
proofs give a (computable) function f : w — w and, for each n € w, a
proof in ZFC that if M is a countable transitive model of ZFCy(,) and G
is P-generic over M, then M[G] is a countable transitive model of ZFC,, +
V # L.

All instances of The Reflection schema are provable in ZFC, and the
Lowenheim—Skolem and Mostowski’s Lemma are provable in ZFC. Thus we
know that for each n € w there is a proof in ZFC (of a sentence expressing)
that there exists a countable transitive model M of ZFCy(,). Combining
this with the fact mentioned in the preceding paragraph, we get that for
each n there is a proof in ZFC that there exists a countable transitive model
N of ZFC,, + V # L.

Suppose that ZFC + V # L is inconsistent. Then there is an n € w
such that from ZFC, + V # L a contradiction is provable. For this n, it is
provable in ZFC that ZFC,, + V # L is inconsistent. Since the Soundness
Theorem is provable in ZFC, there is a proof in ZFC that there does not
exist any model of ZFC,, + V # L. Thus in ZFC both a sentence and its
negation are provable, i.e., ZFC is inconsistent.

Complete embeddings and dense embeddings.
Let (P,<p,1p) and (Q, <q,1q) be posets. A functioni: P — Q is a

complete embedding (of (P, <p,1p) into (Q, <q,1q)) if

(1) (vpeP)(Vp' eP)(p <p —ilp) <i(p));

(2) (VpeP)(Vp' €P)(p Lp —il(p) Li(p)));

(3) (Vge Q)3BpeP)(Vp' <p)i(p) is compatible with q.
(Note that we suppress subscripts on “<” when there is no danger of con-
fusion.) For ¢ and p as in (3), p is called a reduction of q to P.

Say that (P, <p,1p) C. (Q,<q,1q) if P C Q, <p = <qN(P x P)
and id : P — Q is a complete embedding.

Lemma 3.1. If I C I then Fn(I,J,\) C. Fn(I', J,\).

Proof. (1) and (2) are easily verified. For (3), note that if ¢ € Fn(I’, J,\)
then ¢ [ I is a reduction of g to P. O
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Lemma 3.2. Let M be transitive and such that ZFC holds in M. Let P
and Q be posets and let i : P — Q be a complete embedding. Assume that
P, Q, and i all belong to M. Let H be Q-generic over M. Then
(a) i~ Y(H) is P-generic over M;
(b) M[i~'(H)] € M[H].
Proof. Let G =i~ 1(H). To prove (a), we use Exercise 1.3.
Assume p < p’ and p € G. Then (1) implies that i(p) < i(p’) and so that

i(p') € H. Thus p’ € G.
If p and p’ belong to G and p L p/, then (2) gives the contradiction that

i(p) Li(p).
Let D € M with D dense in P. Let
E={dcQ|(BpeD)qd <i(p)}.

We show that F is dense in Q. Let ¢ € Q. By (3), let p be a reduction of
q to P. Let p’ < p with p’ € D. Then i(p) and ¢ are compatible. Let ¢’ be
a common extension of i(p’) and ¢. Since p’ € D and ¢’ < i(p’), we get that
qJ €E.

Now let ¢ € ENH. Let p € D with ¢ < i(p). Then i(p) € H, and so
pEeQqG.

For (b), note that G € M[H], and so M[G] C M[H] by Lemma 1.3. O

For posets P and Q, a function i : P — Q is a dense embedding if

(1) (vpeP)(W' eP)p<p —ilp) <i(p));
(2) (vpeP)(W eP)(p Lp «ilp) Li(p));
(3) i“P is dense in Q.

Obviously every isomorphism is a dense embedding.
Lemma 3.3. Every dense embedding is a complete embedding.

Proof. If i : P — Q is a dense embedding and ¢ € Q, then any p € P with
i(p) < q is a reduction of ¢ to P. O

Theorem 3.4. Let M be transitive and such that ZFC holds in M. Let P
and Q be posets and let i : P — Q be a dense embedding. Assume that P,
Q, and i all belong to M. For G C P, let

(G)={¢€Q|(Fpeq)ilp) <q}.
Then
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(a) If H is Q-generic over M, then i~'(H) is P-generic over M and

i(i~Y(H)) = H.
(b) If G is P-generic over M, then i(G) is Q-generic over M and
i~E(G)) =G.

(c) If G =i"Y(H) in (a) or if H=1(G) in (b), then M[G] = M[H].

Proof. (a) By Lemmas 3.2 and 3.3, i~1(H) is P-generic over M. Since
i“~Y(H) C H and since every member of i(i"1(H)) is > some member of
i (H),

i(i"Y(H)) C H.

To see that H Ci(i~'(H)) C H, let ¢ € H. The set {¢’ < q | ¢’ € range(i)}
is dense below ¢, so some ¢’ belongs both to this set and to H.

(b) Let H = i(G). We use Exercise 1.3. If ¢ < ¢’ and ¢ € H, then it
follows directly that ¢’ € H. Let ¢ and ¢’ be any members of H. There are
members p and p’ of G such that i(p) < ¢ and i(p’) < ¢’. Since p and p’ are
compatible in P, property (2) of dense embeddings implies that g and ¢’ are
compatible in Q. Let £ € M with F dense in Q. Let

D={peP|(3qgeE)ilp) <q}.

