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CONVERGENCE OF THE VORTEX METHOD FOR VORTEX SHEETS*

RUSSEL E. CAFLISCHT# AND JOHN S. LOWENGRUBT'§

Abstract. Computation of the evolution of vortex sheets is delicate because of Kelvin-Helmholtz
instability and singularity formation (infinite curvature). Convergence of the point vortex method and the
vortex blob method is demonstrated for vortex sheets with both spatial and temporal discretization and
with simulated roundoft error. The initial data is assumed to be a small analytic perturbation of a flat,
uniform sheet. The proof works for a short time interval, certainly less than the first time of singularity
formation. The analysis is performed in an analytic function space using the abstract Cauchy-Kowalewski
Theorem. A numerical-analytic interpretation of analyticity is given.
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1. Introduction. Computation of the evolution of vortex sheets in two-dimensional,
incompressible inviscid flow is delicate because of Kelvin-Helmholtz instability and
singularity formation (infinite curvature of the sheet). Numerical roundoff error can
excite the physical instability to produce irregular results well before the physically
correct singularity formation and roll-up of the sheet. Krasny [13], [14] has overcome
this difficulty by two methods: a point vortex method with filtering to eliminate spurious
high wavenumber components and a vortex blob method. A successful method based
on series expansion was used by Meiron, Baker, and Orszag [15].

The aim of this paper is to prove convergence of the vortex method for a vortex
sheet that is initially a small analytic perturbation of a flat, uniform sheet. The
perturbation is required to be periodic for simplicity. The time interval for convergence
is small. Certainly it does not include the first singularity time, so that the result does
not include vortex sheet roll-up. Our convergence result applies to the point vortex
method and to the vortex blob method, with spatial and temporal discretization and
with simulated roundoff error. Stability for the point vortex method is maintained by
the assumption of analyticity. The use of vortex blobs improves the stability, but
decreases the accuracy of the method (see Theorem 2 for a precise statement).

Analyticity for the vortex sheet is needed to stabilize the Kelvin-Helmholtz
instability. In fact the vortex sheet problem is known to be well posed in an analytic
function space [5], [10], [17] but ill posed in certain nonanalytic spaces [6], [11]. The
Cauchy-Kowalewski Theorem in abstract and discretized versions (see [2], [16], and
Theorems 3 and 4 below) is the basic tool for construction of solutions in this paper.

One of the main contributions of this paper is to clarify the meaning of analyticity
for numerical analysis: A function f(z) is analytic in a strip |Im z|<p if (roughly
speaking) its Fourier transform decays like | f(k)| < c e .. If the function is discretized
with a length scale h, then the maximum wavenumber is k,, = h~'. Analyticity of such
discretized functions can be detected if the inequality on its transform can be verified.
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This gives a restriction on the size of roundoff error e,, that
(1.1) le,| < ce™?’"

for some constants ¢ and p. This constraint on h and |e,| is our interpretation of
analyticity for numerical analysis.

Constraint (1.1) is severe, but seems to be optimal in the presence of Kelvin-
Helmholtz instability. It is in qualitative agreement with the numerical results of Krasny
[13], [14], but no quantitative numerical study of the relation between e, and h has
been made. The constraint needs to be applied only to roundoft error, not to discretiz-
ation error, since for analytic functions the discretization error is also analytic. For
this problem the factor p will be proportional to UT, in which U is a characteristic
velocity and T is the time over which convergence is proved. We expect this interpreta-
tion of analyticity to be useful for numerical analysis of many other ill-posed problems.

As a prerequisite to the convergence theorem, we prove global existence for
analytic solutions to Krasny’s desingularized vortex sheet equation (without discretiz-
ation). This result is for arbitrary analytic initial data, without any assumed closeness
to a flat sheet and does not use the Cauchy-Kowalewski Theorem. The same result
was proved independently by Christoph Borgers [4]. Borgers also proved convergence
for solutions of the discretized, desingularized equation, but with a rate that depends
on the desingularization size 8, whereas our convergence result is uniform in 6.

The vortex blob method was first proposed in [7], and convergence of the blob
method for smooth flow in R? and R’ is proved in [1], [3], [8], [9], and [12]. Vortex
sheet initial data is too singular to be included in those results, since they do not work
in the presence of the Kelvin-Helmholtz instability. The results here are the first proof
of convergence for the point vortex method in any context, and are made possible by
the analytic function setting (for the sheet’s profile).

The vortex sheet equations, some notation, and the main convergence result will
be given in the next section. Global existence for the desingularized equations will
also be stated in that section and proved in § 3. An outline of the convergence proof
and a statement of the Cauchy-Kowalewski Theorem are presented in § 4. In § 5 several
technical lemmas are proved. Then stability and consistency proofs are presented in
§86 and 7.

2. The vortex sheet equation and the convergence result. The position in the plane
of a vortex sheet is described by the complex function z(y, t) in which y€R is the
circulation variable. We will sometimes extend y to be complex, as a mathematical
construction. Evolution of the sheet is governed by the Birkhoff-Rott equation

(2.1) aiz¥(y, )= (27Ti)_1PVI (z(y, ) —z(y+ £ 1) d§,

in which the integral is a principle value and z*(y) = z(%). For vy real, z*(y) =z(¥).

An equilibrium solution for (2.1) is z =y corresponding to a flat sheet of uniform
strength. For perturbations of a flat sheet, write z = y + 5(4, t), so that the Birkhoff-Rott
equation becomes

(2.2) 3,5™(y, t)=(2mi)"'PV J (=¢+s(y, ) =s(y+& 1) dé

If in addition s has period 27 in v, then (2.2) becomes

™

(23)  a,5*(y, 1)=B[s1(y, )= (4mi) ' PV J cot %(—§+ s(y)—s(y+¢)) de



1062 RUSSEL E. CAFLISCH AND JOHN S. LOWENGRUB

Although the cotangent introduces some complexity, the bounded region of integration
in (2.3) will simplify our analysis.

