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Notes on Numerical Analysis

Alejandro Cantarero

This set of notes covers topics that most commonly show up on the Numerical Analysis qualifying exam
in the Mathematics department at UCLA. Each section covers a specific area of numerical analysis. At the
end of each section, we provide a list of key theorems. If the proof of the theorem is directly relevant to the
qualifying exam, it will be included in this document. Otherwise, we simply include the statement of the
theorem. At the end of each section, we include a listing of problems on old qualifying exams that fall under
the given topic.
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1 Root Finding

In this section, we discuss methods used to find the roots of an equation

f(z)=0. (1.1)
The following definition will give us some information on how fast a rootfinding method converges.
Definition 1.1. A sequence of iterates, {x,} converges with order p > 1 to a if

o — 2pi1] < cla— 2, P (1.2)

for some ¢ > 0.

1.1 Bisection Method

We begin by assuming that f(z) is continuous on [a,b] and f(a)f(b) < 0 (this guarantees the existence of a
solution to (1.1) ). The bisection method will also require a tolerance, e. The method is then given by

Algorithm 1 Bisection Method
Require: f, a, b, €
repeat
c—(a+10)/2
3. if sign(f (b)) sign(f(c)) <0 then
a<—c
else
6: b—c
end if
until b —c <e
9: return c

Note that the bisection algorithm will always converge to a root in [a, b]. Let o be the root that the bisection
method is converging to and let ¢,, be the nth value of ¢ produced by the method. Then we have

(b-a) (1.3)

la —¢n| < o

Note that in definition [ if p = 1 we can write

o — zp| < ™o — o). (1.4)

So the bisection method has linear convergence with rate %, given by c.

1.2 Fixed Point Iteration

Now we consider solving a problem of the form x = g(x) where the fixed point iteration is given by
Tnt1 = g(Tn). (1.5)
Note that the rootfinding problem, equation (1.1)), can be reformulated as a fixed point problem.

Lemma 1.1. (Ezistence) Let g(x) be continuous on [a,b] and assume that g([a,b]) C [a,b]. Then z = g(x)
has at least one solution in [a,b].

Lemma 1.2. (Uniqueness I) Let g(x) be continuous on [a,b] and assume that g([a,b]) C [a,b]. Further,
assume there is a X € (0,1) such that

l9(x) = g(y)| < Az —yl, Y,y € [a,b]. (1.6)
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Then x = g(z) has a unique solution p € [a,b] and the iterates will converge for any xo € [a,b] with

n

A
lp— xn| < ﬁ|x1 — Zo. (1.7)

Theorem 1.1. Let g(x) € C'([a,b]) such that g([a,b]) C [a,b] and max,<z<p |9’ (z)| = A < 1 then
(i) = g(x) has a unique solution p € [a, b].

(i) The iteration converges for any xo € [a,b].

(iii)

A’ﬂ
lp—xn| < A"p— 20| < lz1 — 2o (1.8)
1—A
. P — Tn+4+1 /
1 — 1.
A =9 (1.9)
1.3 Newton’s Method
Newton’s method is given by
= — . 1.1
T T ) (10
We can derive Newton’s method by considering a Taylor expansion of f about x,,.
1 (l‘ — xn)2 "
F(@) = floa) + (0 = aa) () + T 1 e) (111)
where £ between x and x,. Let p be our root. Then we find
! (p — xn)Q "
_ 2 rn

b= () 2 ['(wn)

Dropping the error term, we find an approximation to the root, p, that is indeed Newton’s method.

1.4 Solving Systems of Non-Linear Equations

Newton’s method for systems of non-linear equations can be derived in a similar method as shown in
Let F: R® — R" and z,x,,p € R™. If f; is the i*" equation of F, we can write the Taylor expansion for F'
about z,, as

j=1

If p is a root of f; and G is the Jacobian matrix for F, then if we drop the higher order terms in (1.14) we
find

0=F(z,) + G(xn)(p — xn) (1.15)
_G(l‘n)p - F(xn) - G(xn)xn (1'16)
p=1x, — G ) F(z,). (1.17)
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1.5 Qual Problems

Winter 2003, #3 Newton’s Method
Fall 2004, #1 Fall 2000, #2
Fall 2005, #1 Winter 2002, #1

Spring 2002, #1
Bisection
Winter 2005, #1 Fixed Point Iteration
Fall 2006, #1 Spring 2001, #2

Fall 2001, #1
Winter 2004, #1
Spring 2006, #1

2 Interpolation Theory
Given a set of data points, {(z;,y:)}",, select a function f(z) from some class of functions such that

yi = fa;) for i =1,... n.

2.1 Polynomial Interpolation

For these problems, we choose our class of functions to be polynomials. These are the most common
interpolation problems found on the numerical qualifying exams.

2.1.1 Lagrange Polynomials

A simple formula for constructing interpolating polynomials is given by Lagrange’s formula.

(@)=Y yili(x), L) =] 2 (2.1)
=0

i T

2.1.2 Newton Divided Differences

Newton divided differences are useful because they provide an easy method for generating interpolating
polynomials. The polynomial is computed from

Prn(x) = pro1(x) + (& — ) -+ (x — 1) flT0, - - - Tn) (2.2)
where
po(x) = f(x0) (2.3)
and
f[1'07x1; L 7xn] _ f[xla v axna]: __fi‘zOy cee 71'n71] ) (24)

To compute interpolating polynomials using divided differences, we build the table shown below.
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v flxi) flro,xip]  flrg i, vige] -

zo  Jo
flzo, 1]
f[on?thEQ] s
Z1 f1
f[xl,xz]
flry, o, 23]
T2 fa
f[$27$3]
f[$2,$€37334]"'
T3 f3
f[$3,$4]
T4 fa

Now let’s look at the error in the interpolating polynomial. Let ¢ € R be distinct from the node points
Xo,T1,-..,%,. Using divided differences to interpolate f(z) at the node points and ¢, we find

Drnt1(x) = pp(x) + (& — ) - -+ (x — ) flxo, . - -, Tn,\ t]. (2.5)
We have that p,41(t) = f(¢), so let x =t and we find

f() = pa(t) = (t —z0) -+ (t = 0) flzo, ..., T, 1] (2.6)
From the formula given in Theorem [2.2] we can conclude that
FrD(e)
gt = S 2.

