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ADEs Solutions Alejandro Cantarero

’ Spring 2006, #2 ‘ Consider an initial value problem for the Korteweg-deVries equation

Ut + Uggy + Buu, =0, z€R, t>0, u(z,0)=d¢x).

Show that the following are conserved quantities for the KdV equation (you may assume that the function
u(x,t) vanishes as |z| — oo, together with all of its derivatives):

o Mass:
e Momentum:

e Energy:
> /1
/ (uw(ac,t)2 - u(:c,t)3> dx
Coo \ 2

To show that each quantity is conserved, we simply demonstrate that it does not change in time (that
is, when we differentiate with respect to t, we get that the quantity is zero). We start with mass:

at/u(a:,t) dx:/é)tu(x,t)
R R
= —/ Ugpe + UL, dx
R

R
= Uy [P + 30X =0

Momentum:

at/uz(x,t) dmz/Quut dx
R R
= —/ Qg zy + 6uuy dz
R
= / Qip gy — 2(u?), dr —M;
R
_ /(ug)z (), dr
R

= [u2 72u3}oo =0.

T —00

0

And finally, energy:
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Up Uyt — 3u2ut

9, /R (;uz(x,t)z—u(a:,t)?’) do

Ug (U)o — 3u2(7umz — Guu,) dx

Uy (—Uggae — OUUL, — 6ui) + 3ulUpps + 18U, dz

9
UggUgps — OUULUpy — 6ui + 3wty + §(u4)x dz

9
Zu? ) + 6(uty) gty — 6u> — 3(u?)pUpy + §(u4)$ dx

9
2”:690) +%+M_%—M+ 5(”4)1; dx
x

I
D S — S —

and hence all the quantities are conserved.
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Spring 2006, #3‘ Let 0 < L < oo and let 0 < p(z) € C*([0,L]). Consider the following initial-
boundary value problem on (0, L) x (0, c0):

{atu = 0 (p(@)0w),  (2,1) € (0,L) x (0, 00),
(‘T 0) (;5(.7;‘), axu( ) = 8zu(L7t) =
with ¢ € C*°([0, L]). Compute the limit of u(z,t) as t — oc.

Let’s start by looking at the operator L = 9, (p(x)0,,). We wish to demonstrate that this operator has a
set of eigenfunctions that form a basis for L?([0, L]). Let’s check to see if L is self-adjoint in this space. For
notational simplicity, let’s call [0, L] = D. Note all boundary terms will vanish when integrating by parts
since 1, (0,t) = uy(L,t) = 0.

(Lum):/D(“)m(pamu)v

= /puacvw
/ Oz (pvg)u

(u, Lv)

Since L is self-adjoint, we have that the eigenfunctions of L form a basis for L?(D). So, let’s write a solution
to the PDE in the eigenfunctions, ¢y, (z).

= Z an(t)d)n(x)

Plugging into the PDE, we find that

Zafn(t)(bn(m) - an(t) m( ( m(bn Za - A a'n( )¢n( ) =0

and hence

al (t) + Apan(t) = 0.
So, an(t) satisfies the above ODE, which has solution

an(t) = cet

with ¢ coming from the initial condition u(z,0) = ¢(x) = >_7° | bpdp(x) with b, = [, o( . So, we
have that a,(0) = b, = c. So,

= i bnerton ()

n=1
In order to determine the behaviour of the solution, we need some more information on the eigenvalues.
Consider,

(Lu — Au,u) (pug)zu — Au?

—pu? — \u?

Oo\b\

and so
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A/uQZ—/pui
D D

A\ = *po’U,Z
Jpw?

<0.

So, we have that all of the eigenvalues are non-positive. Any term in the series with A,, < 0 will go to zero
as t — 0o. We need to see whether 0 is an eigenvalue of T (we rename the operator here since L is now
referring to too many different objects). Choose ¢1(z) = ﬁ (so that it has norm one on L?(D)), then
(p(¢1)z)z = 0 and hence ¢4 (x) is an eigenfunction corresponding to Ay = 0. Then, we have that

tlim u(z,t) = bie’Mtp(z)
TOL1/2

_ Jpola)
o)
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Spring 2006, #4 ‘ Consider the initial value problem of the form

dy

— = , 0) =0.

o =W w0
Show that there exists a continuous function f : R — R with f(y) = 0 precisely when y = 0 and such that f
does not satisfy the Lipschitz condition in any neighborhood of 0, while the uniqueness for the initial value
problem holds.

Consider the function f(y) = —|z|'/2. Clearly f : R — R such that f(0) = 0 and is continuous. Also, we
have that f(y) is not Lipschitz at zero. Further, we have that y = 0 is a stationary point for the ODE and
this is a stable fixed point. Given an initial condition of y(0) = 0 (starting at the stationary point), we have
that the solution will never leave the stationary point, and hence we have uniqueness.
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Spring 2006, #6 ‘ Let Q C R™ be a bounded, open, and connected set. Suppose that u € C2(Q)NC(Q)
is a solution of

Au+ Zak(x)% +e(z)u=0 inQ
k
k=1

where ay,(z),1 < k < n, and c(x) are continuous in Q, with ¢(z) < 0 in . Show that u = 0 on 9 implies
that «w = 0 in Q.

To show this is true, we need to prove the maximum principle for elliptic operators. We will demonstrate
this case by showing first that max« < 0 and then minu > 0. Suppose the maximum occurs on the interior of
the domain, then we have an 2o €  such that u(xg) > u(x) ¥V 2 € Q and hence that u(zo) > 0. Furthermore,
we also have that 8‘?7’; =0Vk=1,...,nand Au <0 at . In order for u to satisfy the PDE, we then must
have that ¢(xo)u(xg) > 0 and since ¢(z) < 0 in €, we have that maxu(z) < 0.

Similarly, let’s suppose the minimum occurs inside the domain, zy € ). Again we have that 6671; =
OVEk=1,...,n, but now Au > 0 at xzyp. Now to satisfy the PDE we need that c(xzg)u(zp) < 0 which gives
us that minu(z) > 0. Combining these two results, we then have that v = 0 in .
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Spring 2006, #7 ‘ Let Q C R™ be a smooth bounded domain and let f € C(Q). Find the minimum of

the functional
B = | (;i(%)z—ﬂw)u(x)) dr

k=1

on the space of smooth functions in £, subject to the constraints

ulog =0, / u(z)dr = A,
Q

where A is a given constant. You may assume that a smooth solution of this problem exists. You may also
regard the solution of

Aw=hinQ, wlpgg=0
as known, for any h € C(9Q).

We wish to minimize E(u) subject to the constraint G(u) = [,u dx — A = 0. The minimum ug must
then satisfy

E'(ug)v = MG (ug)v

for some A € R and all v. So, let’s start by computing the derivatives E’'(u)v and G’ (u)v.

E(u+ev) — E(u)

E'(u)v = lim
e—0 €
:liml/ lzn:(a (u+ ev)? — f(u+ev) | — lzn:(a w)? = fu dx
—0eJa\2i— " 2= o
= ling)l/ %ZW—&— 260, U0z, v + €2(0y,0)? — (O] — fd — efv + fd da
TheJesi T

= iaxkuﬁzkv—fv

Qg1

:/QVu-Vv—fv
:/Q—Auv—fv—i- - ~Vu)
:/Q(—Au—f)v.

0

1
Guv=lm- [ u+ev—A—-u+A

e—0€ Jo

:/Q“

So, we then have that

E'(u)v — AG'(u)v = /Q(—Au —f=Nv=0

Taking v = u, we have that
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|Vaul|? — fu— =0
Q

and hence that

)\/u:/f|Vu|2+fu
Q Q

7 Jo —IVul* + fu
=

fQ —|Vu|* + fu

Taking A = inf,,
aking in 1
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Fall 2005, #2 ‘ Consider the two point boundary value operator L defined for u = u(z) by

Lu=vu"+u —a(l+2*)u

defined on the interval = € [0, 1] with boundary conditions

u(0) =u(l) =0

and a > 0. Let A\,9 be the eigenvalue of smallest absolute value for L and let uyy be the corresponding
eigenfunction. Do the following:

(a) Find an inner product in terms of which L is self-adjoint.

(b) Show that A\, < 0.

