Deginition. A vector Spate l/ ove a field F p a s with +wo goeat 1av8
(rechor addition) For wmy X qm/d m V, (hee x a M/M;M Aeined edement ey |/
(scalar kww/v‘//y//aﬁ&u) For a i F and xml/, thoe “ 4 W/M #f/'m»/ Aot g ml.
Sa«lf‘sfj/% 2 ,wf/m//@ egﬁv‘ condrtions  (VS/) ~(vS 8) -
(vsi) — xy Sy frany g m Vo (commitativity o additi)
(vs2) (X"J)*Z“ = x1(y12) o ovy x4,2 mV /assoclhv‘)y}g o additii)
(VS?) Theve 15 an sbwend |/ dooded Kﬁ 0 such Thatt  x10 =x fr o x m V.
(VSlf) For coch x mV/ dove s some in Y sach TheX x1y = 0.
(V$8) |- X =X for all oo V. ((Whwe {15 dug malbipliative idsutiby of ).
(vs¢) a-(6:x) = (at)x fer M _xinl and 46 F. (assac?a-/iw'l% o Staler wmnltiplicartion)
(vs7)  a(x+y) = axtay v al amF ad x40 V
(IISS) (att) x = ax+bx tor o a8 mF ond xinV.

distribudive laws

L ements o V ave called vectors, and ele ments op F ave cafled scalars.
. MSM//J F will be either the greld op read numbesrs R or fre Fiedd o concples nambers (L.
Ex’arwp/a/, Given a gied F , considenr the o
F"= § (b, %) tx, eF3§ (Ho sot of all  n-tuplet o clemsncts prow ).
We deping e sperativus op vectoy additivg and scalor mutiplicatipn e Vhe ,Lg//aw'ﬁ way ;
(i, ) Xa) 3 (o) oylfn) = (Xatye, ) Xutlln)
)
wheve  (x,..,x,), (2> o] Mea;'&[v‘yw(; elements oy F" and @ i an avbitraty elenvas o F.
(aml Xit i and q-x; ave cqlculgted in F)_
With these sperntions F"1s a vector spae over the gicld F. (One has 4o check fu? (VSI) =(58) hod, Do i41)
In par'//"ou/M ) 7‘4 n=2 and F?/Q) we obtain the familiar space fﬁz o vectoys ou Yhe plape.

a-(xi,. %) =(Axs, .. 4%,

Exomple 2. LA F fe a pield, aud bt P(F)  demode The sef o M polynomisks with coeggicients
m . That is P(F) cousisds of oM expressjons o Vhe form

gy, X"+ G, X4 . 4 a,x +a,

for Some nzo , with 4, i F o M iz Lyt g @70 por M iz0,,.,n then pt) s called e 2000 polynomal .

The degrec q a won-2ero polymomi [ 15 e [ovgest | such that a;#o. (he degree e the 2ers polymormial s degined do ¥ -1

Twe pelynomials pe)= a,k"s . +ax+a, and ?(x)=amx"’4u.4!,x45, are efua/ ie mn and q; =b, por M izo1,.. 0.

We deging addition and scalay mu [tiplication ou P(F) in the usual woy :

Addtion: Civen pea, plo) as above , suppose that men. Tlpy We can also write 69 as 4, x"+ .4 G +b,

Then we degine por e = (0. +6,)x" + (qh_,¢§"_,)>("'+ ot (a,46)x +(a,48,).
$ calar maltipli cation : For ang ¢ mF, degine ep(x) = ca, X" ca, , ¥"" e +cax + Ca, .

, where fm‘,:{m‘;“-‘gfp

fq,uimlm'f{j )Pty e be depmned es fhe /wlduomia/ smlr';fgmg ¢ HYOD = pex) 2ge) for all vin By and cpas the po?nomia/
sﬂksfgfrg @p) (%) = c.px)_(oraf) x in F‘],

\,,W-IH' these operations | P(F) & a veckor space aver F. (Aaain , need to check that (VS1)-(vsg) ho/v()

Exnm,o/e 3. Llet M, (/R) denote the sef o all 2x2 matrices with entriecs from IR.