2.1.3 Hermite Interpolation

Hermite polynomials are used when we wish to interpolate both the function (p(z) interpolates f(z)) and
its first derivative (p’(x) interpolates f’(x)). The general problem here is given by: Find a polynomial p(z)
such that

P (z1) =y i=0,1,...,0q0 — 1
(2.8)
PV (z,) =y i=0,1,. . ay—1
Here the yﬁo are given data and ¢ are the number of conditions imposed on p(z) at x; for j =1,...,n. If

we define N = aj + - + «,, then we have a unique polynomial of degree at most N — 1 that satisfies the
above equations. To show this, we basically follow the proof for Theorem noting that if a polynomial
¢(x) has its first o derivatives equal to zero at x;, where z; is a root, then z; is a root of order oo — 1 and
we can write

q(w) = r(@)(z —z;)* 7" (2.9)

2.2 Trigonometric Interpolation

[Incomplete]
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2.3 Key Theorems

Theorem 2.1. Given n + 1 distinct points xq, ..., T, and associated function values yg, ..., Yn, there is a
polynomial, p(x), of degree at most n that interpolates y; at x;. Further, this polynomial is unique.

Proof. The existence of a polynomial, p(z), of degree at most n is given by the construction in equation
(2.1). To show uniqueness, let p;(x) and pa2(z) be such that p;(z;) =y, for j =1,2 and ¢ =0,...,n (that is
p1 and ps are both interpolating polynomials). Let r(z) = p1(x) — p2(z). Clearly, r(x) has degree less than
or equal to n. Further, r(x;) = p1(z;) — p2(z;) = v; — y;i = 0. So, r(x) has n + 1 zeros which implies that
r(x) =0 = p1(x) = p2(x) and hence, the interpolating polynomial is unique. O

Theorem 2.2. Let zg,21,...,%, be distinct real numbers contained in the interval I and let f € C"1(I).
Then, for each x € I, there exists € € I such that

10) = ple) = ST e (2.10)

2.4 Qual Problems

Polynomial Interpolation
Spring 2002, #2

Fall 2003, #3

Winter 2004, #3

Spring 2006, #3

Trigonometric Interpolation
Fall 2001, #2

3 Numerical Differentiation
Numerical differentiation formulas can be found by first constructing an interpolating polynomial p,,(z) for

your function f(x) at a set of node points and then computing the derivative of p,(x). Recall from §2.1.1]
the interpolating polynomial is given by

Pu(x) = Z F@)li(@). (3.1)

Now

p(@) = 3 f(@)ll(@) = Duf(@). (3.2)

=0

Further, recall the formula for the error of the interpolating polynomial

f(@) = pn(x) = V() flz0, .- T0, 2] (3.3)
Then
f'(x) = Dif(x) = ¢y, (2) flzo, - Ty 2] + n () flo, - ., Ty @, 2] (3.4)
() (&)
= ¢n($)m + ¢n($)m (3.5)

To obtain equations for higher order derivatives, we simply continue to differentiate the above equations. To
find higher order formulas, we use a higher order interpolating polynomial.
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3.1 Method of Undetermined Coefficients

This method provides both a simple way to derive formulas for numerical differentiation as well as a simple
method for finding the error for a difference formula. The main idea of this method is to Taylor expand all
terms about the node at which the derivative is being evaluated. We illustrate with an example. Say we
wish to find a formula to approximate f”(x) using function values at © — h,z, and  + h. Then, we write
our method as

D f(x) = er f(x + h) + eaf () + esf(ax — h). (3.6)
Now, we need Taylor expansions for f(z + h) and f(z — h), given by

/ h2 1" h3 h4 4
f@h) = f@) £ hf (@) + 5 (@) £ - F O ) + 3706 (3.7)

with £+ € [z £ h, z]. Plugging these expansions into (3.6) and grouping terms by powers of h, we find

cif(x+h)teaf(z) teaf(z—h) =

h? h3
(1 +e2+e3) f(2) + (e1 = ea)hf (z) + (2 + e3) 5 [ () + (e2 = 03)€f(3)($)
4
F e f D) + e V(e ) (35

Note that in order to obtain f”(z), we need

c1+ca+c3=0, c1 —c3 =0, cl+03:%. (3.9)
Solving for the coefficients, we find that
612%, 022%22, 032%. (3.10)
Using the Taylor expansions and the coefficients we found, we can find the error,
B2
J"(@) = D (@) = =35 FD©) (3.11)

with £ € [z — h,z + h].

3.2 Common Formulae

In this section, we give some of the most common finite difference equations. Table [I] has the equations for
one-sided differences and Table [2] lists equations for centered differences.
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Table 1: Weights for common one-sided finite differences. The derivative is at x = 0 and the nodes are
numbered.

Order of Nodes
Accurarcy 0 1 2 3

1st Derivative

1 -1 1
3 1
2 -5 2 -3
11 3 1
3 % 3 —3 3
2nd Derivative
1 1 -2 1
2 2 -5 4 -1
3rd Derivative
1 -1 3 -3 1

Table 2: Weights for common centered finite differences. The derivative is at « = 0 and the nodes are
numbered.

Order of Nodes
Accurarcy -2 -1 0 1 2

1st Derivative

1 1
2 —3 2
1 2 2 1
4 2 3 3 iz
2nd Derivative
2 1 -2 1
4 _ 1 16 _ 30 16 _ 1
12 12 12 12 12
3rd Derivative
2 -3 1 0o -1 3

3.3 Richardson Extrapolation

Richardson extrapolation can be used any time where we have a formula N (h) that approximates an unknown
value, M, where the truncation error has the form

M — N(h) = Kih + Koh? + K3h® + -+, (3.12)

K; constants. The idea here is simple. Find a way to combine lower-order approximations in order to obtain
a formula with a higher-order truncation error. This process is most easily illustrated with a simple example.
Consider the approximation of M given by

M = N(h) + K1h + Koh* + K3h® + - -- (3.13)
and
h h h2 h3
M=N Ki=+Ko— + Kz— + -+ . 3.14
(2)+ 15+ K+ Ky + (3.14)