(¢) Show that |A40| is an increasing function of a; i.e., if 0 < a1 < ag, then [Aq,0] < [Aas0l-

(a) We will assume that L is self-adjoint in some weighted L? inner product space, and search for the
weighting function, ¢. So,

1
(Lu,v)p = /0 (W +u' — a(l + 2*)u)ve

_ /0 ' (v8) + o' (v8) — a(l + 22)u(v)

= —/01 u (vo)' —&—u/’mﬁﬂ;{)/ol u(ve)’ +M—O/Ol a(l + z?)uve
-/ (w0 otV / u(es) — [ a1 o

1
0
1
= / u(v' ¢ +vd) —u@'¢+ve') — a(l + z*)uve
0

1
= / w(@" ¢+ 20'¢" +v¢") —u(v'¢ + vd') — a(l + 2%)uve
0

1 / " /
:/0 (v"—|— {2(;5—1} v+ {i—i—a(l—&—xz)} v)u(b

In order for L to be self-adjoint in this inner product space, we need that 2% —1=1and % — % = 0.
These leads to the constraints: ¢’ = ¢ and ¢” = ¢ which we can satisfy by choosing ¢ = e*.

(b) To simplify notation, let A = Ay and u = u,0. Consider
Mull = u,u)g
= (Lu, u)y

1
= / (" +u' —a(l + z?)u)ue”
0

1 0 1
— —/ u' (ue®) + lue™ Tt / u'ue® — a(l+ z*)u?e”
0 0
1
= / —u'(u'e” + ue®) + u'ue” — a(l + z?)u®e”
0
1
= —/ (|)? 4 a(1 + 2*)u?)e”
0
<0

and so we can conclude that \,g < 0.

10
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(c) Recall that the eigenvalue A, is given by
(Lu,u)g
(ua u)¢ .

In part (b), we have shown that (Lu, u), is decreasing with respect to a. So clearly for as > a3 > 0, we have
that A\g,0 < Ag 0 < 0 and hence |Aq, 0| < |Aas0]-

)\aO = inf

11
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’Fall 2005, #7‘ Find the (entropy) solution for all time ¢ > 0 of the inviscid Burgers equation u; +

% (u2)T = 0 with initial condition

0, r<—1
(e, 0) = x+1, —-1l<z<0
' 1—iz, 0<2<2
0, x> 2.

Winter 2005, #2 ‘ Let ¢ € C'(R?). Solve the following Cauchy problem in R3,

{xlazlu + 22905,u + Oy, u = 3u,

u(r1,22,0) = ¢(21,72).

The characteristic equations for this PDE are

dxl dxg
— =z — =7
dr b dr >
dxs du
e e 1
dr ’ dr ’
with T' = (s1, 82,0, ¢(s1, $2)). These ODEs have solutions
r1 = cre’, To = co€”
r3 =T+ c3, u=cqe’"

where we can find the constants ¢; from I': ¢ = s1, ¢ = 2, ¢3 = 0, and ¢4 = ¢(s1, $2). From here, we see
that 7 = x3 and s; = z;e~*3 for ¢ = 1,2. Plugging these relationships into our equation for u, we find that
the solution to the Cauchy problem is given by

(1, 2o, x3) = G(r1677%, Loe ™) 33,

12
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Winter 2005, #6‘ Find the Fourier transform of the integrable function x — sin? x/z2.

—

We start by looking at the Fourier transform of f = smx since f2 = f * f We begin with the
observation that sinz = ix sinx. So we start by computing the Fourier transform of sin .

F(sinz) = / sin ze 2™ dx

1
/27 —11)6—271'1;5 dr

1,3: 2mixé —m—27rixf dx

/ —271'1:E % _6—2771’17(5—1-%) dr
1 1
“5 (e 5) (e 50

by the fact that F(1) = §(¢). Also recall that F(zg(z)) = —5= %§. So, we have that

and hence

F (; sinx) = —2772'/ F(sinz) d

/ H ) ( )]

1\9"_l

1
— m T orm S — 271'
0 otherwise =

Finally, we have that

xZ
om?t+2r —Ll<e<o
=q-2r%+2r 0<E< T
0 otherwise.

13
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Winter 2005, #7‘ Consider an autonomous system in R™, 2/(t) = f(x(t)) where f = (f1, fo, .-, fn)
is a smooth vector field, such that

Zxkfk(x) <0 forx#0.
k=1

Show that z(t) — 0 as ¢ — oo for each solution of the system, independently of the initial condition x(0).

Let V(z) = |z[>. Then V*(z) = VV - f =z - Vo < 0. So, we have that V(z) is positive definite and
V*(x) is negative definite. Also we have that the set {x : V*(z) = 0} = {0} and hence 0 is the only invariant
subset. Then, by Lyapunov’s theorem, the zero solution of system is globally asymptotically stable and so

solutions tend to zero for any initial condition as t — oo.

14
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Fall 2004, #3 ‘ Let us consider a damped wave equation,

U|t=0 = Uo, 5’tu|t=o = Uuj.

{(af —A+a(@)d)u=0  (2,t) ER3 xR,

Here the damping coefficient a € C§°(R?) is a non-negative function and ug,u; € C§°(R?). Show that the
energy of the solution u(x,t) at time ¢,

1
Bt =4 /}R3(|vmu|2 + [0ul?) da

is a decreasing function of ¢ > 0.

We look at the time derivative of the energy. Note that since ug and u; are in C§°(R?) we have that
u € C&°(R?) at time ¢ since the wave equation has a finite propogation speed. This then gives us that the
boundary terms will vanish when we integrate by parts.

dE
—_ = / Vu - Vut + UpUgt dx
dt R3

:/ —Auuy + upug dx
RI}

(ug — Au)uy dx

\

R3

/ —a(z)u)uy dx
R3

= —/ a(x)u? dr <O0.
R3

15
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Fall 2004, #4‘ Prove that each solution (except x; = x2 = 0) of the autonomous system

zh = x4+ 1 (2% + 23)
xh = —x1 + z2(2? + 23)

blows up in finite time. What is the blow-up time for the solution which starts at the point (1,0) when ¢t = 0?

Let r = 2% + x3. Then

v = (22 4+ 23) = 2(z12) + zo2h)
= 2(zo1 + x3(2F + 23) — w12 + 25(2F + 23))
= 2(1‘1 + 502)2

=272,

Now we can solve this ODE r’ = 2r2 by separation of variables.

dr
1

——=2t+c
r
B 1
2t+c
So we have that solutions blow up in finite time, specifically at ¢ = —£. The solution which has (z1,z2) =

(1,0) at t =0 has r = 1 at ¢t = 0. Plugging this into our solution, we find that ¢ = —1 and hence the solution
for this initial condition blows up at t = %

16
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Fall 2004, #7‘ Consider the partial differential equation

g +up +u=0, (zt)€R%

e Find the particular solution that satisfies the condition u(0,t) = e~ 2.

e Show that at the point (z,t) = (1/9,In 2),u = 1/3.

For this problem, the characteristic equations are given by

dz dt 1 du
— =U _—— — = —U

dr Todr Todr

with boundary condition given by the curve I' = (0, s,e~2%). We start by solving the two equations that are
not coupled (those for t and u), finding that t = 7+ ¢; and In u = —7 + ¢2. Using our data, T', we find that

c1 = s and ¢y = —2s, giving us

t=7+s u=e Te %,
Plugging this solution for w into the ODE for z, we find ‘é—f = e~ "e~ 2% has solution x = —e~Te" 2% + c3 with
c3 = e~ 2%, so we have that
5= 7677—6728 + 6725

from which we conclude that

1
e’ = B (e_t + Ve 2t 4 42)
and hence
u=e (THs)eg=s
e~tes

1
= ieft (eft + e 2t 4 42) .

Now we evaluate the solution at (z,t) = (1/9,1n 2).

o
g

17
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’Winter 2004, #2‘ Let C?(Q) be the space of all twice continuously differentiable functions in the

bounded, smooth, and closed domain Q C R2. Let ug(z,y) be the function that minimizes the functional

// l(au T,y > n (W)Q +f(x,y)u(x,y)] d“Ud?H-/aQ a(s)u?(x(s),y(s)) ds,

where f(z,y) and a(s) are given continuous functions and ds is the arclength element on 92.
Find the differential equation and the boundary condition that ug satisfies.

To find the differential equation that ug satisfies, we look for the Euler-Lagrange equation for D(u), given
by D'(u)v = 0 for all v € C%(Q). So,

D' (u)o = lim D(u+ ev) — D(u)

e—0

= lim — // (u+ ev))? + (9y(u+ ev))? + f(u+ ev) — (Opu)? — (Oyu)? — fu dzdy

e—0 €

+7/ a(u + ev)? — au® ds
o0
_22%6//W+2€auav+e 020)? + (D) + 260, udyv + E(9y0)? + S+ efv
— (D) — W %dxdy—i— M—l—Qaeuv—i—eav —ata? ds
—hm//23 0z v + 20,udyv + €(9,v)* + €(0yv)? —|—fvdxdy+/ 2auv + eav? ds
a0
://2Vu-Vv+fvdxdy+/ 2auv ds = 0.
Q o0

Integrating by parts once, we find

D'( v—// 2Auv+fvd:cdy+/ n - Vuv + 2auv ds

// 2Au—|—fvdxdy—|—/ (n-Vu+2au)v ds = 0.
This then tells us that ug satisfies the PDE

—Au:%f, in
n-Vu+2au=0 on 0f.

