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Abstract—Monte Carlo integration using quasirandom sequences has theoretical error bounds
of size O(N—'log? N) in dimension d, as opposed to the error of size O(N~1/2) for random or
pseudorandom sequences. In practice, however, this improved performance for quasirandom sequences
is often not observed. The degradation of performance is due to discontinuity or lack of smoothness
in the integrand and to large dimension of the domain of integration, both of which often occur in
Monte Carlo methods. In this paper, modified Monte Carlo methods are developed, using smoothing
and dimension reduction, so that the convergence rate of nearly O(N~1!) is regained. The standard
rejection method, as used in importance sampling, involves discontinuities, corresponding to the
decision to accept or reject. A smoothed rejection method, as well as a method of weighted uniform
sampling, is formulated below and found to have error size of almost O(N —1) in quasi-Monte Carlo.
Quasi-Monte Carlo evaluation of Feynman-Kac path integrals involves high dimension, one dimension
for each discrete time interval. Through an alternative discretization, the effective dimension of the
integration domain is drastically reduced, so that the error size close to O(N —1) is again regained.

Keywords—NMonte Carlo, Quasirandom, Acceptance-rejection, Feynman-Kac, Weighted uniform
sampling.

1. INTRODUCTION

Monte Carlo integration using quasirandom sequences has theoretical error bounds of size
O(N-'log? N) [1] in dimension d, as opposed to the error of size O(N~Y/2) for random or
pseudorandom sequences. In practice, however, this improved performance for quasirandom se-
quences is often not observed. The loss of accuracy was found by Morokoff and Caflisch [2-4] to
be due to two causes.

The first is discontinuity or lack of smoothness in the integrand. The O(N~! logd N) error
bound quoted above is established using the Koksma-Hlawka inequality, which states that for
Monte Carlo integration of a function f on the unit cube in R using N points, the integration
error En(f) is bounded by

En(f) < DnV(S) 1)

in which Dy is the discrepancy of the sequence and V() is the variation of f in the Hardy-Krause
sense [1). Moreover, for quasirandom sequences the discrepancy Dy is of size O(N~! log? N).
For V(f) to be finite in dimension d > 1, in general, f must be smooth (see [1] for a precise
statement). On the other hand, discontinuous integrands arise often in practical Monte Carlo
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methods. For example, many methods involve a decision process, for which some component of
the integrand is 1 or 0 if the decision is “yes” or “no.” For such a discontinuous integrand, the
inequality (1) is inapplicable, and the computation in [2] indicates that the error bounds revert
to size O(N~1/2).

A second limitation on the accuracy of quasi-Monte Carlo integration occurs for integration
problems in which the dimension d of the integration domain is large. For large d, Morokoff
and Caflisch [4] found that the discrepancy of the quasirandom sequence is of size O(N—1/2)
for intermediate values of N, even though Dy is O(N~1 log? N ) for N sufficiently large. The
transition from O(N~1/2) to O(N-1 log? N ) behavior for Dy appears to occur approximately
at N = e%, although this has not been proven.

There are a range of applications, such as scattering from rough surfaces, collisionless particle
transport [5,6], and simulation of small networks {7], for which the dimension is not too large and
quasi-Monte Carlo is directly applicable. On the other hand, integration in high dimensions is
one of the main reasons for using Monte Carlo in the first place, and high dimensional integration
occurs in many problems coming from atomic physics, neutron transport, computational chem-
istry and molecular biology. These results indicate that it will be difficult to adapt quasi-Monte
Carlo methods to such problems.

The purpose of this paper is to show how these two fundamental limitations— smoothness and
dimension—can be overcome, as least in several examples. This will be accomplished through
modification of standard Monte Carlo methods, by smoothing discontinuities and reducing the
effective dimension of the problem.