Now, look at 2x (3.14) — (3.13)). Letting N1(h) = N(h), we find
h h h?
() (30 (8 ) () o

10
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If we define

Ny(h) = Ny (g) + (Nl <Z> - Nl(h)) (3.16)

we now have an O(h?) approximation for M given by Na(h). This process can be continued to generate an
approximation of any order. In general, for j = 2,3,...m we have an O(h?) approximation given by

N = 8y () + B = i),

(3.17)

3.4 Qual Problems

Fall 2000, #1 Extrapolation
Spring 2001, #3 Spring 2002, #3
Winter 2002, #2

Winter 2003, #1

Winter 2004, #2

Fall 2005, #2

4 Numerical Integration

(Incomplete)

4.1 Newton-Cotes Formulas
4.2 Composite Integration
4.3 Gaussian Quadrature

Gauss-Legendre

Linear change of variables

[ron- (59 1 (-25=)

4.4 Key Theorems
4.5 Qual Problems

Gaussian Quadrature

Spring 2001, #1 (Gauss-Legendre)
Fall 2004, #2

Fall 2006, #2 (Gauss-Laguerre)

Newton-Cotes
Fall 2002, #1 (Composite)
Fall 2003, #1 (Composite)

Fall 2002, #2 (Extrapolation)

11
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5 Iterative Methods

In this section, we are interested in solving Ax = b by generating a sequence of approximate solutions, {x(k) },
that converge to the solution x. A few useful quantities for anaylizing the convergence of iterative methods
include the residual, r = b — A% where Z is a numerical approximation to the solution z, and the condition
number of a matrix, cond(A4) = || Al [|[A7Y.

5.1 Relaxation Methods
These methods depend on a splitting, A = M — N, of the matrix A. The iteration is given by

Mz = Nz®) 4, (5.1)

We start by writting A = D 4+ U + L where D,U, and L are the diagonal, strictly upper triangular, and
strictly lower triangular parts of the matrix A. The most common splittings are:

Jacobi M;=D N;y=—-(L+70)
Gauss-Seidel Mg=(D+L) Ng=-U
Successive Over-Relaxation M, =D+4+wL N,=(1—-w)D—-wU

Note that for SOR we have the addition of the relaxation parameter w € R. We also have a different
characterization of these methods which may provide some insight.

i—1 n
1
Jacobi mEkH) = by — Zaijl';k) - Z aijl‘§-k) (5.2)
" j=1 J=i+1
1 i—1 n
Gauss-Seidel xgk“) = o b; — Zaijxgkﬂ) — Z aingk) (5.3)
i j=1 j=i+1
k1) 1 ) (k)
SOR x,; = a—”_w b; — Zaija:j - Z aijT; (5.4)
j=1 J=i+1
+(1 - w)a?l(-k)

Note that the difference between Jacobi and the other methods is simply using the most recently available
values for the z;.
5.1.1 Key Theorems

For these theorems, we assume that b € R, A= M — N € R"*" and A, M are non-singular. The spectral
radius of A is denoted by p(A).

Theorem 5.1. If p(M~'N) < 1 then the iterates %) defined by converge to x = A~'b for any initial

quess, (0.

Proof. We start by looking at the error found by subtracting the iterative scheme from the actual solution,
Mz — 2%y = N —2®) +b—b
MeF+1) — Ne(F)

et — Mt NekR),

12
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Now, consider

le® V] = (M~ N)e®|
= [[(MTIN)FH1e)
< [IMTENFH ).
If p(M~'N) < 1 then |M~'N|* — 0 as k — oo and so ||e®)|| — 0 and the method converges. O

Theorem 5.2. If A is symmetric positive definite, then the Gauss-Seidel iteration converges for any x(9).

5.2 Qual Problems

Relaxation Methods
Fall 2001, #3

Fall 2002, #3

Fall 2003, #2

Winter 2005, #3

Error Analysis
Spring 2006, #2

6 Direct Methods for Solving Linear Systems

Here, we are again interested in solving linear systems Ax = b.

6.1 LU Factorization
Often, a matrix can be factored into the form

A=LU (6.1)

where L is a lower triangular matrix and U is an upper triangular matrix. This is commonly done to solve
linear systems numerically. Below, we give conditions on the existence of this factorization.

Theorem 6.1. A € R"*" has an LU factorization if det(A(1: k,1:k)) #0 fork=1,...,n—1. If the LU
factorization exists and A is nonsingular, then the LU factorization is unique and det(A) = uyy -« Upp.

Theorem 6.2. If AT is strictly diagonally dominant, then A has an LU factorization and |l;;| < 1.

We then solve the system of equations first with a forward substitution step, Ly = b, and then back-
substitution Uz = y.

6.2 Tridiagonal Systems

Special algorithms exist for solving tridiagonal systems in O(n) operations. As before, we will perform an
LU factorization of the matrix A and are again given the choice of which matrix has ones on the diagonal.
The two factorizations, A = LU, are illustrated below.

13
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a G 1 €1 C
by as e dy 1 €2 C2
_ (6.2)
bnfl Ap—1 Cn—1 . . €n—1 Cn—1
bn Qp d, 1 €n
(65] 1 Yo
by s 1 7
L7
b an 1

For each of these factorizations, we can obtain a recurrence relation to determine the unknown values by
simply multiplying the L and U matrices together. Note that e; and «; must be handled differently. The
resulting relations for ([6.2)) are then

€1 = ay, dz = €, = a; — dici_l (64)

for i =2,...,n. Now we need to solve LUx = f by solving Ly = f and then Uz = y. In this case, we end
up with the following equations

y1 = f1, vi = fi — diyi—1 (6.5)
e
o= gy = BTN (6.6)
€En ej
fori=2,...nand j =n—1,...,1. Note the operation counts in this problem. We have 3n — 3 floating point

operations in finding L and U. The forward solve contains other 2n — 2 operations and 4n — 4 operations
for the back-substitution. Note that we have obtained a solution using order n floating point operations.