We a(z(fwe a///-//'m IM/ Sfa/qr mu/ﬁplifﬂf/.uk in the fnwn\//'qr way :
a & e F) - q+e é*,( avd . a f) :(,(q d/é/ tor a% a,f,c)o/)e,f,i};,d,
c d § h ctg  d+h c d Lo ad n R.

With these spem‘//'ans) M, (R) is avecter space over K.

Analujaus/g/ the space Mumxn (R) o all mxn matrices s « vector space.

Example § The most garind rector space, aka the zero yector space.
M wnsists q a single keter 0 (5o |/ =502).
Operations of addition and scalar multiphcatin are degined %
0to =0



L&o—v For all K in F
With these gperatins , V is a rector space over . (check if./)

@ﬂsic properties o7 vecier Spaces.
Now, we will 3ee some of the basic properties sg vector spoces (we will deduce +hew as /ﬂg/cd/ conse -
guences p The axioms (K1) - 1sg). )
T/ne orem 1] (CancellaTion /7[4/)
Lm‘ V €e a vector space and X’i’z be argl‘frug elements o V.
X+2z2 = S 2, thew x=
“’"f As V15 a vector space, it i all of the preperties (1) -(vsE).
55 (54) there exists au element Z ja / such that 2+ Z =0, We have:
—.-.)(40:x+(z+2) -(x42)+} _(g_+3)42~#+(e+2) =y +o = 4.
¢ Q/S}) b +Le choite of & e& (vs2) ’J ossumpt o 3 (vs2) again by the choice o2 N‘a (vs3) ogain,
Thas x=y.

63 commut ai w/fg o addition (VS/) we also have : i TrE =24y then X=y.
Cgro//ar /. The vector 0 described (v (VS;) s un/?m (and is called the zero vector o V)
Prwf Suppose  that 0 and 0° dre +wo tlements n a vector space | that bo 4 54*/5,45 (1s2) .
Then ter awy x mV we haye :
X+0 = )( = x40’
4 (vs;\ for0 '\6(7 (v83) por 0’
@2 ﬂ,e cancell ation law it tollows that o=0’

n times )
For (,xam,o/e) i B the 2ero vedor s m) and in MZ(/R) the zevo vecdor (s [a p/,
Cm//ar(jz_. For any x in V, the vector y described jn (VS4) is umgac.
(/'1‘ is called the additive inverse o X and s denpted 45 -x).
Proﬂ, Let x da V be arén‘ra/y/ and suppose ﬂm/(y, and g e two <lements w YV  Loth _5.,1‘:5,7 (}S?/
That 15, x4, =0 =xX44,.
&(j Cance//qv‘iaw law  1his /mf//es (71 :J’- .

F/’na//g , we stfate Some 'Lur#/ler Mse,cu/ properties % ve tor Spaces.
Theorem 2. Let Y fe a vector space ever ,u‘e/o/ F
For all % mV aund a n F we have:

1 0-x -0
) 7‘ ‘\ 11,‘ . ‘
scalar i F ¢ 2tro vectay % V.
D) (a)x = - (ax) = a-(-x).
——
the addifive mverse o the vector ax .
3) a9 =9

~ 7
Hie zevo vector m V

Proog- Pvoblem Set | .

Subspaces

Deginifion. Let V be « vector Space over a creld F.

A subset W ex V (Wey) is a subspace op V ig W itselg is a vector spate over F, with
respect to the addition aud scalar multiplication def/'wea/ on V.

That is, W 5q+/s‘4je3 all of The Iaraperﬁ'es (VS/)—[VIZ),
E)(olmp/c | Let nz/ be an /m‘%/’ and F a fl'e/ﬂf,
Recall *hat 4he vector space /C" s the set $ (xivouxa): % € F € with addition and scalav multiolication



Jrrest 43 (s, "'}X")*(gu'—/g"/:("/"jn R and ”6"/) ) = (A%, ., ax,).
Cousider the suébset

= f(xr/--')xn-/; 0) LX éF_Z
Then W is « Sabspace o F" (we. will prove it /a*/cr),
For example , for F =R and h=2 we have V:}RZ:ZC Goxe) 5, e R W =5 (x,0): xeRZ :
gT V:}Q2 —~ the whole real plane
X

L } W= Hhe x-line

EXamp/o Let F fe « f/e// and recall that  P(F) is the vector spate

F.r an m#ger nzo, considey  The subset P(F) SP(F) cons;sh;zj %
Then  Po(F) is asuls/ome s P(F).