Next we define several approximations to (2.3) that result from desingularization
by length scale §, discretization in circulation variable y by h, and discretization in
time ¢ by At. The solutions of the approximate equations are

ss:  desingularized by §,

sp: desingularized by 8, discretized by h,

s5:  desingularized by 8, discretized by h and At.
They satisfy the equations

(2.4) 3:5%(y, 1) = Bs[s51(%, 1),

(2.5) 8,55(mh, t) = Bp[sp](mh, t),

(2.6) D,s%(mh, (n+1)At) = Bp[s,](mh, nAt)+e,/At,
in which

T cosi(ss—s5— &) siny(sk—si —£) de
)+8%

(2.7)  Bs[ss1(y, )= (4mi)™" J

e Sin (85— 55~ £) sin3(sF —s¥' — £
Ly & _cosa(sp—sp—jh) sina(sh—sB —jh)

2.8 B h,t)=(4mi)"'h

(2.9) D,s¥(mh, nAt) = At~ (s¥(mh, nAt) — s¥(mh, (n —1)At)).

In these equations N is a large integer, At and & are small parameters, h =27 N "',
1=m=N, and n=0. In (2.7), ss =s5(7, t), s5=ss(y+& t), and similarly for s¥. In
the sum in (2.8), sp=sp(mh, t), s’ =sp((m+j)h, t), and similarly for s%, s¥. Initial
data will be prescribed for (2.3), (2.4)-(2.6). The forcing term e, is included to simulate
roundoff error. It is divided by At since D, has been applied to the equation.

Note that (2.4) is a desingularization of (2.3) and is exactly (2.3) if § = 0. Equations
(2.5) and (2.6) are vortex blob equations and are discretizations of (2.4). If § =0, (2.5)
and (2.6) become the equations for the point approximation to (2.3) (with and without
time discretization), and the operator B becomes the point vortex operator

(2.10) B,[spl(mh, t)=(47i)"'h g cot %(SD —sp—jh).

Existence and uniqueness for solutions of the periodic Birkhoff-Rott equation
(2.3) are proved in [5], [17]. For the §-equation (2.4) they are proved in Theorem 1
below. Existence and uniqueness for the discretized equations (2.5), (2.6) are easy to
prove, since the vorticity is always positive and thus time invariance of the Hamiltonian
Y log (sin (s(mh)—s((m+j)h)—jh)) prevents singularities from forming.

Analysis of the discretized operator By, uses the discrete Fourier Transform defined
for discrete functions s, by

N
(2.11) §h(k)=N""Y sp(jh) e™™",
j=1

in which s, is assumed to be 27-periodic, h =27/ N and k=1, - - - |, N, or equivalently,
k=-N/2+1,---,N/2 since §'(k+ N)=5§(k).

Convergence of the approximations above is stated using the following norms:
(2.12) lssll, = sup [ss(v)],

[Imy|<p
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(2.13) Issll, = 2 185 (k)] e,
N2 d k,8
(214) "sD”Sp = Z |SD(k)‘ ep¢( ’ )9
—~N/2+1
in which
(2.15) ¢(k, 8) =min (|k|, 672).

Now we state the main results of this paper.

TueorEM 1 (Global existence for 5-equation). Suppose that so(y) = ss(7y, t =0)
is analytic and 2r-periodic in 'y and satisfies ||so|[,, < R <, and that 0< 8 <1. Then
there is a unique periodic analytic solution ss(vy, t) for the desingularized vortex sheet
equation (2.4) for all t=0. It satisfies

(2.16) fIlss (Ol = ¢ et/

in which p,(t) = c8° e % and ¢ and X are constants depending only on p, and R.
We note that Theorem 1 is not a near-linear result, as there is no smallness
requirement on S;.
TueoreM 2 (Convergence of the vortex method). Let « be sufficiently small and
let so(y) = s(y, t =0) satisfy ||soll,, <« <1 (in particular s, is analytic in ). Let

55(')’, t=0) = SO(‘)’)’

(2.17)
sp(mh, t =0) =s,(mh, t =0) = so(mh)

and assume that the roundoff error satisfies
(2.18) le,|= eAt max (h, 8) max (e /", e/

for all vy and t. Then for =0, h>0, and £ =0 sufficiently small (independent of the
initial data), there are unique solutions s, , sy, and ss of (2.4)-(2.6) with this initial data
for t <aap,. These solutions satisfy:

(a) (Convergence of 5-equation)

(2.19) Is(2) = 55(E) || 1y = €85

(b) (Convergence for spatial (vy) discretization)
(2.20) [s(t) =sp (D)l 5oy = c(8+ h);

(¢) (Convergence for spatial and temporal discretization)
(2.21) |s(t=nAt)—sa(nAt)|| spnan = c(8+h+e+At),

in which p(t) = ap,—a_'t. Then constant a can be any number less than 1, and a depends
only on «a, k, and p,.

The factors At and h are included in (2.18) because we have applied D, and will
apply 2 to the equation for s,. They are insignificant compared to the exponential
term. This theorem is uniform in 8 and thus shows convergence of the point vortex
and vortex blob methods for vortex sheets. The estimates (2.20) and (2.21) show that
8 does not help accuracy. According to (2.18), inclusion of § does allow larger roundoff
error, since it helps stabilize the growth of the error. The point vortex method conver-
gence is stated in (2.20), (2.21) with 8 =0, which leads to the following corollary.
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COROLLARY. If's, is the solution of the point vortex equation D,s, = B,[s,]+ e,/ At,
with roundoff error satisfying

le)|=eAthe'",
then
(2.22) |s(t) = s,(D)|l,(n = c(h+e+At).

3. Global existence and uniqueness for the desingularized equation. Here we prove
Theorem 1. The proof relies on an iteration scheme and does not use the Abstract
Cauchy-Kowaleski Theorem. We show at each iteration that the approximate solution
is analytic in [Im y|<p,(t), as defined in the theorem, and satisfies the bound (2.16).
The necessary introduction of trigonometric function, as in (2.3) for the periodic
problem rather than (2.2), makes the proof complicated technically. This section is
independent of the rest of the paper.