6.3 Qual Problems

LU Factorization
Fall 2000, #3

Tri-Diagonal Systems

Winter 2002, #3

Fall 2005, #3

7 Approximation of Functions
(Incomplete)

7.1 Least Squares

Here we are given a set of data points {(x;,y;)|i = 1,...,n} and wish to fit some function f to the data such
that it minimizes

E=<i (yz-—f<xi>>2> . (1)
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We are only going to consider the case where f = P,(z), a polynomial of degree n. To find this minimum,
we need to compute the normal equations, found by differentiating with respect to each of the unknown
coefficients of P, (x) and setting these equal to zero.

Normal equations

AT Az = ATb (7.2)

7.2 Qual Problems

Winter 2003, #2
Fall 2006, #3

8 Numerical Methods for Ordinary Differential Equations
In this section we look at methods for solving

y'(t) = f(t,y(1), y(to) = vo- (8.1)
The techniques developed in this section can also be applied to systems of ODEs,

g, = .]F(ta ?j>7 37(370) = 0. (82)

This is of particular interest since we can easily convert higher order equations into systems of first order
equations, as seen in the following example:

v = flty oy, ) (8:3)
y(to) =yo, -, ¥V (to) = yi" 7V (84)
Now let
n=y, =y, Y=y (8.5)
Then we have
Y1 = Yo y1(to) = yo
Y2 = Y3 ya(to) = yp
(8.6)
Ym—1 = Ym Ym-1(to) = 5" >
Y = F(E Y15+ Ym) Y (to) = g5 V.

Also, by using systems we can convert non-autonomous systems into autonomous systems. An autonomous
system has no explicit ¢ dependence in the right-hand side,

7= f(g)v 4(x0) = Yo (8.7)

Suppose we have an n-dimensional non-autonomous system, ¥ = f(¢,t). Define a new vector, ¥ =
(Y1, Yn,t)t. Then

%* _ ( Flor,. : ,vn+1)> (8.8)

with initial conditions v1 = y§, ..., vy = Y&, Vpi1 = to is an autonomous sytem of dimension n + 1.

15
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8.1 One Step Methods

A general explicit one step method (Euler, Runge-Kutta) can be written in the form

Yk+1 = Yr + h®(yx, h). (8.9)

Now let yr = y(tx) be values of the exact solution to the differential equation. The local truncation error,
Tk, is then given by

Tk = Yk+1 — Yk — h®(yk, h). (8.10)
Specifically, we are interested in finding the leading order term of the local trunctation error,
i = c(te) /P 4+ O(hPH?) (8.11)

where the method is said to be order p. To find the local truncation error, we Taylor expand all terms about
yr and cancel terms until we can determine the order of the method.

Definition 8.1. (Consistency) A method is said to be consistent if

|7] — 0 as h — 0. (8.12)

8.1.1 Stability Analysis

In this section, we concern ourselves with determining the region of absolute stability of an ODE method.
To find the region of absolute stability, we consider the model equation

dy

i
Solutions to go to zero for all initial conditions when A < 0. In the following definition, h is the step
size in the method.

Ay. (8.13)

Definition 8.2. (Region of Absolute Stability) The region of absolute stability is the set of all hA € C such
that the numerical solution {y,} — 0 as t, — 0o when applied to equation .

Definition 8.3. (A-Stability) A method is called A-Stable when the region of absolute stability includes the
entire left-half (complex) plane.

8.1.2 Common Methods and Their Properties

We use the notation S to denote the interval of absolute stability in this section.
Forward Euler (Explicit, Order 1, S = (—2,0))

Yet1 = Yk + hf (te, yr) (8.14)
Backward Euler (Implicit, Order 1, S = (—o00,0) U (2, c0))

Yer1 = Yk + hf (tet1, Y1) (8.15)
Trapezoidal Method (Implicit, Order 2, S = (—o0,0))

1
Yk+1 = Yk + ih f(tn, yn) + f(tns1, Ynt1)] (8.16)
Theta Method

Ykt1 = Yk + R [Of (e, yr) + (1= 0) f(trs1, Yrt1)] (8.17)

16



Numerical Qual Notes Alejandro Cantarero

order 0 method
2 1/2 Trapezoidal
1 0 Backward Euler
1 1 Forward Euler
1 otherwise —

Runge-Kutta 2 (Explicit, Maximum Order 2, S = (—2,0))

y* =yr + ahf(yr) (8.18)
Yk+1 = Yk + hB1f(yr) + hB2f(y") (8.19)

Second order if a« = 31 = B3 = 1/2. The interval of absolute stability depends on the choice of coefficients.

Runge-Kutta 3 (Explicit, Order 3)

ki = f(te, yr), (8.20)
ko= f <tk + g, Y + Zkh) ; (8.21)
ks = f(te + hyyx + h(—k1 + 2k2)), (8.22)
Yk+1 = Yk + ﬁ(kl + 4ka + k3) (8.23)

6

8.2 Linear Multistep Methods
The general form of a linear multistep method (LMM) is

P P
Ynt1 = Y GYn—j B Y Bifay. (8.24)
7=0 J=-1
One way to derive these methods is via numerical integration. Here, the general idea is to reformulate the

differential equation by integrating over some interval, [t,_, t,+1] yielding

ot
) = sltar) + [ sy (8.25)
Now we can construct an interpolant for the integrand f(¢,y(¢)) and integrate it over the interval. If we drop
the error term from the numerical integration, we are then left with a LMM. For an example of deriving a
LMM using the trapezoidal rule to approximate the integral, see the solutions set, Spring 2006, #4.

As with single step methods, we are now interested in looking at the local truncation error and the
stability of the method. The local truncation error analysis proceeds exactly as it did for one step methods,
although now we will generally choose to Taylor expand about t,41 rather than ¢, in order to minimize
the number of Taylor expansions. The following theorem gives us an easy method for characterizing the
consistency of a LMM.

Theorem 8.1. A linear multistep method is consistent if and only if

P P P
§=0 j=0 j=—1
For stability anaylsis, we look at solving the problem
y =0, y(0) = 1. (8.27)

Consider the polynomial
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P
p(r) =Pt — Z arPI (8.28)
=0

and let 7o, ..., r, be the roots of p(r).

Definition 8.4. (Root Condition) A linear multistep method satisfies the root condition if
1 |r| <1, j=0,1,...p
2. 4f |rj| =1= p/'(r;) #0 (i.e. the root is simple)

Consistency and the root condition allow us to discuss the stability and convergence of the method through
the following two theorems.

