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Fluctuations and scaling in aggregation phenomena
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We introduce a method which enables us to isolate different sources of fluctuations during a typical aggre-
gation process. As an example, we focus on the evolution of islands during irreversible submonolayer epitaxy.
We show that only spatial fluctuations in island nucleation are required to produce the scaling of their size
distribution as determined by Monte Carlo simulations. In particular, once the islands are seeded, their growth
can be described in a purely deterministic manner.

Many physical phenomena are governed by the aggregdepological changes caused by nucleation and any coales-
tion of material. Such processes have been studied in earnestnce. The analytical framework of our model is ideally
since the early parts of this centéirgnd continue to attract suited to the task at hand and, moreover, allows us to ask
considerable interest within areas that range frormew questions about the roles of various fluctuations in dif-
astrophysicsto biology>* The most powerful methods for ferent regimes of growth.
analyzing these phenomena are based on general scalingSubmonolayer epitaxial growth is a problem of consider-
argumentsapplied to the number and size distribution of the able practical importance in its own right because the surface
accreting objects. This scaling theory is supported by anamorphology and, specifically, the size distribution of islands
lytic solutions of mean-field rate equatiéi® and kinetic  in this regime forms a template for the multilayer surface
Monte Carlo(KMC) simulations?*° morphology** The basic scenario of epitaxial growth, e.g.,

However, these methods do not provide a way of systemby molecular-beam epitaxy, involves the deposition of atoms
atically addressing the physical factors that determine scalingnto a substrate with flug and the subsequent diffusion of
behavior. The reason for this can be traced to the complethese atoms with diffusion coefficie until they either
nature of aggregation phenomena, which typically consist oparticipate in the nucleation of new islands or attach to ex-
a nucleation regime, when new objects are created, followefting islands. For irreversible aggregation, a central quantity
by an aggregation regime as these objects grow by accretingnich characterizes the morphology of the surface is the ra-
matter from their surroundings. Since both nucleation angi, p/g. |n particular, in the limitD/F— (the scaling
growth are due to microscopic processes which are InherIimit), the distribution of island sizes can be expressed in

L 1 ooceT O s of  uniersal unclch? The main purpose of
pe Lo ) y ~paper is to identify the fluctuations which are relevant in this
are essentially deterministic. This has proven to be a majof

. . : - limit,
obstacle in the quest for a simple, yet physically realistic, . .
model for aggregation phenomena, where it is essential t A model that correctly describes the spatial and temporal

understand which aspects of nucleation and growth can pictuations of the adatom concentration, due to deposition
described only by including the appropriate fluctuations. and m|g.rat|on, implicitly captures all fluctuations. Such mi-
In this paper, we introduce a model which allows us toCr0Scopic models, usually based on KMC me'thods, have re-
address the foregoing issues by examining the effects of ieroduced many aspects of submonolayer epitaxy for a vari-
dividual sources of fluctuations for a prototypical aggrega-€ty of experimental scenarios, especially island size
tion phenomenon, irreversible submonolayer epitaxy. Ouflistributions'®**In a more “coarse-grained” model, how-
model is based on the level-set mettdd which is a gen-  ever, only the positioning of islands and subsequent evolu-
eral technique for simulating the motion of moving bound-tion of their boundaries are of interest. To build such a con-
aries. As applied to epitaxial growtfi,this method solves ceptually simpler model, it is necessary to focus on the
the Stefan problem for moving island boundaries in the presfluctuations in nucleation and growth apart from those in the
ence of the adatom diffusion field while accommodating theadatom concentration. This would be difficult, if not impos-
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FIG. 1. Typical surface morphologidsolid lineg at a coverage of 0.2 monolayeiélL ) using the randonga), probabilistic(b), and
deterministic(c) seeding style. The results were obtained on a square lattice oflLsize90, and withD/F=1CP. The capture zone
boundariegdashed lineswere obtained by separating the domains of attraction, where the arrows point in the direction of the gradient of
the diffusion field.

sible, to carry out using typical KMC simulations becauseposition to form a dimer. The validity of the nucleation rate
they are based on stochastic transition rules for single atomgiven by Eq.(4) has been shown in Ref. 17.

Here, we isolate spatial and temporal fluctuations in the The model, as described by Eq4$)—(4), is not yet com-
nucleation and growth of islands, and discuss each individuplete because we have not specified whether the flux and
ally. We find that only spatial fluctuations in the seeding ofdiffusion field are stochastic or deterministic, nor have we
new islands, suitably weighted by the adatom density, aréPecified how new boundaries are created through nucleation
required to produce the correct scaling form of the island2nd incorporated into the level set function. The accommo-
size distribution, as determined by KMC simulations. Nodation of new boundaries within the level set function is
other fluctuations are required to produce this scaling form&ccomplished generically by adding to the right-hand side of