We introduce some space-saving notation and make some preparatory estimates.
Denote

E[s]=|s|+]|s'|+]s*|+]|s*1,
— ol — X oK
C[s]=sin (f__§2___§> sin (-{-———S————‘—f> + 82,

2
. [s—s'—¢& s—s7—~§
sm<———2 )’+ (:os(——~-—2 )‘,
A[s]= Ay[s]+ Ay[s*]

in which s=s(y,t), s'=s(y+§& 1), s*=s%(y, 1), s*=s*(y+& t). We first estimate
A[s]. We break this into two cases:

Case 1. If |sin ((s —s'— &)/2)| <1, then clearly A,[s]<2.

Case 2. If |sin ((s —s'—£)/2|>1 (i.e., if s—s' has a large imaginary part), then
A,[s]<2|sin ((s —s'— ¢/2)|+ 1. Therefore, for all s,

(57 e2fon ()
sin| ——— sin| —— || .
2 2

Second, we estimate C[s]™' which is the denominator in the integral operator.
On the real line Im y =0, s* =3, and s* = §' so that

"(757)
sin 5

A similar estimate is needed off the real line, where s* # 5. By a Taylor expansion in
Im v, it follows that for |[Im y|=p

A)ls]=

(3.1) As]<4+2 +2

2
+ 82

Cls]=

ls*=5|=p sup s,
[imy|=p

= pI“syl”p

()i o259
sm( > ) sm( 5 =p |lns11'i|p§p cos 5 sy lll,»

=o( sup_ALs1)ll

Imy|=p

so that
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This estimate allows us to replace § and §' in the definition of C[s] by s* and s* with
a controllable error, so that |C[s]| can be bounded below as

sl () sl (557
251n ) sin 5

Combine this with (3.1) to obtain
2 o 2
#fsin (=579 57} (35 asols ),

sF*—s* —
(275729
2

Now we are ready to solve (5.4) by induction and the contraction mapping
principle. Let

2

ERE += ~ Alplls,ll, + 8%

2

(3.2) IC[SI|2{

so( %, 1) = so(y) Vi
and let
3isha(y, 1) = Bs[s,1(, 1),
Sa+1(% 0) = so( ).
Note that s, is 2sr-periodic in y. We will show that
(3.4) s Oy sy (Ol 0y = € 7%

by induction, in which p,(¢) is defined in Theorem 1. Suppose (3.4) is true for n and
show it is true for n+ 1. Differentiate (3.3) or (2.4) in vy to obtain

(3.3)

1 W
(3'5) arsfﬂy(‘)’, t) =4 X J' Gl[sn] d’f
miJ .

where

G [S,,] k [S,, sna S*/](sny'—s:w)

+ ko[ s, — sh, sk —sK1(sk, —s%).
Estimate
Kilsy— s, sn—s%']
(3.6) __1 sin® (s} —s¥ ~ £)/2) + 8% sin (s, — s, — £)/2) sin ((s¥ = s¥' = £)/2)
2 [sin ((s, — s, —&)/2) sin ((s% = s%'~ £)/2)+ 8°T ’

8% cos((s,—sn—£)/2) cos ((sk—s¥'—¢)/2)
2 [sin (s, — s, — £)/2) sin ((sk = s¥' = £)/2) + 5

(37) k2[sn sn, S,, _Sn’]

It follows that

(3.8) kil s, = s, 55— 5% =3|CLs.] A s, T,
82 _

(3.9) [alsy =53, s311= |Cls ) P Ailsn 1

so that

(310) IGI[Sn:”é IC[snll—zAl[sn]zE[aysn]'

Similarly,

1 ks
(311) at(s:l:+l _sf)—y()’a t) =4 . J GZ[Sna sn—l] dé-
)

-
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where
Golsn, Sn1]1=Gi[s,]1= Gi[s01],
ie.,
Gl Sut]=ki[s0 =57, 5% = 575150y = 57,)
—k[$p1— S, Sf—n_sf,ﬂ](sn—xy"siu—ly)
+hols, =0, s — sk 1(s%, — 5%,

— ko[ Sp_1—Sh_1, SH_ — sf/—l](siukﬂy - s?:ily)-

Therefore G,[s,, s,-,] is partially estimated by taking derivatives of G,[s,], and hence
of the products k, - (s, —s’) and k, - (s*—s%’"), with respect to s, —s, and s}—s}'.
The result is that

[GZ[Sna sn—l]l = Sup {C[S]_ZAI[S]Z}E[(SH - Sn—l)y]

(3.12) )
+sup {C[s] *A[sI*HE[sn-1,1+ E[$52y ) E[(sn = 50-1)]

in which the sup is taken over all As = s — s’ on the line segment connecting As, = s, — s/,

and As,=s,_,—s,,_;, and similarly for s*.
Since by our induction hypothesis s, and s,_, (if n=1) satisfy (3.4), then for

[ITm y|=p,(t), we have
. Sa—sa—¢& . Sf—si.k'—f)z z]
L LB R
sm( 5 ) sm( 5

¢ ko ok 2
Sin (sn~1 ;n—l g) sin (Sn‘l ;n—l §> +82].

Using (3.13), (3.14), and (3.1) we obtain

(3.15) |GiLs,)|= 8 *Els., ],

(316)  |Gals, 1= 6 L(EL5, 1,1+ ELsiy D EL5u = $u a1+ El50y = 501,11
Combine (3.15), (3.16) along with our induction hypothesis (3.4) and (3.5), (3.11) to get

2
+

(313)  |Cls m%[

and similarly

2
+

(3.14) IC[s,,_I]I%[

t
(3.17) w15 (O pycor = M0yl + €87 L Ny Nl @,

t

(3'18) m(snﬂ - sn)y(t)lllpl(t) = 06"8 J [!”Sn‘yl”m(f')lllsn - sn—l’”pl(r’) + I”sn‘y - S"*IVI“pl(l’)] dr'.