Theorem 8.2. (Stability for LMMs) Assume the consistency condition. Then the multistep method is
stable if and only if the root condition is satisfied.

Theorem 8.3. (Convergence of LMMs) A consistent multistep method is convergent if and only if the root
condition is satisfied.

8.3 Predictor-Corrector Methods

A predictor-corrector method consists of two steps. First, we use an explicit predictor formula and then
an implicit corrector step. It is very common to use an Adams-Bashforth formula as a predictor and an
Adams-Moulton formula as the corrector. The simplest case (and most likely to occur on a qualifying exam)
would be using AB1 (Forward Euler) as the predictor and AM2 (the Trapezoidal Rule) as the corrector,

Yiy1 = Yi + hE; (8.29)
h *
Yit1 = Yi + §(Fi + F}). (8.30)

Note that in this case, we have actually obtained an RK2 method.

8.4 Qual Problems

There is one ODE question on each numerical analysis qualifying exam.

9 Finite Differences for PDEs

In this section we are primarily concerned with proposing finite difference methods for solving various PDEs
and then verifying certain properties of those methods, namely the order of accuracy and stability. By
finding the order of accuracy, we will be able to verify whether the method is consistent and stability will be
verified through Theorem ﬂ Then via the Lax-Richtmeyer Equivalence Theorem (Theorem , we will
have that the method is convergent.

Definition 9.1. (Consistency) Let Pu = f be a partial differential equation and Py pv = f be a finite
difference scheme for solving the PDE. We say that the finite difference scheme is consistent with the PDE
if for any smooth function ¢(t,x)

Py —Prpnp —0ask,h—0. (9.1)
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9.1 Order of Accuracy

There are two approaches we can use to find the order of accuracy for finite difference schemes for PDEs. The
first is to expand all the terms in Taylor series about a common point and cancel terms in the truncation error
until we find the leading order terms. This can also be done through symbols of the difference operator and
the differential operator, which we will describe in more detail here. In this section, we write our differential
equation as Pu = f and the difference method in the form Py v = Ry f. Now we have that

Definition 9.2. A scheme P pv = Ry i, f that is consistent with the PDE Pu = f is accurate of order p in
time and q in space if for any smooth function ¢(t,x),

Pynd — R nPo = O(K”) + O(h?). (9:2)
We say the method is accurate of order (p,q).

9.1.1 Using Symbols
We begin by defining the symbols of the difference operator and the differential operator.

Definition 9.3. (Symbol of the Difference Operator) The symbol py 1 (s,§) of a difference operator Py j, is
given by

_ Phh(eskneimhg)

Prn(8,§) = T gskngimhg (9.3)
Definition 9.4. (Symbol of the Differential Operator) The symbol of the differential operator P is given
by
- P(esteifx) 0.4
p(s, ) = oslgits (9.4)
Now from Theorem [9.3] we look at
pk,h(s7 5) - rk,h(sa f)p(s, 5) = O(kp) + O(hq) (95)

We then Taylor expand as needed on the left-hand side and cancel terms until we find the appropriate order.
For a specific example, see the solutions set.

9.2 Stability Analysis

To determine the stability of the method, we look at the homogeneous equation (that is, we are only interested
in the difference operator). To carry out this analysis, we make the substitution g"e"™? for v, where = h¢
in the homogeneous equation. We then solve for g, the amplification factor. In particular, if we have found
the symbol of the difference scheme, py 5 (s, ), we can simply substitute e*¥ = g We then take the resulting
equation and manipulate it to obtain a form such that we can use Theorem Examples of this analysis
are included in the solutions set. There are two useful trigonometric identities when working with these
equations that we note here.

1
1 — cosf = 2sin? 59 (9.6)

. 1 1
sinf = 2sin 50 cos 59 (9.7)

9.3 Well-Posedness of Equations

Through the symbol of the differential operator, we have an easy method for showing whether or not a
problem is well posed. We look at p(s,£,n) = 0 and find the roots of the symbol in terms of s. We then
have a theorem that states the problem is well posed as long as the real part of the roots is bounded for all
values of ¢ and 7. For an example, see Fall 2006, #5 in the solutions set.
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9.4 Hyperbolic PDEs
9.4.1 Common Methods

In this section, we give some methods, and their properties, for solving hyperbolic PDEs, using the one-
dimensional transport equation as our prototypical example,

ug + au, = f. (9.8)

After listing some of the common methods, we will give the derivation of some of these methods which
is needed to adapt it to problems of a slightly different form than and which will also help with
remembering the method.

Upwind differencing is used on the spatial derivative, au,.

Upwind Differencing ( Order 1 in space )

Hor, — ot _y), whena>0 9.9)
Fwn g —on), ifa<0 '

Lax-Friedrichs ( Order O(k) + O(h?) + O(k—1h?), Stable for [a\| < 1)

n+1 1/,n n n n
Um - §(Um+1 + Um—l) vm+1 —Um—1 n
= 9.10
2 falnl Uil g (9.10)

Lax-Wendroff ( Order (2,2), Stable if [aA] < 1)

1 n n ak n n
= §(f’m+1 =+ ’H'L) - 7h(fm+1 - m—l) (911)

n+1 n n _an 2 n _ n n
Um = = Um + avm-‘rl Um—1 _ a“k Um+1 2’Um + Um—1

k 2h 2 h?