—

Examp/e 3 For any vector space v , V itselg and 502 are both sufspaces og V.
VEXam'O/(, 4 Lt S te a mmemfﬂy set and F o gield

Let  F (S5,F) denote the set of aff maps from S 4o F.
(/4 map  f! S >F takes xS as an input and returus (O E g ay output.
55 no Hym.: gunction
Twe maps ¢ aw/d in F(E,F) are efua/ 0D =409 for all X ia S
For ang ¢ oud g in F(S,F) and ¢ in F we degine Fyg ond c-f in F(S,F) by Aakin

6L+(j) (x) = ,L(x/ +5 (x) por each x in S (whcre "t and 1" outhe r/&hf side aye calculated u F).
€ £) (= C-£09

With these operations 3(5,/—‘)5 a vecfor space (c/,emé_/)

A 'f;ar»ficu/ar y 3:(/&&) consizts of M real-valued famnetions depiued ov  real numbeys.
Let C(PR) denote the set of all  coutinuous veal pomctiong.

anw CR) 1« a subset o ffk;k}; and  we will see Shat it isa Sﬂgspacc as welf.

of all /’“/JWW"/S witly coefpicient:  from F
al Fo/dﬂoMiﬂZS 2 /efree <h.

»

Lt new  V le a4 vector space, aund [t WEV be a sufset o V. /hcam(inc? to the deginition , in order

to show that [/ ic a sy&s/aacel we have v check that all of the properties (i) -(vsg) hold i W , with respat
1o addition and scaler Mu/-/:;a//‘cqﬁ'aq 4€‘wae‘/ on V.

Turns out that we ac‘fua//a need to  check /ers-?n this  Situation . S vt bo a
Theorem 13, Let V e a vector space over F , and et Wecy fte a Sufset o v (52%5/74?5& C)
Then W 15 a sabspace of V' i¢ aud ouly (f  the (.o//awm& bolole tor W

() pew ( that /s, the 2em0 vector op V & i /t/)

(¢) I Y € W then xigeld (that s, Wis closed wnder adifi+ion)

() le xeW and ceF then cx c¢W [-fha'/ s, Wis closed undey scalar mu///;o//'cdf/’m)
IDVM,L

1) First we assume +hat W is a subspace op V  ard show +hat  (a),(8),¢) hold

"Wois a >wéspacg o V' wmeans that it is a vector space under the operat mg o addtion and scalar
wu lipli cat ion  degined o Y.

Tu /Jar-/j calar :

 forang Yy bn W and CL,/:) X1y ond cx must qfs, Ae in W . So (£) avd (&) hold

« (VYS2) holds in W | that i there s some o' e W such that x 40! = x

_Zh /oar-/icu/ar/ 0’40 =0"

But as O/él/) alse 09 =o' (Since veV satis¢ies (V52) ZF___M)

63 cancellation Jaw in the vector space V', Hhis implies that o0/ =0 In particaler 0eW oand (a) holde.
L) c,fnw,rse/d} suppose(a), (6),(c) /w/a/: and we will show that theon W s wnot just smf}e'fp(_ V/14/ also a
51465/9«0&. For this we bhaye 4o check ﬂmd‘ W Sa'//Sf/e; (VS/)—{VSE)
“As Ve a vechor seace. (VD (VS2) (s8), (v5C) . (V), (v58) hold tor all elements or V. As W is q subsetor V.

por all xeW.



they hold in particular por all elements o W. (so we get all these properties in W por pree)
. pzmains to check +4hat (¥s3) and (V_U/) hold in /.
(st)i holds % (a) .
(vsy): Lt xeW fe ar&/#mri, We need 4o fionf sowg ye W such thof Xt =0, We kinow thut in V there & suchan
Clamcn“'/mamelg the additie inverse -x. We Shoy thgt ac,#ma/{j —x el as well.
As -1 s o scalar in £, ég, (c) we have 0.y e W.
As V s a veckor space 1t saticgies ~X =(-1).x ) 65 Theorem [.2,
TL'MS -xeW , as wanted.

