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Abstract: For weak solutions of the incompressible Euler equations, there is energy
conservation if the velocity is in the Besov spdggwith s greater than A3. B? consists

of functions that ard.ip(s) (i.e., Holder continuous with exponer) measured in the

LP norm. Here this result is applied to a velocity field that is kig)(except on a set of
co-dimensiork, on which itis Lip(xy), with uniformity that will be made precise below.

We show that the Frisch-Parisi multifractal formalism is valid (at least in one direction)
for such a function, and that there is energy conservation if,(8m + <(«)) > 1.
Analogous conservation results are derived for the equations of incompressible ideal
MHD (i.e., zero viscosity and resistivity) for both energy and helicity . In addition, a
necessary condition is derived for singularity development in ideal MHD generalizing
the Beale-Kato-Majda condition for ideal hydrodynamics.

1. Introduction

In turbulent flow at high Reynolds number, the energy dissipation rate is observed to be
approximately independent of the coefficient of viscosity. If the Euler equations for ideal
hydrodynamics are to correctly describe the infinite Reynolds number limit for turbulent
flow, which is a major open question of fluid mechanics, then energy dissipation and
singularities must occur in their solutions.

The situation is similar for magneto-hydrodynamics (MHD) at high Reynolds and
magnetic Reynolds number [2]. Although the available evidence is not as clear-cut,
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energy dissipation is apparently constant in the ideal limit. In contrast, according to the
Taylor conjecture, magnetic helicity does not dissipate in the ideal limit. If the ideal MHD
equations are to allow reasonable limits of incompressible MHD, these two observations
must be reflected in properties of the solutions.

In 1949 Onsager [12] stated that energy is conserved for weak solutiahd.ip(a)
with o > 1/3. This result is contained in a famous paper that initiated the statistical
theory of point vortices, and received little attention until the work of Eyink [7], which
gave it a rigorous mathematical proof in a certain function class. The proof was consid-
erably simplified and extended to the Besov function spgaitle B2-°°) in subsequent
work of Constantin, E and Titi [5].

In this note, we shall specialize the result of [5] to explicitly show the dependence
on both the degree of singularity of the velocity and the dimension of the singular set. In
particular, we consider a velocity which is Lig{) everywhere (i.e. with co-dimension
ko = 0) except on a set of co-dimensiapon which it is Lip().

Our main result for ideal hydrodynamics, which is stated formally in Corollary 3.1
below, is that there is energy conservation for weak solutions of the Euler equations if

ir;f Ba+k(@)>1 1.2)

in which the inf is taken ovetv = ag, a1. As shown below, this criterion is valid for
negative, as well as positive, valuescof

In fact, we show that for this class of functions, the multifractal formalism of Frisch-
Parisi [9] is valid (at least in one-direction), and that the functions are in the Besov space
BP foranys > s, = inf, pa+ k() and for all 1< p < co. So the energy conservation
criterion (1.1), using = 3, then follows from [5]. In fact, the criterion (1.1) is correct
whenever the Frisch-Parisi formalism is valid.

The energy conservation criterion (1.1) is implicit in the work of Eyink [8] on
multifractals and Besov spaces. Nevertheless, we believe that an explicit statement of
this criterion and its validation for a particular class of velocities is noteworthy. In
particular, it should be helpful in predicting the type of singularities for Euler flows, and
in assessing their fluid dynamic significance if they do occur. Note, however, that there
is no proof that the Euler velocity field will have the smoothness described above.

We then present two results on singularities and energy dissipation for ideal incom-
pressible MHD. First, we derive criteria for energy conservation and helicity conserva-
tion for weak solutions of ideal MHD. Second, we show that if smooth initial data for
the ideal MHD equations leads to a singularity at a finite timehen

T
/O e oo + (1| oodlt = 00 1.2)

inwhichw =V xwu isthe fluid vorticity,J = V x B is the electrical current, anf|| -
is the L>° norm in space. This result is analogous to the theorem of Beale-Kato-Majda
[1] for singularity formation in ideal hydrodynamics.