To see that D is dense in P, let p € P. Let ¢ € E be such that ¢ <i(p). By
property (3) of dense embeddings, let p’ € P with i(p") < ¢q. By property (2),
p and p’ are compatible. Let p” be a common extension of p and p’. By
property (1), i(p”) < i(p') < ¢, and so p” € D. By the density of D, let
p€ DNG. Let g € E with i(p) < ¢q. Then g € H. If p € G then i(p) € i(G)
and so p € i~}(i(G)). For the reverse inclusion, let p € i~1(i(G)). Since
{peP|p <pVyp Lp}isdense in P, some p' € G belongs to this set.
Both p and p’ belong to i~(i(G)), and so p’ L p, It follows that p € G.

(c) That G € M[H] and H € M|G] is clear. By Lemma 1.3, it follows
that M[G] = M[H]. O

If P and Q are posets and ¢z : P — Q is a complete embedding, define
inductively, for 7 € VP,

Z*(T) = {(z*(a),z(p» ‘ <U,p> € T}'

Lemma 3.5. Let M be a transitive class such that ZFC holds in M. Let P
and Q be posets and let i : P — Q be a complete embedding. Assume that
P, Q, and i all belong to M. Let H be Q-generic over M.

(a) For all T € MY, Ti-1r) = (i«(7)) B
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(b) If p(x1,...,2,) is asolute for transitive models of ZFC, then
(Vp eP)(p | o(m1,. .. ) < ilp) = @(ix(m1), . - - ix(T0))) -

(c) If i is a dense embedding, then the conclusion of (b) holds for all
formulas p(x1,...,x,).

Proof. We prove (a) by induction on rank(r). To show that 7;-1g) C
i«(T) g, let {(o,p) € 7 and p € i~ (H). Then (i,(c),i(p)) € i+(7) and i(p) €
H. Therefore i.(0)g € ix(7)y. By induction, it follows that ;-1 (g €
i4(7) . The proof of the reverse inclusion is similar.

For M countable, (b) and (c) follow from part (b) of Lemma 3.2 and
part (c) of Theorem 3.4. For general M they can be proved using the
method sketched at the beginning of this section. O

A poset P is separative if

(a) (VpeP)(VgeP)((p<qAq<p) —p=4q);
(b) VpeP)(VgeP)(pLq— (Fr<p)r Lq).

Exercise 3.1. Let P and Q be separative posets and let ¢ : P — Q be a
complete embedding. Show that i is one-one, that i(1p) = 1q, and that

(VpeP)(Vp' e P)(p < p’ «—ip) < i(p')).

Lemma 3.6. Let P be a poset. There is a separative poset Q such that
|Q| < |P| and such that there is a dense embedding i : P — Q.

Proof. Let < = <p and let 1 = 1p. For elements p; and py of P, set

p1<'ps & (Vr<pi)r Lops.

It is easy to check that <’ is a partial ordering of P, that (P, <’ 1) satisfies
clause (b) in the definition of “separative,” and that the identity is a dense
embedding of (P, <, 1) into (P, <’,1).

For elements p; and py of P, set

p1~p2 < (p1 <" p2 Ap2<'p1).

Let Q be the set of all equivalence classes with respect to the equivalence
relation ~, let <q be the induced partial ordering of the equivalence classes,
and let 1q be the equivalence class of 1. One readily verifies that (Q, <q
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,1qQ) is a separative poset and that the function ¢ : P — Q that sends
each p € P to its equivalence class is a dense embedding of (P, <’ 1) into
(Q,<q,1q) and hence is a dense embedding of (P, <, 1) into (Q, <q,1q)-
Il

Boolean-Valued Models

A Boolean algebra is a separative poset (B, <, 1) with the following prop-
erties.

(a) Any two elements b and ¢ of B have a lub bV ¢ and a glb b A c.
(b) V and A distribute over one another.

(c) There is an operation b — b such that bV b =1, (b') =0b, (bVe) =
VA, and (bAc) =V for any elements b and ¢ of B.

It is not hard to see that the operation ’ is uniquely determined by (c).

Remark. The definition just given has redundancies. For example,
clause (b) from the definition of “separative” is redundant.

A Boolean algebra B is complete if every subset S of B has a lub \/ S
and a glb A S.

Example. If A and B are Lebesgue measurable subsets of the unit inter-
val, set
A~B < pu(AAB)=0

where p is Lebesgue measure and AA B is the symmetric difference of A and
B. Let M be the set of all equivalence classes with respect to ~. Partially
order M by letting the equivalence class of A be < that of B if u(A\ B) = 0.
Then M is a complete Boolean algebra. Indeed, this follows from the fact
that M is a o-algebra (\/ S and A S exist for all countable S C M) together
with the fact (Exercise 2.1) that M \ {0} has the ccc.

Lemma 3.7. Let P be a poset. There is a complete Boolean algebra B such
that there is a dense embedding i : P — B\ {0}, where 0 = 1’. Moreover B
1 unique up to isomorphism.

Proof. If X is a topological space, a subset Y of X is reqular open if

Y = int(cl(Y)), where int(Z) is the interior of Z and cl(Z) is the closure
of Z. The regular open algebra of X, ro(X), is the poset of regular open

25



subsets of X, ordered by inclusion (and with 1 = X). It is fairly easy to
check that ro(X) is a complete Boolean algebra and that

bAc = bNec;
bVve = int(cl(bUc));
V¥ = int(X\b);

(

(
AS = int(()9);
Vs = it J9)).

We make P into a topological space by taking as a base all sets of the
form N,, p € P, where

N,={¢qeP|q<p}.