Now we vedarn o Vhe examples and Veriey our claims ustng  Theorem |3
Example 1 V=F" , W=500,.%.,,0) x;eF{ £V
We check 4haf W so(fzs,cfe: @), c<), aud  so moleed W is a Safspace of 174 4(7 Theorem 1.3,
(a) The 2ero vector % V « W/ it o wm W (4«/(/.»(7 XE = Xy TO)
@O W s closed wder addition aud scalar vua/+iplication.
Given ary (X,,...,xh.,,o),(a,,__.,g,w)a} i W and 4 in F we bave:

(XII'”)Y"'U”} + (Jl )"'1%”»//7) = (X,q, "‘)’Yv—/ 467!-/ ) [0*7, — alse_in M/
=24
A (K sy Koy y0) = (ax, , cp @ Xy, A2 a/)
~ =0

Sr'mi/qr’g/ w :f(ojxl),.,xn_,)-'x;éﬁj is also a subspace of F’
Exam,n/c 2. V= P(F)) W= PW(F)— The sef o all Péynam[aé % /yrze at most n.

(a) The 2ero yector in P(F) ic the 2%rs /eo/d nowt/al p, ) = 4 x"¢.xapctay With a, = ..z @ zd, 0, Jts /eJrea /s

fa o(e,(?hiﬁw/ -1, 3o A is w P, (F).
A Tp bt P and 409 orein P, (F), that is +L\az harve degree at most n, theu r(X)w‘i/(X/ alse bas
desree at wost n, and thus pty i in P, (F) aswel

\ I( pec) has Jegree  sn aud aeF  then  o-plx) e degree v as w&/é awd so qp e £ (F)
Example 4. Y= F (R, R)—~all real-rathed gunctions = C(R) — continuous real -valued pumctios,

The 2evo yecder n F s the tanct; en givew % Lx) =0  por all x in R

Kd basic caleulus we kwnow Fhat all coustant ponctions ove cww‘imwws, that Sami sf Ay Fwo coutrou-
ous ‘szmc'h'% is cow-//'mzwws/ and that 4 product % a  consfouns- Fu,nc/-fom wmd a coutipuont f—WV’(ﬁL/br)
S gfso a confinuous .

Thue C(/R) sufis'cicg Hhe  cond(froug (@), (4),(c) 1 T heoven 12

We can porm  pew M;faces prem the old ones

Theore m LY Llet V f a vectsr Space  ovep E.
[I,c W, , ., W, are sbspaces sg V, then the set W=W,NW,n OW, & also a subspocecy V.
Praof.. We check that W satispies (9,(8),(c) and aff/J Theorem 13
BJ asspiption  each op Wi | i21,..,0, js a subspace ; and  so satis fies  (ay,(€), 6

(o) As cach of W; safisfies ), we bave 06 Wi ter oM (=4 . 0

But +his meant +hot o ¢ W,0..oW, =w as well

(4 Let 7 el , which weans freciso({j that x4 eW: pr ol i=1,.,n

As each op Wi satfisgies (4), x4 W pr each [z, u

H«’/me Awg EW, N..N Wi, .

(‘) [p Xe W ; then X e W, por Lach I':l)._,)VI_

Thers for_any ceF, cxeW, (o cah  jz1,..n (a} Wi satipgien @),
L Hme c-x e W, N ... AW, ~w

EXMMP/-(. Le;( V: /ﬁzA
Let W, = 5 (x,,0) % é/ﬁj ond let leg(a,)(z); X,_fo_ [ s =
We already know thaf both W, and W, wre sufspoces o V
T[wm W, Nw, = 5 (9,003 — +he zero >wésrace of R 2_



Mewever, the waion W=W, (/) W, ot +wo cbspaces W, W, of V weed not be a subspace o V' in }Qnern/_/

(Su Protlen Set /),




