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SINGULAR SOLUTIONS AND ILL-POSEDNESS FOR THE
EVOLUTION OF VORTEX SHEETS*

RUSSEL E. CAFLISCHt AND OSCAR F. ORELLANAf%

Abstract. The evolution of a planar vortex sheet is described by the Birkhoff-Rott equation. Duchon
and Robert [C.R. Acad. Sci. Paris, 302 (1986), pp. 183-186], [Comm. Partial Differential Equations, 13
(1988), pp. 1265-1295] have constructed exact solutions of this equation that are analytic for all <0 but
have a possible singularity in the curvature of the sheet at ¢ =0. This shows that smooth initial data for a
vortex sheet can lead to singularity formation at a finite time, in agreement with the results of numerical
computation [J. Fluid Mech., 167 (1986), pp. 65-93], [J. Fluid Mech., 114 (1982), pp. 283-298] and of
asymptotic expansion [ Proc. Roy. Soc. London Ser. A, 365 (1979), pp. 105-119], [ Theoretical and Applied
Mechanics, in Proc. XVI Internat. Congr. Theoret. Appl. Mech,,' F. I. Niordson and N. Olhoff, eds.,
North-Holland, Amsterdam, 1984, pp. 629-633]. We present an independent construction of these solutions
and use these results to infer that the vortex sheet problem is ill-posed in Sobolev class H, with n>3/2.
Earlier results show well-posedness in an analytic function class [Comm. Pure Appl. Math., 39 (1986), pp.
807-838], [Comm. Math. Phys., 80 (1981), pp. 485-516]. Our method is to construct an explicit singular
function that is a solution of the linearized equation, with a correction term added on to make the sum an
exact solution of the nonlinear equation. The correction term is analyzed using the Cauchy-Kowalewski
method.
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1. Introduction. A planar vortex sheet is a curve in a two-dimensional, inviscid,
incompressible flow along which the fluid velocity is discontinuous. Vortex sheets, and
the Kelvin-Helmholtz instability that they undergo, play an important role in many
flows, such as mixing layers, two-fluid interfaces and flow past airfoils. Asymptotic
analysis by Moore [11], [12] and numerical computation by Krasny [8] and Meiron,
Baker, and Orszag [10] have shown that a vortex sheet may develop a singularity, i.e.,
infinite curvature at a point, in a finite time. The appearance of this singularity is
important because it is immediately followed by rollup of the sheet [9]. A more
mathematical reason for interest in such singularity formation is that it may serve as
a simple analogue of singularity formation for the three-dimensional Euler equations.

Duchon and Robert [6, 16] perform a general construction of vortex sheet solutions
that are analytic for all > 0, by choosing initial data to lie on the stable manifold for
the Birkhoff-Rott equation ((1.1) below). The initial data can have singularities in the
(1+ »)th derivative for any »>0 (for a precise statement see [6], [16]; fractional
derivatives can be understood in the Hélder sense as in (1.6)). Our aim is to present
an independent construction of these singular solutions and to discuss their significance.
We also obtain slightly more precise pointwise information on the singularity, by using
a pointwise norm rather than the Fourier norm in [6], [16].

The singular solutions found here or in [6], [16] can be used to construct exact
solutions for vortex sheets that develop singularities at finite time starting from smooth
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initial data, as described in the concluding § 7. This shows that for the two-dimensional
Euler equations, singular initial data (a vortex sheet) can become more singular in
finite time. Furthermore, the existence of such singular solutions shows the vortex
sheet problem to be ill posed in Sobolev space H" for n>3/2. A somewhat different
proof of ill-posedness for vortex sheets was given by Ebin [15].

The vortex sheet is parametrized by a real variable y defined so that it is Lagrangian
(the value of vy is constant on a given fluid particle) and so that the density of circulation
with respect to the vy variable on the sheet is 1. The position of the vortex sheet is
defined by a complex variable z(1y, t) that satisfies the Birkhoff-Rott equation [1]:

o oo b Ty
(1.1) ot 2 1) C2mi i Lo z(y, ) —z(y', 1)’

in which the integral is a Cauchy principal value. An arbitrary constant in the definition
of the Cauchy integral is irrelevant since the right-hand side involves a difference.
Moreover, we will assume for simplicity that z is odd in v, i.e.,

(1.2) zZ(=y,)=~z(%, 1)

so that z(0, ) =0. The function z = y is a steady solution of (1.1) and corresponds to
a flat vortex sheet with a uniform density of circulation.