Let B =ro(P). Define i : P — B\ {0} by

i(p) = int(cA(Np))

We have that p < ¢ = N, C N, = int(cl(N,)) C int(cl(Ny)) = i(p) C
i(q). Moreover, p L ¢ = Ny NNy =0 = cl(N,) N Ny = 0 = int(cl(Np)) N
N, = 0 = int(cI(N,)) N cl(N,) = § = int(cl(N,)) Nint(cl(N,)) = 0 =
i(p) Ni(q) = 0 = i(p) L i(q). For the converse, note that i(p) L i(q) =
int(cl(N,)) Nint(cl(Ny)) = 0 = N, N N, = (. To see that the range of i is
dense in B\ {0}, let b € B\ {0}. Since b is open, there is a p € P such that
N, Cb. But then int(cl(N,)) C int(cl(b)) = b, since b is regular open.

For the uniqueness of B, note that if i : P — B\ {0} is a dense embedding
and b € B, then

\/{i(p) |p € P Ai(p) < b} =b;

for otherwise b A (\/{i(p) | p € P A i(p) <b}) # 0, and so range (i) is not

dense in B\ {0}. This fact tells us how to define an isomorphism beteween

B and B’, given dense embeddings i : P — B\ {0} and i’ : P to B"\ {0}.
O

If P is a poset, then the complete Boolean algebra given by Lemma 3.7
is called the completion of P.

If B is a complete Boolean algebra and ¢ is a sentence of L(B\ {0},V),
then let us make the convention that 0 |- .

Lemma 3.8. Let B be a complete Boolean algebra. Let ¢ be a sentence of
LB\ {0},V). There is a greatest element b of B such that b |- ¢.
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Proof. Let b= \/{c| c |- ¢}. Tt is easy to check that b is as required. [

For each ¢, let us call the b given by Lemma 3.8 the truth-value of ¢ and
denote it by [¢].

If B is a complete Boolean algebra, and o € VBMO}  a very nice name
for a subset of o is an element of VB\MO} of the form

{{m, f(m)) | = € domain(e) A f(r) # 0},

where f : domain (o0) — B. For complete Boolean algebras, Lemma 2.9
holds with “very nice name” replacing “nice name”: given u, let 7 be the
very nice name gotten by setting f(7) = [r € pu].

Using only very nice names, we one can construct an alternative version
of VBMO} For any ordinal o, V4 is the collection of all sets of the form
{r eV, | f(x) =1}, for f:V, — {0,1}}. If we think of {0, 1} as the two-
element complete Boolean algebra and if we ignore the difference between a
set and its characteristic function, then we can regard the following definition
as a generalization of that of the V,, hierarchy.

o= 0;

Vayi = {7|7:Va—B};

Ve = (J{IVP |8 <A} for limit A;
VB = [ J{V.? | acON}.

An important difference between the general case and that of B = {0,1} is
that we can have 7 € V2, and o € V2 such that [0 € 7] > 7(0).

Instead of using VB as an alternative version of the class of B\ {0}-
names, one can simply construe it a a Boolean-valued model. If B is a com-
plete Boolean algebra, then a B-valued model 2 (for a relational language)
is a set A together with an assignment to each n-ary relation symbol P of a
function Py : "A — B. Satisfaction (truth-value relative to an assignment
of variables to elements of A) is defined using the Boolean operations, e.g.,
[e AY] = [¢] A [0]. One can show that if a sentence ¢ follows logically
from a set 3 of sentences, then A{[¢] | ¥ € ¥} < [¢]. Thus using VB as a
Boolean-valued (class) model, we can prove our relative consistency results
by an inner model method, as one can prove relative consistency results
using L, except now the inner model is Boolean-valued.

A complete homomorphism between complete Boolean algebras B and
B’ is an 7 : B — B’ such that i preserves all the finite and infinite Boolean
operations. We omit the routine proof of the following lemma.
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Lemma 3.9. Let B and B’ be complete Boolean algebras and leti: B — B/.
Then i | B\ {0} is a complete embedding (into B’ \ {0}) if and only if i is
a one-one complete homomorphism, and i | B\ {0} is a dense embedding if
and only if © is an isomorphism.

Lemma 3.10. Let M be a transitive class in which ZFC holds. In M, let
B be a complete Boolean algebra. Let G be B\ {0}-generic over M. Let
X eMandletY € M|G) with Y C X.

In M there is a complete subalgebra C of B with the following properties.
Let H= GNC. Then H is C\{0}-generic over M, and M[H] is the smallest
transitive class N such that M C N, Y € N, and ZFC holds in N.

Proof. Let 7¢ =Y. In M, let C be the complete subalgebra of B generated
by
{lter]|xeX}.
That H is C\{0}-generic over M follows from Lemma 3.9 and Lemma 3.2.
Since z € Y if and only if [& € 7] € H, we have that Y € M[H].

Let N be transitive and such that M C N, Y € N, and ZFC holds in
N. In N, define h: C — {0,1} by

W[ € ) { 1 ifzey;

0 otherwise;
h(d) = (h(c))
h(\/S) = \/hs).

It is easy to show by transfinite induction that, for all ¢ € C, ¢ € H if and
only if h(c) = 1. O
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4 Products, Iterations, and Measurability

Products.

Let us fix, for the first part of this section, posets (Pg,<p,1p) and
(P1,<1,11). Define the product

(Po <o,10) x (P1 <1,14)
of these two posets to be
(P x P, <, 1),
where 1 = (1p,1;) and
(po,p1) < {q0,q1) < (Po<o0q0 N p1 <1 q1).
Define ig : Pg — Pg x Py and i1 : P; — Pg x Py by

io(po) = (po,11);
i1(p1) = (lo,p1)-
We omit the easy proof of the following lemma.

Lemma 4.1. iy and i1 are complete embeddings.

