Linear ComBinations and Span.
Depinitivn. Lot V be a vector space wer a piehd F, and RE M, d, e vedtors in |/,

A vector veV:} a /incar comébination 4 the veodors U, .., u, it there exist ccalars 4
+aX V = AU+ G Ut AUy

We reper o g, . ,a, s the weggiclenits  6f Vhe Jinear combination.

-, 4, im F such

-—

I any veofor  Spall V, we always hawe 0v=0 tor ecach veV. Thes the 2ero yeckor is a linear combi-
nation e W)g W-Wp{y &09‘ L4 vetors 1 V.
¢« Civen yelf and Uysoytty €V, how can one defermine whether v is a linear combivation sy The vectors
Uy Un 2
That is , we need o understand e it is possible 4o pind scalars  a,,..,a, € F such that  a,u, + ..+ a,u,=v.
This gt i opfen  reduces 7o solving a system og lirwar W/’W.
Example. LA Y = R*, Ikt v=(,5)  and U, = (2,0) , Uy = (3,-1).
We wuwd deferming whether there e  scalaws a,, @, €R such That v = 44, + 4,4, or:
() =a, (20) v, (3,°1) = (24, ,0) + (24, ,-4.) = (24,432, -4, ).
Soe v is a linesr Wiu}//bﬂgl_ Uity igp  theve ave reaf nwmber s a,,azém such tha the
%54%4 o lineay &fmaﬁmxs
@ 1 = 2a, + 3a,
@ 5 = -a,
Sq+i5f/'60/~
Note that #hem necessarchy 4=-5 by (1) , hene =204 +3(-5) , S0 za, =)6 | 50 a,=&.
The  (a,,0.) = (8,-5) is a solution, showing That jndecd V 1s a lincor covbination s d,, 4.
(er a mere involved example See 72x+€aal<) Section 1y and Problem St 2.).

&

* Theorem 1,3 allows #s 1o determine when a swbsef S o a vechor space V is ¢lready a subspace.

Now we discuss how Starting With an ar!ifmrd sbset Sc<ly (Wh:bh thﬂ? not le a Mspﬂce o V l"llse/‘&)/
to pind o swbspae g Y ”J,uwmfe/ 5;7 it

Depinition. Lt S 4 subset o o vetor space 4

The spau op S, densted ~ Span (5)/ is the sef Ms#g & all linewr combinatious o e rectors
in S That i,

Span (S) = [a,w,h-*a.,uﬂ cnell, aefF u;e S¢ sV

'45 the cef /s a subset VecAsr v, S an ¢) a/{Sa needs Fo fe ined.
For Mme) M/@¢MM€ Spaw? %: fﬂfw G ( A?
Neote that S < §pan(5) ) Stnce for vy ueX , “z 1 e Span(s)
E)(Wfplc, Comnsider the vedfoys (4,{/,0,0)/%1:(0//;0) iR lXt S= fu,,u,_g cV
Thew yeckors 1n Span(S) ave /:reo?sctg the veckors o the fermr  Gu, + ayd, Wheve a,, 4, vary over R
Thatt is , Spau (S) vousisds o oMl the yeckors o tue perun 4,(1,00) 14 0,1,0) = (4,8,0) for some 4,4eR.
Tl.us 5/:4,. [S) = g (@,,42)0)-‘ WA é/R_f — Wwe a/keaﬁg bwu/ Yat Wis s a &wés,vace o V
This is el « coincidemnce |

TAM;’W /5. LeA V be 4 Ve(/v‘W Sprme evepr [
1) The span o avuy subsed S oz V is a Msfw a V
z) Awg %xéﬁpm 2 V X couttainse S st ahso  conAain S,baw (S)

(50 §,:an($) s the swmallest- Mspﬁw o I/ Pt cortaing _S)
preaﬁ Both (1) aud (2) ave obvius i S= ¢, because Span (&)= 503 —we kngw PhaX it is a syub-
Space of V) and axmg MS,DM& o l/ pnsr € contain 0.

/‘& S f/) Hon S covfains a vechor 2. AS 0z =0 , o€ SPaw(S),

Lt x,q ¢ Span (S). Then we cCam wrife

X = aqufeau,+...*a,d,, ana/#: g/v,f et buv, for some a,)._,a,,,g,)_“)g"él—' mv(h/,w,ﬂm,‘/,r,V,,‘S




v

Then 4 .44

XY = AUy Gy Uy + bv+..*8, v, and cx= (ca)u +Ca), +..* (ca,)u,,

we also linear comBinations of veckors o S, amd so delony o Span (s).

Thus  (a),6),() i Theovews 12 hotd and it pothows {1ak Span(C) Is a subspae o V] >lmwg 0]
/Vva/ A WQV e Wg MS,’M(,&‘F Vv Hrat  covtais S.