The standard rejection method, as used to sample from a density function in importance sam-
pling, can be phrased as an integration involving a discontinuous integrand, with the discontinuity
coming from the decision to accept or reject. As shown in Section 2.2.1 below, this leads to large
errors in a quasirandom method. A smoothed rejection method will be formulated, for which
the optimal error size of nearly O(N~!) is attained (here and in the subsequent discussion the
logarithmic factors log? N are omitted, since they cannot be reliably detected numerically). This
is also true of the method of weighted uniform sampling.

Quasirandom simulation of a stochastic process, such as Brownian motion, requires a high
dimensional quasirandom sequence, with one dimension for each time step that is simulated. This
easily leads to loss of the optimal O(N~1) convergence rate. This will be illustrated in Section 3.2
below for Feynman-Kac path integrals. Nevertheless, by a modified representation of Brownian
motion, or equivalently a modified quadrature rule for the path integral, the effective dimension
of the problem can be drastically reduced, so that the optimal error size of approximately O(N 1)
is attained in this problem as well.

These applications of quasi-Monte Carlo to test problems may serve as a starting point for the
application of such methods to a range of problems in which the integrand is smooth and the
effective dimension is small, after some modification. For example, Moskowitz (8] has applied
these methods to the determination of the ground state energy for the square well potential and
the hydrogen atom.

2. INTEGRAND SMOOTHING

In this section, quasi-Monte Carlo integration is applied to problems in which the integrand is
first smoothed to remove discontinuities that would naturally appear. The first application is an
illustrative example of integration of a characteristic function. Then the rejection method and
smoothed versions of the rejection method are presented.

2.1. Example: Smoothing a Characteristic Function

The characteristic function x g of the set E has infinite variation, unless the set E is rectangular
with sides parallel to the coordinate axes. Consider the characteristic function fy of a rotated
cube, defined as follows.
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EXAMPLE 1. Given z1,z3,z3 ~ U[—(1/2), (1/2)], let

\/§ml+z2+z3 —V2zx1+ 12+ 23 —\/§x2+\/§x3
0 m< 7 W=

Define discontinuous characteristic function

U =

3
fo (@1,22,23) = [ [ x {luel < 0.2},
k=1

where
1, if Jugx| <0.2,

0, otherwise,

o] s0-2}={

and smoothed functions fs (6 is the level of smoothing)

3
fs (z1,22,73) = [ xs {lwe] < 0.2},

k=1
where
1, if |ug] < 0.2 -6,
xs {Jur| <02}y =< 0 if Jug| > 0245,
- —0.2
6—% otherwise.

The integrals of the functions fo and f5, 0 < § < 1, over the unit cube in three dimensions all
equal .064.

The results of crude Monte Carlo estimation in three different cases are compared: first, the
discontinuous case; second, the continuous case with weak smoothing (§ = .025); and third, the
continuous case with strong smoothing (6 = 0.1). Results are obtained by computing the root
mean square error over 75 repetitions. (See Section 2.2.4 for more details.) Log-log plots are
used so that the slopes (which are presented parenthetically in the figure keys) correspond to
convergence rates. Numerical results are plotted in Figure 1. As expected, the quasirandom
sequences, in this example from Halton [9], perform better as the level of smoothing is increased,
while pseudorandom sequences are not affected by the smoothing.

The results for this simple example show how the effectiveness of quasi-Monte Carlo integration
is lost if the integrand is discontinuous, but can be regained if the integrand is smoothed without
changing the value of the integral. Similar tests have been performed by Morokoff and Caflisch [2],
Press and Teukolsky [10], and Berblinger [11] with consistent results.

2.2. Importance Sampling Using the Rejection Method

Variance reduction through importance sampling is one of the most commonly used Monte
Carlo methods. For the integral A = [}, f(x) dx, introduce an importance function A which
mimics the behavior of f over D but is either integrable analytically or easily numerically in-
tegrated. The sampling procedure is then altered to generate points distributed according to h
instead of points which are uniformly distributed. Then, instead of evaluating f(x) at each sample
point, one evaluates f(x)/h(x), which provides an unbiased estimate of the integral, since

I\ _ / f(=z) _ / -

E, (h) = | b2 h(x)de = [ f(z)dz = A.
D D

The Importance Sampled Monte Carlo estimate can be written as follows:

N
Ay = % 2 %g—:;, z; ~ h(zx), (2)
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Figure 1. Results, 75 runs, Example 1.
where x; ~ h(z) indicates that the sample points z1,...,xx have a probability density given

by h (note that h should be normalized so that [, hdx = 1). The variance of this estimate is
substantially reduced if f/h has a smaller variance than f.