Corollary 4.2. Let M be transitive and such that ZFC holds in M. Assume
that Po and P1 belong to M. Let G be Py x Py-generic over M. Then

(i) i0~1(Q) is Pg-generic over M ;

(ii) i1~ 1(G) is Py-generic over M ;

(i) G =i H(G) x i1 Q).
Proof. (i) and (ii) follow from Lemma 4.1 and Lemma 3.2. For (iii), observe
that

{po,p1) €i0 1 (G) x i1 HG) < (po,11) €G A (1o,p1) €G
A <p07p1> S G O

Lemma 4.3. Let M be transitive and such that ZFC holds in M. Assume
that Py and P belong to M. Let Gy C Py and G1 C Py. Then the following
are equivalent:
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(1) Gy x Gy is Py x Py-generic over M.
(2) Gy is Po-generic over M, and Gy is Pi-generic over M[Gy).
(3) G1 is Pi-generic over M, and Gq is Po-generic over M[G1].
If (1)-(3) hold, then
MGy x G1] = M[Go][G1] = M[G1][Go) -

Proof. We first show that (1) implies (2). Assume that (1) holds. That Gy
and G are filters and that Gy is Pg-generic over M follow from Corollary 4.2.
Thus we need only show that G is Pj-generic over M[Gy].

Let D; € M[Go] be dense in P;. Let 7 € M¥0 be such that 7, = D;.
We may assume that domain (1) C domain (P;). Let pg € Go be such that
po |- “r is dense in P1.” Let

D = {{q0,q1) | 90 <opo N qo |F¢1 €7}.

We argue as follows that D is dense below (pg,11) in Py x Py: Let
(r0,71) < (po, 11). Since ro <o po,

ro |- Bz ePi)(z e A 2(<q)7).
By the definition of forcing, there are gy <g rg and ¢; € P such that
@ |FaerANqa(<)r.

Hence ¢1 <1 71 and (qo,q1) € D. Moreover (qo,q1) < (ro,r1).
Since (pg,11) € Go x Gy, there is a {(qo,q1) € (Gop x G1) N D. Since
g0 € Go and qo |- ¢1 € 7, we have that ¢; € D; and so that ¢; € G; N D;.
The proof that (1) implies (3) is like the proof that (1) implies (2).
The proof that (2) implies (1) is left as Exercise 4.1. The proof that (3)
implies (1) is similar.
The last assertion of the lemma is easily verified. U

Exercise 4.1. Do the (2) = (1) case of the proof of Lemma 4.3.

Two-stage iterations.

Let P be a poset. A P-name for a poset is a triple

<7T7 T‘J’ 7r”> 9y
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where 7, 7/, and 7 are all P-names such that 1p | “7’ is a partial ordering
of m with 7" a greatest element.” We often write 7 for the triple, and we
write <, for 7’ and 1, for «”.

If P is a poset and 7 is a P-name for a poset, then let

Pxnm={({p,7)|peP A7 €&domain(n) Ap|FT€T}.

Partially order P x 7 by

(p,7) <{q,0) < (p<pq Apl-7<50).

Let 1p.r = (1p,1,). Define the canonical embedding i : P — P * 7 by

Z(p> = (p, 17r> .

Lemma 4.4. Let P be a poset and let m be a P-name for a poset. Then the
canonical embedding © is a complete embedding.

Proof. We have the following facts:

(@) p<p < (p,1z) < (P, 1q);
(b) i(1p) = 1pir;

©plp — 7)) LP.7);

() pLlp < 1) L@ 1s);

(e) pLp < i(p) Li(p)).

(a), (b), and (c) follow readily from the definitions. The — part of (d)
follows from (c). For the « part of (d), note that

(@<pAqg<p) — (g7) <(p,7) Ag,7) <P 10)).

(e) follows from (d). The lemma follows from (a), (e), and (d), since (d)
implies that p is a reduction to P of (p, 7). O

Let M be transitive and such that ZFC holds in M. Suppose that in
P € M is a poset and that, in M, 7 is a P-name for a poset. Let G be
P-generic over M and let H C wg. Define

G+«H={{p,7)ePxnm|peGANTgEH}.
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Exercise 4.2. Let M be transitive and such that ZFC holds in M. Let
P € M be a poset. In M let m be a P-name for a poset. Let K be P * -
generic over M. Let i be the canonical embedding and let G = i~ }(K).
Let

H = {7¢ | 7 € domain (7) A (3q) (¢, T) € K}.

Let 7 € domain (7) be such that 7o € H. Prove that there isa ¢ € P
such that (¢, 7) € K.

Lemma 4.5. Let M, P, n, K, i, G, and H be as in Exercise 4.2. Then
G is P-generic over M, H is wg-generic over M[G], K = G x H, and
MIK] = M[G][H].

Proof. We shall write < for <p, for <p,, and for the name <, (i.e., ’).

Since ¢ is a complete embedding, G is P-generic over M.

To see that H C 7w, assume that a € H. There are ¢ and 7 such that
a =171g, 7 € domain(n), and (¢,7) € K. Thus ¢ € Gand g |[-7 € 7. It
follows that 7¢ € mq.

Next let us show that H is a filter.

Let a <z, b with a € H. There are g, 7, and o such that a = 7¢,
b = og, and (¢,7) € K. There is a p € G such that p |- 7 < 0. Since
(p,1:) € K, there is an (r,u) € K such that (r,u) is a common extension
of (p,1,) and (g,7). Since r < p, r |-7 < 0. By the definition of <,
r | p < 7. Hence r |- u < o. But then (r,u) < (r,o), and so (r,o) € K.
This implies that og € H.