2. Singularity and Dimension
Consider a functiory, defined on a seb C R™, and assume thgtis smooth except

on a manifoldSy of co-dimensionx (an integer) on which it idip(a); e.g., f(z) =
dist(z, Sp)*. Define setsS(r) consisting of points irD within distancer of Sp. Then
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[S(r)| = vol(S(r)) < ar” (2.1)

for some constant, which will be adjusted for use in subsequent bounds. Next consider
the difference off () and f (x + y) for two pointsz andx + y that are at least distance
from S, i.e. withz, z +y € D — S(r). Since the derivative of blows up liker—1=2)

then

@) = fle+y)| < ar” @Dy, (2:2)
Alternatively, f is everywherd.ip(«) if o > 0, while f is of sizer® if a < 0; i.e.

aly|*ifa >0

- sl < {0 2 2.9

forz,z+y € D — S(r).
This can be generalized to a function thaLi®(ag) in D — Sy, , with ag > ag, in
which case the bounds can be combined as

|f(@) = fz +y)| < A(r, ao, o1) (2.4)

if 2,2 +y € D — S(r), in which

aly|®or=(@ome) if Jy| <7
A(r, ag, 1) = ¢ aly|™ if r <|ylanda; >0 (2.5)
ar® if r <]yl anday <0

Definition. A function f satisfying the bounds (2.4) withy > «1 and0 < & will be
said to be in clasd.ip(ag, a1, 0, k).

Next we deriveL? estimates for any function ihip(ag, a1, 0, ). These estimates
show that such functions are in Besov space.

Lemma 2.1. Let f € Lip(ap, 1,0, k1), letl < p < oo, and denote:g = 0. Define
sp = Min(a + #;/p) (2.6)

and assume that, > 0. Then for anys,, > s > O there is a constarti (depending on
sp — s) such that

1FC+y) = FOlle <blyl® (2.7)

Proof of Lemma 2.1First assume that; > 0 and rewrite the defining inequality
(2.4) in a smooth way as

[fla+y) — f@)] < A(r) = alr + [y[) =" y|* (2.8)
forx,x +y € D — S(r). Also denote

V(r) = vol(S(r)) < a(r + |y)™
V(r) = vol(S(r) U (S(r) — y)) < 2V (r). (2.9)

Write the integral of the Elder difference as a Stieljes integral ovethen integrate by
parts to estimate (omitting constant factors)
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/' e +y) — f@)Pde < / AG)d
D D

/ ' A(r)PdV (r)
0

— / ' Q(A(T)P)V(r)dr + ALV (1)
0 37‘

1
< ly|oor {/ (r + |y[)~ T Peom o Ry 4 1}
0

sp J10g|y|if a1 +kK1/p=ap
p
< Iyl {1 otherwise (2.10)

in which s = min(ag, a1 + k1/p). This proves (2.7) foryy > 0.
On the other hand, if;; < 0 then

A(r) = min(r (o= |y @0 oy (2.11)

Then, repeating the first few steps of the previous estimation, the bound becomes

1
[ 11+ - fpde =2 [ L@V eYr - 22apvQ)
JD o oOr

lyl 1
< / poltpaate g, 4 || 0P / p—l-plao—aa)try g 4 aly|*oP
0 lyl

. Jlogly|if a1 +k1/p=ao
sp
<yl { 1 otherwise (2.12)

in which s = min(ao, a1 + k1/p) > 0. This proves (2.7) fof € Lip(ao, a1, 0, k1).
The Besov spaces are characterized bylthéounds proved in Lemma 2.1, which
leads to the following result:

Corollary 2.1. Assume that functiorf € Lip(ag, 1,0, %1) and thatl < p < .
Define
sp = min(o + x() /p). (2.13)

If s, > 0, thenf € B? foranys, > s > 0.

This is exactly the formula fos,, in the Frisch-Parisi formalism, which shows one-
sided validity of the Frisch-Parisi formalism for this function class.

