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1. Suggestion: Easy ways are easier than hard ways.
2 (a) How many units does the ring Zgg have? (Support your answer.)

(
.2 (b) Evaluate 6°® (mod 67).
(

G

¢) Evaluate 5%2 (mod 99).

(@ cp(97)= @(D ¢ 1)
CPC‘?\ = 9-3 = &
pCy =

{O
Se @ (37) = .

(b) &7 is Frove C ZF O med &7
S-o L‘f FW %M, ‘- /M'J 67

G? .mo-=9£7

(¢) (~6j‘?‘?)=/ s c,a(?'?)=
By E.ler's theoremr

560 = | med 77

@,,ma‘??.
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2. For each system of congruences, either find the general solution (which may

be expressed by a single congruence), or explain why there is no solution.
» (a)z=8 (mod1l)and x=2 (mod 12)
7 (b)z=8 (mod10)and z =2 (mod 12)
G (c)x=9 (mod 10) and z =2 (med 12)

Oﬂ-e_ wo‘j _[_b a.b”'n-“- '—{'ACS:
(o) + c-00n =/

6 (2) + (—&)(n) = 8§ —Z
+ i) = 74,

2. 46D =7

() (o= 58 ek €0

Ore  way b oblown s :
D+ C-1) o) = 2
(3) () H (=D T T2
) 30 = T 3 (L) = 3F.
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5 3. (a) How many polynomials of degree four are there in Z3[x]?
< (b) Exhibit a cubic (i.e., degree-3) polynomial in Z3[xz] for which the correspond-

ing polynomial function is constantly zero on Z3.
5 (c) Explain why there is no quadratic (i.e., degree-2) polynomial in Zj3[z] for
which the corresponding polynomial function is constantly zero on Z3j.

5 (d) Define the function h : Zs[r] — Z3[z] by the equation h(p) = p*. (So for
example, h{z?) = z%.) Show that A is a homomorphism and that it is one-to-one.

(&) We want o + Ex + cx o+ fos—f-,awj'-
with = #+ O,
3 x 2 = 81xL = .
freremds

T)\tl pam-{-‘l We oar< c:a./v\-'l-.m-g _S"{'r-v'—ji‘ of cest

fam Zs3.
(b) x (= D(x—D = x(x"+2) = ‘
3

A nother soloton 15 Z 2 + X,
CC3 B(j D'AICMIOW-JL'S "ILAQOV‘C,M) =3 ZWFC.
has o most +we voots n e Freldl £ 3 .
#)  Aedr=0 , Aci)= |
3 3 3
}w(wg\'—" Cp?g) = 073 i = ,A(P)/e/g)
2 z z 3
/A(g—”r;)?@?fz) = F +3095~+35>5 + 7
"—'?(3’5' 53—214507)—}%[3_)’

One—-lv-cme..- ao-l-gj\fp): 3&—49 0:)-
S, if /\C%)—‘—'O +hem P = 0. ﬂm%: ?CDZ

Note : A s not owte #3 [x].
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1O 4. (a) Assume that h : Z4 — Z, is a homomorphism (between rings with
identity, so that k(1) = 1). Explain why h{(z) = z for all z in Z4.

| O (b) In the ring Z4[z], find a polynomial of degree 1 that is a unit. Suggestion:

Seek an inverse that also has degree 1.

(> Ae)=0 . ACD) =
Lo o homomexphisnt bet weem rw9d with *’a"“"':é

H;J—Fw'a Adora B
,%c:g - Aciv1) = KO+ Q) =1+ =2,

Wiz = 3 similardy,
Note: E, codd have booo B The rng
Z is ffy_,~;;90"/_ 7%“/7[ l-SJ J"/" A,a.s no

”e
Nen- Friv ?‘J ate mwph.‘smS,

z
(b) (a + &x)(c f-a?«):'— ac. + (B+a) x + L%
We neesd *g’cé—_o) 5o we most Y/ rg--—aé::zu
We need £+ X = o, whicd it S
We. wneet chl) so e:‘f’ﬂﬂ—/ a = c =/
~ c = 3. We 3e+ two vaits of

ey AL =

MlcoNaD)

(Tl-..'s can '+ /\a.éafevx v FLx] L a LY F.)
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5. Assume that A : F[z] — R is a homomorphism from F[z] (where F is a field)
to a ring R. Suppose that the kernel of & contains more than 0, and that we take p
to be a nonzero member of the kernel with least possible degree. Let M, be the set
of multiples of p, that is, M, = {p¢ | ¢ € F'[z]}. Show that the kernel equals the set
M,. Suggestion: Do both inclusions. One way to show that something is a multiple
of p is to divide it by p and then look at the remainder.

3
5
In
RS

— P
\S\uypo‘se j € ,g.om %) Se /p\f@_)— O,

write g = Pt wihece QQ?_/L<%P‘

Then N € Ao A (a,ﬂyly A o Hee above
eﬁuq’l—m)- o= 0 b/ %&.a /6451{7\655 A

32‘,9 - S OC[ € MP'

Kemavk - This shows Hioat m FLx]
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