Linearization of (1.1) about the steady solution z = vy yields the following equation
for z=y+s:

(1.3) 38(y, 1) =3H[s,]1=3(s+,—5_,)

in which H is the Hilbert transform defined by H[s]=s, —s_, s, is the upper analytic
part of s, i.e., the part with positive Fourier wavenumbers, and s_ is the lower analytic
part. The linearized equation (1.3) is unstable with modes e*”**/2 In this paper we
are investigating the nonlinear behavior of this Kelvin-Helmholtz instability. Since the
linearized modes have arbitrarily large temporal growth rates, we find that singularities
may develop in finite time for the solutions of the nonlinear equation.

An explicit example of our singular solutions is

(1.4) z(y, t)=vy+so+r,
(15) oy, = (1= (1= e 7)1 = (1= 72y

in which ¢ is small. The dominant term s, is an exact solution of the linearized equation
(1.3) and the correction term r is negligible relative to s, as explained in Theorem 1.
Since so=cy'"” for t=0 and y=0, then z,,=s,,,=cy” "' (with a different constant
¢). Therefore the vortex sheet has an infinite curvature at y=0, t =0 for 0 <» <1. For
the approximate singular solution z, = y + s, with s, given by (1.5), the vortex strength
|zo,] ™" (t=0) is plotted in Fig. 1. The cusp at y=0 is due to the singularity. An
explanation of the terms in (1.5) is as follows. The e*"” makes s, periodic and odd.
The exponent —1 gives a solution that decays in time. Such a decaying solution requires
the factors (1—i) and 3.

To define a more general class of functions s,, let € be a small real number and
let 1> »> a>0. For s analytic in |Im y|<p define the Holder norm

Is(y)=s(y)
(1.6) |sl,= sup [s(y)|+ sup —_—
ltm y1<p jim i y1<p |7 =]
YF=Y
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FIG. 1. Approximate vorticity density o =|z,,|™ =|1+s0,|”" with s, defined by (1.5), ¢ =0.1, »=0.5.
The cusp at -y =0 corresponds to the singularity.

We require s, to satisfy the following:
(i) so solves the linearized equation (1.3);
(ii) s, is analytic in the time-dependent strip |Im y| <|¢|/2 for > 0;
(iii) s, is small and decays to zero as t-> 0. At t =0 s, has (at most) a singularity
in its (1+ »)th derivative, i.e.,

(1.7) |s0|,J + |s0,y|ﬂ < ce e_(ltl/z—p)’
(1.8) |S0W|p <ce(1+ (lt! _2p)u—a—1) o~ (11/2-p)
for t>0.

Note that the function s, in (1.5) satisfies (i)-(iii). Our main result is the following
existence theorem.

THEOREM 1. Let ¢ be a sufficiently small real number and let 1>v> a>0. Let s,
satisfy (1)-(iii) above; i.e., s, is an analytic solution of the linearized equation (1.3) that
decays to zero at t = o0 and has a mild singularity at t =0. Then there is a function r(vy, t)
such that

(1.9) z(y, t)=y+sot+r
is an analytic solution of the Birkhoff-Rott equation (1.1) for t>0 and k|Im y| <t in

which « >2 and k> 2 as € > 0. Moreover, r can be chosen so that the decaying mode
r.+ir_=0 at t =0 and that

(1.10) Irlo+|r,lo< ce”exp (—|t|/2),
(1.11) [rylo<ce’(1+t]" ™ ") exp (—|t|/2)

in which c is some constant that is independent of € and depends smoothly on a™' and
(v—a)7! (ie., c may be infinite at « =0 or a = v).
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Since r.+ir_=0 at t =0, in some sense half of the initial data of z is given by
v+ 8. The norm in (1.10), (1.11) is that of (1.6) with p =0. These estimates show that
r is as smooth as s,, but much smaller. Stronger estimates for r on the strip «|Im y| <t
are given at the end of § 6.

There are three main ideas in this construction: The first is to extend the Birkhoff-
Rott equation to complex v. Linearization (or equivalently the form of the Kelvin-
Helmbholtz instability) shows the Birkhoff-Rott equation to be approximately hyper-
bolic in the imaginary y direction, so that singularities will move in that direction.
This was first pointed out by Moore [11]. Of course, only real values of vy are physically
meaningful; i.e., singularities are physically observable only when they lie on the real
v line.