18
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Fall 2003, #2‘ (a) Let ©; and Qs be two smooth sets in R? with Q; a (strict) subset of €. Let

—X; and — A2 be the smallest (i.e. least negative) eigenvalues for the Dirichlet problem on € and s, with
eigenfunctions ¢ and ¢, respectively. That is

Apr = —M¢1 in Yy
Apa = —Xdao  in Qo
¢1 =0 on 9
¢ =0 on 0

Show that A1 > Ao > 0. Hint: Use the variational characterization of the smallest eigenvalue A for a set Q2
that A = min, [,(Vu)?dzdy/ [, u*dxdy.

(b) Suppose € is a smooth set in R? with mirror symmetry about the y axis; i.e. if (z,y) € Q then
(—z,y) € Q. Let ¢ be the eigenfunction for the Dirichlet problem on Q with the smallest eigenvalue. Use
the result in (a) to show that ¢(z) = ¢(—x).

19
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]Fan 2003, #3 \ The function

WX, T) = (47T) 2exp(—X2/AT)

satisfies (you do not need to show this)

hr = hxx.

Using this result, verify that for any smooth function U

u(z,t) = exp <Z1’>t3 - :ct) /OO U(&)h(z —t* — &, t) de

— 00

satisfies

Ut + TU = Ugy -
Given that U(z) is bounded and continuous everywhere on —oo < z < 0o, establish that

o0

lim [ U@~ &) d§ = U(x)

and show that u(z,t) — U(z) as t — 0. (You may use the fact that [ e=¢ d¢ = V)

We start by computing the appropriate derivatives of u, noting that h is a function of the variable h(z,t).

ug = (t* — x) exp (;t3 - xt) /_Z U(&)h d& + exp (;’t?’ - mt) /_Z U(&) [(—2t)hy + hy] dE
Uy = —t exp <;t3 - xt) /00 U(§)h d€ + exp (;t?’ — xt) /Oo U(&)h, d€
Ugy = 12 €xp <;t3 — xt) /OO U(&)h d€ — 2t exp (;ﬁ — :ct) /Oo U(&)h, d€ + exp (;t?’ - xt) /Oo U(&)hge dE

Let’s condense notation a bit, by letting g = %t?’ — xt. Plugging all these functions into us; + xu — Uz, = 0,
we find that

(t? — x)eg/RU(f)h d¢ — 2teg/Rhm ¢ + eg/RU(é“)ht dg +xeg/

R

Ule)h de — et [ Ul dg

R

+2ted | U(&hy déE—e9 | U(&)hyy d
te / €3] §—e / €3] 3
_—(t2—x+x—t2)/

R

U()h de + (2t — 2t)/

R

U(&)he d§+e9/

R

U(€)hade — e / U(E)hay de

R
=0

since hy = hg, and hence u(z,t) satisfies the PDE. For the second part of this problem, we have that this
statement will be true if h(z — &,t) — 6({ —x) as t — 0 since [, U(£)0(€ — ) d§ = U(x). Let’s verify that
this is indeed the case.

ﬁ /R U(€)exp (—(z — €)2/4t) de

We now make the substitution z = (z — ¢)/v/4t. Then dz = —% and &€ = x — v/4tz. So we get that

20
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1

m/_o;U(f)eXp(—( 2/4t) dé = /Oo Uz — VAEz)e™
[ U= Ve

E\

Now, taking the limit as ¢t — 0, we get

. 1 2 _ 1 2
}g%ﬁ/RU(xf\/éltz)e dz = —ﬁ/RU(x)e dz
1 / .2
=—=U(z) | e* dz
7w J,

1
™

=U(x).
Now we look at the expression for u(x,t). Here, we use the change of variables z = r_\;;%_& which gives us
that dz = — 45 as before, and ¢ = x — t? — \/4tz. So, as in the previous problem, we have that the limit

\/77
of the integral quantity approaches U(xz) as ¢ — 0. We also have that lim;_gexp (3¢* — at) = 1, so we can
conclude that u(z,t) — U(x) as t — 0.

21
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Winter 2003, #1 ‘ For the ODE

utt:u?’—u

find and analyze the type of the stationary points and draw the phase plane diagram. Identify any connections
between stationary points and any regions of periodic orbits.

We start by letting u; = u and us = u;. Then, we have that

Ull = Uz = fl(UhUQ)

u/2 = u:1’> — Uy = Ul(uf — 1) - f2(u17u2)

where the prime indicates differentiation with respect to t. This system has three stationary points at (0, 0),
(1,0), and (—1,0). If & is our critical point, then the Taylor expansion has the form

uy = f1(€) + 0u, [1(§) (w1 = &) + Ou, [1(§) (u2 — &) + HO.T.
uy = f2(€) + 0u, f2(§) (w1 — &) + Ou, f2(8) (u2 — &2) + HO.T.

where 0y, f1 =0, Ou, f1 = 1, Oy, f2 = 3u? — 1, and 9, fo = 0. This then gives us

uy = (ug — &) + HO.T.
uhy = (262 — 1) (uy — &) + HO.T.

(1 _ 0 1 up — 51
<u2>t B (35% -1 0) <u2 _ 52) +HOT.

The point (0,0) corresponds to the matrix (_0

or

1 é) which was eigenvalues

‘—A 1

— )2 — — 4
] _)\‘_/\ +1=0=\=

indicating that (0,0) is a center. Now, the points (1,0) and (—1,0) result in the same matrix, (g é),

which has eigenvalues
-2 1 9
’2 )\‘——)\—2——0:>i\/§

and hence (1,0) and (—1,0) are both saddle points. We will need the eigenvectors in order to sketch the
phase plane, so for v/2 we have

(7 ) () -o- (e
V2

So 1 = Sxe = x2 = 1 and 11 = % and hence the eigenvector (corresponding to the unstable manifold)

t
is <%, 1) . The eigenvector corresponding to the stable manifold can be found from
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(\@ 1 ) <x1> \@1714-:172 =0
=0=

2 V2) \z2 221 + v2x9 = 0.

V2

t
So we have that 1 = =%~ = 2o = 1. Then z; = —% and the eigenvector is then (—%, 1) .

N /

\ A
£ "\ \ /\
\“Qﬁiﬁjﬁ,

As we can see in the phase diagram, the stationary points (—1,0) and (1,0) are connected. In addition,
any value of u inside the outter two stationary points, that is —1 < u < 1, we have periodic orbits.
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Winter 2003, #2 ‘Let L be the second order differential operator L = A—a(z) in which = (z1, 22, x3)

is in the three-dimensional cube C' = {0 < z; < 1,i = 1,2,3}. Suppose a > 0 in C. Consider the eigenvalue
problem

Lu=MXu forxeC
u=20 for x € OC.

(a) Show that all eigenvalues are negative.

(b) If u and v are eigenfunctions for distinct eigenvalues A and p, show that u and v are orthogonal in
the appropriate inner product.

(¢) If a(x) = ai(x1) + az(x2) + as(x3), find an expression for the eigenvalues and eigenvectors of L in
terms of the eigenvalues and eigenvectors of a set of one-dimensional problems.

(a) Let’s take the inner product of the equation with its solution,

(Lu,u) = (Au,u)

/CAuu —a(z)uu = )\/Cu2
ﬂévwvuﬁéfyﬁwﬁfémwﬁzAlﬂ%

Now, we have that the eigenvalues are given by

_ —JoVu-Vu— [, a(z)u?
Jou?

_ _fc [Vul* + [, a(z)u?
Jou?

A

which are clearly negative.

(b) Let’s look at solutions to the weak form of the PDE (here w € Hi(C)),

b(u,w) = /CVu -Vw — a(r)uw = )\/Cuw.

Since v and v are both eigenfunctions of the operator L, we have that the above weak form must be satisfied
for each both u and v (that is, in the above equation we can let u = v and A\ = p). Further, since u,v € Hg(C),
we have that the weak form is satisfied for both w = u and w = v. Now we have that

b(u,v) :)\/Cuv
MumZMLML

Subtracting these equations from each other, we have that

A—p) /C wv = b(u,v) — b(v,u)

= / Vu - Vv — a(z)uv — / Vv - Vu+ a(z)uv
c c
=0.

However, A — p # 0 which implies that fc uv = 0 and hence u and v are orthogonal.

()
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Winter 2003, #3‘ Let © be a smooth domain in three dimensions and consider the initial-boundary
value problem for the heat equation

=Au+f forxeQ t>0
Ou/on=0 forzedQ, t>0
u=uy forxeQ, t=0

in which f and ug are known smooth functions with

dug/On =0 for x € ON.

