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Abstract

In this third talk we will discuss properties related to edge expansion. In
particular, we will define the Cheeger constant (which measures how easy it is
to cut off a large piece of the graph) and state the Cheeger inequalities. We also
will define and discuss discrepancy for undirected and directed graphs. We also
state the Perron-Frobenius Theorem which is a useful tool in spectral graph
theory, particularly for directed graphs.

1 Introduction

In the first talk we introduced the common matrices whose spectrum is used for
spectral graph theory, and in the second talk we defined the Rayleigh quotient and
used the Courant-Fischer Theorem to give a way of finding the eigenvalues of the
normalized Laplacian. In this talk we will examine properties of the edges.

Our first question that we will be looking at with edges is how easy it is to trim
a few edges to break off a large portion of the graph. This question has applications
to communication networks in that it can measure how stable a network is, i.e., how
many communication failures must occur before a large portion of the network is
isolated.

The second question that we will be looking at is how well the edges are placed
in a graph, that is given two subsets X and Y we compare the actual and expected
edges between the two sets. The closer the actual and expected edges agree the
more “random-like” the graph is in the way that sets “expand”. This has applica-
tions in proving structure theorems about a graph, for instance when discrepancy is
sufficiently small for almost-regular graphs then the graph has a Hamiltonian cycle.
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2 The Cheeger constant

In this section we will consider the problem of separating the graph into two large
components by making a small cut. A cut typically involves the removal of edges
and/or vertices of the graph. For our problem we will consider edge-cuts (which can
be easily related to machinery that we have already set up). The goal is to find an
optimal cut, or at least an estimation of what an optimal cut should be,

Given a subset U of the vertices the number of edges needed to separate U from
the remaining vertices (which we denote U) will be e(U,U). That is, e(U,U) will
equal the number of edges with its first vertex in U and second vertex in U . We also
want a measurement of the size of U and for this we will use the volume. We define
the volume of U by vol(U) =

∑
v∈U dv.

Comment. The choice of how to measure the size of a subset U can make very large
differences in the approach needed to take. For instance if we use |U |, i.e., the number
of vertices of U , then the combinatorial Laplacian is the better tool to use. For the
normalized Laplacian the normalization can be thought of as a redistribution of the
weights moving from equally weighted vertices to weighing vertices by their degree.
This can have important consequences.

Comment. The term e(U,U) can also be looked at as the size of the “edge bound-
ary”. The edge boundary of a set U is the set of all edges with one endpoint in U
and one endpoint not in U . Alternatively we could use the vertex boundary of a set
U , which is the set of all vertices adjacent to U but not in U . Different types of
boundaries will give you different type of cuts and lead to different results. We are
working with edge boundary in this case because of the nice result that we can state.

Given a subset U one measurement of the cut to remove U from the graph is

e(U,U)

min{vol(U), vol(U)}
.

Note that if we need fewer edges or remove a larger portion of the graph then this
ratio gets smaller. So intuitively a good cut will be associated with a smaller value.
We will define the Cheeger constant of the graph G, denoted hG, as the minimum
ratio achievable, i.e.,

hG = min
∅⊂U⊂V

e(U,U)

min{vol(U), vol(U)}
. (1)

Note by the definition if we start with a small subset U (small in the sense that
vol(U) ≤ 1

2
vol(G)

(
= 1

2
vol(V )

)
) then the number of edges needed to cut U from the

rest of the graph is at least hG vol(U), while there exists some small subset which will
take exactly hG vol(U) edges to remove U from the remainder of the graph.
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The Cheeger inequalities

Looking at the definition of the Cheeger inequality in (1) we see that in order to
compute the constant we would have to consider approximately 2|G|−1 subsets of the
vertices. In particular, finding the Cheeger constant for a general graph is nontrivial,
especially as the number of vertices gets large.

However, even though we may not be able to compute the Cheeger constant di-
rectly we can still get a good estimate for it by using the eigenvalues of the normalized
Laplacian. In particular, we have the following result.

Theorem 1. Let 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1 be the eigenvalues of the normalized
Laplacian and hG be the Cheeger constant of G. Then

2hG ≥ λ1 ≥
h2

G

2
.

In particular, if we can have control of the first nontrivial eigenvalue then we have
control of the Cheeger constant. On the other hand, for some graphs we can get an
estimate for the size of the Cheeger constant and in such a setting we also can get
control of the size of the first nontrivial eigenvalue.

We will prove 2hG ≥ λ1 and give a brief outline of λ1 ≥ h2
G/2. So suppose that

we have found an optimum U that will give the minimum in the definition of the
Cheeger constant. Then define a vector ŷ by

ŷi =


1

vol(U)
if i ∈ U ;

− 1

vol(U)
if i ∈ U.