The central constructs of our model are a spatially varying=d- (1) & source term of the fornz,5(t—t,) 6(x—x,) to
adatom density and the creation and motion of island boundaccount for nucleation events which occur at tireand at
aries by the level set method. The main idea behind thi®0Sitionsx,. The structure of these equations implies that
method*2is that a(zero thicknessboundary curve, such as any fluctuations(spatial or temporalin either the adatom
the boundary of an island, can be represented by the set densny.or flux produces only 'gemporal fluctuz;t!ons in the
=0, called thdevel sefof a smooth functiorp, the level set hucleation rate, because a spatial average(rft)” is taken
function. For a given boundary, this function evolves accordin EQ. (4). We seed thath island at timet, defined by the

ing to number of island$NL? passing the integer valuge wherelL
is the system size. The justification for this deterministic
de treatment of nucleatiotimeswill be provided below.
Zt TV Ve=0, (1) Equations(1)—(4) allow complete freedom for thepatial

dependence of nucleation. We discuss three styles, which we
wherev is the boundary velocity. All physical information refer to as random, probablistic, and deterministic. For ran-
about the boundary motion is contained in the normal comdom seeding, nucleation can occur on any lattice site with
ponentv,,=n-v, wheren is the outward normal of the mov- equal likelihood. This clearly takes no account of spatial
ing boundary and/- Ve=uv,|V¢|. For the case of irrevers- variations in the adatom density. Since two atoms are needed

ible aggregationy, is computed as to nucleate a new islanfcf. Eqg. (4)], another plausible
) - . choice is to weight the position of a new island by the local
vp=a’D(n-Vp~—n-Vp7), (2)  value ofp?. We call this the probabilistic seeding style. We

will also discuss deterministic seeding where islands are al-
ways seeded at the point whgréhas its maximum value. In
act, in our model, it is easy to use a probability that is
weighted by any power gé, as computed from Ed3). Our
seeding styles correspond 8 (random), p? (probabilistig,
ap dN andp” (deterministig.
E:F+szp_2a’ 3 Typical surface morphologies for the different seeding
styles are shown in Fig. 1. Increasing the power in the
with the condition thatp=0 at all island boundaries and Weighting clearly leads to a more regular distribution of is-
whereN is the island density. The last term accounts for thelands. This can also be seen in Fig. 2, where we show scaling
loss of adatoms due to the nucleation of dimers, which ar@lot§ of the corresponding island size distributions. The dis-

wherea is the lattice constanp is the adatom density, and
the superscripts label the contributions from above @nd
below (—) the boundary. The adatom density is obtained b
numerically integrating the diffusion equation

the smallest stable islands, tribution function produced by the deterministic seeding
style exhibits a pronounced peak with a sharp drop off for
dN ) large islands. As is evident in Fig. 1, islands are always

at Day(p?), (4) seeded as far away as possible from existing islands, because

this is where the adatom concentration is highest. This has
where(-) denotes the spatial average mffx,t)? and o, is  the effect of diminishing the competition between neighbor-
the adatom capture numb¥rThe square of the adatom den- ing islands for adatom capture, so many islands grow to ap-
sity is used because two adatoms are needed at the sapmximately the same size.
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A'e o D/F'105 s bution broadens, as observed in Fig. 2. Another trend which
= o O <6-02, D/F:105§Ls; is evident in Fig. 1 is that the island density increases with
08 a0 g atinh ftg ;; increasing randomness. This is because the overall efficiency
« B dg <8=02, D/F:mjmwic“) of adatom capture by islands decreases. With greater ran-
06 | 24,2 Oraraioan ] domness in seeding, it becomes more likely to nucleate near

@ v XQQSJ s Q an existing island. Therefore the adatom density increases

“'m; A g b <% leading to a corresponding increase in the nucleation rate.
04T oo & 1 Nevertheless we obtain the well-known scaling 12w

w ~(D/F)~ 3 for all seeding styleg$not shown.
o2 | <y ] We have chosen the time of nucleation events determin-
O &uj@< istically, as given by Eq(4). We can now understand why
<D€§%§§@ this is justified. With increasin@®/F, there is a greater ten-
0.0 : : . : = dency for the nucleation of all islands to occur at earlier
(b) o 40=0.1, DIF=10 (LS) times. Thus, the time intervals between successive nucleation
08 ®) o Dt events decrease, so islands grow very little between succes-
= T ¥ »8=02, D/IF=10° (LS, i sive nucleation events. Substantial island growth occurs only
PSR Ml after nucleation has almost completed. Therefore, any tem-
0.6 oW . <6=0.2, DIF=10° (KMC)] poral fluctuations in the seeding will have very little influ-
o * & §‘ 0 8=0.2, DIF=10" (KMC) . -

2 ) 3 O OFelFe(100)" ence on the size of an island. All that appears to be relevant
,,,504 I é, vi A | is the spatial correlation of island positions, which is ac-
c | & 5‘ counted for by the spatial fluctuations in the seeding.