(a) Find an approximate formula for u as t — oo.
(b) If ug > 0 and f > 0, show that u > 0 for all ¢ > 0.

(a) Let’s look for a solution that is a linear combination of the eigenfunctions, ¢, (x), of the Laplacian,

=3 an()én(a)
n=1

Let’ s also expand the non-homogeneous part in the eigenfunctions, finding f = > 7, fn¢n(z) where f,, =
Jo J( ). Plugging this form of the solution into the PDE, we find

Z a/n(t)d)n(x) — an(t)Apn(r) — fndn(r) =0

n=1

from which we have

a”ll’L(t) + Anan(t) - fn =0.
Solving this ODE with an integrating factor, we find that

a(t) = [y,

—en (fon )

_ I Ant
)\n +ce”

By also expanding the initial condition in the eigenfunctions, ug = Y~ | un¢y, (), we find that

and hence that ¢ = u,, — 4. So, we can now write our solution as
n

=3[t (= £2) ] o,

Now taking ¢t — oo, we find
= f
thjgou x,t) g_ )\—

(b) Recall that for u,v € C%(Ur) N CY(Ur), where Ur = Q x (0,T), we have the Neumann comparison
principle. That is, if the following hold
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u—Au—f>v—Av—f forxeQ, t>0
du _ Ov
— > — Q
5 = 2 orx € t>0
u>v forx e, t=0
then we have that u > v for all (z,t) € Ur. So, let’s choose v = 0 for all . Then ug > 0 = vy and
Oy,u=02>0=0,v. So, we need that

up—Au—f=>—f

holds in order to use the comparison principle. But we have that

w—Au—f=0>—f

so the Neumann comparison principle holds and we have that v > 0 for ¢ > 0.
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Winter 2003, #5‘ Find a solution to zu, + (x + y)u, = 1 which satisfies u(1,y) =y for 0 < y < 1.
Find the region in {2 > 0,y > 0} where u is uniquely determined by these conditions.

The characteristic equations for this PDE are
dx dy L du
— =X — =X _— =
dt dt Yooat
with T' = (1, s, s). We start by solving the decoupled equations (those for x and w):

1

x:clet u=t++ co.

Using our initial data, we find that ¢; = 1 and c; = s. Given that z = e, we now solve the equation

% = ¢! + y using an integrating factor. In this case, the integrating factor is given by e~/ 19 = ¢~ 5o we
find that ety =t 4+ c3. Our initial data then gives us that c3 = s. So, we find that

r=cel u=t+s y=(t+s)e.

From these equations, we see that y = ux and so our solution is given by

U= —.
xT

To determine where the solution, w, is uniquely determined, let’s look at the characteristics is the xy-
plane. Above, we found that ys = te' + se' = zln z + sz for s € [0,1]. Recall that our boundary data is
given on x = 1 and 0 < y < 1. This initial data then traces out a region in the xy-plane, according to the
characteristics, in a manner as shown in the sketch below.

The boundaries of this region are given by yg = zln z and y; = x 4+ zln x. Note that interior to this
region, we can always find ¢ and s in terms of  and y since

t

¢ 01 _oet 20,

T let +tet +set e

Ty Ts
Yt Ys

Further, the characteristic for u will only produce a singularity if x = 0, which can clearly not occur for ¢ > 0,
so we have that the solution is unique in the region defined by {(z,y): 2 > 1 and zln <y < z + zln z}.
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Winter 2003, #8‘ (a) Consider the damped wave equation for high-speed waves (0 < € << 1) in a
bounded region D

e2utt + Uy = Au
with the boundary condition u(x,t) = 0 on the boundary of D. Show that the energy functional
E(t) :/ u? + |Vul? dx
D
is nonincreasing on solutions of the boundary value problem.

(b) Consider the solution to the boundary value problem in part (a) with initial data u¢(z,0) = 0, u$(z,0) =
e~ *f(z), where f does not depend on € and a < 1. Use part (a) to show that

/ |Vus(z,t)|* de — 0
D

uniformly on 0 <t < T for any T as € — 0.

(c) Show that the result in part (b) does not hold if @« = 1. To do this consider the case where f is an
eigenfunction of the Laplacian, i.e. Af + Af = 0in D and f = 0 on the boundary of D, and solve for u¢
explicitly.

(a)

oFE = / 2¢2uuyy + 2Vu - Vg dx
D
= 2/ €2Ututt — Auut
D

= 2/ (e2utt — AU)Ut
D

:2/(—ut)ut

D

:—2/ u? <0
D

So we have that the energy is non-increasing.

(b) Initially, we have

E(O):/DeQ (us (2, 0))% + [Vus(z, 0)[2 dz

- [ e say
=0 [ f

Note that [,, [Vu(z,t)|* de < E(t). Since o < 1, we have that E(0) — 0 as € — 0. Further, since E(t) is
non-increasing, we have that E(t) — 0 uniformly on 0 <t < T as e — 0. Since [, |[Vu(z,t)[* dx is bounded
by E(t), we also have that [}, [Vu(z,t)|? dz — 0 uniformly as € — 0.

(c) Let {¢n(z)} be the eigenfunctions for the Laplacian. Let’s write u® as u®(z,t) = > oo an(t)pn ().
Plugging this into the PDE, we find
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o
I

Eal)(t)dn () + @), () pn () — an(t) Ay ()
= 62@;1“)¢n(x) + a%(t)¢n(x) + Anan(t)¢n(x)
e2a’ (t) 4 al, (t) + Apan(t).

—1++/1—4e2)\,

The characteristic equation for this ODE is €2r? + r + A, = 0 which has roots T2 = 9¢2
€

Since € << 1, we shall assume both roots are real. So, we have that

an(t) = cre™t 4 cpe™t.
Consider the initial conditions, u¢(z,0) = > | a,(0)¢y, (z) = 0 which implies that ¢; + co = 0. The second
condition is given by uf(z,0) = >_°° | al,(0)¢,(z) = e ! f(z). Note that since f(x) is an eigenfunction of the
Laplacian, we have that a’(0)¢;(z) = e~ f(z) for some i and further that all the other a/,(0) = 0 and hence
a,(0) = 0 for n # i. So, we have that ¢; = —cy which we shall simply call ¢ and then

cry — Cro = et
1

=c=—.
e(ry —ry)

So, we have that

. € 71+\/17452>\t € —1—\/1—452>\t
S e W v S Y vy S f@).
Now we need to look at [, |[Vu(z,t)|* du,
T a2
/D |vu6(x7t)|2 dx = /D (Jlewe = 2:2 =2t — ﬁe : 2‘12 - At) |vf|2 dx

2 2
€ —14+/1—-4e2 X —1—4/1—-4€e2)
(e 27 e 2z ! IVfI? du.
D

T 14

Not sure where to go from here. Finding everything converging to zero as € — 0.
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Fall 2002, #3 ‘ Consider the first order system

Ut + Uy + 0, =0

Ve + Uy — v, =0

on the domain 0 < ¢t < 0o and 0 < < 1. Which of the following sets of initial boundary data are well posed
for this system? Explain your answers.

(a) u(x,0) = f(x),v(z,0) = g(x)

(b) u(z,0) = f(z),v(x,0) = g(x),u(0,t) =

, h k
(¢) u(z,0) = f(z),v(x,0) = g(x),u(0,t) = h(x),v(1,t) = k().

We are going to find the characteristic equations needed to solve this system and then use these to
determine what data is need for well-posedness. We start be decoupling the system

1 1
wt+<1 _1>wz—0

where w = (u,v)!. The eigenvalues of the coefficient matrix, A, are given by

‘1—/\ 1

R e R R e e SR CLSC I

and hence A\ o = ++/2 with corresponding eigenvectors given by

{(1 ~ Nzt =0 {(1 — A7y = —29

= v = (142, 1)"
xr1 — (]. + )\){172 =0 T, = (1 + )\)x2 V1,2 ( 1,2 )

If P= (111 1;2) and we let z = P~ 1w, we then have that our decoupled system is given by

2zt + ANz, =0

with A = (? —(\)/E) and zp = P lwy. Let’s look at the characteristic for z = (z1,22)!. We have

(z1): + v2(21)2 = 0 and (22); — V2(22), = 0. Here we see we have characteristics traveling in both the
positive and negative x directions and forward in time, indicating that we need initial data specified along
t = 0 for both 2z; and 29 and boundary data on the left boundary for z; and the right boundary for z,.

This results in both (a) and (b) being ill-posed, because they do not have boundary data specified along
both boundaries. The conditions given in (c) give a well-posed problem since data is specified everywhere
where we need data for the characteristics.
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Fall 2002, #6 ‘ The temperature of a rod insulated at the ends with an exponentially decreasing heat

source in it is a solution of the following boundary value problem:

Opu = O2u + e ?*g(x) for (z,t) € [0,1] x RT,
0,u(0,t) = O,u(1,t) =0, and u(z,0) = f(z).