A simple calculation will show that ŷ ⊥ D1 so that

λ1 = min
y⊥D1,y 6=0

∑
i∼j(yi − yj)

2∑
i y

2
i di

≤
∑

i∼j(ŷi − ŷj)
2∑

i ŷ
2
i di

= e(U,U)

(
1

vol(U)
+

1

vol(U)

)
≤ 2

e(U,U)

min{vol(U), vol(U)}
= 2hG.

For the other inequality the idea is to use the eigenvector y for λ1 to create some
special cuts. This is done by taking the eigenvector for λ1 and arranging the vertices
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as v1, v2, . . . , vn so that the corresponding entries in y are nondecreasing. We can
then define cuts Ci by letting Ui = {v1, v2, . . . , vi}, see Figure 1.

v1 v2 vi vi+1 vn· · · · · ·

Ci

Figure 1: Using an eigenvector to find a good cut.

Taking the best among these cuts gives an upper bound for the Cheeger constant,
at the same time because we used the eigenvector to define the cuts it can also be
related back to λ1. [This last step is nontrivial, but can be found in the literature.]

Quasirandom graphs

Above we saw that we could use something which is easy to compute (i.e., the first
eigenvalue which can be computed in polynomial time) to bound the behavior of
something which is difficult to compute (i.e., the Cheeger constant which can take
exponential time to compute). This is a major theme of graph theory and, in partic-
ular, spectral graph theory.

This is the power of quasirandom graphs which was first developed twenty years
ago but has gotten increasing attention in the last five years. The basic idea is that
there is a list of graph properties which we call quasirandom (the idea behind the
name being that these properties are often ones we would associate with a random
graph), such that if a graph (or more generally, a family of graphs) satisfies any single
property then it will satisfy every property.

One example of a quasirandom property is that the graph has roughly n2/4 edges
and roughly n4/16 four-cycles. Another property is that each possible subgraph oc-
curs as an induced subgraph approximately the right number of times. The surprising
result is that if the first statement is true then the second statement must also be
true (the reverse direction also holds but is not as surprising).

3 Edges between sets (Discrepancy)

One important property of graphs is how the edges expand. That is, starting with
an initial vertex we look at its neighbors, then the neighbors of the neighbors and so
on. In a random graph model we have a fairly good control on expansion, but what
about a specific graph?
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One way to approach this problem is to look at how the edges are distributed
between sets, and in particular is this distribution somehow “randomish”. So let X
and Y be two subsets of the vertices of the graph. The number of edges that start in
X and end in Y will be denoted e(X, Y ) (by convention any edge in X ∩ Y will be
counted twice).

To estimate the number of edges that should be between X and Y we will use
vol(X) vol(Y )/ vol(G). Underlying this is a random graph model where the probabil-
ity of joining vertices u and v is dudv/ volG. This random graph model works well
for graphs with uneven degree distributions. In particular, note that the expected
degree of vertex v is dv.

We are now ready to define the discrepancy of a graph, denoted disc(G), as the
minimal α so that∣∣∣∣ e(X,Y )︸ ︷︷ ︸

actual edges

− vol(X) vol(Y )

vol(G)︸ ︷︷ ︸
expected edges

∣∣∣∣ ≤ α
√

vol(X) vol(Y )︸ ︷︷ ︸
error normalizing term

.

The smaller the value of α is the more random-like our edges have been placed.
Not surprisingly, there is a tie between the discrepancy of a graph and the spectrum.
We have the following result.

Theorem 2. Let G be a graph with 0 = λ0 ≤ λ1 ≤ · · · ≤ λn−1 the eigenvalues of the
normalized Laplacian. Then

disc(G) ≤ max{|1− λ1|, |λn−1 − 1|} ≤ 150 disc(G)
(
1− 8 log(disc(G))

)
.

So if the nontrivial eigenvalues cluster close to 1 (as random graphs do) then
the graph has good expansion property. Also note that if we have control on the
expansion of the graph then we also have control of the eigenvalues. Again we will
prove half of the above result and give a brief outline of the other half.

To start we define indicator functions for subsets X by

(ψX)i =

{
1 if i ∈ X;
0 if i /∈ X.

With this convention it is easy to check that e(X,Y ) = ψT
XAψY (where A is again

the adjacency matrix), while vol(X) vol(Y ) = ψT
XD11TDψY = ψT

XDJDψY (where 1
is the all 1s vector and J is the all 1s matrix).