For a limited class of density functions h, the sample points may be generated by a transfor-
mation of the uniform distribution. For more general h, some other generation procedure must
be used, such as the rejection method.

2.2.1. Standard Rejection Method

Here is the basic algorithm for the Rejection Method when the original sample is uniformly
distributed in the d-dimensional unit cube. Note that one additional dimension is added for the
extra variable y which acts as a “decision-maker”:

1. Select ¥ > supgep h(x).
2. Repeat until N points have been accepted:
(a) Sample (z,y:) from U([0,1])4+1).
(b) If y; < v~! h(z:), accept trial point x;.
Otherwise, reject the trial point.
This algorithm produces a sequence of accepted points in d dimensions which are distributed
according to A, as required for Importance Sampling.

The sum (2), in which the points x; are chosen using the rejection method, can be reinterpreted

as a Monte Carlo evaluation of the following integral:

1
A= [ [ £y <77h@) dyda. ®)
D

The direct Monte Carlo estimation of this integral is

N . .
o= 3 3o < Mo} £120) ®
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The variance of this integral is reduced by replacing the total number of points NV by the number
of accepted points to get the following Monte Carlo estimator:

- 1 _h@)) (@)
AN_ZiV=1X{yi<M?l}ZX{ ’::: } h(wm:) )

One difference between the sum (5) and a straightforward Monte Carlo evaluation of (3) is that
in (5) the number N is taken to be the number of accepted points rather than the total number
of trial points. This accounts for the factor v in (4).

Quasi-Monte Carlo cannot be effectively applied to the integral (3) because the integrand
contains a characteristic function, corresponding to the decision to accept or reject. This will be
demonstrated in computational examples below.

2.2.2. Smoothed Rejection

The Rejection Method is discontinuous as a result of the inherently discontinuous nature of
the binary decision: accept or reject. This can be eliminated by allowing sample points to have
associated “acceptance” weights as described below. A Smoothed Rejection method that
retains the flexibility and advantages of the Rejection method but does not involve a discontinuous
integrand will now be formulated. First, replace the integral in (3) by an equivalent smooth
integral, as in

-1
A=xy / / h(m)x 5 (v, 7" h(z)) dyde (6)
in which the smooth function xs satlsﬁes
1
| 36 oy h@) dy =77 (e (7)

The function xs, which will also be referred to as the weight w, will be chosen to be piecewise
linear below.
The corresponding Monte Carlo approximation corresponds to the following Smoothed Rejec-
tion procedure:
1. Select v > supyep h(x) and 0 < § K 1.
2. Repeat until weight of accepted points is within one unit of N:
(a) Sample (z;,y;) from U([0,1)4+1).
(b) If y < h(m¢)/y — (1/2)6, then acceptance weight is w = 1.
Else if y; > h(x:)/v + (1/2)8, then w = 0.
Else w = (1/8)(h(z¢) /7 + (1/2)6 — y1).
The density of accepted points z iS faccept(Z), given by (with w = xs)

1. fol w(z,y) dy
Jra 1+ Jo wi&,v)dy] de

h(z)/y
1/y
faccept(m) = h(w)7
which shows that the density function h is correctly sampled.

There is some extra work required by Smoothed Rejection as compared to ordinary Rejection.
First, there is the work associated with assigning each sample point a weight, and storing and
using these weights. This is typically small enough to be considered insignificant. Second, there
is additional work which comes from the acceptance of points with weights of less than 1; i.e., in
order to reach a total acceptance weight of size N, more than N evaluations of f are required.
This extra work can be minimized by setting the constant § sufficiently small. On the other hand,
if § is made too small, the advantages of continuity will be effectively lost.