3. Energy Conservation for Ideal Hydrodynamics

For simplicity assume thab = [0, 1] with periodic boundary conditions. A weak
solution of the incompressible Euler equation is a functior (uq, ug, ug) satisfying

T
/ / Ujatwj + (5‘11/)3)u1uj + (8]¢])pd513 dt =/ Uj'l/)j(t = O)dib
0 D D

/uj(ajgo)d:c =0 (31)
D
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for all test functiongp = (11, ¥z, 13) € C°(D x R") andyp € C>°(D) with compact
support. Energy is conserved for an Euler solution if

/|u(x,t)|2dm :/ lu (z,0)|°da (3.2)
D D

fort € [0, T].
The following energy conservation theorem for ideal hydrodynamics is a conse-
guence of Corollary 2.1 and the theorem of [5].

Corollary 3.1. (Energy Conservation for Euler). Let be a weak solution of the Eu-
ler equations onD = [0, 1]°. Suppose thatt < C([0,T], B(D)) in which B(D) =
Lip(ag, ag,0, k1)). Then energy is conserved if

min(3a; + K;) > 1. (3.3)

Note that here and in the next section, the function sggfe, 7, B(D)) could be
replace T], B(D))N T, L=(D)) or something similar, as in [5].
placed by.*([0, T], B(D)) N C([0, T, L*(D)) hing simil in [5]

4. Energy Conservation for Ideal MHD

The energy conservation results of [5] can be extended to ideal MHD in a straightforward
manner. The equations for ideal MHD are

1
(O +u -V)u =—Vp— EVbz+b Vb
Ot +u -V)b =b -Vu (4.1)
V-u=V-b =0
Actually, incompressibility ob (V - b = 0) need only be required at= 0, and it then

holds for allt. Letu = (ug,up, u3z) andb = (b, by, b3) be functions satisfying the weak
form of the ideal MHD equations, namely,

T
/ / [ujaﬂp‘g,l) — (bibj — wu;)0 D + (p + b2/2)a,-1/;§1>} da dt = / u Dz
0 D

D,t=0

T
/ / (0,002 + (tnbi)(€jmn Ot P)| dee dt = / by Pda
0 D =

D,t=0

/ u;0;6Mdx =0 / b;0,6Pdx =0
D D

for all test functiongp ¥ = (P P Py € C>(D x R*) ande® e C>°(D), with

8 =1, 2. Again, the incompressibility condition @gnneed only be imposed &t 0 and

it then follows for allt. In analogy to the conservation of energy for the Euler equations,
energy conservation for ideal MHD holds if

/ (Ju (@ O+ b (@ ) de = / (lu(@. 0P +b(@ .02 dx  (4.2)
D D

fort € [0, T]. For simplicity we assume th&? = [0, 1]". Whereas singularity formation
and energy dissipation is only possible for three-dimensional hydrodynamics, for MHD
it is a possibility for dimensiom = 2 orn = 3.
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Theorem 4.1. (Energy Conservation for Ideal MHD). Let andb be a weak solution
of the ideal MHD equations i = [0, 1]". Suppose thatt < C([0,T], Bs*) and
b € C([0,T], B3?). If

a1 > 1/3,
ay+2a > 1, (4.3)

then (4.2) holds.

Proof. The proof follows that of [5] but will be briefly repeated here. Definéx ) =
(1/e™)¢(x /¢) to be a positive, smooth mollifier with support (0, 1) and total mass
1. We make use of the definitions

re(fog)@) = / o)) 6,90 )dy
qe(f,g)(w)=/<p6(y)(5yf(w) x dyg(x ))dy ,

whered, h(x ) = h(x —y )—h(x ). The proofrelies critically on the following identities
(first observed in [5]):

(feg =feg+rdfig —(f -2l -9g9) (4.4)
(f > 9) =F xg"+alf,9) = (f = f) x (g = 9°) (4.5)
In addition the following estimates hold for functionsitg':
1FC+y) = FOlLs < cly[®, (4.6)
IV fellz2 < Ce | fll e, (4.7)
Lf = fellze < Ce®|| f][ 2 (4.8)