For the other filter property, let a and b belong to H. Let p, g, o, and 7
be such that a = og, b =1¢, (p,0) € K, and (¢,7) € K. Let (r,u) € K be
a common extension of (p, o) and (g, 7). Then ug € H and pg is a common
extension of o and 7¢.

The following proof that H meets every dense subset of g that belongs
to M[G] is similar to the analogous part of the argument that (1) = (2) in
the proof of Lemma 4.3.

Let D1 € MI|G] be dense in mg. Let 7¢ = D;. We may assume that
domain (7) € domain (7). Let p € G be such that p |~ “7 is dense in 7.”
Let

D={{g,0)ePxn|qg<pAq|lloeT}.

To see that D is dense below (p, 1) in P 7, let (r, u) < (p,1;). Since
TP,
rl Grem)(zer A <up).
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By the definition of forcing, there are ¢ < r and o € domain (7) such that

¢l (cerno<n).

Hence (q,0) < (r,pu) and (q,0) € D.

Since (p,1,) € K, thereisa (¢,0) € KND. Sinceq € Gand q |0 € T,
we have that og € Dy and so that o € H N Ds.

To see that K = G = H, first observe that

(p7VeK — (pr)ePsxmtApeGATgEH
— (p,T)eG*H.

Next assume that (p,7) € G x H. Then
7 € domain (7) A (p,7) EPxm ApeEG AN 16 € H.

By Exercise 4.2, let ¢ be such that (¢,7) € K. Let (r,0) € K be a common
extension of (p,1;) and (¢,7). Then r |- o < 7, so (r,o) < (p,7). Hence
(p,7) € K.

Since G and H belong to M[K], M|[G][H] C M[K]. Since K =G* H €
MIG|[H], M[K] C M|G][H]. O

Lemma 4.6. Let M be transitive and such that ZFC holds in M. In M, let
B and C be complete Boolean algebras such that C is a complete subalgebra

of B. Forbc B\ {0}, let h(b) € C\ {0} be given by
hd) = N{ceC|b<c}.
Let K be (B\ {0})-generic over M. Let G = K N C. In M[G] let
Q= {beB\{0} | n(b) € G}.

Then G is (C\ {0})-generic over M, K is Q-generic over M[G], and
MI[G][K] = M[K].

Proof. Lemmas 3.2 and 3.9 imply that G is (C \ {0})-generic over M.
Note that K C Q, since b € K = h(b) € K = h(b) € G. Since K is a
filter on B\ {0}, it follows that K is a filter on Q.
Let m € MCMO} be given by

m={{b,h(b)) | b€ B\ {0}}.
For b € B\ {0}, [b € 7] = h(b), and thus 7¢ = Q.
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Let og be dense in mg. Changing o if necessary, we may assume (a) that
domain (¢) C domain () = {b | b € B\ {0}} and (b) that loyoy |- “oCr
and o is dense in 7.” (Clearly we may assume (a). Suppose (a) holds and
(b) fails. For some ¢ € C\ {0}, (b) holds with ¢ replacing 1¢\fo}. Replace
o by {{bycNeci) | (byer) €a AcAep #03U{{b,d Nhb)|beB\{0}}.)

We show that K Nog # (). Let

D={beB\ {0} | (" €B\{0})(b<b* A h(b) |-b* € 0)}.

To prove that D is dense in B\ {0}, let by € B\ {0}. Since h(bg) |- by € T,
we get from (b) that

h(bo) |- Gz em)(z<by A z €0).

The definition of forcing and (a) give us a ¢ € C\ {0} and a b* € B\ {0}
such that o §
Cgh(bo) A CH—(b*SbO A b*EO’).
Hence b* < by and ¢ |- b* € 0. The latter fact and (b) imply that
c < [b* € 7] = h(b*).

If ¢ L b*, then b* < ¢/, and so h(b*) < ¢/. Hence ¢ and b* are compatible.
Let b € B\ {0} be a common extension of b* and c¢. Since h(b) < e,
h(b) |- b* € 0. Because b < by, our proof that D is dense is complete.

By the density of D, let b € DN K. Thus h(b) € G. By the definition of
D, there is a b* > b such that h(b) |- b* € 0. For such a b*, b* € K and so
b* e KNog.

The last assertion of the lemma obviously holds. O

Corollary 4.7. Let M, B, C, K, and G be as in Lemma 4.6. Let P C
B\ {0} withid : P — B\ {0} a complete embedding. There is a subset Q of
P such that Q € M[G], KNQ is Q-generic over M |G|, and M[G|[KNQ] =

Lemma 4.8. Let M be a transitive model of ZFC and let P € M be a
poset. Let o(z,y1,...,yn) be a formula of the language of set theory and let
O1,y...,0p be elements of MY . Let p € P be such that

p - (Fz)p(x,01,...,00).
Then there is a 7 € MY such that

pl=e(r,o1, ... 0n).
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Proof. Let A C P be a maximal antichain below p such that, for each
q€A,
(F) (g I e(p, o1, .. 0n).

For each g € A, let p, be such that ¢ |- ¢(uq, 01, ...,05). Now let
T={{p,r) | Bge A)BFseP)(r<qg Ar<sA(ps)€pg}.
Forqe A, q |7 =pq and so ¢ |- o(1,01,...,04). O

Theorem 4.9. Let M be transitive and such that ZFC holds in M. Let X
be an uncountable cardinal number of M. Let Py be the dense subposet of
Fn(w,\) consisting of those p € Fn(w, \) whose domain belongs to w. Let
Q € M be a separative poset such that (|Q| = \)™ and such that, in M,
Q collapses \ to w (i.e., such that, in M, 1q |- |\| = @). Then there is a
dense embedding v : Py — Q such thati &€ M.