The second idea is to put the singularity in the initial data. By proper choice of
initial data, the singularities can be expected to travel approximately on the lines Im
y=x=t/2. Although our method cannot track these singularities exactly, we are able
to show that the resulting solution is analytic in the wedge |Im y|<kt/2, t>0, as
shown in Fig. 2. Note that for all > 0 this wedge contains the line Im y =0. Therefore
the vortex sheet is analytic for all ¢>0.

R

FIG. 2. Domain of analyticity (in vy) for z(y, t) (equivalently for r(y, t)): {|{Im y|<ct, t>0}.

The third idea is to construct the solution within the class of analytic functions.
In this function class the Birkhoff-Rott equation has been shown to be well posed;
while in almost any larger class it is expected to be ill posed. For the Sobolev spaces,
ill-posedness is shown in § 7. Use of analytic functions provides the stabilization
necessary to construct exact solutions in the presence of physical instability. Aside
from this practical justification, our belief that the imposition of analyticity is consistent
with the zero viscosity limit justifies the use of analytic functions, at least for some
flow regimes.
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F1G. 3. Domain of analyticity for the iterates r,, (or equivalently p,, q,,). The width of the domain decreases
as n increases. The line segments emanating from the plane {Im y =0} are the characteristics used to extend
the iterates to complex v, as in (2.12), (2.13), or (3.3).

The correction term r of Theorem 1 is constructed using the Cauchy-Kowalewski
method, somewhat modified from that in [13] involving an iteration. At each iteration
in our construction, the approximate solution is analytic in a wedge |Im y| < ct, with
an angle c that is slightly reduced at each step, as indicated in Fig. 3. The final solution
is valid in a limiting wedge, which is shown to be nonempty.

Other analytic results for vortex sheets include a proof of short-time existence by
Sulem, Sulem, Bardos, and Frisch and a proof of existence almost up to the expected
time of singularity formation by Caflisch and Orellana [2]. The singularities described
in the present paper are not accompanied by concentrations of energy. Thus they are
much weaker than those discussed by DiPerna and Majda [3]-[5], which possibly
appear on a vortex sheet at a later time. On the other hand, there are no known
examples for which such energy concentrations develop from less singular initial data.

The outline of this paper follows. Section 2 contains a reformulation of (1.1) and
shows the sense in which the problem is hyperbolic. In particular, an equation for the
error term r is derived. In § 3 we describe an iteration method for solving the equation
for r. Each iteration involves solving an elliptic problem in ¢ and Re v, then extending
the solution to complex y by solving a hyperbolic problem. The elliptic problem is
solved using a Green’s function; we solve the hyperbolic problem by integrating along
characteristics. Estimates on the first iterate are obtained in § 4, the induction method
is described in §5 and estimates for the successive iterates are derived using a
Cauchy-Kowalewski method in § 6. At the end of that section, we summarize the proof
of Theorem 1, and we derive two consequences of Theorem 1 in the concluding section.

2. Formulation. We write z as a perturbation of the flat sheet by z=vy+s and
assume that s is 2#-periodic, i.e.,

(2.1) s(y+2m, t)=s(y, t).
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The Birkhoff-Rott equation (1.1) is equivalent to the following equation for s, which
is now written in a way that is analytic for complex 7y,

9 1 « d¢
2.2 Z s*(y,t)=B E—PVI ,
(2.2) at’ (v 0)=Bls1=77 o —{+s(y)—s(y+{)
in which s* is the analytic extension of §, i.e., s*(7y) = s(¥). The operator B is expanded
as B[s]= B,[s]+ B,[s] in which
1 * s(y)—s(y+9)
(2.3) Bi[s1(y)=—5= PV J B E—
2ri oo I4
is the linear part of B and B, is the nonlinear remainder. The linearized equation (1.3)
is analytically extended as s§ = B,[s].
Since s, is an exact solution of this linearized equation, the Birkhoff-Rott equation
(1.1) for z= y+sy+r can be rewritten as follows:

1
14 =5 Hls,]

(2.4) r¥f=B[r]+ B,[so+r].
Define the decaying component p and growing component g for r as follows:
(2.5) p=roti(r)*,  g=r.—i(ro)*
Then (2.4) can be rewritten as
i
(2.6) 2 =5py+ a,
—i
(2.7) 9= 4, *b,
in which
(2.8) a=(B_)*+iB,, b=(B.)*—iB,

and B, and B_ are the upper and lower analytic components of B,[s,+ r]. Note that
a and b, and thus also p and g, have only components with positive wave numbers.