M o The vastly different shapes of the distribution functions
02 | E ] invite comparison to data obtained from KMC simulations
O % and from experiment. In Fig. 2 we also compare the scaled
v‘%‘ island-size distribution functions with the different seeding
00 ¢ : = ; - . styles to that obtained from KMC simulations. The agree-
(c) :gf8; Bﬁii}gﬁ ft:; ment between the distributions generated by the probabilistic
/I § ¥6-0.1, DIF=10° (LS, 1) seeding and those from the KMC simulations is quite strik-
/ “‘ >6-02 gjli:}gs tkfn év)) ing. Probabilistic seeding also gives an acceptable account of
10| ;o 0602, DIF=10" (KMC) | experimental dat& for Fe/F&001) [Fig. 2(b)]. Moreover, we
- ' vy OFelFe(100) obtain excellent data collapse of the distribution functions
e o © / for different coverages and different valuesfF, as also
; SLE TS hown in Fig. 2b
o, < e shown in Fig. 2b).
c 05 | " /‘D o} ] According to Eq.(2), the motion of island boundaries is
' é;f”,/"gv EL deterministic forany seeding style ifF andp are determin-
S,'{ v ‘,@D istic. But, in general, fluctuations in the adatom density can
o L o also result in fluctuations in the growth velocity of the island
. . '51 PGy, boundaries. We have therefore also tested a honconservative
0'00_0 0.5 1.0 15 " 20 25 3.0 fluctu_ation forv,, where at every timestep we multiply the
s/s velocity calculated from Eq(2) by a random number be-

tween 0.5 and 1.5. Results with these fluctuations for all
FIG. 2. Comparison of scaled island-size distributions, wingre seeding styles are also shown in Fig. 2. These additional
is the number of islands of si=s,, is the average island size, and fluctuations have no effect because they can be averaged,
6 is the coverage. The data for randda) and probabilistic(h)  while the spatial fluctuations in the seeding cannot. This can
seeding represents an average over at least 50 independent lattices, understood as follows: Once a “mistake” is made in the
with L/a=180, and a numerical grid of linear size 512. This leadschoice of the location of a new island, it cannot be corrected,
to a standard deviation that is alwaﬁ)05 The data for deter- Wh”e a ﬂuctuatlon |n the growth Of an |S|and boundary can
ministic (c) seeding was obtained witlya=360, and a numerical e corrected over time. We thus conclude that once the is-
grid of linear size 1024. Here, the standard deviation ranges frony s are seeded the island boundaries can be evolved in a
0.1 to 0.2. Note the different scale of paite). Also shown is data purely deterministic fashion.
with fluctuations in the growth velocitydenoted byf,), as de- The strong qualitative differences between the island-size
scribed in the text. A”.level'seﬂ‘s) _data IS denoted by closed distributions obtained with the different seeding styles im-
symbols. The dashed line in pane) is a guide to the eye. The plies that spatial fluctuations in the seeding of new islands
KMC data (open symbols are the average of 8 runs on a 2000 . - - .
X 2000 lattice. Edge diffusion was included in the simulation to are an essential ingredient of any model. This 'S‘. ultimately
obtain compact island shapes. Experimental daig open circlep the reason why StanQard megn-flt.ald.rat(.:: equations do _not
for Fe/Fé100) (Ref. 18 is also shown in each panel. reprod_uce the correct |slar_1d-S|ze dlstrlbutlon_. The ;anaI in-
formation of the local environment of each island is neces-

As the seeding becomes more random, some islands hagary for the correct evolution of the surface morphology and
a larger probability to be seeded next to existing islands, thuis a direct consequence of the spatial fluctuations in the seed-
inhibiting their growth, while others will have few neighbor- ing of islands. This can be illustrated by examining the do-
ing islands, and thus grow faster. Therefore, the size distrimains of attraction of the adatom diffusion field associated
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with the islands(Fig. 1). These “capture zones” provide a evant in this limit. Other fluctuations will be important in the
direct indication of the growth rate of an islah’ It is im-  pre-asymptotic regime, but our results suggest that these ef-
mediately apparent from Fig. 1 that the deterministic seedingects are small for typical values &/F (=10°).

style leads to a much more regular distribution of capture Quite apart from the specific results presented here, we
zones, which is why the islands have a much more regulagtress that our methodology allows us to ask questions and
size distribution. It is interesting to note that this size distri- 3qdress issues that were previously difficult, if not impos-
bution is qualitatively very similar to that obtained from a sjple, to pursue with established methods. We believe that
model wghere the velocity is assumed to be spatiallyew avenues of investigation into the relevance of different
constant® The placement of new islands in the determ|n|st|ctypes of fluctuations in various regimes of aggregation phe-

seeding style has the effect of eliminatit@mos} all spatial  omena may be opened by considering simpler models that
information because all the islands hafa@mos) identical encapsulate the essential features of this model.
local environments.
Finally, we discuss the effect of fluctuations on scaling. We acknowledge many helpful discussions with R. Caf-
From the quality of the data collapse in Fig. 2, we concluddisch, B. Merriman, and S. Osher. This work was supported
that our model has attained its scaling limit. From the resultdy the NSF and DARPA through Cooperative Agreement
produced by all the fluctuations considered, we further conNo. DMS-9615854 as part of the Virtual Integrated Proto-
clude that only spatial fluctuations in island seeding are reltyping Initiative.
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