Te we Span(S) dhew we cam wride

W= Wt . +Cpay

v sewme vedkors w,,..,wg €S qud senw scalars Cip yCy in F. (V/ s _WW
Sine S cw S we have Wy ympa) g el additiea mﬁp/i[n'//h)
But as W (s a vector Spee this fW'/,b//é/S st W=, +..*Cy 0y s also jn W

becase w, an M@H‘mﬁ vector in .Sfan(s),w do W, it tottows ek Span(8) € W.

This  preves (2,

Do,,fm'thW, A swbset S o @ Veov‘rréfmcc % WM‘% (or spoms) \/ g Span(S)=V.
(B #46 cose , we Mso»g aX Vhe veetors of S WW,Wﬁf‘W’/V)
(and explicit)

'F/nd(‘nzr] @ snmall Wm‘/}y sk pov o vedor pace (s an_eppiciont way of o(zzsom‘g}r‘rﬁ V aud simpligjes
Werk( with it
Example  For anyg vecdsr spoe l/) Sean(V) =V (50 Vo Wﬂ‘f‘e/ Ky tFsedg. ).

Example.  The vectors (1,900, (0,1,8)) (9,0,1) gevevate fhe Vedor spate R>

Zh/ec/, any veAor (a,4,c) € R> can be wriltem a5 a-(1,0,0)# 8 (s1,0)+ c (,/p//)/ and so0

Span ( 3 (1,0,0), (91,9, (a/o,/)f) =R}

Examp/e. Lt V = M, .. (R) be he veckor spae o all  2x2 matr)ces Wity emtries prom R.
Thon #,= (30), M=(3,), Ma=(]2) and My=(37) generate M. (R).
Lodeed |, for o a,6,c,d c R we cam wrife
a 6| _ [0 40/ 00 d (2o
(c 0{) a00 * (ﬂd)#c(/g}* (ﬁ/).
TL""") SF“” (5M1)~")M‘I§> = szz_(/k)~

EXamp/e. Let P(E) fe the veckor spee op M /oo/gmmia/s vy F

Then The set 51, x, x* x° ¢ dwm,w«)(% P(F) .

Imolcgp{) .Spnn ({// Y/Xl,"‘f) :[a,-fa,x—# ~»-+q,,XH . ne//V} a; éFj—' all po/fwrmia/s over F‘appeﬂn
Similerly P, (F) s jWMfw/ % $hx, %"

Lineatr Ihplefmdwce

MW/?% there WVCW"?%&Y‘S WWa/e/Z\zWW

EXWW’,D/C

We saw thad Vle veotors (1,00), (oy1,9) , (90,1) Wafc e veehor spae Kg_

The st $ (10,9), (0,10, €0,0,1), (2,3 ,-1)§  ahso Wwées /ES) but 0 fad the vecor (2,3,-)) is
reduwndan A .

Tt s k] b ek o tre smalot possitle subsed o UV (hat vae/& .
First ; we chplove dhe circomstmes wndor which o yector cam fbe remeved prow n/m/.ra)f/}}j sef
to  obtuin a swaMey d@mwu‘/p:j et

o Iy . d, ove any  vedfors m a vedsy space V over F, dhen e zers yechor s upygt a lingar
ol nad fey of Ui, -y Ha L
0= 04U, + 0-u, +..+0-4, .



(a /v ear Wf/'nq)ﬁrm is triviad i M % Ve Mqﬁtﬁ/.c/r%/‘f; D0y, b, ove éfwa/v% ZW)'
¢ Somatines It s oo poscibl do wrile
0= au + .. .+a,d,
5o that ot off of a, .. 4neF ave 0 (50 0 is a won-trivid linesr comdin siivy of. u,,A..,uw)‘
E)(awvf-/(_ I R* p 0 =2.(n2) 4+ 5(z,1) + 3(-%,-3) is a non-fpiviad vepreseqtation o 0.

Deginid ion. A cubsed S o a yeckrr spoce V is clled //’LM/“/y o(@/omffwf e theve esasdt
a ginive pomter op distincA vectors utu, 4.4, in S and scalats a,, .. 4, €F, not o 2ers ,
such thet aq,u, + a, U, + .. +4d,Uu, =0,
Te S s net lineawly ptpondond, then S is called [incorly indepoudent.
(Wb o W/g W Ve vecfors v, gy Vg are //hea//a d&f&ﬂM/ ,’Wa(z’?WaW }(_‘/Z\,( SUVLZ(V,),.,/V,,I
/s //'Vlwlg v(bfaéwM//ho{efWW/
N
E xample. Lt v=R"
e The et S, =5w1) (1,008 s linearl indepondont
Im(u,/ ) ?f (0/0): a, (ﬂ//)—l’ﬂ,_ (/)0) ) 1LL\J"4/I {0 = a0+ a, -1 mu&f Llo/”{) p“,,/ o q,=0 a,=0. 77,,‘_4
0 = a, - + 4.0
meanns, ot any represeatation o Ve 2ero reeksr as a liedr combinatim & vectors prom S, & ivigl
‘ Howww/ e sed S, = 5&,/))(/,0)} (1#,8)¢ s lingarly depondost.
Londeed , 18(0,0) + 17 (1y0) + ((1)(17)18) =0 , and Vhis is a vou-Yrivia| represwdation of 0.