0

It is clear that similar but simpler estimates hold for [|s,..(¢)|, ) and |[|(sn+1—sn)
(O, Integration of (3.17) and (2.18) using (3.4) for n and large enough choice of
A, establishes (3.4) for n+1.

Now let
(3.19) U1 = Sps1— Sns

(320) Vn+1=Sn+ly_sm/
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so that for some A

t
(3.21) NUsr (Ol oy = €872 L WUy At

t
(3.22) Vs (Ol pycy = 87° I [ NU Mgy NV () o] At
0

Define the following norm:

(3.23) 1U, Vil =sup e [|Ul, o+ sup e[| Vll,,co)-
t

From (3.21), (3.22) it follows that

[Unsrs Vol = e[{872/ A+ 875 (A8 "+ 1)) ™ exp (A8 "+ 2, = 15) 1)}
: ” Un ” +(8_8/A2)|| Vn "1]
Consequently, by proper choice of A; and A,, we obtain

(324) ” Un+1, Vn+1”§%” Un, Vn”l-

This shows that the sequence s, has a unique limit s. Since s is the uniform limit of
analytic functions s, it is analytic in [Im y|= p,(t).

4. Outline of convergence proof. The proof of Theorem 2 involves the usual
estimates of consistency and stability errors as well as roundoff error. The effect of
these errors is stabilized by the assumption of analyticity. The basic tool for analyzing
the resulting solutions is the Cauchy-Kowalewski Theorem. Since the operators in the
Birkhoff-Rott equation are not differential operators, we use the Abstract Cauchy-
Kowalewski Theorem [2], [16], as well as a new but simple generalization to discrete
time.

THeEOREM 3 (Cauchy-Kowalewski Theorem, continuous time). Let B, with norm
|-ll, for p>0, be a scale of Banach spaces satisfying B, < B,, |-|,>-, for
p'>p>0. Suppose that A(u, t) satisfies

(i) There are constants C, R, K, p, such that for any 0<p <p'<p,, A(u, t) is a
continuous mapping of {u € B,: |ul|,, <R} x{t} into B,,.
(i) For any p<p'<p,, any u, ve %p with ”u”p<R’ ”U“p <R, and any t,

(4.1) [ACu, 1) = A(v, O], = C(p' = p) Hu—v],.
(iii) A(O, t) is continuous in t with values in B, for every 0<p < p, and satisfies
(4.2) A, )], = K(po—p)~".

Then the equation
d
(4.3) E;u(t)=A(u, t), u(0)=0

has a unique solution u(t) e B ,(,,, with ||u(t)|| .., < R for |t| < ap, and p(t) = p,—a'|t],
in which the inverse speed is a=c min (C ', R/K) and c is an absolute constant.
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TueoreM 4 (Cauchy-Kowalewski Theorem, discrete time). Let 0<At <1. Under
the same hypotheses as Theorem 3, the discrete-time equation (with D, defined in (2.9))

(4.4) D,u(nAt)= A(u, nAt), u(0)=0

has a solution u(nAt)®B,, with ||u(nAt)|, <R for |n|At<ap, and p(t)=
po—a '|n|At.

Note that the results of Theorem 4 are independent of the discretization size At.

Estimates for (2.3)-(2.6) will be found after differentiating the equations. The
usefulness of this differentiation is like that of differentiating a nonlinear differential
equation to get a quasilinear equation. For the spatially discrete (in y) equations (2.5),
(2.6) it is convenient to introduce the finite difference operator & based on discrete
Fourier transform by

(4.5) Ds = (isgn (k)p(k, 8)5§(k))“,

in which ¢(k, ) =min (|k|, 87) as in (2.15). This represents a cutoff derivative.
Now we begin the proof of Theorem 2. By recombining (2.3)-(2.6) and applying
9, or & to them, we obtain the following equations for s, 55, sp, and s,:

(4.6) 3,8, =0, B[s],
(4.7) 3,(s—55), =09, (B[s]—Bs[s])+9,(Bs[s]— Bs[s5]),
(4.8) 0, D(s—sp)=D(B[s]—Bp[s])+D(Bp[s]—Bp[sp]),

(4.9)  DD(s—sa)=(D,=38,)Ds+D(B[s]-Bp[s]) + D(Bp[s] - Bp[sal) — De,/ At

with initial data

(4.10) Sy (%, 0) = 505 (¥),
(4.11) (s=55)y(7,0)=0,
(4.12) D(s—sp)=0,
(4.13) D(s—s,)=0.

By the first assumption of Theorem 2, |so,||,, < k <1. Thus the analytic existence
results of [5], [14] show that the Birkhoff-Rott equation (4.6), (4.10) has a solution
s(y, t) with ||s, ()] ,,cr <« for |t|<a,p, and p,(t) = po—1t/a,. The other assumptions
of Theorem 2 imply that

(4.14) IZe/At]|5p, < &

In the next three sections, we prove the following bounds.
Consistency bounds. For any p'>p>0, any 6=0, any h=2#/N, and any s
satisfying |9,s]| - <k,

(4.15) 19, (BLs]—Bs[sDl, = c8(p'=p) [l6,sll,,
(4.16) |2(B[s]1- BolsDlls, = c(h+8)(p" —p)7>||9,5]] -
If s satisfies (2.3) then

(4.17) 13, — D)) Ps |5, = cAt(p'—p) 2|95,
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In particular if s is an exact solution of the vortex sheet equation (2.3) with
19,81 pyry <k <1, then for ap,(t)>p=>0 (so that we may take p'= p,(t) in (4.15)-
(4.17)),

(4.15) 95(BLs1— BsLs)lso = c8(po—p) ",
(4.16) 12 (B(s]1— BplsDlls, = c(h+8)(po—p) ",
(4.17") (6, = D) Dsl5, = cAt(po—p)~"

for any number a <1, with ¢ a constant depending on «a.
Stability bounds. For any p'>p >0, any 8§ =0, and any s, § satisfying ||d,s| <k,
||3y5||p' <K,

(4.18) 19, (Bs[s1=Bs[SDl, = c(p'= p) "1, (s = ) -
For any such p, p’, and 6 and any s, § satisfying || Ds||5, <k, | DS||s, <k,
(4.19) 12(Bols1=Bol5Dls, = c(p'=p) D (s = §) |15, -
Discretization bounds. For any p'>p >0, any § =0 and any s,
(4.20) 1slls, = ll9ysll,,
(4.21) Isliso = s,

Now we are ready to apply the Cauchy-Kowalewski Theorems 3 and 4 to solving
the equations above.
(a) 8-equation. To solve (4.7) (or (2.4)) for s; with s known, set

(4.22) u=29,(s—ss),
(4.23) A(u, t)=9,(B[s]— Bs[s])+9, (Bs[s]— Bs[s — [ ul).