.faccept (‘.’B) =
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2.2.3. Weighted Uniform Sampling

Another alternative to the Rejection method can be formulated by eliminating the accept/reject
decision entirely, and instead assigning each sample point a weight equal to its acceptance prob-
ability given by vy~ 1h(z;).

A new Monte Carlo estimate is obtained as follows:

N f(=:)  h(z;)
T, fod - 2

i=1 h(x;)
N h(=zi)
Zi:l %
N
_ Zi=1 f(xq)
= Sl
Ei=1 h(z;)

This sum is essentially the ratio of two crude Monte Carlo integration estimates—an estimate
of the original function, f, in the numerator, and an estimate of the importance function, h, in
the denominator. The resulting estimate is biased. Nevertheless, Powell and Swann [12] and
Spanier and Maize [13] have shown that this bias is negligible in comparison with the rms-error
as N — oo. Moreover, the positive correlation between f and h, when h has been well chosen to
closely mimic the behavior of f, provides substantial variance reduction.

The bias and rms-error are given as follows:

v

Ay =

bias (Aw) = Avj‘;(h) - Covg’g) +0(N¥2) (8)
e (AN) Vvar(f) + szai;(ﬁh) —2Acov(f,h) L0 <N“3/4) ' (©)

One advantage of Weighted Uniform Sampling, as emphasized in [12], is that sample points need
not be generated for the density h. A second advantage is that the weighted uniform sampling
estimate is continuous (assuming that f and h are continuous) so that quasirandom sequences
may be effectively used in the sum. This will be demonstrated in computational examples below.

On the other hand, a disadvantage of Weighted Uniform Sampling is that for problems with
large regions of low importance, many more function evaluations will be performed within such
regions than if Importance Sampling were used instead. This is reflected in a greater amount of
variance reduction in the latter case, and for such problems Smoothed Rejection may be preferable
to Weighted Uniform Sampling.

2.2.4 Computational examples

The Rejection, Smoothed Rejection and Weighted Uniform Sampling methods will now be
compared on several examples. Consider the following integral:

A= I/ f(=) dz,

where I? is the unit cube in d dimensions, and evaluate the following four estimates of this
integral:

N
: j _ 1
Crude: Agv =5 Zf(a:i), z; ~U (Id) )
W.U.S.: AP = —ZH /(@) x; ~ U (1),
Ez—-l h ( )
Rej Meth: A(3 Z ! w’) x; ~ h(z), accepted point
N 2 ’ b
Smooth Rej: Al = sz f (@) (x4, wi) ~ h(z).

h(z:)’
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For the last estimate, (x;, w;) represents a weighted sample point with acceptance weight w;, and
N* is chosen such that the sum of the acceptance weights is within one unit of N.

For a given value of N, take M samples of each of these estimates, denoted by A%?k for1 <
k < M. (For quasirandom, using successive points from a single quasirandom sequence.) Two
measurements of the average integration error are the empirical root mean square error and the
empirical standard deviation, defined as

‘ 1 A . 2
rmse(/ig\’,))z MZ(A%?k_A)’ i=1,...,4 (10)
k=1
Ny 1 Mo - 2
sd(A%))z\ ——=> (40, -4P), =1...4 (11)
k=1

in which A%) = (1/M) Z,Icu:l Ag{,?k Note that the formula for rmse error uses the exact integral A4,
which is known for the examples below, whereas the sd error uses an empirical average.

Since successive estimates A%?k, k =1,...,M are not independent for quasi-Monte Carlo,
there is no theoretical basis for these error expressions. This is in contrast to standard Monte
Carlo for which the Central Limit Theorem implies that the flgf,)k come approximately from
a Gaussian distribution with variance given by the rmse. Nevertheless, in the examples below
these two error estimates give consistent results; in the examples below, they never differ by more
than 2%.

Finally, the bias of Weighted Uniform Sampling proved to be insignificant, as expected, when
using either pseudorandom or quasirandom sequences of points. (Note: In Examples 2 and 3, we
use the base-2 Niederreiter quasirandom sequence [14].)