E)mmp/c. V & au M/g/ﬁ’wg vec ey spre RN F
1) ’4"6 st Scy quim'pd 0 /s //N,MIJ Memf(w‘/. (/ha/ee// as 0eS, Yhew 0=10 is a nour —riviad repre —
sewkadion of 0 as a (on. conik. 3 vedtors in V)
2) The Wp‘g s gl s //W& [m{e/feh/(w/f (we cannotl orm oy linear combinotron atall Ms/ﬁ it e,émpzq)
3) Ie S =5up eV consists of a single yam-zers veotor u, them S is linearly indepondont,
Tndeed , ie fuf is lineanly depundbut, then au=o for some pen-test scalow acF. Thus
q = (.f:Z)M = a"[au) = a' 0=0 (@ Theorepu /2)

=1

E’\'““”F/"—- Q[MI/MZZ , In V= Mm(/?/ y e 32/(’5:5 (a/ao)/ (;o/// (/0://(3 /0)’{ (s //Wé /ho/efmt/wf/f
Im{cca/) assome ot

(:; = a, (; ;)+ 4, (;a//“r 45(7f)+ 7y (:,0) — a represedtution o dhe  2er0 vetor (:ap/é/vz”(/k)
This mearts {LaX /ﬁasgsa‘ewr of lincar W/M/v&
= 4, ] + 45T + 4570 *4s0

AT 4+ dyl + A0 + Ay 0
9T+ 4T + gy )+ gD

Gr T * Gy 0 + Gt ayl

is Sq'/r's,u'&c/. But vhis s MV% /9055'/% Whau 4 =a,>4,=q, =0, 7—[1«3/ theve ave no non-v#iiiad
rezpre%v‘aﬂ‘fm o 0 usr'k\bj Aemonte from <.

N

1l

o
0
0
Y

)

E)ra/Wlf/tL- Ly V= P.(F), the st S=51,x,..,x"¢ is lineary molepen Ao,
IMM/ asswme  fhaf

0= dgl+ a,-X + .. +a,x" is q VWWM/W op (e zero veckor in P, (F) (which is tle 2ero fﬂgmmwd,
This s Wr/vg ,ﬂoss/?{e when wﬂof @ , 120, .0 awre O, whicl implies ot Vi WeSWVLﬁ#/W/l+fIV/é/.

Themomlb Lt V be a vedor spoe over F; and JeX S, £S5, 2l Le two subsets.
1) S, s //W/J dependent => S, s //W/a MWM
2) S, is linesly ndepondsnd S, s lirearly indepen Ao .

Prest. @) tollowe peont ().



To see ), notice That e QU At U, & g Sinesy cwmbinat oy o{-e/(/mrwfs o S, Then (F i
also . [insay  cowilinaf i o Nements o So-

Now we Copnect The wotions Of Span and  livear indepenolence.

Thewem [F Lot Séea//W{? tndependent  subset or a VWWI/)ﬂM/ St v fe

a vehor it V) that s el juS.

Then te st S U$ V3 s linsorly depondsst ¢ and _ondy ig ve Span(S).

Proet. (=>)

Ip he cef Suvivd is //'mwc/lf dependendt then we cau write
0= au, + ...+*a,u,

gor some U, ,..,un € SUSVE and some ren-zero sceAors a,, .., a, & F.

Becase S s /mwg /hO{&,ﬂWM) it s et possible et u; €S pov all (21, .., 4.

Thus one op the d; , lefrs u,, s v. Then GV+ A,y bt A, U, =0 . AS 0,40, we get
(=t (D)= i (L) () a,

As (- %) we scalavs jn Fpeyall =2, .. ,n, it pollows o¥ v is q linear combinatsm

0 e vectors Uy, .,UaS  Thue v & Span(S).

¢=)

Cawwsegf/ led ve Span(8). Then we can werite

v=4,v + it b Vo

Lor seme  vecksrS yig . HV,, eS and some scodors €,,. . Cum €F Hence

0 =4+t . +b, 0, + (v

Since v is vk in S, in particntoy VAV, el [ =1, .. ,m, and M o Vi)oiVoa,V ot distinck
As  the coeppiciendt o V. 11 Yhis |inear combinatiom is nen-zero (—:-;), the st

S Visy Yuay V3 s linearly deppendent.