Assumptions (i)-(iii) of Theorem 3, with R= K = ¢, C =, are implied by estimates
(4.15"), (4.18), which yield

”A(O’ t)“p < cs(pO_P)_l,
|A(u)—A®@)], <c(p'=p) flu—1da|,

for ap,(t)>p'>p >0, with a <1. Therefore a solution u = (s—s;), for (4.7), (4.11)
exists for t = aap, with p(t) =ap,—a't and ||u], = c§, i.e., with

(4.25) (s = 55) (D) = €&

(b) Space discretization. To solve (4.8) for Ds, set

(4.24)

u=9(s-sp),
(4.26) _
A(u, )= D(B[s]—- Bp[s]) + D(Bp[s] - Bp[s — D~ 'u)).

97" is well defined since k is discrete and §(0) can be set to 0. Use the norm | - |5,
and bound ||Ds|s, = [|9,s]|, by (4.20). Assumptions (i)-(iii) are implied, with R=K =
c¢(h+§), C =c, by the estimates (4.16') and (4.19), i.e.,

A0, D)l5, = c(h+8)(po—p)~",

(4.27) i .
: "A(u’ t)—A(ua t)”&péc(p'——p) ”u—-u”5p’
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for ap,(t)>p'>p>0. Therefore a solution u=PD(s—sp) for (4.8), (4.12) exists for
t=aap, and ||u||s,) = c(h+38), i.e., with

(428) ||(S—SD)(t)“5p(/)§ C(h+6)
(¢) Space and time discretizations. To solve (4.9) for s,, set
u=99(s—s,),
(4.29)

A(u, t)=(9,— D)Ds+ D(B[s]— Bp[s])+ D(Bp[s]—Bpls—D 'ul)+ De,/At.
Use the norm || - ||5,. Estimates (4.14), (4.17'), (4.19), and (4.16") imply that
A0, |5, =c(h+8+At+e)(po—p) ",
IAQu, ) = A, )]s, < c(p'=p) =] 5

By Theorem 4, with R=K =c¢(h+5+At+¢), C =, there is a solution u = D (s —sp)
for (4.9), (4.13) for t = aap, and |ul|sp) = c(h+8+At+¢), i.e., with

(4.31) |s = sallspy = c(h+8+At+e).

Combination of results (4.25), (4.28), and (4.31) yields the results (2.19)-(2.21)
of Theorem 2. Therefore the proof of Theorem 2 is complete once the inequalities
(4.15)-(4.21) are verified.

5. Technical lemmas. In this section several technical lemmas are presented on
the discrete Fourier transform, the analytic norms, a trigonometric integral, an
expansion of the integrand or summand of Bs or Bp, and the trapezoidal rule. The
first two lemmas present basic facts about the discrete Fourier transform and the
analytic norms.

Lemma 1. (Discrete Fourier Transform). Let ||s,||, <. Then for —N/2=k=
N/2,

(5.1) |(§—8")(k)|= e *™? min (||s]|,, N"'2| s, ],)-
Proof. Let h =24/ N. Estimate

(4.30)

(5= $4) ()| = |$k) ~ N~ gl e s ()|

j=

Il

§(k)-N"" § §(1)(.§ e~2m‘<k—l)j/N>

I=—c0

Y |§(k+mN)|
"0

(5.2)

A

=e M2 Y |§(k+mN)| erlkrmNI

m=—00
m#0

=e "2 min{|s],, 2N""|s,Il,},

which finishes the proof of Lemma 1. 0
LEMMA 2. (The norm | - ||5,.) For any §=0 and p’'>p >0,

(5.3) I f2llso =11 fllso &1l 50
(54) ”ayf”pécl(p,_-p)_l"f”ﬂ'a
(5.5) ”@fusp = Cz(P’"'P)_IHfH 8p’'s

(5.6) 121 oo = 1A 11,
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Proof. (i) Since ¢(k, ) =min (|k|, 8 %), then
(5.7) d(m+n, 8)=¢p(m,8)+ ¢d(n, 5).
Since the convolution formula works for the discrete Fourier transform, it follows that

I fglloy =Z1274(D" (=1 e
=T YT UDIIE (m)] et pdm)
I m

= [ fllsollglls-
(i) First bound ¢ (k, 8) e **** < cAp~! with Ap = p’'—p. Thus

“@f”w)g Z d)(k, 6)|fd(k)|ep¢(k,a>

= sup (¢(k,8) e ) |F4 (k)| e #d)

[kl=N/2 [kl=N/2

=c(p'=p) [ fllsp-
Estimate (5.4) is derived in a similar way.
(iii) Use an intermediate step of (5.2) to estimate

12115 = |k|SZN/2 o (k, 5)|fd(k)| oPd (ko)
=z |k|(|f(k)|+|(fd_f)(k)|)ep|k|

[kl=N

= I Ikle”""(lf(k)l+ S 17 (k+mN)))

|k|l=N m=—o
m#=0

PR V]

= ”fv”pa

which finishes the proof of Lemma 2. 0

Estimation of the operator B, its approximations, and their differences is performed
in the Fourier norms. In order to deal with the nonlinearity of the kernel of B, B,
and By, with the Fourier transform, we expand the integrand in power series in (s —s’)
and (s*—s*'). In other words, we wish to express B;, B and B, as a sum of integrals
of the form

" (sin £/2)Y (&)

5.8 F3&"s1(y, t)= —s")"(s*— —————"dg,
(5.8) [s1(v 0) J:ﬂ(s )" ( )(Sn§/2+5)N dé
where m+n+r=2N—1 is odd and ¢(¢) is a smooth function in ¢ and is also even.
This allows for the easy calculation of the Fourier transform:

ﬁg"’"”[s](k, I)=l+...+21: =k l_[1 $(0) mn; )
AT e M
L WO G gnron™
(5.9) m m+n
:1+--~+21: =k ‘131 §(l]) ‘=H+l 5*(11)

. m+n+1 TN lg _—l!/(_g_)___
(2) J it (S"‘ )( in g/2+ 09"
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in which 1, ,.,="'=Lx_;=1 and Ly =k Thus we are led to an estimate of a
trigonometric integral in order to estimate || F5"""[s]]|5,.