EXAMPLE 2. The first example is Monte Carlo integration over I° = [0, 1]° of the function

. 5
2 +sin (Zj:l,j;éi :cj)
2

5
f2(x) = exp Z a; T2
i=1

using the positive definite importance function:

5
1
o) = S (3.
i=1

where a = (1,1/2,1/5,1/5,1/5) and n = [}, exp(2f=1 a; z?) dx so that hy is normalized (i.e., its
integral is one).

The resulting rmse error for Example 2 using pseudorandom and quasirandom points are
presented in Figures 2 and 3, respectively. Note that 7 is easily computed with high accuracy as
the product of five one-dimensional integrals, using for example Gaussian quadrature.

ExAMPLE 3. The second example is Monte Carlo integration over I = [0,1]” of the function

f3 (xl, ey 1‘7) — el—-(sin2(§-m1)+Bin2(%32)+sin2('75"333)) aresin (sn]_(]_) + %#)

using the positive definite importance function:

h3 (331, L ,.'1}7) — %’_el-—(sin2(§x1)+sin2(-§zg)+sin2(-’i"-:t:a))’

MCM 23-8/9-E
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Example 2 - Pseudorandom Sequence

[
107}
%)
-3
E 10°F
S
w
KEY (Convergence Rate) ‘?:\ -
10*t  Crude Monte Carlo: _ (-48) el
Weighted Unif Sampling:  _ _ _ (-.48) =
Rejection Method: .. .(-.50)
Smooth Rej, delta=.2: _ . _{(-50)
-5 ] ! N 1 NN
107
10° 10° 10* 10°
N
Figure 2. Pseudorandom results, 70 runs, Example 2.
) Example 2 - Niederreiter Sequence
10— T T — T aas
10°F
_ 10
7)
=
c
S
w .
10°} :
KEY (Convergence Rate) S ~.
~ ~
Crude Monte Carlo: (--96) AN N
1oL Weighted Unif Sampling:  _ _ _ (-.99) S .
Rejection Method: .. .(-88) N
Smooth Rej, delta=.2: _ . (-84
-7
10 1 1 i 1
10° 10° 10* 10°
N

Figure 3. Quasirandom results, 70 runs, Example 2.

where 7 is
1 2 3
n=/h3($1,...,27) dzy...dzs7 = (/ e~ sn (J’r'z)dm) s
0 .
I'Y

which is easily approximated to high accuracy as a one-dimensional integral.
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Example 3 - Pseudorandom Sequence
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Figure 4. Pseudorandom results, 75 runs, Example 3.
) Example 3 - Niederreiter Sequence
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Figure 5. Quasirandom results, 75 runs, Example 3.

The resulting rmse errors for Example 3 using pseudorandom and quasirandom points are
presented in Figures 4 and 5, respectively.

These computational examples show that quasi-Monte Carlo works well for the Smoothed
Rejection Method, but even better for Weighted Uniform Sampling.
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The results confirm that Smoothed Rejection is an improvement over Ordinary Rejection when
using quasirandom sequences. Furthermore, Weighted Uniform Sampling produces results that
are far superior to those obtained using Importance Sampling with the Rejection Method, even
with smoothing. We believe the reason for this to be that, although the Smoothed Rejection
method involves a continuous integrand, there is still a relatively sharp slope in acceptance
weights in the transition from acceptance to rejection regions. This leads to higher variation and
poorer quasirandom performance, in general, than for Weighted Uniform Sampling, where the
sharp transition is completely eliminated. Another, admittedly minor, advantage to Weighted
Uniform Sampling is that the extra ‘decision’ variable y is no longer needed, reducing the effective
dimension by one.

Nevertheless, Smoothed Rejection may be superior to Weighted Uniform Sampling for problems
in which there are large regions of low importance, as discussed at the end of Section 2.2.3.