The system (2.6), (2.7) is elliptic in v, t for real v, but it is hyperbolic in v, ¢ for
imaginary y (or more precisely, in the imaginary y direction).

We solve (2.6), (2.7) in two parts. For vy real, t =0, we solve the elliptic equation
using a Green’s function. For Im y# 0, t=0, we solve the hyperbolic equation (2.4)
by integration along characteristics using the values of 7 on Im y = 0 as “initial values.”
These characteristics are indicated in Fig. 3.

We require p and g to be 2a-periodic, to vanish at t=00, and to have only
components with positive wave numbers and p=0 at ¢t =0; i.e.,

(p, )y, )=(p, @)(y+2m, 1),
(2.9) (p,q)>0 ast>o00, p(t=0)=0,

27

(D, 9)(k 1) = j e ™(p,q)(y,t)dy=0 fork=0.

0

Under these conditions and for a and b having only components with positive wave
numbers, the solution of (2.6), (2.7) is uniquely given by

t 27
(2.10) 263 t)=ff g, t=1)aly=y, 1) dy'dr,
0 Jo

o (2
(2.11) q(v, l)=J J gy, t=1)b(y—7v', t) dy’ dr’
t 0



SINGULAR SOLUTIONS FOR VORTEX SHEETS 299

for vy real and by

I

(2.12) p(y+ip, t)=p(y, t+2u)—-2 j a(y+ip', t+2(u —p')) du’,
0

"

(2.13) q(y+ip, 1) =q(y, t—2u)+2 J b(y+iu',t—2(n—p")) du’

0

for y+iu complex in which

[ &(-t/2+iy), >0,

(2.14) g(%’)‘{_g(—t/2+iy), t<0,
1 e

(2.15) e = e

If a and b are analytic in v, then p and q defined by (2.10)-(2.13) are also analytic.

According to (2.5), r=3(p+q)+iz(p*—q*). Let A[so+ r] denote the correspond-
ing combination of the right-hand sides of (2.10)-(2.13). The Birkhoff-Rott equation
(1.1) or (2.4) for z=vy+s,+r can be rewritten as follows:

(2.16) r=A[sy+r].

Equations (2.10)-(2.13) for p, q or the equivalent equation (2.16) for r are the main
results of this section.

3. Iteration method. In the previous section, the Birkhoff-Rott equation, for z =
v+ 5o+ r was reduced to (2.16) for r. We now solve this equation by iteration. Define
ro=0 and for n=0 let r,,, solve

(3'1) "n+1(% t)=A[S0+rn]
In terms of p,, g,, defined as in (2.5), equation (3.1) is written as in (2.10)-(2.13):

t f2m
Pue1( t)=J J gy, t—t)a,(y—v") dy' dr,

(32)
J gy, t—t)b,(y—v") dy dt,

0

qn+l(79 t) = J’

t

"

pn+1(y+iﬂ> t) =Pn+l(y’ t+2;u‘)_2 J an(‘y+iﬂ“,7 t+2(/"’ _M’,)) d/*",,
0

(3.3)

"

Gni (Y Fim, £) = guia (7, 1‘2M)+2J b(y+iu', t—2(u—u")) du’
0

for y and w real, in which a,, b, are defined as in (2.8) with r replaced by r,. To show
convergence of r, we obtain estimates on the difference

R,=r,—r,_.