Crank-Nicolson ( Order (2,2), Unconditionally Stable )

n41 n n+l _  n+l n _yn n+1 n
U —Un + a”m—&-l Um—1 + Um+1 Um—1 _ fm + fm
k 4h 2

(9.12)

Box Scheme ( Order (2,2), Unconditionally Stable )

(i + I+ fo + 1)
(9.13)

] =

1 n n n n a n n n n
% [(Um+1 + /Umill) - (vm + Uerl)] + % [(’Umill - vm+1) + (vm+1 - Um)] =

We now give a derivation of the Lax-Wendroff method for equation . We start by Taylor expanding
the solution in time

2
u(z,t+ k) = u(z, t) + kug(x,t) + %utt +O(k*). (9.14)

Now we use the following relations

U = —auy + f (9.15)
up = —a(ug) s + fi (9.16)
= —a(—atae + fo) + fi (9.17)
= 0’ Ugy — afy + [ (9.18)
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Now, we plug these into the Taylor expansion

2

k*(a%m —afs+ fi) + O(K%) (9.19)

u(z,t + k) = u(x,t) + k(—au, + f) + 5

Here we switch to difference notation and replace all the derivatives with second order accurate centered
finite difference approximations in space and a forward difference in time, yielding

uerl:umiﬁ(um—&-l7um—1)+W(um+l72um+um—1)+kfmiﬂ( m+1 fm 1) 2( m+17fm)
(9.20)
= Uy — %(um-&-l - um,—l) + W(um-&-l 2um + um 1) 4h ( m+1 m—l) + §(fm+1 + fm)
(9.21)
9.5 Parabolic PDEs
9.5.1 Common Methods
We give the form of these methods for solving the one-dimensional non-homogeneous heat equation,
up = bug, + f(t, x). (9.22)
Adpating them to other methods will hopefully be straightforward.
Backward-Time Central-Space ( Order (1,2), Implicit, Unconditionally Stable )
gy Un+1 _ 2Un+1 + Un+1
m m _ p mtl n+1 9.23
- i +f (9.23)
Crank-Nicolson ( Order (2,2), Implicit, Unconditionally Stable )
vt —op 1 ol — 2undt 4t 1 — 200 4+l 1
m m b m+1 m m—1 b m+1 m—1 - n+1 n 24
Du Fort-Frankel ( Order O(h?) + O(k?) + O(k*h~?), Explicit, Unconditionally Stable )
,Un+1 o ,Unfl ol ( n+1 + ,Un 1) + 7
m m —b m+1 m—1 n 92
o W2 + [ (9.25)

ADI (Peaceman-Rachford) ( Order (2,2), Implicit, Unconditionally Stable )

ADI methods have the advantage that we are only inverting one-dimensional operators. In two dimensions,
the method is given by:

k k
<I - 2A1h> ﬁn+1/2 = (I + 2A2h) 'Un (926)

(I — ];Agh) Un+1

We can also write this method as a single equation

(I + ];Alh) g t1/2 (9.27)
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k k k k
<I — 2A1h> <I — 2A2h> "Un+1 = (I + 2A1h> (I+ 2A2h) o™, (928)

Note that for this method, we have assumed a homogeneous problem. The Peaceman-Rachford method also
works in three dimensions. In this case the method is given by

(1 . ];A1h> G/ (1 i ’;Agh) o (9.29)
k ~n+2/3 k sn+1/3

I — §A2h v = I + §A2h v (930)

(1 — ];A%) "t = (1 + ];Alh) gnt2/s (9.31)

which can also be written as a single equation,

k k k k k k
<I — 2A1h> (I = 2A2h> (I — 2A3h> = (I + 2A1h> (I + 2A2h> (I+ 2A3h) " (932)

assuming that A, and Ao, commute.

9.5.2 Variable Diffusion Coefficients
When the diffusivity is a function of time or space, the discretization is space is slightly different. Generally,
a term of this form is written
(b(t, x)uy)sp- (9.33)
A second order (in space) discretization of this term is given by
n

b(tn, Trg1/2) (Vg1 — V) = O(tn, T—1/2) (U7, — U3 —1)
h? )

(9.34)

9.6 Key Theorems

Theorem 9.1. (Laz-Richtmyer Equivalence Theorem) A consistent finite difference scheme for a partial
differential equation for which the initial value problem is well-posed is convergent if and only if it is stable.

Theorem 9.2. (Stability) A one step finite difference scheme (with constant coefficients) is stable in a
stability region A if and only if there is a constant K (independent of 6, k, and h) such that

9(0,k, k)| <1+ Kk (9.35)
with (k,h) € A. If g(0,k, h) is independent of k and h, we have

lg(0)] < 1. (9.36)

Theorem 9.3. (Symbols and Order of Accuracy) A scheme Py pv = Ry f that is consistent with Pu = f
is accurate of order (p,q) if and only if for each value of s and & we have

Pien(8,€) — ri.n(s,€)p(s, &) = O(KP) + O(h?). (9.37)
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9.7 Qual Problems

There are two finite difference problems for PDEs on each qualifying exam. Here we list a general category
for the problems along with some specific information of the problem to give an idea of topics that have
been asked in recent years. Generally, for every problem we either have to give a method or demonstrate
that the given method is of a certain order of accuracy and is stable. Problems marked with (bc’s) indicate
the question asked about well-posedness in relation to the choice of boundary conditions.

Convection-Diffusion Equation General 2nd Order Equations

Fall 2006, #6, (Non-linear) Fall 2004, #5 (Well-Posedness)

Spring 2006, #6 (Max Norm) Fall 2002, #5 (Well-Posedness)

Fall 2004, #6

Fall 2002, #6 (Max Principle) Transport Equation

Spring 2001, #7 (L? and max norms) Fall 2005, #6 (Lax-Wendroff, bc’s)
Winter 2004, #5 (2D, bc’s)

Heat Equation Winter 2003, #5 (Box Scheme)

Fall 2005, #5 (Varying Diffusivity, ADI) Spring 2002, #6 (Non-linear)

Winter 2004, #6 (Fourth-Order) Fall 2001, #5 (2D)

Fall 2003, #6 (Du Fort-Frankel)

Spring 2002, #7 Heat Equation with Mixed Partial

Winter 2002, #6 Term

Winter 2003, #6 (Well-Posedness)
Wave Equation with Mixed Partial Fall 2001, #6 (Well-Posedness)

Term
Fall 2006, #5 (Well-Posedness) Wa.ve Equation
Spring 2006, #5 (Well-Posedness) Spring 2001, #6 (bc’s)

Wave Equation plus First Order Terms
Winter 2005, #5 (bc’s)
Winter 2002, #5

10 Finite Element Methods

In this section, we look at developing finite element methods for scalar elliptic PDEs. We now describe the
general form of these problems. Let 2 be a domain in R? and let £ be a differential operator of the form
Lu=—-V-(c-Vu)+ (- Vu+ pu (10.1)

where o, 3 and p are functions defined over ) taking values in R%? R? and R, respectively. Let f be a
function, f: Q) — R. We wish to find a function u :  — R such that

Lu=f inQ, (10.2)
Bu=g ond)

where B is an operator that describes the boundary conditions for the problem. In the following sections we
will derive the weak formulations of this problem corresponding to different boundary conditions, construct
a finite element method, and demonstrate the existence of solutions.