We now have the following∣∣∣∣e(X,Y )− vol(X) vol(Y )

vol(G)

∣∣∣∣ =

∣∣∣∣ψT
XAψY −

ψT
XD11TDψY

vol(G)

∣∣∣∣
=

∣∣∣∣ψT
XD

1/2

(
D−1/2AD−1/2 − D1/211TD1/2

vol(G)

)
D1/2ψY

∣∣∣∣.
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The matrix in the middle may look familiar, it is similar to the matrix that we
saw in the first lecture as it relates to random walks. In particular D−1/2AD−1/2 has
an eigenvalue of 1 that corresponds to the eigenvector D1/21/

√
vol(G), so the matrix

above corresponds to the matrix D−1/2AD−1/2 with the eigenvalue of 1 replaced by
0, the remaining eigenvalues are 1− λn−1 ≤ · · · ≤ 1− λ1.

Our final tool is that for M a real symmetric matrix with eigenvalues θ1, . . . , θn

and x, y vectors |xTMy| ≤ maxi |θi|‖x‖‖y‖, where ‖·‖ represents the 2-norm of a
vector (as seen in the first lecture). More about this will be given below.

Combining all of the above with some simple calculations, we now have∣∣∣∣e(X, Y )− vol(X) vol(Y )

vol(G)

∣∣∣∣ ≤
(
max{|1− λ1|, |λn−1 − 1|}

)
‖D1/2ψX‖‖D1/2ψY ‖

=
(
max{|1− λ1|, |λn−1 − 1|}

)√
vol(X) vol(Y ).

Thus we have shown that disc(G) ≤ max{|1− λ1|, |λn−1 − 1|}.
For the other direction the idea is to start with the eigenvector x corresponding

to the eigenvalue max{|1−λ1|, |λn−1− 1|} and then estimate it by
∑

iD
1/2y(i) where

each y(i) has a simple form. The key is that the vectors in this estimation are closely
related to discrepancy for which we have control. Thus we are able to get control of
max{|1− λ1|, |λn−1 − 1|} by using discrepancy.

Here symmetry was not an important tool, and this is a case where we can gener-
alize the result to directed graphs. But before we do that we should first talk about
singular values and the Perron-Frobenius Theorem.

Singular values and the Perron-Frobenius Theorem

As mentioned in the first lecture we started with real symmetric matrices since such
matrices are nice, i.e., have real eigenvalues and a complete set of orthonormal eigen-
vectors. If we drop symmetry (which is a natural condition when dealing with directed
graphs), then our eigenvalues may no longer be real, and moreover we may not even
have a complete set of eigenvectors (let alone being orthonormal!). If we drop the
assumption of being square the situation becomes even worse in that we no longer
have any eigenvalues or eigenvectors.

In such settings the singular values of the matrix become more reasonable to work
with. For example, any matrix will always have a complete set of singular values and
they will always be nonnegative. Further, there are orthonormal vectors on the left
and the right associated with the singular values.

Intuitively, a matrix is a linear transformation from one space to another. Because
it is linear it will map a unit ball to an ellipsoid. Further, the orthonormal directions
that run in the direction of the axes of the ellipsoid come from an orthonormal set of
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vectors in the unit ball. The singular values are the lengths of the axes of the ellipsoid
(given in order form largest to smallest, see Figure 2).

φ1

φ2

Mφ1

Mφ2M : R2→R3

Figure 2: A geometric intuition for singular values.

By way of example, in the figure ‖Mφ1‖/‖φ1‖ and ‖Mφ2‖/‖φ2‖ would be the
first and second singular values of M . In particular, the first singular value measures
the maximum amount of “stretching” that M can do to a vector under the L2-norm
(here stretching need not preserve direction, in general the φi are not eigenvectors).
Singular values are traditionally denoted by σi and the largest singular value by σ1(M)
and then arranging the rest in decreasing order, i.e., σ1(M) ≥ σ2(M) ≥ · · · .

From the above discussion we have the following definition for σ1(M):

σ1(M) = max
x 6=0

‖Mx‖
‖x‖

,

in particular, the singular values of M are the square root of the eigenvalues of MTM .
Alternatively we could define it by

σ1(M) = max
x,y 6=0

|xTAy|
‖x‖‖y‖

(in the picture above y = φ1 and x = Mφ1).
This last definition gives a very useful formula, namely |xTMy| ≤ σ1(M)‖x‖‖y‖.

We used this formula above in the special case when M is symmetric. For such
matrices it is simple to check that the singular values are the absolute eigenvalues
of the matrix arranged in decreasing order. So we have that σ1(D

−1/2AD−1/2) = 1
while σ2(D

−1/2AD−1/2) = max{|1− λ1|, |λn−1 − 1|}.
An important tool for working with singular values for nonnegative matrices, and

so by extension directed graphs, is the Perron-Frobenius Theorem.