We will first give an expansion lemma, which will tell us how to expand the kernels
of B, Bs, Bp. Then we will give the trigonometric integral lemma.

Lemma 3. (Expansion lemma for B, Bs, Bp, B,.) Let x, y, w, ¢ satisfy |x| <|£|/2,
Iyl <|él/2, || < and |w|<1. Define

cos (x—¢£)/2sin(y—£)/2
sin (x — £)/2sin (y — £)/2+8°

F(x,y, & 8)=

Then
(510) N=1 m+n+r=2N-1
[ (& 8)(sin® €/2+6%) N = a,,, (£ 0) (sin £/2)72N],
F(X, Y, ga 5)—F(£a .)79 §, 8)= Z %O: [amnpqr(g)(x_£)+bmnpqr(é)(y—}‘;)]
(5.11) N=1 m+n+p+q+r=2N-2
- x™y"%Pye(sin £/2)" (sin® £/2+8%) 7N,
cot%(—x—§)-l—(1+w)’1 cot £/2
(5.12) +2wsin £/2
> X+2wsin o 2 x"
B m,‘nv;o G2 g © " +mz=o b (sin &/2)™"

in which Qs Qunpgrs Bunpgrs Qmns bm are smooth functions of ¢ and 8, which are even in
& with

o
Z Z Cr[lamnpqu + |a£nnpqr‘ + |bmnpqr| + Ib:nnpqr‘] < EM,
m+n+p+q=M r=1

oo
Z Z Cr[lamnr|+|a:nnr|]<5Ma
1

m+n=M r=

amn(ga 6) - amn(fy 0) = 62d(§’ 6)

for any ¢ where d is smooth in £ and & and ¢ depends only on c.

The proof of this lemma is quite tedious and uninstructive. It involves products
of expansions, repeated use of the binomial theorem, and various trigonometric
identities. The main idea, however, is quite general and can be used in the context of
many other problems. The idea simply is that since the kernels are analytic in the
X, y, o variables, we can express them as power series in these variables. In our
convergence proof, we will have

x=s5—5',
(5.13) y=s*—s%,
w=s,.

We emphasize that this lemma is merely a tool for obtaining bounds on B, B;, Bp,
and our argument depends only on the existence of such an expansion and not on its
exact form.

As we have seen in (5.9), the estimation of the Fourier transform of B, B, Bp
requires the estimate of several trigonometric integrals. We therefore need the following
lemma.
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LEmMMA 4. (Trigonometric integrals). Let §>0, k,, -+, k,,, k be any numbers
and § a smooth function which is even in § Then,

T n eik]g

(5.14) J_MLIl (Sm 2 ¥(§) d§‘ =c H Ik,

™ (N e*uf—1\[e™ —1-2ik sin §/2 ' , N
619 |7 (1 G (i) y ) | < et 11 el
(5.16) j( 10 sin kmg){<sin2 £/2+ 877N —(sin £/2) M) d§| <eNo T1 [k,

0 m=1 m=1

T( N sin k,,£/2 -
(517) J;) (mlll (Sil’l2 §/2+52)1/2 ‘/j(f) df’ c H d’(km, 6),
N (N sin(knjh/2) e

(5.18) ,-:o(m=. o (jh/2)+62),/2> ¥(jh) =cmﬂ=1 (K, 8),

in which ¢ (k, 8) =min (|k|, 87%) as before and c < constant sup, (|| +|¢')).

Remarks. The first three estimates (5.14)-(5.16) of Lemma 4 are used for con-
sistency and are not delicate. The last two estimates (5.17) and (5.18) are used for
stability bounds and require more care. As will be seen in the next section, these last
two estimates show that B is no worse than a derivative. We also believe that this
result could be improved by replacing > by &' in the definition of ¢, but we were
unable to prove this.

Proof of Lemma 4. The first three estimates are straightforward. Denote the integral
onthe left side of (5.17) as I, (¢, k, - - - , k,). We will obtain estimate (5.18) by induction.
We first estimate I;. Replace ¢ by the more general function

(5.19) @ =y (sin® £/2+ 87/,
To estimate I,, denote [x] =integer part of x, and
i(2
fie)= 428

Decompose I; as

(5.20) L(§) =T+ 1+ T,
in which
| [ sin(kg/2) - ‘
1l = J intg/2+ 577 V(O d
4m/k, k]
(5.21) éL —flw(g)l d¢
=27 sup |y,
T sink,&/2
|, = Ll/w/kl G e/2t o) b(&) df‘
_ /2 sin k, &
(5.22) - I2 I[k,/4]2w/k. (Sin2 5/2"'52)1/2 ¥iz¢) df'

IA

/2 l
2J1 T‘mlwl d¢ < csup |y

ki/4127/ k, (Z+ 19
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since |m/2—[k,/4)(27/k,)| < 7/4, and

ljsl =

[k, /41(4m/k,)
j sin (ki¢/2)f(£/2) dg‘

4/ ky

=2 %

Jj=1

(k,/4) [2m(+1/k,
J sin (k,£)f(§) d§l

2mj/ky

1A

[k,/4] [ 7(2j+1)/k,
25

Jj=1

|sin (k,&)| |f(&)—f(&+ /) ky)| d¢

2mj/ ky

[k,/41 J' m(2j+1)/k;

1A

2 X

Jj=1

ki sup f'(€)] d¢

2mj/ ky

I

[k/41 / =\ 2
(5.23) 2y (—) sup 78]

i=1 \Ki/ 2mi/k<e<aj+i)/k,

[k,/4] . r+1
- : 2mj/ k) )
< 2 ’

= Ckl Sup (I‘/jl-'. l'j/ I) j§=:1 sup ((SinZ (27Tj/k1)r+] + 62)(r+3)/2

1/4 (r+1)

X

—S— s dx
k, (x2+82) /2

= cky" sup (|y|+]¢']) J

1/48

)y
1/ ks (y*+1)

< ¢ sup (9 + [ (ki) j dy

= csup (j|+[y).