10.1 Weak Formulations

To find a weak formulation of the problem, we multiply the equation by a test function v, chosen in an
appropriate space, and then integrate over Q. Using Green Formula (Theorem [10.1]), we will then obtain a
weak formulation of the problem.
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Dirichlet Boundary Conditions We start with homogeneous Dirichlet boundary conditions. In this
case, the equation ([10.2) becomes

(10.3)

Lu=f in Q,
u=20 on 0f).

We choose our space of test functions to be H} () since we have the condition « = 0 on 9. Now we have

/ -V (U-Vu)v+v(ﬂ-Vu)+uuv:/ fo (10.4)

Vv-o-Vu+v(3-Vu) + puv — W— fv. (10.5)

Q o0

Let’s define the following bilinear form

a(u,v) = /QV’U co-Vu+v(6-Vu) + puv. (10.6)

The weak formulation is then given by

{Seek u € H}(Q) such that (10.7)

v) = [, fv, VYwveHiQ).
In the case where the Dirichlet boundary conditions are not homogeneous, say we have u = g on 0f)
where g : 00 — R, we have to handle the equation slightly differently. We first assume g is sufficiently

smooth so that there exists a lifting, uy of w in H'(2). That is, u; € H(Q) and uy = g on 9§2. Then, we
can write u = ugy + ¢ where ¢ € H}(Q2). Following the same method as above, we obtain the weak form

Seek u € H*() such that
W=y + b 6E€HIQ), (10.8)
v) = fQ fv—a(ug,v), YwveH;D).

Neumann Boundary Conditions Now we consider boundary conditions of the form n-o-Vu = g on
0Q where g: 9Q — R. Now, we take our test functions in H!(£2) since we no longer are looking for functions
that are zero on 0f). Deriving the weak form, we find

/—V~(U-Vu)+B-Vu+uu:/fv (10.9)
Q Q
Vv-a-Vu+v(ﬁ~Vu)+/mv—/ (n-o-Vuov= [ fo (10.10)
Q o0 Q
/Vv~o-Vu—|—v(ﬂ-Vu)—|—,uuv= fv+/ gu (10.11)
Q Q o0

giving

1
{Seek u € H'(Q) such that (10.12)

a(u,v) = [o fo+ [oa9v, Yve HY(Q).

Mixed Dirichlet-Neumann Boundary Conditions Suppose we have a partition of our boundary,
02 = 0Qp U Iy, where we impose a Dirichlet boundary condition on 9d€2p and a Neumann condition on
o0y,

(10.13)

’u[:O7 OnaQD
n-o-Vu=g, ondfly
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Table 3: Weak formulations for different boundary conditions for second-order, scalar, elliptic PDEs (10.2)).

Problem Vv a(u,v) fv)
Homogeneous Dirichlet | H}(Q) a(u,v) Jo fv
Neumann H'(Q) a(u,v) Jo fv+ Joq v
Dirichlet-Neumann H}jq, (Q) a(u,v) Jo fv+ faQN gv
Robin HYQ) | a(u,v) + fygruv | Jo Fv+ [oogv

for a function g: 0Qn — R. The appropriate space for the test functions is now given by

Hjq, () ={ue H (Q) :u=0o0ndp}. (10.14)

When finding the weak form, we now split the integral on 952 into two parts on the different portions of the
boundary, yielding the following weak form

{Seek u € Hjq (Q) such that (10.15)

a(u,'U) = fQ fU + f{mN gu, Yove H(%QD(Q)

Robin Boundary Conditions A Robin boundary condition has the form yu +n-o - Vu = g on 09
where 7, g: 0Q — R. If we compute the integral in equation (10.4)), we find the weak formulation

{Seek u € H'(Q) such that (10.16)

a(u,v) + [ooyuww = [o fo+ [5o9v, YveHY(Q).

General Form We can summarize these results very simply in a table (given in Table . All the weak
forms we have considered fit in this framework except for the non-homogeneous Dirichlet problem. The
generic form of these methods is given by

Seek u € V' such that (10.17)
a(u,v) = f(v), VwveV, '
where V' is a Hilbert space satisfying
H;(Q)cV cHY(Q). (10.18)

We have a bilnear form a(+,-) on V' x V and a linear form, f(-) defined on V.

10.2 Well-Posedness of the Weak Form
Here we consider the well-posedness of the problem (|10.17]). We begin with some definitions.

Definition 10.1. (H'-Norm) Foru e HY(Q), its norm is given by

1

Jll ey = ( [+ |w|2) . (10.19)
Q

We specifically note that from this definition, we can conclude that ||[Vul|z2(q) < |lullg1(q). This will be
useful in proving the following properties:

25



Numerical Qual Notes Alejandro Cantarero

Definition 10.2. (Coercivity) The bilinear form a(-,-) is coercive if 3 o > 0 such that

a(u,u) > al|ullf, YueV. (10.20)

Definition 10.3. (Continuity of the bilinear form) a(-,-) is continuous if 3y > 0 such that

la(u,v)| < AMlullvllolly,  VuveV. (10.21)

Definition 10.4. (Continuity of the linear form) f(-) is continuous if 3§ > 0 such that

[f@) <dlvllv, VYveV (10.22)

In order to demonstrate the well-posedness of the weak variational form, we need to verify the conditions
in the Lax-Milgram Lemma (Lemma [10.1)), i.e. the bilinear form is continuous (bounded) and coercive and
that the linear form is continuous (bounded). In we give several inequalities that are useful for finding
the bounds needed to verify the Lax-Milgram Lemma. For specific examples, see the solutions set, available
as a separate document.

10.3 Formulating a Finite Element Approximation

To begin, we need to divide our computational domain into elements. In one dimension, these elements will
be (disjoint) intervals and in two dimensions we generally choose to use a set of triangles, K;. We call the
set of non-overlapping triangles, 7y, a triangulation of the domain Q = Ky U Ko U --- U K,,,. The triangles
are chosen such that no vertex of one triangle lies on the edge of another.