Let Q,=¢,—qu-1, P, =p,—DP.-1. We use the following differentiated equations for
R,, or equivalently for P,, Q,:

t (2w
35 Pasa(, t)=_[ J goy(a,—a, ) dy' dr',
0J0

(3.4) © rom
a’;Qn+l(y, t) =J J' ga,‘;(bn“bn—l) d?’, dt/a

t 0
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"

al;PnH(’)"" iw, t) =3,;Pn+1(% t+2u)—2 J a’;(an —a,_,) du’
0

(3.5)

I
a,;Qn+l(y+ lf", t) =8I;Qn+l('y, t—2f"‘)+2 j a’;(bn - bn—l) d“‘,
0

for k=1,2.
For the Holder norm [s|, defined in (1.6), the Cauchy estimate for the derivative
of an analytic function is

(36) Iy, O, = (0" = p) s+, D i p'>p.
The nonlinear part B, of the Birkhoff-Rott integral operator is estimated as
|B.[s]l, = Co|57|;2>,
|B,[51,1, = col sy o] Syylos
|B,[s]1— B,[5]], = cifs, = 5,1, (Is, |, +15,1,),
IB,[s], = B,[51,l, = cilsy = &1, (Isyylp +15yy10) + €alsyy = 53 o141, +15,1,)

for any s, § in which ¢,=c(1—|s,|,)”" and ¢; =c(1-]s,|,) "' +¢c(1-]5,|,) . For these
estimates we assume that |s, |, <1, |§,|, <1.
From these general estimates it follows that a,, b, satisfy

3.7)

(3.8) |aol, +1bol, = clso,5,
|0y lo + b0yl = €ls0,1olS0xy s
(3.9) la, — an—l!p + Ibn - bn—llp = Canylp(|s0y|p + [rn—lylp + I"n~/|p|),
(3.10)  [(an—=au-1)ylo +|(bn = bu1)ylp = €| Ry o (IS0yylp F[Faziyylo +Fary,)
+ | Ry Lo (ISoylp F1tn1ylp +17m o)

i oyl o <ISoylp <3 [Fmyylp <|S0yyl, <3 for m=n,n—1.

For use in estimating the iterates r,, we state a general lemma. Its proof is a
straightforward extension of the proof of Holder bounds on the Hilbert transform
(Katznelson [7]).

LEMMA 3.1. Suppose that [3" a dy=[." bdy=0 and let p and q satisfy

t (2w
(v, t)=j j gy, t=t)a(y—v',t")dy dr,
0J0

(3.11) o
q(y, 1) =J j gy, t=1)b(y—v',t") dy' dt’

t 0

and suppose that

(3.12) la,lo+|byJo=ce®(1+1"7 ) e

Let r be related to p and q as in (2.5). Then r satisfies

(3.13) 7, lo=ce’e™"?, [ty lo=ce®(1+ 177" e "/2

The same estimates are true for p and q.
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4. First approximation. The first approximation r, = R, satisfies r; = A[s,], i.e.,

t (27 o 27
(4.1 216 t)=J J gaody'dr',  qi(y, t)=I J' gbo dy' dr’,

0J0 t JO

"
pi(y+ip, t)=p(y, t+2u) -2 J ao du’,
0

(4.2) )
qi(y+ip, 1) =qi(y, t=2p)+2 L b, dp’
in which the arguments inside the integrals are as in (3.2)-(3.3). From (3.8), (1.7), and
(1.8) it follows that a,, b, satisfy
|@oyl, +1boyl, = ce’(1+(t=2p)" %71 ™72,
for t>2p. In particular,
|@oylot|boylo=ce®(1+1""*"") e
Application of Lemma 3.1 implies
(4.3) Irylo=ce’e™?  |rle=ce®(1+t" ") e 2

Next estimate ry, for y+iu complex from (4.2) as

P
Irl‘y(.s t)lpéz sup |rly('a t+2#)’0+2J laO‘y(t+2#")|p"ﬂ-'+|bO'y(t_2/~",)|p—p.' dl“‘,
0

lul=p
(44) - an2,—(1=2p)/2 2 _ v—a—1y _—(t—2p)
=ce’e +ce“p(1+(t—2p) )e

Scsv—a—l€2 e—(t—Zp)/Z

for k,p <t with «, =2(1+8) with §> 0. Similarly,

I
|r1~/’y( s t)lp §2 |SI|1p ’rlyy( ) t+2#’)l0+2 J |a0'y‘y(t+2”',)'p—p/+lbOyy(t_2”',)19—#' dl"‘,
ml=p 0

=ce?(1+(t—=2p) > ) e 7202

(4.5) (7 ,
+(8p) (|@oyl1+8)p—p T |Doyl(1+8)p—p) 1
0
=ce’(1+(t=2p) ) e 22426287 1+ (t—Kky1p) 1) e U TP)/2
=6 el (1+(t—kp) oY) e V2
for k;p <t