Proof. Work in M. For g € Q, let Q, = {r | r < ¢}. Note that (Qq, <,q)
is a poset. We first show:

(t) (Vg € Q)(3A)(A is an antichain in Q, A |A| = \).

Proof of (f). Assume that (f) fails for ¢. This means that Q, has the
A-cc. If A is regular, then Lemma 2.17 implies that Q, preserves cardinals
> A, and this contradicts the hypothesis that Q collapses A to w. Assume
then that A is singular. If Q, has the X-cc for some cardinal A" < A, then
Lemma 2.17 again yields a contradiction. Thus Q, has antichains of every
size < A. Let A be an antichain in Qg of size cf(A). Let f : A — X\ with
range(f) unbounded in A. For each a € A, let B, be an antichain in Q,
with |Bg| = f(a). Then |J{B, | a € A} is antichain in Q, of size A. O

The hypotheses of the theorem imply that

19 F BN f: 08T,

(Recall that T is the canonical name for the generic of object.) By Lemma 4.8,
let 7 € M® be such that

. onto

1l |F 7w —T.

We define i(p) by induction on ¢h(p). Let i()) = 1q. Suppose that i(p)
is defined and that ¢h(p) = n. By (f) let A be a maximal antichain in Q;)
such that |A| = A. For each a € A, let B, be a maximal antichain in Q,
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such that every r € B, decides 7(n), i.e., such that for all » € B, there is an
s € Q such that r |- 7(n”) = §. Such an antichain exists because the set of
all r < a that decide 7(n) is dense below a. Let B = |J{B; | ¢ € A}. Then
B is a maximal antichain in Q;(,), |B| = A, and each member of B decides
7(n). Let a — g4 be a bijection between A and B. Define

i(p U {<TL, a>}) = Ga

for each o < .

Note that induction on n yields that {i(p) | p € P A fh(p) = n} is a
maximal antichain in Q for each n € w. Note also that (Vp)(Vp')(p <p’ <«
i(p) < i(p).

To check that ¢ is a dense embedding it is thus enough to check that
the range of 7 is dense in Q. Let ¢ € Q. Clearly ¢ |- ¢ € I'. Hence ¢ |-
(Jy € @) 7(y) = ¢. Thus there are n € w and r < g such that r |- 7(n) = q.
Since {i(p) | p € P A fh(p) = n+ 1} is a maximal antichain in Q, there is
a p € P such that ¢h(p) = n+ 1 and i(p) is compatible with 7. Since i(p)
decides 7(n), it must be that i(p) |- 7(7) = ¢. Thus i(p) |- ¢ € . Since Q
is separative, it follows that i(p) < q. O

Corollary 4.10. Let M be transitive and such that ZFC holds in M. Let
a be an ordinal of M that is uncountable in M. Let G* be Fn(w, a)-generic
over M. Let R € M be a poset and suppose that G € M|G*] is R-generic
over M. Assume that o is uncountable in M[G]. Then there is an H €
M[G*] such that H is Fn(w, a)-generic over M[G] and such that M[G][H] =
MI[G*].

Proof. Let B be the completion in M of Fn(w,a). We may assume that
Fn(w,a) C B\ {0} and that the identity is a dense embedding. The filter
K on B\ {0} that is generated by G* is (B \ {0})-generic over M and
M[K] = M[G"].

Apply Lemma 3.10 with K, R, and G as the G, X, and Y respectively
of Lemma 3.10. This gives us a C that is in M a complete subalgebra of B
and is such that M[K N C] = M[G].

Now apply Corollary 4.7 with with P = Fn(w,«). We get a poset Q
such that

i) Qe M[a):
(ii) Q € Fn(w, a);
(ili) K NQ is Q-generic over M[G];
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(iv) M[G][KNQ] = M[K].

Since « is countable in M|[G*] = M[K], we may assume, replacing Q by a
subordering if necessary, that 1q |- |&| = ©. This, together with the fact
that o is uncountable in M[G] = M[K NC], implies that |Q|M¢] = |o|MIE],
Clause (ii) implies that Q is separative. We may thus apply Theorem 4.9 to
conclude that Q has the same completion in M[G] as Fn(w, |a|M[¢]). The

latter is isomorphic in M[G] to Fn(w, «), so the results of §3 give us our H.
g

For any ordinal a, let Lv(«) be the set of all finite functions f such that
(i) domain (f) C a X w;

(if) (V(8,n) € domain (f)) f(B,n) < 3.

Exercise 4.3. Let M be transitive and such that ZFC holds in M. Let s
be an uncountable regular cardinal of M. Let G be Lv(k)-generic over M.

(a) Prove that x is the wy of M[G].

(b) Let X C a < k with x € M[G]. Show that there is an ordinal
k' < k such that x € M[G NLv(x")].

Hint. Show that Lv(k) has the k-cc.

Lemma 4.11. Let M be transitive and such that ZFC holds in M. Let k be
inaccessible in M. Let G be Liv(k)-generic over M. Let R € M be a poset
such that |R|™ < k. Suppose that G € M[G] is R-generic over M. Then
there is an H € M[G] such that H is Lv(k)-generic over M[G) and such

that M[G][H] = M[G].