Usingy®™(z) = [ oy —z )u(y,t)dy andy@(z )= [¢(y —= )b (y,t)dy
as test functions results in the equations

/ (e ,t)Pde - / lu (@ , 0)Pda
D D

:/t/TT[(u Qu)Vu—(b ®b)€Vu€] (z ,t)dx dt
o Jp

/|b€(:c,t)|2da: 7/ b “(x ,0)dx
D D
=// [(w x b)° -V x b (@, t)da dt.
0 JD

The identities (4.6), (4.7) and (4.8) then yield the estimates

/ (D2 + b ()2 / (O +|b“(x , O)dax
D D

§/Ot/D|Tr[(re(u,u)—n(b,b)—(u —u)R @ —uc)
+Hb —b)R(b — b)) Vu | |de dr
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+/0t/D|(q5(u7b)—(u —u)x (b —b)) -V xb|dedr

t
2/3 2/3
< [ (et 3+ e 2313
€112/3 €112/3 er1l/3
+u = w5 b —bI33) 11Ve |13
2/3 €111/3 e11/3 e111/3
+(llgeCu 0I5+ llw — w5306~ beII5)3) 11V 5] ar

S 016301171 + C2€a1+2a271.

The result (4.2) follows in the limi¢ — 0, which finishes the proof of Theorem 4.1.
A similar theorem for magnetic helicity can be proven. The time evolution of the
magnetic helicity for smooth ideal MHD is given by

/[at-b +a -b,;ldx

D

:/[b “(u xb)+b -Va+a -V x(u xb)]dx
D

=/[b -Va+a -V x(u xb)ldx,
D
=0

wherea is some smooth function artd =V x a . Then fory) € C®(D x R*),

/T/(wa(w,t))~(u(w,t)xb(a:,t))dwdt=0 (4.9)
o JD

implies weak conservation of helicity. Using arguments identical to those of the previous
proof we obtain

Theorem 4.2. (Magnetic Helicity Conservation for Ideal MHD). Letandb be aweak
solution of the ideal MHD equations i = [0, 1]". Suppose that € C([0,77], B3")
andb € C([0,T], B3?). If as + 202 > 0, then (4.9) holds.

In 2 dimensions the magnetic helicity vanishes identically. In its place the quantity
[, a ?dx serves asanon-trivial invariant. In 2 dimensianssatisfies (up to a gradient)

a;+u -Va =0
and we have

Theorem 4.3. Letu andb be a weak solution of the ideal MHD equations/in=
[0, 1]?. Suppose thai € C([0, 7], B§")anda € C([0,T], B3*™). If ay + 20, > —1,
then [, a 2dx is conserved.

We remark that Theorems 4.1, 4.2, and 4.3 specialize easily to funeti@amslb in
Lip(ao, a1, 0, k1), asin Corollary 3.1 . In these cases the bounds of Theorem 4.1 become
s1 > 1/3,s1 + 2s, > 1, the bound for Theorem 4.2 becomgst 2s, > 0, and the
bound for Theorem 4.3 becomes+ 2s, > —1. Here
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s1=min(ay + k(1) /3),

52 = min(az + ka(a2)/3),
(e%)

wherex1, k, are defined as in the introduction. For the commonly observed phenomenon

of codimension 1 current sheets, = 1 so thats; + 2, > 1/3 implies energy con-

servation and; + 2a, > —2/3 implies helicity conservation{5/3 in 2D). We also

remark that while the fluid result (1.1) picks out the Kolmogorov expongbitiaturally,

the classical MHD exponent (namely4.[10, 11]), while consistent with the bounds

of Theorems 4.1 and 4.2, does not drop out as naturally. This should not be a surprise

since important non-local MHD effects are not included in the argument. Additionally,

Theorems 4.1 and 4.2 are consistent with recent intermittency models (see, e.g., [3]).
Analogous results can be obtained in terms of the Elsasser (characteristic) variables

z * =u + b for the MHD equations. The system (4.1) can be rewritten as

O +2"-V)z~ =-VII,
@ +z " -V)z*=—VII, (4.10)
V-z%=0

inwhich IT = p+ 1b2.
The following theorem gives two variants of the previous energy conservation result
for MHD.