5. Induction hypothesis. Successive approximations 7, and their convergence are
analyzed using an analogue of the Cauchy-Kowalewski method [13] for the integral
equations (3.2), (3.3). In each iteration the wedge of existence |Im y| < 't is slightly
decreased, so that the general estimate (3.6) can be employed. The object of the
modified Cauchy-Kowalewski method is to show that there is a limiting, nonempty
wedge in which the solution r is analytic. The key point of the method is overcoming
the large factor (p —p’)”" in the Cauchy estimate (3.6). As a result of this factor the
singularity in the solution r may be one order higher than the singularity in s, on the
lines [Im y| = «,'t. However, the additional singularity has amplitude proportional to
t, so that at t =0, r is no more singular than s,.
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The induction argument follows that of Nishida [13] with some change in notation
and indexing. Define
(5.1) Kni1= Ke(1—&*(n+2)7)7"

for n=1, in which u >0 is to be chosen later. Then
(5.2) Kn> k=K [[(1—e*(m+2)">)7",
1

which is finite and note that «,.,;> k, >+ > k,> 2. Define the norm

(5.3) A, (R)= sup e 2" /2t Y (t—k,.p)

1> Kpp

X {|R7(t)|p +(1 + (t - Kmp)y—a—l)_llR*/v(t)lp}-

Since Kp,41> K, then A, (R)=A,,(R) for any R. The size of the mth correction
R,,=r, —r,_, is measured by

(5.4) Am=Am(Ry).

As mentioned above, the factor (¢ — «,,p)/ t indicates possible additional singularity
on the line [Im y|=p = «,,'t, but note that it does not affect the size of R,, on the
physical line Im y=p =0.

The induction hypothesis is

(5.5) 5 A,-(l— i )éd.
j=1 Kj+1
The constant d as well as «; will be chosen later. In the previous section, we showed
that A, = c(k,—2)"" so that the hypothesis for n =1 is satisfied if d = c(k;—2)"".
Now suppose that (5.5) is true for n=1. If «,.,p <t, then for n=j=1,

-1
K;
IRjy(t)|p<A,-(1— ’) g2 e (P2

Kn
(5.6) v
<A}(1— Kj ) 82 e—(t—Knp)/2’
Kj+1
e \ 7!
tij(t)|p<)\j(l— . ) 82(1+(t—:<jp)”_°“1) e mKp)2
Kn
(5.7) !

-1
<)‘j<1_i) 82(1+(t_Knp)v—a—1) e—-(t-—xnp)/Z‘
Kj+1

Since ro=0, r., =Y _, Riy, Fuyy =Z;'=1 R;,,, and using the induction hypothesis at n,
this yields

ry (D], = €2< z A0A- Kj/Kj-H)_]) e~ (tTrap)/2
j=1
(5.8) <dg?e (tRp)2

(59) 3y ()], = dE*(1+ (1= kyp) ") €72,

for any j=n and «,.,p <t The bounds (5.8), (5.9) will be used in § 6 for estimation
of R,,,.
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6. Successive approximations. To verify the induction hypothesis (5.5) for n+1,
the correction terms R, ., that solve (3.4), (3.5) must be estimated. Using (1.7), (1.8)
for so, (5.8), (5.9) for r,, r,_,, and (5.4) for R,,, R,,, in (3.10), the forcing term in
(3.4), (3.5) is bounded for k,.,p <t by

(61) |(an_an~1)'y|p+|(bn_bn~l)y|p

)(1 F(t—kup)? 7Y e TR,

éce3(1+sd)/\,,(t

In particular for p =0,
(6.2) (@n = @n_1)ylot|(bp=bu1),lo=ce*(1+ed)A,(1+ 1" ") e™",

First, estimate R, ,, for vy real, i.e., p = 0. Application of Lemma 3.1 to (3.4) using
(6.2) implies that

(6.3) IR s1,0=ce’(1+ed)r, e "3,
(6.4) IRy s1yylo=ce’(1+ed)A,(1+1t"7 ") e "/2

Second, estimate R,.,, for complex y+iu, i.e., for p =0, solving (3.5). For k,.,p <t
bound