Combine (5.19)-(5.23) to obtain (5.17) Jfor n=1.
Now, a simple estimate is that I,() = (7/2) sup ||6 " so that for n= 1

(5.24) I,() = c sup |y|s 72"V,

Next, differentiate I,,H((/;) with respect to k,., and use a trigonometric identity to find
that

d .
(5 25) dk In+l((//a kls' : .9kn+l)
. n+1

=%{In(lz;7 kl, Y, kn+kn+l)+1n('7[;a kl, Y kn _kn—H)}
in which ¢Z= P&(sin® £/2+ 8%) 72 which is again of the form (5.19). Also,
In—H(JI; kla T, kn, O)ZO

so that

In-H(l/;a kl’ T k"+1)
k,,+l 9 2
(526) =%J [In(ly[/, kl,' ) ',kn+kn+1)+1n(d/a kls' : 'akn_k"’*‘l)] dk"’
0

Now, letk,, - - -, k,,, be ordered by decreasing magnitude. We have already established
(5.17) for n=1. By way of induction, we suppose that (5.17) is true for n and show
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it for n+1. If |k,,,|> 872, then (5.24) implies (5.17). If |k,.,| <87, then (5.26) and
(5.17), with a rearrangement of the k;’s, for n imply that

lIn+1(lZ, kl, Y kn+1)

n—1 k,,+|
éc(.];[z o (kj, 8))%J & (k,—k, 8)+p(k,+k, 8)dk

(5.27)
n—1 .
é c H d)(kp a)lkn+1| min (|knl, 6”2)
j=2
n+1
=c [] ¢(k;,d)
j=2
since .+1], which finishes the induction and proves (5.17) after rearrangement

of the k;’s. Estimate (5.18) is proved similarly. 0
Lemma 5. (Trapezoidal rule for periodic functions.) If f(£) has period 2 and
sup | f§§| < ¢ <o then the error ey in the trapezoidal rule for integration, i.e.,

(5.28) eT=JO f(¢) df—hillf(jh),
has the bound

(5.29) ler| = ch? sup | £ (£)].

Proof. Following [1] use the Poisson summation formula, but for 27— periodic
functions, i.e.,

(5.30) hZf(Jh) 27 Z F(mN),

m=—00

which is easy to prove. Since jf)”f(g) dé = 2nf(0), then

ler =27 3 |F(mN)|

(5.31) =2aN2Y m?|f(mN)|

=47° N2 sup |fee| (T m ). a

6. Stability estimates. In this section, the stability error bounds (4.18), (4.19) are
derived. To prove (4.18), we require bounds on the Fourier coefficients of the difference
B;[s]— Bs[5]. To evaluate and estimate these Fourier coefficients, expand the integral
operator B; using Lemma 3, with x=s—s', y = s* —s*. Then use the integral bounds
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in Lemma 4. The expansion is
(Bs[s]— Bs[sD(v, 1)

=J [F(s—s',s*—s* £8)-F(§—§,8*—5§%,¢8)] d¢

-

(6.1) =% ) J
N=1 m+n+pt+q+rJ -7
=2N-2
' [{a(mgr)wqr s‘s,_§+§l)+b(rr€r)lpqr(5*_ *’_§*+§*,)}
(s—5)"(s%=s*)"(§=§)P (5% = §%)(sin® £/2)" (sin £/2+ 8%) "] d§,
in which s =s(y), s'=s(y+¢£), etc. The Fourier transform in y of this is
(Bs[s1- B5[51) (K, 1)
o) m m+n m+n+p Py m+n+p+q a
= 3 ) ) s MM s I s I1 st
N=1 m+n+p+q+r ky+--+kp j=1 j=m+1 j=m+n+1  j=m+n+p+1

=2N-2 =k

(6.2) - o
. J [(sin2 §/2)’(_H (l—e'."ff))(sin2 £/2+8%)7N
A E) (3= ) (s ) + b (3% = §%) (knr )} | dE

where M =m+n+p+q+1 and §;=§(k;). Now, for a(¢) that is even in &

In= r [a(§)(sin g/2)"N M ﬁ (1- ") - (sin” ¢/2+ 82)‘”] d¢

(6.3) =(=2)"™ Jﬂ [a(§)(sm £/2+6H)°N o2’ H sm( ;)] d¢

=20 [ atersint 725 T in (%) | e
0

in which ky.1=- - =kyn_1=1, ko =k From Lemma 4, J5 is bounded by

vl= ™ sup (al+1a) 11 (%)
(6.4) - -
M
= CM];up (la]+|a’]) 1l |k
=m Jj=

USINg @ = @yypgr OF bnnpy and the bounds from Lemma 3, we estimate B;[s]— Bs[5] by

N o0 M—1 ”
|(Bs[s]1— Bs[5]) (k, t)léMZ=1 . +_Z+k [Ciw< 131 |kj§jl>|kMH(§“§)(kM)l]

where C, is a constant depending on C and @,upgrs Dimnpgrs

D138

63 =25 v et i ) s= 9, Gl

M=1 kj+-+kpy

Multiply both sides by e’ and sum over k to obtain

1 1
1BoLs1= Bal51], =2¢ sup( R )ns Y
° ° P ! 1_cl ”Sy”p 1—"Cl “sy“p i v
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so that
(6.6) 1 Bs[s1— Bs[S1ll, = xll's, =5, |-

Finally (4.18) follows from (6.6) and (5.4). Inequality (4.19) is proved in an analogous
fashion.

