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The variance in the sedimentation speed for a homogeneous suspension of solid spheres in a Stokes
fluid is calculated for a particular choice of the distribution function of the spheres. In the infinite
particle number limit, the variance is found to be infinite.

The average sedimentation speed of a suspension was
evaluated by Batchelor® using a renormalization method for
a small volume fraction S of particles. This method was re-
formulated by Hinch? and Feuillebois, the latter by treating
a suspension which occupies a container of finite linear di-
mension. Batchelor’s result is obtained in the continuum
limit N— 0 and a/R—0 with § = N (a/R )* small but con-
stant, in which & is the number of particles and a is their
radius.

The variance in the sedimentation speed is of interest as
a mathematical quantity and as a prediction of the variance
in experimental observations. More importantly it would di-
rectly enter into a calculation of the rate of diffusion induced
by particle interactions.*

In this letter we calculate the variance for a special,
simple choice of the particle distribution function, which
was first introduced by Batchelor.! We show that in the limit
of infinite particle number N, the variance is infinite. Our
calculations follow the method of Feuilleois* with some mo-
difications.

As a model calculation, first consider the Stokes flow u
caused by equal point forces located on the configuration C ¥

= {X;,....Xy} and each of magnitude F = 6muavsy. The
flow is in a container 2, with vol(2;) = 47R 3/3, and v is
the Stokes velocity with direction é. For any point xef2, we
can write u as a superposition, u(x) = (|F|/u)Z¥ z(x,x,R ).
The flow z(x,y,R ) is defined for any xef2,, yef2,, and solves

Vz—Vr= —&(x—y), V:.z=0 in 2, (1)

z=0 on M2, (2)
with 7 the corresponding pressure. One might refer to z as
the Stokeslet in a box. Since the § function scales like |x| 3
and V? like |x| 2 it follows that z(x,y,R ) = R ~'z(x/R,y/
R,1). As shown by Feuillebois® the average of zis £z = 0if y
is randomly distributed (uniformly) over 2.

Suppose that the points x,, are randomly, independent-
ly distributed over {2, ; then
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E[u(x)’] = N (F /uyE [z(x,y,R )]
= N(6ma/R J'vi: E [2(x/R,y/R,1)*]
~N 1/3B2/SU§T0" (3)

in which o = 367°E [z(x/R,y',1)?] is the variance of z over
Yy’ =y/R randomly distributed in £2,. For all x away from
002, o is finite and nonzero. Therefore E (4’}—oo in the
limit N— « with £ held constant. Furthermore, it can be
shown that the distribution of N ~'/u approaches a Gaus-
sian, so that u has no distribution in the limit.

In the remainder of the letter we evaluate the effects of
particle interactions and finite particle size. Suppose that the
particle centers are distributed randomly and independent-
ly, except for the restriction that particles may not overlap.
The resulting probability distribution for N particles is de-
noted P(C %), or P(C ¥|x,) if there is an additional particle
known to be at x,.

The normalization of Pis given by § P(C ¥)dC ¥ = N\.
Since the particles are uniformly distributed over the box
and are independent except for volume exclusion, then

P(x,|x0)<cNR 3
and P(x|xo) = P(x,) for |xo—x,[>2a 4)

in which c¢ is a constant independent of NV and R. We shall
also use the approximation

vyt ff(x,c M)P(C M)dC ¥

= f Sx,x,)P(x,)dx,-[1+ O(B)], (5)

which is valid if the right-hand side of (5) is finite. This ap-
proximation, introduced by Batchelor,’ approximates the N-
particle effect by an accumulation of 1-particle effects.

For a given particle x, with a configuration C ¥ of other
particles, the velocity v, of the particle can be decomposed
following Faxen’s law' as
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Vo = Vs + (1 4+ 48*V)v(x,C V) + w(x,,C ¥), (6)
in which v(x,C ") is the N-particle Stokeslet in £2,, solving
"N
pVv—VP=F Y (l + %azvz) 5(x — x),

k=1
Vev=0, » 7
v=0 ondf2,. (8)

The velocity w is a correction to Faxen’s law caused by the
boundary conditions on the N other particles, and it is de-
fined by (6). If the x, are distributed randomly and indepen-
dently except for volume exclusion, then just as in (3),

E ([(1 +6*VW]*) =N V8 0. o)

On the other hand, if we restrict to N = 1, then v and w have
the following properties’>:

[ mixoxlax, <calvse
i) + [ + 12 vteg )

X — %4| >a. (10)

Now we are prepared to evaluate the variance in v,.
Since we know Ev, to be finite, it suffices to calculate
E [(vp — vsr)*], which can be approximated using (5) as

E [(vp —VST)2]

= [ Intxo)P o,

<c|vgr| for

2 [ we (14 L0297) wirom )P (s, el

(5w ]

- [P (x,|x,) — P(x,)}dx,
1 2
+ Xo— Xx|>a 1 +_02V2 V(XO,C N) P(C N)dC N
o= Xl [( 6 ) ]

(11)

Because of (4) and (10} the first three integrals are bounded by
B vst |

In the fourth integral the restriction (|x, — X, | >a VK)
is of no consequence and the effect of volume exclusion can
be shown to be relatively small, so that the value of the inte-
gral is asymptotic to N '/38%/p2_ o just as in (3) or (9). This
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shows that the variance of v, is infinite in the limit N— oo,
with B constant.

The significance of this result is not yet clear to us, since
an infinite variance is certainly unphysical. For very small
particle concentrations, Brownian motion effects should
dominate hydrodynamic interactions and the particle distri-
bution should be random and independent. Our result sug-
gests that thisis valid only if N '/38 /3 is small. If N /38 2/3 is
large, as in the usual continuum limit, it seems that hydrody-
namic forces result in a strong dispersion of particles. Thus
hydrodynamic forces dominate Brownian diffusion so that
the particle positions will be no longer independent. Some
correlation between particle positions may develop which
would change the calculation of the velocity variance
enough to make it finite. However, it may be that these corre-
lations have a small effect on the average velocity, and that
the model of random independent particles yields the correct
sedimentation speed but is inadequate for calculating the
variance.

Finally note that the infinite variance calculation above
is equivalent to the calculation of infinite kinetic energy in
Stokes fluid around a sedimenting sphere. If the Reynolds
number were small but nonzero, this kinetic energy would be
finite but large, and analogously we expect that the variance
would be finite but large. This large variance still seems un-
physical so that the remarks of the preceding paragraph are
still relevant.
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