Find the solution to this problem by writing u as a cosine series,

oo
= Z an(t) cosnmx
n=0

and determine lim;_, o u(z,t).

Plugging the form of the solution into the PDE and letting ¢, () = cosnma, we find that we have

> al,(t)pn(x) — an(t)D2pn(z) — e 2'bugn(x) = 0.

Note that since ¢, (x) are eigenfunctions of the Laplacian (satisfying the appropriate boundary conditions),
we have that we can expand ¢ in the eigenfunctions and for A,, being the eigenvalues corresponding to ¢, (),
we have that

an (t) + A a”(t) —e b, =0
for each eigenfunction, ¢, (z), where b, f[o 1 () dz. We can integrate this ODE using an integrating

factor, in this case given by e*?, so the solutlon is given by

an(t) = e_’\"t/eMte_thn dt

/be’\‘2)tdt

— )‘n ()‘n72)
=e (/\ — 26 + c)

b
_ n 67,\,,Lt6>\"t6—2t + Cefxnt
A — 2
b
_ n_ =2t + ce~Mnt
Ap — 2

In order to find ¢, we look at the initial condition, u(z, O) f ( ). We can expand f(x) in the eigenfunctions,
finding that u(z,0) = Y07 | ¢,¢n(x) where ¢, = f[o 1 (x) dz. So, we then have that

b
an(O)—)\n_2+C—cn

giving us that
bn,

and finally, we have that

with )\, = n?72. The solution is then given by
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- — bn —92t by —Ant :
u(a:,t)—z 3¢ + a5 )€ COSNTTX.

n=1

Note that lim;_, o, u(x,t) = 0.
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Fall 2002, #8 ‘ Let D be a bounded domain in R?® with smooth boundary dD. Show that a solution
of the boundary value problem

A2u=f inDu=Au=0 ondD

must be unique.

Let u and v be two solutions to the biharmonic equation given in the problem statement. Let w = u —v.
Then w satisfies

A2w =0 in D
w=Aw=0 ondD.

We now demonstrate uniqueness using an energy method. Consider

/ Aww

D

— | VAw-Vuw —&-M
D

D
0
= [ 1a0f - | Gurtriu)
D
:/ |Aw|2.
D

This last equality tells us that Aw = 0 in D. So, we now have that w is harmonic in D and in fact, w
satisfies the equation

=
I

0

Aw=0 inD
w=20 on 0D.

So, proceeding as before, we have

0:/ Aww
D
0
—— [ wup+ [ wbrevay
D oD
:—/ |Vwl?.
D

Now we also have that Vw = 0 in D, which allows us to conclude that w is constant. Further, we know
w = 0 on 0D, so we have that w = 0 and hence u = v and so solutions to the biharmonic equation are
unique.
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Spring 2002, #1 ‘ (a) Find a radially symmetric solution, u, to the equation in R?,

1
Au = %log|x|,

and show that u is a fundamental solution for A2, i.e. show

#(0) = / ul%¢ dx
R2
for any smooth ¢ which vanishes for |z| large.

(b) Explain how to construct the Green’s function for the following boundary value in a bounded domain
D C R? with smooth boundary 0D

szandg—w:OOH(?D, A%w = fin D,

n

where 0/0,, denotes the normal derivative.
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’ Spring 2002, #2 ‘ (a) Given a continuous function f on R which vanishes for |x| > R, solve the initial

value problem uy — Uz, = f(x)cost,u(z,0) = us(z,0) = 0,—00 < z < 00,0 < t < oo by first finding a
particular solution by separation of variables and then adding the appropriate solution of the homogeneous
PDE.

(b) Since the particular solution is not unique, it will not be obvious that the solution to the initial value
problem that you have found in part (a) is unique. Prove that it is unique.

(a) We are asked to write our solution as u(z,t) = un(x,t) + up(x,t) where up(z,t) is the solution to
the homogeneous problem and wu,(z,t) is a particular solution. We start by noting that up(z,t) = 0, from
D’Alembert’s formula,

x+ct

u(wt) = 5gla ) +olo—ct) +5 [ hie) de

—ct
where g(x) = h(z) = 0, so we find that u(z,t) = ¢, a constant. However, we have that u(z,0) =0 = u(x,t) =

0. To find a particular solution, let’s use Duhamel’s principle, which tells us that u,(z,t) = fg U(x,t—s,s)ds
where U(z,t, s) satisfies

Utt - Uzz =0
U(z,0,s) =0
Ui(z,0,8) = f(x)coss.

For separation of variables, we assume that U(x,t, s) has a solution of the form U(z,t,s) = X (x)®(t)¥(s).
Plugging into the PDE, we find that

" (1) X (2)W(s) — X" (2)P(t)¥(s) =
' (0)X (z)¥(s) = f(x)coss

Now we have that q)((t’;) = );,(Ef)) = —\. The solutions to both of these ODE’s are then given by linear

combinations of sine and cosine functions,

d(t) = i ap cos(v/Ant) + by sin(v/Ant)

n=1

cn cos(v/ A\px) + dy, sin(v/ A 2)

NE

X(x) =

n=1

The initial conditions tell us that ®(0) = 0 = a,, = 0 and that ®’(0) =1 = b,V A\, =1 = b, = \/% We

also have that X (z) = f(z) = ¢, = [ f(x) cos(vVAuz) dz and d,, = [, f(z)sin(v/A,z) dz. So, we now have
that

Zr51n\/>t

= Z ¢ cos(y/Anz) + dy, sin(v/ A, )
n=1

U(s) =coss

with ¢, and d,, defined as above. Let’s consider using Duhamel’s principle to integrate this summation term
by term. Then for a fixed n, we get
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(un)p(x,t) = (cn cos(v/An) + dy, sin(\/xx)) /Ot \/1)\7 sin(y/An(t — s)) cos s ds

t
= (cn cos(v/ Anx) + dy sin(\/)\nx)) \/1)\7/ (sin v/ Ant cos v/ Ans — cos \/ Aptsin \/Es) CoS §
n JO

This is getting quite messy and no good. Easier way to approach problem, but I'm not going to go back
and fix it.

(b) Let u; and uy be two solutions to the PDE and define the energy as follows,
1 2 2
E(t)=- [ ui +u; dz.
2 Jr
Now let w = u; — ug, then w satisfies the PDE
Wit — Wy = 0
w(z,0) = we(x,0) = 0.
Then (note here boundary terms vanish when we integrate by parts since the initial data are zero),

d

—E(t) = / WiWit + WpWet dX
dt i

= / WiWyy — WegWy dT
R

= / wi (W — Wy ) dx
R

:/Od:v
R

which implies that F(t) = ¢, a constant. However, we clearly have that F(0) = 0 = FE(t) = 0 and hence
w = 0. So we have that u; = us and solutions to the PDE are unique.
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Spring 2002, #4 ‘ Use the Fourier transform on L?(R) to show that

du
%Jrcu(x)Jru(:vf H=f

has a unique solution u € L?(R) for each f € L?(R) when |¢| > 1, c € R.

The Fourier transform of the equation gives us

2mith + cii + e 2™Eq = f.
Solving for @, we find that

. /

v= 2mi€ + ¢+ e~ 2miE”
Let

~ 1

g =

2mi€ + ¢ + e=2mE’

then we clearly see that a4 = f g = f/@ So, we see that we will obtain a unique solution if the inverse
transforms of f and § are unique. This is guaranteed if we can indeed inverse transform these functions.
Clearly this is true for f since f € L?(R). So, now we need to verify that § € L2(R). So, let’s consider

1
A2
/|g| _/|2m§+c+e—2mf|2'

Just considering the denominator, we have that

12mi€ + ¢+ e 2|2 = (¢ + cos 2m€)% + (27€ — sin(2n€))?
= (¢4 cos 21€)? + sin? 27€ + 4n(w€? — € sin 27€)
> k+4n(ng® —¢€)

where k > 0 is a constant. So, we have that § € L?(R) and hence the equation has a unique solution.
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’ Spring 2002, #5 ‘ The following equation (Fisher’s equation) arises in the study of population genetics:

ur = u(l — u) 4+ Uy, on —00 < < 00, t > 0. The solutions of physical interest satisfy 0 < u <1 and

lim w(z,t) =0 lim w(z,t) = 1.
r——00 r—00
One class of solutions is the set of “wavefront” solutions. These have the form u(x,t) = ¢(x + ct),c > 0.
Determine the ordinary differential equation and boundary conditions which ¢ must satisfy (to be of
physical interest). Carry out a phase plane analysis of this equation, and show that physically interesting
wavefront solutions are possible if ¢ > 2, but not if 0 < ¢ < 2.

Let’s start by substituting u(x,t) = ¢(z + ct) into the PDE.