Proof. Observe that, for a < x, Lv(k) is isomorphic to the product of
Lv(a) and Lv,(k), where Lv, (k) = {p € Lv(k) | domain (p)N(axw) = 0}.
By part (b) of Exercise 4.3, there is a 8 < & such that G € M[GNLv(8)]. We
shall show that there is an o and there is an H* € M[G] such that 8 < a < &,
such that H* is Lv(a)-generic over M[G], and such that M[G][H*] = M[GN
Lv(a)]. This will suffice, as we see as follows. By Lemma 4.3, G NLv,(k) is
Lv, (k)-generic over M[G N Lv(a)], and so over M[G][H*]. By Lemma 4.3
again, H* x (G NLvy(k)) is (Lv(a) x Lv,(k))-generic over M[G].

Let o be such that § < a < k and such that « is uncountable in M[G]
but « is not a cardinal in M. By Theorem 4.9, Lv(a) and Fn(w, a)) have
the same completion in M. Hence there is a G* € M[G N Lv(a)] such that

37



G* is Fn(w, a)-generic over M and such that M[G*] = M[G N Lv(«a)]. By
Corollary 4.10, there is an H € M[G N Lv(a)] such that H is Fn(w,a)-
generic over M[G] and such that M[G][H] = M[G*]. Since Lv(«) and
Fn(w, @) have the same completion in M[G], we get our H*. O

Lemma 4.12. Let M be transitive and such that ZFC holds in M. Let k be
any infinite ordinal of M. Let ¢ be a sentence of L(Lv(k), M) all of whose
constants are of the form & for elements x of M. Then

Li=¢ VvV 1[=—p.

Proof. We may assume that M is countable. Suppose that p |- ¢. Let
G be Lv(k)-generic over M. The proof will be complete if we show that
©MICl Let ¢ € G with domain (¢) = domain (p). Let F : k\ {0} x w — &
be given by

[ pla,n) if (o, n) € domain (p);
Fla,n) = { (UG)(a,n) otherwise.

Let G' = {reLv(k) | r C F}. It is clear that G’ is a filter on Lv(k), that
p € G, and that M[G'] = M[G]. If we show that G’ is Lv(k)-generic over
M then we will know that ™[&] and so that pMI[C].

Let D’ be dense in Lv (k). Let

D={(r\p)Uq|reD ApCr}.
Then D is dense below ¢ and so G N D # (). But then G' N D’ # (. O

Let p be Lebesgue measure on [0, 1] until further notice. Let us say that
a set A satisfies condition C if A is a set of pairwise disjoint closed subsets
of [0,1] of positive Lebesgue measure and u(|J A) = 1. Note that any such
A must be countable.

For transitive M such that ZFC holds in M, a member z of [0,1] is
random over M if, for every A € M such that “A satisfies condition C”
holds in M, z € [J{cl(p) | p € A}. (Here cl(p) is the closure of p.)

Lemma 4.13. Let M be transitive and such that ZFC holds in M. Assume
that (28%0)M s countable. Then the set of x € [0,1] such that x is random
over M has Lebesgue measure 1.

Proof. We first prove three absoluteness results, the last of which will not
be needed until the proof of Lemma 4.14. Let p and ¢ be subsets of [0, 1]
that are closed in M. Then
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(a) p(cl(p)) = M (p);
(b) pNg=10 — cl(p) Ncl(q) = 0;
(c) cl(pNq) = cl(p) Necl(q).

If » C [0,1] is open, then r is representable in a unique way as a disjoint
union of open intervals. The Lebesgue measure of r is the sum of the lengths
of the associated open intervals. The intervals of M associated in M with the
complement of p in M are the same as those associated with the complement
of cl(p) in V, in the sense that they have the same endpoints. From this
(a) follows. If p N g = @, then there are disjoint open sets of M, p’ and
¢, such that p C p’ and ¢ C ¢’. The open sets in V whose associated
intervals are the same as (have the same enpoints as) those for p’ and ¢’ in
M are disjoint and cover cl(p) and cl(q) respectively. This gives (b). Finally,
suppose = ¢ cl(p N q). Then x belongs to interval I with endpoints in M
that is disjoint from p N ¢g. Assuming = € cl(p) N cl(g), one can get the
contradiction that some y € M belongs to I NpNgq.

If A € M and “A satisfies condition C” holds in M, then (a) and (b) give
that u(ULCl(p) | p € A}) = Speq il(p)) = X pen M (p) = M (U A) = 1.
Since (2%)M is countable, there are only countably many such A. Hence
the conclusion of the lemma follows by the countable additivity of u. g

Lemma 4.14. Let M be transitive and such that ZFC holds in M. In M let
P be the set of all Lebesgue measurable subsets of [0,1] of positive measure,

ordered by inclusion. An element x of [0, 1] is random over M if and only if
there is a G that is P-generic over M and such that {x} = ({cl(p) | p € G}.

Proof. Assume first that G is P-generic over M and {z} = ({cl(p) | p €
G}. If A € M and “A satisfies condition C” holds in M, then A is a maximal
antichain in P. Thus there is a p € AN G. For such p, = € cl(p).

Before proving the converse, we note that a filter G on P is P-generic
over M just in case GG meets every A € M that satisfies condition C in M.
This follows from the fact that for every B € M that is a maximal antichain
in P there is an A € M such that “A satisfies condition C” holds in M and
every element of A is < some element of B. This fact can in turn be proved
from the facts that the set of elements of P that are closed in M is dense in
P and that P has the ccc in M.