Theorem 4.4. (Energy Conservation for Ideal MHD in Characteristic Variables). For
a weak solution of the MHD equations[i@, 1]™, there is energy conservation if either
of the following conditions are satisfied:

(i) For somep, ¢ with values in(1, co) and withl/p+2/¢g =1

u € C([0,T], B3* N By*),

b e C’([O,TLB‘?‘Z)7 (4.12)
in which
3ap > 1,
a1+ 20 > 1. (4.12)

(i) For somep;, g; (i = 1,2) with values in(1, co) and withl/py + 2/q1 = 2/p, +
1/¢2=1,

z* e C([0,T], B2 N BS2),

1

z~ € C([0,T], B N BY) (4.13)
in which
o+ 251 > :|.7
20+ 32 > 1. (4.14)

Similar statements can be made with regards to magnetic helicity.
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5. Singularity Formation for Ideal MHD

We will show the analogue of the Beale-Kato-Majda theorem for ideal MHD.

Theorem 5.1. For the system (4.1) with initial data ¢,bo € H*®, with s > 3, the
solutionw (t), b (¢) is in the class

c([0,T], H*) N CH([0, T], H*™Y)
aslong as
T
|1 @l + 1 Ot < .
and
T
/ |V X 2% |00 + |V X 27 |sodt < 0.
0
(The 2 inequalities are in fact equivalent.)

Herej =V x b andH* is the L, Sobolev space. The approach closely follows
that of [1]. Assume that

T
/ [V X2z w+|V X2z |odt=M < cc. (5.1)
0

The proof consists of three parts: First, we derive energy estimatesdn in terms of
|Vz *|. Second, we estimat¥ x z *|.,. Finally, we utilize an inequality derived in
[1] and Gronwall’s lemma to bounjd *|,.

5.1. Energy estimate®Ve begin by deriving energy estimates for the system (4.10) with
t € [0,T]. Let « be a multi-index withja| < s. Letn = D%z *. Apply D2 to the
second equation in (4.10) to obtain
Oy+z -V =-VII' - F
in which IT" = DT and
F=D%(z -Vz%)] -2~ -D*Vz".
A bound onF' in the L, norm can be based on the general inequality

|Da(fg) - fDag|L2 S C(‘f|s|g|oo + |Vf|oo|g|s—1)7

which was derived in [1] based on the Gagliardo-Nirenberg inequalities. Application of
this to F yields

[F|r2 < |z 7 |s]V2z Moo + V2 " |oo| V2 F|s1). (5.2)
This leads to the following bound ap
d _ _
122 < ez 715 V2 Moo + V2 oo V2 o) 2.

Summing ovek leads to
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d _ _
£|z+|2§c(\z IsIVZ Tloo V2 "ol Tlo)lZ Fs- (5.3)
There is a similar result foz —; i.e.,
d, _ _ _ _
@‘Z ?SC(‘Z+|S|VZ |oo+|vz+|00|z |s)|z |s- (5.4)
Add these two inequalities to obtain
d _ _ _
22 24|22 < c|Vz oo + V2 T2 T2+ |2 ), (5.5)
and thus

t
2 Pz P < (2 g2 za|§>exp(c/0 (V2] + V2 |oo>dT) . 56)

5.2. L2 bounds oriV x z. Take the curl of (4.10) to obtain

@ +2z"-V)¢ =VzTAVz | (5.7)
O, +z V)¢ T=Vz AVz ™

where¢ =V x z * andA is a constant matrix. Multiplying the first equation in (5.7)
by ¢ ~ and integrating gives

d,, _ . _ _
Gl B<c [1911v 17| de
<CIC T oolIV2 12| V2 7| 12)
<CIE eIV TF2 + V2 T [Z2). (5.8)