¢~ +6—¢* =0
with the conditions that lime,_ o ¢(§) = 0 and lime . ¢(§) =1 and 0 < ¢ < 1. In order to carry out a
phase plane analysis of this problem, we need to convert the second order ODE into a system, so let ¢1 = ¢

and ¢o = ¢'. Then we have that
() Gi)
o cp2 — d1(1 — 1).

This system has stationary points at the points (¢1,¢2) = (1,0) and (0,0). To classify the points, let’s
linearize the system about the fixed point a.

(ii;) B (1£2¢1 i) (EZ _Z;D

Now, to classify the points we need to find the eigenvalues. Let’s start with (0,0).

-1 ¢— A
ctVe?z -4
2

“A L ’:—)\(C—)\)—i-l:)\Q—c)\—i—l

so the eigenvalues are given by Ay = . This gives us three possible cases:

1. ¢>2
+vc2 -4
Ai — L >0
2
Unstable, improper node
2. ¢c=2
Ar =1

Unstable, improper node

3. 0<c<2

+iv4 —c?
)\i:%, with \/4—02>0

Unstable spiral

t t
V2 — 4 _J2_2
The eigenvectors for this problem (when Ay € R) are given by | 1, H;) and (1, H) .

Note that when ¢ = 2, the eigenspace contains only one eigenvector, (1,1).
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Now we look at (1,0),

ctVe2+4

N T B
'1 C)\‘—/\ —eA 1= A=

giving us that AL > 0 and A_ < 0, so we have that (1,0) is a saddle point with corresponding eigenvectors

t t
c++Vez 44 c—Ve2+4
L] and (1L, ——0——

. We sketch the three different cases below.

c oL

39



ADEs Solutions Alejandro Cantarero

’Spring 2002, #8‘ (a) Assume that D is a bounded domain in R™ with smooth boundary 9D and
outer unit normal v. Find a variational formula for the lowest eigenvalue of —Aw in D with the boundary
condition % + au = 0 on 0D, and show that the lowest eigenvalue will be positive or negative depending
on the sign of a.

(b) For the values of a which make the lowest eigenvalue positive, derive the following estimate for the
solution u of the boundary value problem —Au + k?u = 0 in D with 6“ +au =g on dD:

<C
max [u] < ang%X\gl,

where C, does not depend on k. Use maximum principle arguments.

(a) We begin by considering the eigenvalue problem

—Au=>M InD
%+au:0 on 0D.

Now, let’s look at the equivalent weak form of the problem. Take v € H} (D) where H},(D) is the space
of functions in H*(D) that satisfy the boundary condition above. Then,

/ —Auv = / Auv
/Vu VU—/ v(v - Vu)—)\/uv
oD
/ Vu - Vv—l—/ auv—)\/ uv.
oD
Clearly the solution, u, is in H} (D), so we let v = u and find

/\Vu\era/ u2:)\/u2
D oD D

Ip IVul? —I—afaDu
fDu2

and hence

A=

In particular, the lowest eigenvalue is then given by

Vul2 +a u
Al _ lnf fD | | > fBD
weH}L, (D) Jpu
Note that clearly if a > 0, then A; > 0. If a < 0, we are looking for a function that will minimize [}, |Vul|?
term, which will result in the boundary term driving the entire numerator negative, so we find that A; < 0.

(b) We start by writing the problem as
Au—FKku=0 inD
% +au=g ondD.

Since the function multiplying the term u (in this case —k?) is non-positive, we have that

maxu(x) < max u't(z)
z€D z€dD
where u™ (x) = max(u(z),0). Further, we see that max,cgp u™ (z) = max,cop (%g — é%, 0) < max;ecyp (597 0).

Note the last inequality is clearly true if u(x) is a constant. If u(z) is not a constant, then we have that at
the point where the maximum is attained on the boundary, zg, g—:j(ajo) > 0 (strong maximum principle). So,
we have that
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1
< - .
(o) < g (G0)

Now, we make the same argument on a solution v such that v = —u. The steps are exactly the same, only
we now obtain that

1
max —u(z) < max (—g,O)
zeD r€dD a

which allows us to conclude that

1
max |u| < — max |g|.
zeD a x€dD
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Spring 2001, #2‘ (a) Find the solution u = (u1(z,t), us(x,t)), (z,t) € R x R, to the (strictly) hyper-

bolic equation
1 0
Uy — (5 3> Uy =0,

satisfying (u1(z,0),uz(x,0)) = (exp(iza),0), a € R.
(b) Write the solution of the initial value problem in part (a) for general initial data

(ul (x’ O)a UQ(xa 0)) = (f(x),())

as an inverse Fourier transform. You may assume that f is smooth and rapidly decreasing as || — oo.

(a) We begin by diagonalizing the matrix A = (1 0 )

-5 -3
—-1-A 0
’ -5 3)\‘_(_1_)‘)(_3_)‘)—()\4-1)()\4-3)—0
So we have that A\; 2 = —1, —3 with corresponding eigenvectors

0 0\ [z _ B B 5\
(_5 _2> (@) =0= —5x1 =229 = v = (1,—2>
2 0 1’1 _ _ t
(2 90)(2) =02 va= 011

A0
0 A

and

Now we have u; + PAP~'u, = 0 where P = (111 Ug) and A = ( > . Setting v = P~ lu = (w, 2)*, we

now have a decoupled set of equations,

wy — Wy =0
2t — 32, =0
with initial condition vy = o =3 (5 o) uo= (5", 5e").
For w, we get the following characteristic equations

at 1 dr dw
dr 7 dr 7 dr
with ' = (075, %e““). So, we find that t =7, x = —7+ s, and w = %ei‘s“. So, s = z + t and we have that

w = %ei(x+t)a.

We have a very similar set of equations for z,

dt _1 dxr dz

e
with I' = (0,3, %eis“). This then gives us that t = 7, x = —37 + s, and z =
s =z + 3t so we get that z = 2¢*@+39e, Our solution is then given by u = Puv,

e’%. Here we find that

Nt
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ul(:c,t) _ ei(ert)a
_iez(m+t)a + §el($+3t)a
— Zelza (61325(1 _ e1ta) .

2

ug(x,t) =

(b) For this initial condition, let’s start by taking the Fourier transform of the PDE,

iy — A2mici = 0
with @g = (f,0). Then, we have that the solution is given by

and so our solution is given by
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Spring 2001, #4‘ The “Poincaré Inequality” states that for any bounded domain D in R™ there is a
constant C such that

/ |u\2dx§0/ |Vu|?dx
D D

for all smooth functions v which vanish on the boundary of D.

(a) Find a formula for the “best” constant (that means the smallest one that works) for the domain D
in terms of the eigenvalues of the Laplacian on D.

(b) Give the best constant for the rectangular domain in R:

Recall that the eigenvalues of the Laplacian satisfy

O</\1</\2§)\3§"'

By ¢;, we denote the corresponding eigenfunctions, which satisfy

Agi +Xip; =0 inD
¢i =0 on 0D.

Further, we note that for any smooth function vanishing on 9D, we can write u = Zfil a;¢;. Now, any
eigenfunction of the Laplacian will also satisfy the weak form of the above PDE, that is

o
I

/D Adigi + Xigid;

=—/DV¢1--V¢Z-+AZ-¢¢2+WO
[ o= [ joir
D D

Lo =5 [ 1vor
/D|¢z‘|2§/\il/D|v¢i|2

for all 7. Now, consider our function u = Zfil a; ;. We then have

So, in particular

and further
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2

|U2=/ a;ip;
Jot= f 2
§/ Z|ai|2|¢i|2

D=1
=Yl [ ot

i=1 D
<§j|a»|21/ Vo2
it M Jp

1 - 2 2
= — a;|*|V;

A/DZ 2V

1 o0
=<1 Vaii2
Al/p; i

Note here that we can make the claim Y oo, |Va;¢;|* = |> =, Va,;¢;] since the eigenfunctions are orthogonal.
So, this then leads to,

e =
2 2 2
ul” < — Va;p;|* = — Vul“.
Je <5, [ et =5 f v
(b) In this case, we know that the eigenfunctions are given by

G = SIN (—mms) sin (ﬂ>
a b

with corresponding eigenvalues
mm 2 nm 2
e (2 (5
a b

So, the smallest eigenvalue is clearly A1; which yields a constant of

for the Poincaré Inequality.
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’ Spring 2001, #5 ‘ (a) Show that the solution of the heat equation

Up = Ugy, —0o<x < oo

with square-integrable initial data u(x,0) = f(z), decays in time, and there is a constant « independent of
f and t such that for all £ > 0

2

a0 < 0t/ [ 17602 )

(b) Consider the solution p of the transport equation p; + up, = 0 with square-integrable initial data
p(x,0) = po(z) and the velocity u from part (a). Show that p(x,t) remains square-integrable for all finite
time

/ (e ) da < O / po(x)[? de
R R

where C' does not depend on py.