Now, given a triangulation of the domain €2, we construct the subspace on which our solution exists.
Generally, we construct a solution that is a piecewise-polynomial on each element. As an example, we can
define V;, C V such that V;, = {v : v is continuous, v|k is linear V K € T,}. We adopt the following
notation for r € N

P.(K) = {v: v is a polynomial of degree <r on K}. (10.23)

Note that ¢ = dim P,(K) = 1(r +1)(r +2). Let n;, i = 1,..., N be the set of nodes for 7;,. Our solution,
v € V,, will then be described by the values v(n;). These are the global degrees of freedom. We also have
element degrees of freedom, associated with each node belonging to a single element, K € 7;,. Next we
construct a set of nodal basis functions on each element, ¢; € P,.(K) such that

for n; a node belonging to K giving us the representation

v(@) = v(n)gi(x), weK (10.25)
i=1

for v(z) € P.(K). Now, we have V}, = {v : v|xg € P.(K) V K € T with v continuous at the nodes}.
Functions v € Vj, will be such that v € C°(Q2). Note that to construct higher order polynomials on the
elements, it will be necessary to add additional element degrees of freedom. We can specify additional
values at mid-points of the elements or add derivative information at the nodes we already have, resulting
in different basis functions. Further, we can construct a basis for the space Vj, {¢;}, from the nodal basis
functions. The important observation here is that ; is only non-zero on elements K such that n; € K. Our
finite element method is then given by

{Find up, € Vp, such that (10.26)

a(up,v) = (f,v) Yv € V.
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10.4 The Stiffness Matrix
Now we briefly look at actually solving (10.26). Let {¢1,..., ¢} be a basis for V. Then for v € V), we can

write

M
v= Zm%—, n € R. (10.27)
i=1
Now, we can write

where L(-) is our linear form, (f,-). Given that the solution can be written as

M
up = Zfi%‘, &G eER (10.29)
i=1
we can write (|10.26)) as
M
Y alpi ) = Llgy), j=1,... M (10.30)
i=1
which can be written in matrix form
At = (10.31)

where £,b € RM with a;; = a(pi, ;) and b; = L(p;). Now we make two important observations. Using

equation (|10.27) we have

M M M
a(v,v) =a | Y mein »_mes | = D miales @) =n- An. (10.32)
i=1 j=1

ij=1
Since the bilinear form is coercive, we obtain

n- An = a(v,v) > o[} >0 (10.33)

showing that the matrix is positive definite. Further, we often have that the bilinear form is symmetric
a(pi, ;) = a(ej, ;). This property is easy to verify if it is indeed true for our problem. If it is, then we
have that A is a symmetric positive definite matrix which implies that the matrix problem has a unique
solution (and in some sense, is easy to solve). Further, we can see that the matrix A will be sparse since
a(pi, ;) = 0 unless n; and n; both belong to the same triangle K. By selecting the proper ordering of the
nodes, we can ensure that A is both banded and sparse.

10.5 Error Estimates

In order to obtain error estimates, we need to enforce a condition on the triangulation of the domain.
Particularly, we cannot allow the triangles to become arbitrarily thin. Let hx be the diameter of K (the
length of the longest side of K) and px be the diameter of the largest circle we can inscribe in K. If
h =maxgeT, hi, let 8> 0 be a constant independent of h. Then if

P >8 VEKeT, (10.34)
hi

we can apply some simple error estimates. Now, let m,u € V}, be an interpolant of u in the appropriate finite
element space. We then have the following estimates where the interpolant consist of piecewise polynomials
of degree r > 1.
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Hu—ﬂ'hu”Lz(Q) < Chr+1|u|Hr+1(Q), (10.35)
Hr+1(Q)- (10.36)

lu — Thul 1) < Ch'|u
Now, for elliptic problems, we have the following abstract error estimate,

lu —uplly < Cllu—2v||y VoveV. (10.37)

Letting v = mpu € V3, we can then bound the finite element error by the interpolant error
lu — unlly < Cllu — mpullv. (10.38)
10.6 Key Theorems
Theorem 10.1. (Green’s Formula)
—/V~(0Vu)v:/Vv~o~Vuf/ (n-o-Vu)v (10.39)
Q Q o0

Theorem 10.2. (Poincaré’s Inequality) Let 1 < p < oo and let Q2 be a bounded open set. Then there exists
cp.0 > 0 such that ¥ v e W, P(Q)

cpallvlle@) < Vol Le(a)- (10.40)

Theorem 10.3. Let Q) be a bounded connected open set in R™, with sufficiently reqular boundary. Then we
have for w € H'(Q), such that [, u(x)dz =0,

ullZ2 () < POIVulli2(g)- (10.41)
Corollary 10.1. |u|gi(q) = [|[Vullz2(q) is a norm equivalent with the norm ||ul|g1(q) on the subspace Vo
(closed in HY(Q)) defined by
Vo = {uc H\(Q): / w(w)dz = 0}. (10.42)
Q

Corollary 10.2. Let Q2 be a bounded connected open set in R™ with sufficiently reqular boundary I'. Suppose
' =T, UTy with length (area) of Ty > 0. Let

Vr, = {u€ HY(Q) : u|r, = 0}. (10.43)

Then Vr, is a closed subspace of H*(Q)) and ul) = | Vullp2) is a norm equivalent with the norm
llull g1y on the subspace Vr,.

Corollary 10.3. Let 2 be an open and bounded domain with Lipschitz-continuous boundary I' = ). Then
there is a positive constant C such that

[ulrll2@y < Cllullm(g)- (10.44)

Lemma 10.1. (Laz-Milgram) Let a be a coercive, bounded bilinear form on a Hilbert space V and f be a
bounded linear form on V', then there exists a unique uw € V such that

a(u,v) = f(v) VYoveV. (10.45)
Further, for all f € V, we have

1
lullv < ~11fllv (10.46)

where « is the constant from the coercivity bound.
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10.7 Qual Problems

There is one finite element problem on every qualifying exam. Generally it is the last problem, #7.
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