P
IRn+1y(t)‘p §2 lsuP |Rn+1y(t+2/"')|0+J' (l(an - an—l)y(t+2/“")lp—u

ul<p 0
(65) +|(bn_bn—l)'y(t_2,u‘)’p—,u.) d/'l'
=2ce’(1+ed)r, e P2+,

in which I denotes the integral. The inequalities «,.;> k,>2 and k,,;p <t imply
Kni1(p— ) <(t—2u). Then we may use (6.1) to bound I by

I=ce’(1+ed)A, r< (22 )(1+(ti2,u—r<n(p—u))”—a—,)
o \(1£2u)—Kk,(p—p)

. e—(tiZ;l«-x,,(p—,u))

dp
P

(6.6) =ce’(1+ed)r,(t+p) e'(3/4)('_“"p)J (t—kup+(kp—2)p)" * 2 du
0

=ce’(1+ed)(k,—2) "M, (t+p)(t—Kp)” > o~ 3/ i—k,p)

t
=ce’(1+ed)(k, —2)_1)\,,< ) e (Trap)/2,
t—Kup
Since k,.,> k,, this combines with (6.5) to show that

(6.7) |Rns15 (D, = ce”(1+ ed)(x, —2>“An( ) e (T2,

L= Kps1P

for k,1p <t
Third, estimate R,.,,, for complex y+ iu, i.e., for p =0, solving (3.5). This is the
crucial estimate of the Cauchy-Kowalewski method. For «,.,p <t estimate

'Rn+17'y(t)|p = 2 |S]|.lp |Rn+1‘yy(t+2/"')|0
rl=p

(68) +J {l(an - an—l)yy(t+2/'l’)|p-p. + |(bn - bn—l)y’y(t _2l")|p—,u.} dlu'

=ce’(1+ed)A,(1+(t=2p)" ) e 2024 [,
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in which I, is the integral. Define p, by
(6.9) p1=2(Kknii(t=2p)+(p—p)),
which satisfies
(6.10) p—p<pi<kn(t—2p),
=24 = Kp11P1 = Kn+1(P1 = (p = p)) = (t = Kp11p + (Kns1 —2) ) /2
Z (t—Kpr1p)/2.

Estimate I, using the Cauchy estimate (3.6), the bound (6.1), and the relations (6.10),
(6.11) to obtain

(6.11)

I2§2 J'O (Pl_(P -—/")).—ll(an _an—l)'y(t+2”')|p1+l(bn —bn—l)-y(t—Zﬂ’)'p. dl"'

t+2u

— A+ (t-2p—kp)" Y
(t“zllv—’(npl)( ( # P

P
éce3(1+sd)hnj (pi—(p—m))!
0
(6.12) (TRl gy
P
=ce’(1+ed)r,(t+p) e (7?2 I (t = Kp1p + (Kpsy —2)p) >
0

F(t=Kps1p (K1 =2)p) "% dp
sce’(1+ed)A,(t+p) e T P2 (i  —2)7!

(1= Knirp) A+ (= Kpirp) ).
Combine this with (6.8) to find
t
IRn+1‘y'y|p = 683(1 + d)An(Kn+1 _2)—1(___)
(6 13) = Kn+1P
' P+ (= k) 7T €T

for k.1 p <t
Inequalities (6.7) for R,.,, and (6.13) for R,,,,, and the definition (5.4) of A,.,
imply that
A = ce(1+ £d)(kpi —2) 7',
(6.14) .
=ce(1+ed)(k;—2)"'A,.

This inequality is also true for A;,, in terms of A; for any j = n, so that
M ={ce(1+ed)(k,—2)7"}"A,
(6.15)
={ce(1+ed)(k,—2)""}"(xk,—2)".

With these estimates finished, we are ready to verify the induction hypothesis (5.5)
for n+1 by choosing d and ;. Let
(6.16) K, =2+ag*, d=¢g

in which a and the parameters u from (5.1) are still to be chosen.
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Estimate

T M=k 1) S (=27 T (e (14 ed) (1~ 21— )

J

(6.17) =a7le™ ¥ (ca”'e!T*(1+e' )Y +2)°

=
<g

for any p with 0= =2/3 and a chosen (independently of u) to be sufficiently large.
This verifies the induction hypothesis (5.5) for (n+1), for any n.