Let’s start by looking at the solution to the heat equation, given by

u(a, 1) = / &e-'ﬁ-y""/“ﬂy) dy.

Now we check to see whether the solution is bounded

1 2
= | [ et g ’
)| = | [ e B ) ay
1 ) 1/2
= Vit (/Re”l /4t> s

1 1/2
= = (Vam) Il

1

= gl e

Note that as ¢ increases, we have the bound on |u(x,t)| gets smaller and smaller (and indeed goes to 0 as
t — 00). Now let’s demonstrate the bound on |u,(x,t)|.
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Spring 2001, #7‘ Consider the following system of PDEs:

Ji+ fe= 92 - f2
g =9 =1 —g
(a) Find a system of ODEs that describes traveling wave solutions of the PDE system; i.e. for solutions
of the form f(z,t) = f(xz — st) and g(z,t) = g(x — st).

(b) Analyze the stationary points and draw the phase plane for this ODE system in the standing wave
case s = 0.

(a) Plugging in solutions of the form f(xz,t) = f(x — st) and g(x,t) = g(x — st), we find that

_Sf/+f/:g2_f2
2 _ g2
;9 —f
r= 1-s
—sg'—g'=f"—9g
g = fP=yg
—-1-3s
(b) When s = 0, we have
fI:gzifz
g =9-r

This system has stationary points when f? = g and g = f2. So, at (f,g) = (0,0), (

1,1) and (—1,1). We
may come back and carry out the phase plane analysis later.
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Fall 2000, #1 ‘ Consider the Dirichlet problem in a bounded domain D C R™ with smooth boundary

S,

Au+a(z)u= f(z) z€D
u=0 z €S

(a) Assuming that |a(z)| is small enough, prove the uniqueness of the classical solution.
(b) Prove the existence of the solution in the Sobolev space H!(D) assuming that f € La(D).

(a) Here we look at an energy argument to demonstrate uniqueness of the classical solution. Let u and
v be two solutions to the equation and set w = u — v. Then w satisfies

Aw+a(lx)w=0 z€D
w =0 x €l

Then we have

0 =/ Aww + a(x)w?
D

:—/D|Vw|2—&-/D(Jb(ac)w2
[ 1vut = [ awy?

< la@) [ o?

D
< [la(@)l|ooc | [Vw]?
D

and so

where ¢ is some constant coming from the Poincaré inequality. So, if [|a(z)[sc < % we must have that

fD |Vw|? = 0 and since w = 0 for z € S, we have that w = 0 and so the classical solution is unique.

(b) In order to demonstrate the existence of the solution in H!(D), we first need to find the weak
formulation of the problem. We start by defining the space H}(D) = {u € H'(D) : u = 0 on S}. Take

v € HY(D), then
/ Auv + a(z)uv :/ fv
D D

0
/DVu~Vv+a(:17)uv+M/va'

The Lax-Milgram Lemma gives us well-posedness of the weak formulation (and hence existence of the
solution in H*(D)). So, we need to show that the bilinear form is coercive and bounded and that the linear
form is also bounded. We begin by multiplying both sides of the weak form by —1 (needed to demonstrate
coercivity). We start by demonstrating boundedness of the bilinear form:

< [ 9u- Vol + o(@)l [ Jus
D D

< alVullz@)IVollLz ) + llallcocellull 2 ) 0]l 2 (D)

< dlul|grpyl|v] 1 (D)

/ Vu- Vv —a(z)uv
D

Now we consider coercivity,
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/DVU Vv — a(z)v? > /D |Vol? + /Da(x)v2

Note that in part (a) we demonstrated that

1
/ |Vo|2 > = / v?
D ¢Jp
where c is the constant from the Poincaré inequality, giving us
2 1 2 2
Vo-Vu—alx)v®> - [ v° = [ a(z)v
D ¢Jp D
1

L)

hence giving us coercivity of the bilinear form if |a(z)| is small enough, specifically we need X —~ > 0 where
v = sup,cp |a(z)|. Finally, we can demonstrate boundedness of the linear form,

/o

and so the conditions of the Lax-Milgram Lemma are satisfied and hence we have the existence of a solution.

< flle2collvl L2 oy

< clvllm )
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Fall 2000, #2 \ Consider the Cauchy problem

0
a—?—Au—i—uQ(m,t) =f(z,t) zeR", 0<t<T

u(z,0) = 0.

Prove the uniqueness of the classical bounded solution assuming that 7" is small enough.

Let u; and ug be two solutions to the PDE and let w = w; — us. Then w satisfies

wi —Aw+ui—ui =0 xR, 0<t<T
w(z,0) = 0.

Let’s start by noting that we can also write the PDE as w; — Aw 4+ w(u; + ug) = 0. Since the solutions are
bounded, we have that lim,| o w(z,t) = 0. This will result in boundary terms of w canceling when we

integrate by parts. Now we define the energy E(t) = % f]R" w? dx. Now,

E'(t) :/ wwy dz
= / w(Aw — w(uy + ug)) dz
— / —|Vw|2 — w2(u1 + ug) dx
< —/ w?(uy + up) dr
< |lua +u2||Loo/ w? da.

n

Now, Gronwall’s inequality gives us that

E(t) < B(0)ef Ilmatuzl ds

but we have that E(0) = 0, so E(¢t) < 0 and hence w = 0 and so u; = uy and solutions to the PDE are
unique.
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Fall 2000, #4‘ Consider the following functional

a=[ ]2 (223;)2+a ivﬁm—l .

Jk

where © = (z1,22,23) € R3, v(x) = (vi(x),v2(x),v3(x)), D is a bounded domain in R?® with a smooth
boundary S, and a > 0 is a constant. Let u(z) = (ui(x),uz(x),us(x)) be the minimizer of F(v) among
all smooth functions satisfying the Dirichlet condition, ug(z) = ¢i(x), k = 1,2,3. Derive the system of
differential equations that u(z) satisfies.

We look at

F(v+eu)—F(v)

F'(v)u = lim

e—0

(v+ eu); 2 2
= lim — /// ( ) +Ck(|’l}+eu|2_].>
e—0 € ) ij.

3 v\ 2 2
_ J 2
E <8xk> +a(|v| 1) dx

J,k=1

= lim — /// W—k 260,00z, uj + € (03, u5) + o (v + eul* — 2Jv + eul* + 1)

e—0 €

M a(jo* =2 +1)| do

= lim/// 204,00z, u5 + 2 (Jv+ eu|* —2jv + eul® — |v|* +2/v|?) | da
€
7,k=1

e—0
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Fall 2000, #5 ‘ Consider the eigenvalue problem on the interval [0, 1],

(a) Prove that all eigenvalues \ are simple.
(b) Prove that there is at most a finite number of negative eigenvalues.

(a) Suppose the eigenvalues are not simple. Then, for some A there exists two eigenfunctions, f and g,
such that for Ty = y"” + py — Ay, we have T'f = 0 and T'g = 0. So, we can now write that

0=gTf—[fTg
=g(f" +pf = Af) = f(g" +pg—Xg)
=gf" = fq"
=(gf = fd')-

Integrating both sides we find that gf’ — fg’ = ¢, where ¢ is a constant. However, our boundary condition
gives us that (gf’ — f¢')(1) = 0 = (gf' — f¢')(0) = ¢ = 0 yielding gf’ = fg’. Proceeding along the
lines of separation of variables, we see that we can write =92 =, Integrating this equation gives us,
Inf =1Ing+ c and hence f = cg. So we have that there is actually only one eigenfunction and hence the

eigenvalues must be simple.
Another argument (that I prefer) for the first part of part (a). Take two eigenfunctions f and g and use

the fact that T is self-adjoint. Now consider (T'f,g) — (f,Tg) = 0. Carrying through similar arguments as
above, we will find that gf’ — fg’ = 0.

Z s

(b) Let’s check whether the operator Ly =y + py is self-adjoint.

(Ly,2) = / (" + py)>

= */y'Z’ +pyz
= / yz" + ypz
= (y, Lz).

Since the operator is self-adjoint, we can conclude that the set of eigenvalues has no finite cluster points.
Now we need to demonstrate that the set of eigenvalues is bounded below. Suppose that the eigenvalues are
not bounded below. Then clearly we can find a A such that A < p(¢) for ¢ € [0,1]. Consider

0=(Ly = y,y)
= /(y” +py — Ay
= /*Iy’l2 +(p =Ny
FANOTE*** Online version has a typo. The operator should be L = —y” + py (not this does not affect

any of the conclusions previously drawn). In this case we have 0 = (Ly — Ay, y) = [ |v/|* + (p — A\)y*. This
equality can only be satisfied if y = 0, in which case y is not an eigenvector, and so we have that the set of

eigenvalues must be bounded below.
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Fall 2000, #6 ‘ Consider the initial boundary value problem

9u _ %4 | qu(z,t) =0 t>0,2>0,
u(z,0) =0, x>0

u(0,t) = g(t), t>0.

where ¢(t) is a continuous function with compact support and «a is a constant. Find the explicit solution of
this problem.