Theorem 3 (Perron-Frobenius Theorem). Let M be a square nonnegative irreducible
matrix. Then there is a ρ > 0 so that
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(i) ρ is an eigenvalue of M and all other eigenvalues of M satisfy |λ| ≤ ρ.

(ii) there is an eigenvector for the eigenvalue ρ with all positive entries.

(iii) if there are k eigenvalues with |λi| = ρ then the eigenvalues are fixed under
rotation by an angle of 2π/k in the complex plane.

In the theorem above ρ is sometimes referred to as the spectral radius.
A square matrix M is said to be irreducible if there is no way to permute the rows

and columns of the matrix so that it has the form(
D E
O F

)
,

i.e., no nontrivial k × (n − k) block of 0s. For undirected graphs this is equivalent
to being connected while for directed graphs this will be equivalent to being strongly
connected (i.e., there is a directed path between any pair of vertices).

If we have a nonnegative irreducible matrix M , it follows that if we can find
any nonnegative eigenvector for MTM , then the corresponding square root of that
eigenvalue is σ1(M).

Directed graphs and discrepancy

Finally, we will consider discrepancy for directed graphs. For a directed graph we
can define the adjacency matrix A by Ai,j = 1 if there is a directed edge starting
at i and ending at j, and 0 otherwise. There will be no combinatorial Laplacian in
general because now there are two different degrees and there is no clear choice of
what should go on the diagonal. However, we will still have a normalized adjacency
matrix (which would be very similar to a normalized Laplacian).

To normalize we first note that the row-sum of the adjacency matrix corresponds
to the out-degree and the column-sum corresponds to the in-degree. We can define
Din and Dout as the two diagonal degree matrices similar to what we had before.
Then the normalized adjacency matrix will be D

−1/2
out AD

−1/2
in . With this definition

it can be checked that D
1/2
in 1 is an eigenvector with eigenvalue 1 for the matrix(

D
−1/2
out AD

−1/2
in

)T (
D
−1/2
out AD

−1/2
in

)
. In particular, σ1(D

−1/2
out AD

−1/2
in ) = 1, and moreover

the right and left vectors associated with the singular value are D
1/2
in 1 and D

1/2
out1

respectively.
Half of the trick to generalizing results is figuring out how to generalize the def-

initions. Instead of e(X,Y ) we will count e(X→Y ), which counts the number of
edges which start in X and end in Y . Also since there are now two types of degrees
associated with each vertex, namely the in-degree and the out-degree, we will also
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consider two types of volume, namely the in-volume and the out-volume. That is
volin(X) =

∑
v∈X din(v) and volout(X) =

∑
v∈X dout(v).

The discrepancy for a directed graph G, again denoted disc(G), can now be defined
as the minimal α so that∣∣∣∣e(X→Y )− volout(X) volin(Y )

vol(G)

∣∣∣∣ ≤ α
√

volout(X) volin(Y ).

Following the same line of reasoning for discrepancy as before with properties of
singular values,∣∣∣∣e(X→Y )−volout(X) volin(Y )

vol(G)

∣∣∣∣ =

∣∣∣∣ψT
XD

1/2
out

(
D
−1/2
out AD

−1/2
in −D

1/2
out11

TD
1/2
in

vol(G)

)
D

1/2
in ψY

∣∣∣∣
= σ1

(
D
−1/2
out AD

−1/2
in − D

1/2
out11

TD
1/2
in

vol(G)

)
‖D1/2

outψX‖‖D1/2
in ψY ‖

= σ2

(
D
−1/2
out AD

−1/2
in

)√
volout(X) volin(Y ).

In the last step we noticed that the matrix under consideration was D
−1/2
out AD

−1/2
in

with the largest singular value “subtracted out”, and so we can move to considering
σ2 of the matrix. In particular, this establishes

disc(G) ≤ σ2

(
D
−1/2
out AD

−1/2
in

)
.

By a similar technique as outlined before (with a little more bookkeeping) it can also
be shown that for directed graphs

σ2

(
D
−1/2
out AD

−1/2
in

)
≤ 150 disc(G)

(
1− 8 log(disc(G))

)
.

So in some sense the second largest singular value and the discrepancy for a
directed graph are equivalent. (This hints at a class of quasirandom properties for
directed graphs, an area not yet developed.)

Comment. Several results that hold for the eigenvalues of undirected graphs tend to
generalize to singular values for directed graphs. The discrepancy result stated above
is one such example. In some sense, many of the results for undirected graphs were
using singular values to begin with (it was just hard to tell since singular values and
eigenvalues essentially agree for the symmetric case).
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