3. REDUCTION OF DIMENSIONS

Unlike standard Monte Carlo which is independent of the number of dimensions, quasiran-
dom methods tend to become less effective as the number of dimensions in the integrand in-
creases [2,4,15,16], although much less so than numerical quadrature methods such as the trape-
zoidal rule. Therefore, while numerical quadrature methods are best for low dimensional inte-
grals, and pseudorandom Monte Carlo appears to be best for very high dimensional integrals,
quasirandom methods can often be optimal for moderate dimensional integrals. Our experience
indicates that quasirandom methods, with NV in the range of 10* to 108, are effective for integrals
of dimension four to thirty.

In this section, we discuss methods to reduce the effective dimension of a quasi-Monte Carlo
integration problem.

3.1. A Simple Example of Dimension Reduction

The following example shows that quasirandom integration error may be reduced by rearrange-
ment of the variables so that the principal variations of the integrand occur over the lower di-
mensions.

EXAMPLE 4. Compare the results of approximating these two equal integrals using pseudorandom
and Halton points:

A=/---/500s (4(x4+x5+:1:6)+(m—1ﬂ52—+z—3)> dzy...dzg
Id

B=/--‘/5cos(4(m1+x2+x3)+(iﬂ:?—+ﬁ)-> dzy...dzs.
Jd

These are equivalent, but the first integrand varies more as a function of the higher three
dimensions while the second varies more as a function of the lower three dimensions. Therefore
we should expect that quasirandom estimates will be more effective estimating B than A. On the
other hand, using pseudorandom points, there should be little difference between the two cases.
The results, shown in Figure 6, confirm this.

3.2. Dimension Reduction for the Feynman-Kac Formula

The Feynman-Kac Formula provides a connection between linear parabolic differential equa-
tions and stochastic path integrals, which is similar to the method of characteristics for solving
hyperbolic differential equations. In the simple case when the stochastic paths are Brownian
motion, a modification of the discretization of the Brownian path allows one to concentrate
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Figure 6. Convergence results and log-log plot for Example 4, 100 trials.

most of the variance into the first few dimensions, which significantly improves the accuracy of
quasi-Monte Carlo integration.
Consider the following initial value problem:

2

with initial condition u(z,0) = f(z). Its solution is given by the Feynman-Kac formula as
u(z,t) = Bag | £((8)) efo €| (13)

where £ represents a Wiener path starting at £(0) = z.

This solution can be approximated by discretizing time, generating Wiener process sample
paths, and averaging over the set of sample paths to obtain Monte Carlo estimates of the expec-
tation above. The integral in the exponent is itself approximated for each sample path using the
Trapezoidal rule.

3.2.1. Standard Discretization

The Standard Discretization of the Wiener process is defined as follows:
1. Choose (z,t) at which the solution is to be approximated.
2. Choose the number of equal time steps m and set At =t/mandt; =iAtfori=0,...,m.
3. Generate Gaussian independent variables, AW from the distribution A’(0, At) (the nor-
mal distribution with mean 0 and variance At), fori =1,...,m.
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4. The Wiener path is sampled exactly at each ¢; as the following sum:

[
(0 =z 4> AWH). (14)
Jj=1

The sample paths are exact at the discrete times ¢;, but an approximation is involved when the
path integral of v is estimated. For example, using the Trapezoidal rule the Wiener path integral
is approximated as

/Otv(é(r),t —r)dr~ % [v(x,t) +2 gv (§<i>,t - ti) +v (g("ﬂ,o)] =T (15)

The nondifferentiability of the paths leads to an error (bias) of order O(v/At) for this quadrature
rule. In the computations presented below, however, At is sufficiently small so that discretization
errors are negligible in comparison to statistical errors.