Let’s take the Laplace transform of the equation,

L(us — 0%u + au) = su — " + au
=u" —(s+a)u
=0.
This ODE has characteristic equation 72 — (s +a) = 0 and hence r1 2 = £1/s+ a, and so the ODE has
solution given by
U(x,s) = c1eV5TeT 4 cpe” VoTaT,
Note that if a > 0, we have that 71 2 € R. Note that we have a second order equation, but only one boundary
condition, T(0, s) = gs. We need another constraint on our system in order to find both ¢; and ¢o. We choose

that we want @ to be bounded, which requires that ¢; = 0 when 71 5 € R. Then, @(0, s) = g(s) = c2. So, we
then have that
t(z,s) =g(s)e vVrer

and so

u(z,t) = L7} (g(s)e*m ‘E) =gx L7} (e*m m) .
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ADEs

Fall 2000, #7‘ Consider the following system of ODEs

uy = au — buv

vy = —cv + duv

in which a, b, ¢, d are constants. For the phase plane region R?>T = {(u,v) : u > 0,v > 0}, do the following

a) Find all stationary points.

b) Analyze their type.

c¢) Draw a global picture of the solution set.

d) Show that R** is an invariant set for this flow.

a) We write the set of equations as
uy = ul(a — bv)
vy = v(—c+ du).

Here we see that the system has the following stationary points: (0,0) and (c¢/d, a/b).

b) Now we find the linear approximation to the system about the two stationary points. Let fi(u,v) =
au — buv and fo(u,v) = —cv + duv. Then we have that 0,f1 = a — bv, 9,f1 = —bu and 0, f2 = dv,
Oy fo = —c + du. So, Taylor expanding about the critical points, ¢ € R2, we have,

up = f1(§) + Oufr1(§)(u— &) + 0u f1(§)(v — &) + H.O.T.
ve = f2(&) + Oufo2(&)(u — &) + Oy f2(&) (v — &) + H.O.T.

When & = (0,0) we have

(5 = (5 °)(2)+mor

So, for the stationary point (0,0) we have eigenvalues of a and —c with eigenvectors (1,0) and (0,1)
a(—c) < 0, then (0,0) is a saddle point. If @ = —c then (0,0) is a proper node. In all other cases, (0,0) is an

tOIf

improper node. We assume that a # 0 # c.
Now let’s look at the point & = (¢/d,a/b). Here we are assuming d # 0 # b. Note that as before, we

must have that both a and b are non-zero. From the Taylor expansion, we find

(Z)t = (% _013;) (Z‘_ ’Z) +HOT. 1)

The eigenvalues of this matrix are given by

B —1 bc ad

aj\ _‘;\ :/\2+Ec%:0:>)\::|:\/—ac.
b

If ac > 0, then we have that the eigenvalues are +iy/ac and the critical point is a center. If ac < 0, then the
eigenvalues are given by ++/ac, indicating that the stationary point (¢/d,a/b) is a saddle. In the case that
the stationary point is a saddle, its corresponding eigenvectors are (1, ‘\/[zg)t and (— i’/\g, 1)t

c¢) There are two main cases for possible diagrams for the phase plane.

(i) (0,0) is a node and (¢/d, a/b) is a saddle.
(ii) (0,0) is a saddle and (¢/d, a/b) is a center
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In case (i), the node may be proper or improper and may be stable or unstable and the saddle point
will change accordingly. We cannot know exactly how the saddle point is oriented without having values
for a,b,c and d, so we approximate it in the sketch below (assuming the node is stable). If the node were
unstable, we would need to reverse all the arrows on the diagram.

In case (ii) either manifold may be stable or unstable for the saddle point. We only illustrate one case
(as the other simply involves changing the direction of the solution curves).

case (id)

LDJD)

(d) Note that any solution starting on one of the axes of the phase portrait must remain on that axis.
Further, uniqueness of solutions tells us that solution trajectories may not cross. For this reason, no solution
in the region R?>T may ever leave the set and hence it is invariant.
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’ Spring 2000, #3 ‘ Consider the initial-boundary value problem for u = u(z,y, t)

u = Au—u

for (z,y) € [0,27]?, with periodic boundary conditions and with u(z,y,0) = ug(x,y) in which ug is periodic.
Find an asymptotic expansion for u for ¢ large with terms tending to zero increasingly rapidly as ¢ — oo.

Taking the Fourier transform of the problem, we find that
e i (k) = > —An? kP Ta(k) — e a(k)
kez? kez?
and for a fixed k € Z2, we then have that

a (k) = —(1 + 47%|k|*)a(k).
So, we find that

ﬂ(k) _ 11:0(](3)67(1+47r2|k|2)t,

giving us that

u(x,t) = Z eik'xﬁo(k)e_(1+4”2Iklz)t.
kez?
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’ Spring 2000, #5 ‘ Look for a traveling wave solution to the PDE

Ut + (UQ)IZL’ = —Ugzzx

of the form u(x,t) = v(z — ct). In particular, you should find an ODE for v. Under the assumption that v
goes to a constant as |xz| — oo, describe the form of the solution.

Plug the form of the solution, u(z,t) = v(z — ct), into the PDE,

02’0// + (,UQ)// — _,U(4)

We can integrate this ODE twice, finding

021)/ + (UQ)/ = " +c
Av+0v? ="+ i€+
where v is a function of &, v(§). Now, we have that v — d as |z| — oo. Using this condition, we find that
¢1 = 0 and 2d + d? = ¢y. This leaves us with the ODE
v+ Pu+ 0 = cPd+ dP

In order to determine the behaviour of the solutions to this ODE, lets conduct a phase plane analysis.
We start by letting v; = v and va = v'. Then we have that

v = vy

vh = —c*vy — v} + 2d + d?
which has stationary points at (v1,v2) = (d,0) (there is most likely one more). Phase plane analysis may be
done later.
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’Fall 1999, #7‘ Consider the differential operator

L = (d/dx)* + 2(d/dx)

with z € [0,1] and «(0) = u(1) = 0.
(i) Find a function ¢ = ¢(z) for which L is self-adjoint in the norm

1
Jull? = [ da.

(ii) If a < 0, show that L + af is invertible.
(iii) Find a value of a so that (L 4+ al)u = 0 has a nontrivial solution.

(i)
(Lu,v) = /Ol(u” + 2u')vg
-/ (w8) + 20 (v0)
= —/Olu’(w)’ +u/’v¢f%'—0/01 2u(vd) + urdy
-/ (o) — ule / 2u(vo)

1
= [ o+ 6) - 206+ v0)
0

0

1
= / u(v"d+v' ¢ + '@ +vg") — 2uv'p — 2uvg’
0
1
= / wo” ¢ 4 2uv' ¢’ + uvd” — 2uv’ ¢ — 2uve’
0

1 ¢/ " /
:/0 (1; +2vg+v;—2v —20¢)u¢

[ (-] [ -02))
—/O(U+|:2¢ Z}U—F{(b 2¢Uu¢

In order to have (Lu,v) = (u, Lv), we need that

¢/
2— —2=
¢
/! /
P _ 9% g
¢ ¢
which is equivalent to
¢’ =2¢
¢// — 2¢/

Clearly, both of the conditions are satisfied if ¢(x) = €?* and hence L is self-adjoint under this norm.

(ii) For L 4 al to be invertible, we need the operator to have a trivial null space. Suppose it is not, that
is there is a u # 0 such that (L + al)u = 0. Then (Lu + au, u), = 0 and so
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0= (Lu+ au,u)y
= /(u” + 2u 4 au)ue*
= /u”ue% + 2u'ue*® + au?e®®
= / —u' (ue*®) + 2u'ue®® + au?e®”
= / —u' (u' e + 2ue*®) 4 2u/ue®” 4 au’e*”
= /(—|u’|2 + au?)e*”.
Note that if a < 0, then we must have that © = 0 and hence the nullspace is trivial. This gives uniqueness

to the eigenvalue problem. Existence comes from the fact that the operator is self-adjoint in the weighted
inner product space and hence the operator can be inverted.

(iii) We are looking for an eigenvalue/eigenvector pair to the operator L. The obvious choice for the
eigenvector is u = e”. We find the corresponding eigenvalue by applying the differential operator,

Lu = ¢e* 4 2e* = 3¢e”.

So, if a = —3 then (L + al)u = 0 has a nontrivial solution, u = e®.
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