MATH 115A - Lecture 4 - Fall 2008
Midterm 2 - November 14, 2008

NAME:

STUDENT ID #:

This is a closed-book and closed-note examination.

Calculators are not allowed.

Please show all your work.

Use only the paper provided. You may write on the back if you need more
space, but clearly indicate this on the front.

There are 5 problems for a total of 100 points.

POINTS:



1. (20 points) Let P3 be the R-vector space of polynomials of degree
at most 3. Let A = {1,z,22 23} be the standard ordered basis of P3
and let T' : P3 — Ps3 be the linear transformation such that T'(f)(z) =
f(x)+2f'(x) — f"(x). Compute the matrix representation [T 4.

We calculate:

T(1) =1
T(x)=x+2
T(x?) = 2% + 4o — 2
T(2*) = 2 + 62 — 62

to obtain the matrix representation

1 2 -2 0
01 4 -6
[T]A*OO 1 6
00 0 1
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2. (20 points) Suppose V is an F-vector space and T : V — V is a
linear transformation. Show: if A € F' is an eigenvalue of T, then A\? is an
eigenvalue of T2.

Let v € V be an eigenvector with eigenvalue A. That is, v # 0 and
T(v) = M. Then T?(v) = T(T(v)) = T(\) = AT (v) = \v, so v is also an
eigenvector of T2, with eigenvalue A\2. In particular, A? is an eigenvalue of
T2



3. (20 points) Let Py be the R-vector space of polynomials of degree
at most two. Let T : Py — Py be the linear transformation given by
T(f)(xz) = f(z) + f'(z). Find all the eigenvalues of T and give a basis for
each of the eigenspaces. Is T diagonalizable?

The matrix representation of 7' with respect to the basis A = {1, z, 2%}
is
1 10
Tla= [0 1 2
0 0 1
Therefore the characteristic polynomial is pr(\) = (1 — A\)3, so the only

eigenvalue is Ay = 1. To compute a basis for the eigenspace Eq, we have to
solve the equation (T — id)(v) = 0, which writing

x
[v]a= |y
z
translates to the system
y=20
22=0
0=0.

Clearly, the solutions are x arbitrary, and y = z = 0. That is, a basis for
the eigenspace is (for example) given by

1
0
0

That means the eigenspace Fy is of dimension 1. As there are no other
eigenvalues, and the dimension of Ps is equal to 3 > 1, we conclude that T'
is not diagonalizable.
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4. (20 points) Suppose a linear transformation 7' : V' — V is diagonal-
izable. Prove that the transformation —7' is also diagonalizable.

By assumption, T is diagonalizable. Therefore, there is a basis A of V
consisting of eigenvectors of T. Let v € A, and let A be the corresponding
eigenvalue, so that T'(v) = Av. Then (=T)(v) = —(T'(v)) = (—A)v. There-
fore, v is also an eigenvector of—T1', with eigenvalue —\. Since v € A was
arbitrary, we conclude that A is a basis of V' consisting of eigenvectors of
—T, whence —T is diagonalizable.



5. (20 points) Suppose V and W are finite-dimensional F-vector spaces
of the same dimension. Show that there is an isomorphism 7' : V — W.

Let n = dimp(V) = dimp(W). Choose a basis {vi,...,v,} of V and a
basis {wi,...,w,} of W. There is a unique linear transformation 7' : V' —
W such that T'(v;) = w; for 1 < i < n, and a unique linear transformation
S : W — V such that S(w;) = v; for 1 <14 <n. Obviously,

T(S(wi)) = w; = idw (w;)
and
S(T(vi)) = vi = idy (v;)
for 1 <4 < n,sothat T oS = idy and S oT = idy. That is, T is an
isomorphism with inverse S. (Alternatively, it is clear that T is onto since

its image contains a basis. By the rank-nullity theorem, 7" is also onoe-to-
one, hence it is an isomorphism.)