SinceV - z £ =0, z * and¢ * are related by
2T =-Vx (A

and their Fourier transforms are related By=(*)(k) = S(k)¢ *(k) where S(k) is
bounded independent &f Thus|Vz *|,. < C|¢ *| ., so that (5.8) leads to

GIE T < CIC T B 1 )
We obtain a similar result fof *; that is
SIC TR < C1¢aclle *Ba 416 o)
Add these two equations to obtain
SR 16 B < e oo 16 o)1 " +I¢ T 22)

so that
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16 < (€8 +ica i emp( € [ (¢ U+~ ).
By Assumption (5.1) we have
€ e +1¢ 717 < M(ColT2 +1¢ o [F2), (5.9)
whereM = exp(CM).

5.3. Final estimatedn [1] it was proved, via the Biot-Savart law, that

IV floo < C{1+@L+10g |f]3)|V X floo +|V X f|12} (5.10)
where
+ _Jloga if a>1
log” a = {0 otherwise. (5.11)
Thus

V2o + V2 oo < C{1+ (@ +10g |2 7[3)IC "loo + ¢ 712
+ (@ +log" |z T[a)I¢ oo +I¢ Tz2}-

Using the result from Section 5.2, we have

IVz | +|V2 "o
< C{1+(¢ o +1¢ " |oo)(loOg” |2 F|3 +l0g" |2 T |5+ 2).

Combining this with the result from Sect. 5.2 gives
t
|z +|s + ‘Z _|s < C(‘Z a‘s + |Z 8‘3) exD{C/O [(1 + (|C +|oo + |C 7|c>0))
(log(|z *[3 +e) +log(z ~[s+e))] dr} .
Lety™(t) = log(z *|, + ¢) then
y+(t) + yi(t) < |0gC(|Z 6|5 + |Z o_|s)

+C /O L+ (¢ ¥ + ¢ T lo) () + 5 (7).

Application of Gronwall's lemma then shows thd{(t) +y~(t) is bounded by a constant
which depends only o/, T and|z *(0, -)|,. This concludes the proof of Theorem 5.1.
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6. Conclusions

At present, there are only a few analytical results on singularities in ideal hydrody-
namics: The Beale-Kato-Majda theorem is a necessary condition for the formation of
singularities from smooth initial data. Constantin [4] and Constantin & Fefferman [6]
have obtained additional necessary conditions in terms of the geometry of the vorticity
field. Finally, Onsager’s energy conservation criterion provides a necessary condition
for energy dissipation due to singularities in an ideal fluid.

The first part of this paper has refined Onsager’s criterion by explicitly showing the
effect of singularity type and dimension on the necessary condition for energy dissipa-
tion. The result is an example of the Frisch-Parisi multi-fractal formalism, which has
been proved to be valid for functions in the class big(x1, 0, k1).

In the remaining parts of the paper two analytical results—the Beale-Kato-Majda
theorem and Onsager’s energy conservation theorem—have been extended to ideal MHD.
Since energy dissipation but helicity conservation are expected, this suggests a limited
range of values for the uniform singularity spectrum in MHD. The appearance of the
Elsasser variables * and z ~ in the extension of the Beale-Kato-Majda inequality
should also be noted.

We expect these results to be useful in two ways: First, as a sufficient condition for
regularity of ideal hydrodynamic and MHD solutions. They should also serve as a guide
in investigation of possible singularities and their physical significance. For example
in 3D hydrodynamics with singularities of typeon a smooth sef, nonzero energy
dissipation requirea < 0 for a 2D singularity surface«(= 1), « < —1/3 for a curve
of singularities & = 2), anda < —2/3 for a point singularity £ = 3). In particular, in
the point and curve cases, infinite velocities are required.

These results also help to indicate the relation between the smoothibeasdthat
of u . Theorem 5.1 suggests thatandu should have the same degree of smoothness,
while Theorems 4.1, 4.2, and 4.3 suggest a tradeoff between smoothnesdfthat
of b.
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