Completion of the induction proof shows that the inequalities (5.6), (5.7) on the
Jjth corrections R; are valid for all j and that therefore the approximate solutions r,
have a limit r that solves (2.16). Finally the combination z(1y, t) =y +so(y, t)+r(y, t)
solves the Birkhoff-Rott equation (1.1).

Moreover, the solution r =lim,_ r, is analytic in kp <t with

k= lim k, =k, II(1—e*(m+2)>)7"

=2+0(e").
The bounds (5.8), (5.9) show that for kp <t, r satisfies
[r(2)], +|r, (1)], = ce?72k e~ (t7P)/2
|rw(t)|p = 052_2#(1 +(t— KP)Vma_]) e (me)/2

By choosing w =3, its largest permissible size, we find that r is analytic in the region
(2+ 0(£*?)) p <t. By choosing u =0, we obtain the optimal bounds on the size of r,
although on a restricted domain. In particular for p =0, i.e., on the physical line y
real, the bounds are

(6.18)

[r(Olo+]r,(D]o=ce® e™"/?

(6.19)
|7y (D)o = ce®(1+ 1772y &2,

This completes the proof of Theorem 1.

7. Conclusions. We will use Theorem 1 to derive solutions of the Birkhoff-Rott
equation that develop singularities (i.e., infinite curvature) at finite time starting from
analytic initial data. Then we show that the initial value problem for this equation is
ill posed in Sobolev space H" (n>3), since the derivative of order 1+ v, for any »> 0,
can become infinite in an arbitrarily small time from arbitrarily small initial data
(fractional derivatives are understood in the Holder sense). On the other hand, the
vortex sheet problem is known to be well posed in an analytic function setting for at
least a short time [2], [14]. DiPerna and Majda [3]-[5] address the related question
of finding an appropriate function space that is preserved by the Euler flow and by
limits of Euler solutions, as well as by limits of regularized solutions (i.e., of the
Navier-Stokes equations or the numerical vortex method).

The Birkhoff-Rott equation has the following three symmetry properties: If z(y, t)
is a solution of (1.1) then so are z,(y, t) = z*(y, —t), z,(, t) =z(y, t — t;), and z,(y, t) =
n"'z(ny, nt).

When we use z,, Corollary 1 follows from Theorem 1.

COROLLARY 1. Let ¢, v, a be as in Theorem 1 and let s, satisfy properties (i)-(iii)
except for t <0; i.e., s, is an analytic solution of the linearized equation (1.3) which decays
to zero at t = —0 (decaying backwards in time) and has a mild singularity at t =0. Then
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there is a function r(vy, t) such that z(y,t)=vy+s,+r is an analytic solution of the
Birkhoff- Rott equation (1.1) for t <0 and k|Im y| <|t| in which « >2 and k > 2 as € > 0.
Moreover, r can be chosen so that the backward decaying mode r, —ir_=0 at t =0 and
so that r satisfies (1.10), (1.11) for t <O.

By shifting the origin of time in the solution z of Corollary 1, we obtain Corollary 2.

COROLLARY 2. There is initial data z(vy, 0), which is analytic in a neighborhood of
v real, such that the solution z(vy, t) of the Birkhoff-Rott equation (1.1) develops an
infinite (1+ v)th derivative at a finite time t,.

Finally we use the rescaling of z to z,. Take z to be a solution for ¢ <0 that
develops an infinite (1+ »)th derivative at ¢t =0, as in Corollary 1. Let zy(y, t)=
N72z(N?y, N*t—2N) so that sy = zy —y = N 2s(N?y, N*t—=2N). Then at t =0 the
kth Sobolev norm of sy is bounded as

Isn (-, 1 =0)| e = N2 s(-, —2N)| e
(7.1) = N2k+1 =N
>0 as N-oo.

However, the time Ty of singularity formation is Ty =2N~"'->0 as N - 0. For v»>0,
denote sup |95, z| =sup, .y rear |2'(¥) — 2'(¥)|/|y — ¥'|”- This shows the following.
CoRroOLLARY 3. For any positive numbers v, k, €, and § there is initial data z = y + s,
with |s| g« < e such that sup |3,""z| goes to infinity for t = t,< 8. In particular the initial
value problem for the Birkhoff- Rott equation (1.1) is ill posed for any Sobolev space H*
for k>3/2.
In other words, smallness of the initial perturbation s is not sufficient to insure

existence with bounded (1+ »)th derivative on any time interval for (1.1).
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