7. Consistency. The consistency estimates are less delicate than the stability esti-
mates, since they involve known smooth functions. However, to obtain bounds that
are uniform in 8, we remove the singularity in B, which leads to a second derivative
term in the trapezoidal rule approximation. This term was first noticed by Van de
Vooren [15]. As before, evaluation of the Fourier coefficients for estimation by the
norms | - ||, requires power series expansion of the kernels of the integral operators
B, B;, etc., using Lemma 3. The resulting terms of the series are integrated and bounded
using Lemma 4.

First estimate B— B;. As in the previous section, the Fourier transform can be
written in terms of the trigonometric integral in (5.10). From Lemma 3 this is bounded as

BB 0= X £ v s T sk

: j (sin £/2)" ("ﬁ" sin k,~-§/2> (& 8)(sin® £/2+87) ™
— (£, 0)(sin £/2) ) d

(7.1)

£ ) M
=8 Y MK T |K$(K)|-
M=1 j=1

It follows that for ||d,s]|, <« and p'>p >0,
(7.2) I1BLs1= Bs[s1ll, = c8(p'=p) 19,51l
which with (5.4) implies (4.15).
Next estimate B — B,. In order to apply error estimates for the trapezoidal rule,
the singularity in B must be removed. Following Van de Vooren [15] write

B[s1(y) = (4mi)" J

m

cot%(s~s’—§) d¢

(7.3) ) .
=(4mi)”" J cot% (s—s'—&)+2(s,+1)7! COtE £dg,

in which s, = s,(7y) is independent of ¢ and the second term in the integral integrates
to zero. The integrand in (7.3), which we denote by f(y, £), is now analytic in ¢ and
has the value f(v, O)=(1+s,,)_2sw. According to the trapezoidal rule for periodic
functions

N/2-1
Bsi =h {37 (% -5) s (x50)+ T swim) e

(7.4) =h gl cot% (s(y)=s(y+jh) = jh)+h(1+5,(7)) s, (v) +er(y)

j=

= B,[s](y)+h(1+s,) s, +er(y).
The Van de Vooren term e, = h(1 +s,/)‘2sw is bounded by

(7.5) lesl, = chlls,yl,
since |s, ||, = k.
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In order to estimate the p-norm of the error er(y) for the trapezoidal method,
return to the expansion of the kernel of B[s](y, t) given in Lemma 3, i.e.,

(s'—s)"s”

O = 3 am(® Y (s'— 525, sin £/2)

mn=0 (sin £/2)"

ot (s'—s)"
+m§1 bm(sin g/2)m

We now give the strategy for obtaining this discretization error. By Lemma 5,

(7.6)

+00
(1.7) er(y)= ¥ ff(y,mN)
"0
so that
+oo
ér(k)="Y f7%(k,mN)
m#Q

where Af and Ay denote the Fourier transform in &€ and v, respectively. Thus

er)= T 177k mN)|

m=—co
m#0

o 1 A
(7.8) =2aN ZZ-nplfgi’(k, mN)|

A 1
=47°N 2 sup |f %(k, &)| (Z _2) 5
¢ m

e} N

fkey=y % T8k

N=1 kj+-+ky=k j=1

N m+1 / oikE _q
(7.9) . (m+n§N~l i <j=lr::[+2 lkjl) jl.———[2 (Sin 5/2)
e ¥ —1-2ik, sin §/2> ( N eik-’f"l> . )
( sin” ¢/2 on jl;ll sin /2 sn ez

Then by Lemma 4,

(7.10) Pk O1=IKE T 5 Jeal T KIISCR),
1 =k+ N Jj=1

Combine this with (7.8) to get
. 5 ) [e'e) N+1 "
(7.11) ()= ch?lkl” 3 %kl T 1| $CK)I-
N J=

=1 kgt
=k

Multiplying by e’ and summing over k, we get

(7.12) lerll, = ch?*(o'=p) Il |,

for ||s,||,, <« and p’> p>0. Combining (7.5) and (7.12) gives
(7.13) IBLs1=B,[s1ll, = ch(p'—p) " llsy I,
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Now, as in the estimate of B — Bs, we can show analogously that
(7.14) | Bols1—B,[s1ll,=c8(p' —p) sl

which together with (7.13) proves (4.16).
Finally, estimate the time discretization error to be

At

(7.15) 3,—D)s((n+1)At)=At" J 75, (nAt+7) dr.
0

By differentiating (2.3) for s in ¢, we obtain

(7.16) dls* =PV J (s,—s))9, cot (s —s'—&)/2 d&.

This can be expanded in powers of s —s’ and s*—s* using Lemma 3, and then the
Fourier transform norm ||8;s||, can be estimated from Lemma 4. Since d,s* = B[s],
the result is

Ha:lzs”p = ”ayB[S]”p
= (p,—P)Al”‘gvs”p"

Use (7.17), (7.15), and (5.5) to obtain (4.17). This concludes the proof of
Theorem 2. O

(7.17)

Acknowledgment. We thank Robert Krasny for many illuminating conversations
and especially for his suggestion that our convergence proof would work for the point
vortex approximation by using Van de Vooren’s correction term.

Note added in proof. Convergence of the point vortex method for smooth flows
has been recently proved by Goodman, Hou, and Lowengrub in R* and by Hou and
Lowengrub in R’ (both to appear in Comm. Pure Appl. Math.). Hou and Lowengrub
have also shown convergence with spectral accuracy for a modified point vortex method
for vortex sheets, which was developed by Shelley to eliminate the Van de Vooren
correction term. Their proof requires analytic initial data and exponentially small
roundoff error but does not use the discrete Abstract Cauchy-Kowalewski Theorem.
As a result it is much simpler than the analysis of this paper.
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