Using the sample paths above, the Monte Carlo estimate of the Feynman-Kac path integral is

N
X 1 m)\ I
in(@,t) = 5 . f (6) e (16)
k=1
in which I and §,(cm) for i < k < N are N realizations of I and £™). If the El(cm) are normally
distributed, as described above, then
E (an(z,t)) = u(z,t) + bias error
in which the bias error comes from the quadrature rules and is insignificant.
For application of quasirandom Monte Carlo, this average is expressed as a multi-dimensional

integral. First, each normal variable AW can be represented as a transformation G of a
uniformly distributed variable z; by AW") = G(z;). Then define

f($1,$2, e >xm) = f (g(m)) s
f(.’El,:EQ,...,.’Bm) = f
in which £ =z + Z;=1 G(z;), and z; are uniformly distributed, e.g., pseudorandom or quasi-

random points. The expectation of the Monte Carlo estimate in (16) can then be written as the
following integral:

1 1 .
E (i (z,8)) = / / Flar,... om)el@am) dgy g
0 0
The Monte Carlo estimate of this integral is
1 N F( ok k
in(z,t) = N Zf (zf,...,2%) el(atom), 17)
k=1

The transformation G used here is that of Marsaglia [17], which is continuous and monotonic.
By contrast, Box-Muller, which is discontinuous, gives poorer results for quasirandom se-
quences (3].
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3.2.2. Alternative Discretization Method

When the number of dimensions, m, is moderately large, an alternative discretization method
leads to significant improvements in the quasirandom integration estimates by concentrating most
of the variance into the lowest dimensions.

Assume that m is a power of two, and define the alternative discretization as follows.

ALTERNATIVE DISCRETIZATION:

1. Choose (z,t) at which the solution is to be approximated.

2. Choose the number of equal time steps m = 2P. Then let At = ¢/m and t; = i At
fori=0,...,m.

3. Generate Gaussian variables, AW distributed according to M(0,¢) and AW ® distrib-
uted according to N'(0,t/a), for i = 1,...,m, in which o = 4 - 2int(loga ),

4. The Wiener path £0) is sampled exactly at each t; as follows:

€0 =z,
(m) _ ¢(0) ©
£m = €O L AW,
0
£tm/d) _ Q“‘Tfﬁ + AW,

gm/4) _ (18)

()}
5( )_|_2§(m/2) +AW(2),

§(3M/ 4) _

/A 4em )
2 b

For this discretization method, the first step is directly from O to ¢t. Then the intermediate
steps are filled in by taking successive subdivisions of the time intervals into halves. Each new
intermediate path position is determined using the following rule:

. (1) 3 ¢(2) b — s

W = 5_j2'__§___ + AW, AW e N (0, 12_431_) , (19)
where j1, j are the indices of the nearest prior and later time steps, respectively, for which the
positions have already been determined. This representation of the Wiener path in terms of
past and future positions is referred to as the Brownian bridge (also called a tied-down Wiener
process).

The representation (18) can be conveniently rewritten as follows:

¢ =g,
€M =z + AW©O,
0
€M/ =g + AW + AWM,
0 1
g/ =z + AVZ( an A‘Z( L aw®, (20)
0 1
(Om/d _ g 4 3A2V( ) AV;’( ) AW,

The variance contributed by each dimension to the Wiener sample paths is compared for the
Standard and the Alternative Discretizations in Table 1 for the case m = 8. Note that variance
due to zj slowly decreases for the Standard Discretization, since early values of the Wiener
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Table 1. Variances for Standard and Alternative Discretization Schemes, m = 8.

Variance
Standard Alternative
1 1.0000t 3.1875¢
2 0.8750t 1.6875t
z3 0.7500t 1875t
T4 0.6250t 1875t
s 0.5000t .0625¢
Te 0.3750t 0625t
z7 0.2500¢ .0625¢
g 0.1250¢ .0625t

process affect more parts of the path than later values, but that this decay is much more rapid
for the Alternative Discretization.

Figure 7 is a graphical comparison of the Standard and Alternative discretization points for
m = 4, showing how more of the variance is concentrated in the lower dimensions for the Al-
ternative method. The dotted horizontal lines demark one standard deviation. The solid lines
show the actual discretized stochastic paths. In the upper figure, the dash/dot line indicates the
additive nature of the successive steps. In the lower figure, the dashed line shows the effects of
the large first step on all of the intermediate positions, while the dash/dot lines show the effects
of the second step on intermediate positions. Note that the two plots show the same resultant
paths for convenience only. There is no connection between the particular path generated by the
same pseudorandom or quasirandom point using each of the two different methods. There is only
an equivalence in terms of the expectations over all such paths.