\AS Svis sV, 0@ E SUSKE 5 the set SuSvg s //'Nowj Aeponiecy % Tleovern (4.

Corollery I S gomerates asmbspae W and no prepey gubsed oS ;,ZWQ‘/ES h/) thea S i /,,‘,e”/J /'m(q’o,
ﬁa% and dimen sisn

Deginition. A basis P ter a vector space |/ is a /mwrg, mdependod subseX
(\af V  thet Fonerates V.

Example . Recall Vhurt Span (@)= Fof and F i //'neq/t//g /h/(/)em(em‘, Thus the empty s F
t‘s A fasis for the 2tro yeotor space.

Example 2, In V- F”} et e,:(/, 990, .,.)0), €, =(0,/,0;~-.,0)/ i) Gy :(o,o)..,ﬂ,/), ”
Then  5e,6,, ., t is a basis por F" and is called the standard Gasis fﬂfF
(Zh +he /:rew’% examples we hove a/re«ag( checked +his  for /Rz)

Exaniple 2. In V= Moy (F) , let £ fuote the matriy whose ouly vonzero

enbtry s a | in The 2 rews aud /ﬂ' columd .

Thew the sett SEV . [=/<m, |« ) 2nf is abesic for M,  (F).

(Adm’h, in Vhe previent examples  we bave a/reaagj checked this for szL[/R)./
) ¢

4 0 %
8 —

(Exaple . Tn V=P, (F), #e st §1,x, X7, ., X"§ s a basis.  We call this botis She



Lj/’ﬁ/naﬁ;w// tasis for P, (F).

Exomple 5. Iw V= P(F))ﬂ.csp,?" 5//)())(2))(&),_,§ s a baSis
This shaws in particatm 108 ¢ fasls need 06 e pinide.
(L_a“lCV we will see hadt tn fackt w0 fosis  por PF) com &//Vr/a‘c.)

The nest theovowm etoblistes Yhe wod 5/&:10:/,(/6«»4/1/?‘— propetiy of 4 fasis:

'EVWJ’ Vedor in V' can be etpresced iy ome omd m? ok Way as 4 lirear combinotirn G The vectors

the lasis.

I+ & this PVWDIy Thaf nakol faseg Ve &u‘/d/;g bfocke 2 vecksr W

Theorom |6 LA V fe a vector Sppl and P=§Ui, . Uyf be @ subset g V. Then +1e H//9W/@

Fweo Statemenss e @fuiw/eﬂf.

4)/23 is a lasis for Vv

1)Eve/rél veckor ve V| am fe MﬂiM expressed as a linear combinatrin of rectors in R,
that s,

Proog. () 1mpliee (2).

Le)‘ )3 be a hS/'S ~r V Ié \/e\/ s a/wg, ector m \/) Vhen vejpan[}) gecmg,(,
Span(p) = |/ (% assumpTing).  That y is a linesr combination o (o  rectors fn .
Suppvse 2kt
V=a+ &y +..+ a6, and v=Fba +bu,s..+8 4,
areg%*WSuch reyf-resmu‘w‘/M % v
Suécfmd/‘u;j Yhe 24 ewu‘/m prom The /2 o and I"éarmwlg/;vg Gives
0= (a,-6)u, + (0 -6 )Mt -.* (a,-bn)Uy,.

Since p is //“W/é’ indlepevidonX | it follows that
a,-4, =0, .., a4,-€,=0 Cotrerwise we would }#a vandpivid rq:rzs@ﬂ/yﬂlm,rfﬂw/dv vectors /hﬁ).
Heure 4,2/,) ) Ay =6, — which meams féax‘ theve & a an/W w’ag % express v as q M. comb. o
the veedrre w0 p.

com ‘e e-\—presse/ n_ the fporm V=ad,t..*a,d, gor Mn/i,m scalars 4, .., 4.

(2) mplres (1) .
Suppose veny el comte wnigwly expressed os o . . o u,, 4,
T hen Spam () =V (i pﬂk-h'o«/ﬂw)/ and it remains  Jo check That B s //nem-g mdef.@m{m)?‘,
Assume 0 = a,u, + ..+ a,u,  for some 4,,.,4q, in F.
But ako 0 = 0.4 + ..+ 0-4y,.
_ These are +wo ways do express o6l , so Y te Ui ess QSWf’VLW they mandl coincide.
h/n,,}f ,g/v/emwsx‘ haye 4,20 , a,=0, .../1,, =0 — which wmewnl Mﬁ & //h./m(.,;,