Assume that x is random over M. Let G={peP |z ccl(p)}. If p<gq
and p € G, then ¢ € G. Suppose that p and ¢ belong to G. By (c) from
the proof of Lemma 4.13, cl(pNq) = cl(p) Ncl(g), and so = € cl(pNgq). If
pM(pnq) > 0, then p N g belongs to G and is a common extension of p
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and q. Assume that x4 (pNq) = 0. Then there is an A € M that satisfies
condition C in M and whose members are disjoint from p N ¢. Since z is
random over M, there is an r € A such that z € cl(r). By (b) from the proof
of Lemma 4.13, we get the contradiction that cl(r) and cl(pNgq) are disjoint.
We have now shown that G is a filter on P. By the remark in the preceding
paragraph, G is P-generic over M. To show that {z} = {cl(p) | p € G},
assume for definiteness that y > z. If a is any rational number such that
r < a<vy,then [0,a]™ € G. Thus y ¢ N{cl(p) | p € G}. O

Lemma 4.15. Let M be transitive and such that ZFC holds in M. Let k
be inaccessible in M. Let G be Liv(k)-generic over M. Let ¢(vo,...,v,) be
a formula and let a1, ..., a, be ordinals of M.

Then Yz € [0,1] | ¢(x,a1,...,an)} is Lebesque measurable” holds in
MI[G].

Proof. Work in M[G].

By Lemma 4.13, the set of x € [0,1] that are random over M has
Lebesgue measure one. Thus we need only find a measurable set X such
that, for every x random over M,

gO(J:‘,Oq,...,Ozn) — e X.

Le P be as in Lemma 4.14.

For G that is P-generic over M, the set (\{cl(p) | p € G} is a singleton.
The argument of the last step of the proof of Lemma 4.14 shows that this set
has at most one member. That it is non-empty follows from the compactness
of [0, 1] and the fact that any finite intersection of closures of members of G
is non-empty. Let z(G) be the unique member of ({cl(p) | p € G} and let
7 € MP® be such that 7¢ = x(G) for all P-generic G. (The existence of 7
follows from Lemma 4.8.)

Using Lemma 4.12 and using once more the density in M of the sets
closed in M and the fact that P has the ccc in M, we get an A € M
satisfying condition C in M and be such that, for every p € A,

Pl (v =@ an, s an)) Vop = (o) [ 20700, 0))

(Here we are being careless with notation: we should have written 7 instead
of 7, and we should have put two checks on the «;.) Let

Ar={pe A|p|F (Apvw) I o(r,d1,...,dn))}

and let
Ap = {p €A ‘ p H_ (1Lv(k) H7 _'()0(7—7 ag, ... 7OZ7L))} :
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Let
X = | J{el(p) | p € Ar}.

To show that X has the required property, let  be random over M. Let
pz be the unique p € A such that z € cl(p). We must prove that

QO(JJ,Oél,...,O[n) — p€A1

By Lemma 4.14, let G be P-generic over M and such that z(G) = x. Then
pEG.

Let us quit working in M[G], in order to talk about it. Assume that
p € A1. (The case that p € Aj is similar.) Then in M[G] it is true that

1Lv(n) “_ 90(7_7 ag, ... 7dn) :
By Lemma 4.11, there is H € M[G] such that H is Lv(k)-generic over M[G|

and such that M[G][H] = M[G]. Thus MIC] (xz,a1,...,ap,) holds. O

Lemma 4.16. Let M, x, and G be as in the statement of Lemma 4-15. Let
©(voy -+« y Umtn) be a formula, let y1, . ..ym be elements of [0,1]N M[G], and
let ay, ..., oy be ordinals of M. Then “{z € [0,1] [ o(@,y1, .-, Ym, a1, .., )}

is Lebesgue measurable” holds in M[G].

Proof. By Exercise 4.3, we get that there is an a < k such that every y;
belongs to M[GNLv(«)]. By Lemma 4.11, there is an H € M[G] such that H
is Lv(k)-generic over M[GNLv(a)] and such that M[GNLv(a)][H] = M[G).
Thus it suffices to prove the lemma in the special case that the y; belong to
M. But then the proof of Lemma 4.15 works, since that proof did not need
that the a; were ordinals but only that they belonged to M. O

A set X is called ordinal definable if there is an ordinal « such that X
is definable in V, from ordinal parameters. (The parameters aren’t really
needed.) If X is a set definable in V' from ordinal parameters, then Reflection
implies that X is ordinal definable. The converse is obvious.

The hereditarily ordinal definable sets are those sets x such that x and
all members of its transitive closure are ordinal definable. HOD is the class
of all hereditarily ordinal definable sets.

Lemma 4.17. HOD s transitive and ZFC holds in HOD.

We omit the proof, which is not difficult. (A proof is in Kunen’s book.)

The class of sets ordinal definable from reals and the class HOD(R) are
defined as were the class of ordinal definable sets and the class HOD, except
that real as well as ordinal parameters are allowed.
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Lemma 4.18. HOD(R) is transitive and ZF holds in HOD(R).

Theorem 4.19. Let M be transitive and such that ZFC holds in M. Let &
be inaccessible in M. Let G be Lv(k)-generic over M.

(1) “All subsets of [0, 1] ordinal definable from reals are Lebesgue mea-

surable” holds in M|G].

(2) “ZF + all subsets of [0,1] are Lebesgue measurable” holds in the
inner model (HOD(R))M[A],

Proof. (1) is a restatement of Lemma 4.16. (2) follows from (1), Lemma 4.18,
and the fact that measurability is absolute for HOD(R). O

Theorem 4.20. (1) If “ZFC + there is an inaccessible cardinal” is consis-
tent, then so is “ZFC + all subsets of [0, 1] ordinal definable from reals are
Lebesgue measurable.”

(2) If “ZFC + there is an inaccessible cardinal” is consistent, then so is
“ZF + all subsets of [0,1] are are Lebesgue measurable.”
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