3.2.3. Computational example for the Feynman-Kac formula

This example demonstrates the accuracy of Monte Carlo estimates of the solution of a simple
linear parabolic differential equation using (16) at selected values of = and a fixed (small) time t. A
comparison will be made of pseudorandom and quasirandom sequences with either the Standard
discretization (14), or the Alternate discretization (19).

ExAMPLE 5. Consider the following linear parabolic differential equation:

f . 18 1 1 42\ of
o™ = g g™ F (t+1 TE T @) ™Y

with initial condition f(z,0) = 1/(z? +1). The exact solution is solution: f(z,t) = (t+1)/
(z? +1). '

Estimates are computed at a fixed (small) time, T, and at eight equally spaced positions
between £ = —3 and = = 3 using a discretization of time into m equal steps and a sample size
of N. The estimates are then compared with the exact solution using the following L? measure
of error:

7

L2e = %Z [f(:sk,T) — (wk,T)r,

k=0
where z; = -3 + 6k/7.

T is selected to be very small so that discretization errors are insignificant relative to the Monte
Carlo errors.

A measure of the rate of decrease of the values of L2e is obtained by a least squares fit of the
function ¢cN~¢ to the calculated values of L2e. The resulting values of o for pseudorandom and
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(b) Alternate scheme, 4 steps.

Figure 7. Graphical comparison of discretization schemes.

quasirandom (Halton was used here) points used in both the standard and alternative discretiza-
tions are presented along with log-log plots of the data in Figures 8-10 for three values of T
with equal time increments in each case; i.e., T = .02 (m = 8), T = .04 (m = 16) and T = .08
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Figure 8. Log-log plot for Example 5, 75 runs, T' = 0.02, m = 8.
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Figure 9. Log-log plot for Example 5, 75 runs, T = 0.04, m = 16.

(m = 32). The results show that the convergence rate for pseudorandom is independent of T° and
of the discretization scheme. On the other hand, the performance of quasirandom Monte Carlo
rapidly degrades in the standard discretization scheme, but is maintained at o nearly equal to 1
in the alternative discretization. It is important to notice that the quasirandom improvement
from the alternate scheme grows as the dimension increases. This is expected, as is the fact that
at 32 dimensions, standard quasirandom is just barely better than pseudorandom.
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Figure 10. Log-log plot for Example 5, 75 runs, T' = 0.08, m = 32.

For standard Monte Carlo using pseudorandom sequences, there is no difference between the
two discretizations, since the total variance of the two methods is the same. On the other
hand, the Alternative discretization method provides significantly more accurate results than the
Standard discretization, when using quasirandom sequences in the Feynman-Kac formula. This
improvement is due to reduction of the effective dimension of the problem.

4. CONCLUSIONS

The analysis and computations presented above demonstrate the need to modify standard
Monte Carlo methods for effective implementation of quasirandom sequences. The advantages of
quasirandom sequences over pseudorandom sequences are lost for problems with discontinuous
integrands or large dimension. These advantages can be regained, at least for some problems, by
smoothing or dimension reduction.

This has been successfully implemented for the Rejection method through a Smoothed Rejec-
tion method, and for the evaluation of Feynman-Kac integrals through an alternative discretiza-
tion. In a forthcoming paper, one of the authors (BM) will show how quasirandom sequences
may be also used in Diffusion Monte Carlo for computation of the ground state energy of various
systems. On the other hand, we have not yet been successful in applying quasirandom methods
to the Metropolis algorithm.

We consider the results presented in these examples to be an important step forward in the
continuing and promising application of quasirandom sequences to Monte Carlo methods. While
quasirandom sequences will probably not be useful in all Monte Carlo methods, we expect that
a wide range of effective applications may be developed.
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