Constructing points through folding and intersection
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Abstract
Fix an n > 3. Given some line(s) with defined points on the line(s) we can construct a new line by
drawing a line through a point so that the new line forms an angle of iw/n with an existing line (folding);
and we can construct a new point by taking the intersection of two existing lines (intersection). Starting
with the line y = 0 and the points (0,0) and (1,0) we determine which points in the plane can be found
by this process for n = 3,4,5,6,8,10,12,24 and also consider the problem of the minimum number of
steps it takes to construct such a point.

1 Introduction

If an origami model is laid flat the piece of paper will retain a memory of the folds that went into the
construction of the model as creases (or lines) in the paper. These creases will sometimes be reflected as
places in the final model where the paper is bent and sometimes will be left over artifacts from early in the
construction process. These creases can also be used in the construction of reference points, which play a
useful role in the design of complicated origami models (see [5]). As such, tools to help efficiently construct
reference points have been developed, i.e., REFERENCEFINDER [6].

The problem of finding which points can be constructed using origami has been studied. In particular,
using the Huzita-Hatori axioms it has been shown that all quartic polynomials can be solved using origami
(see [3, pp. 285-291] for more information). So origami is more powerful than the use of ruler and compass,
which can solve quadratics. This of course assumes that we put no limitation on the type of folds that
we make, so one might ask what happens if we limit the folds. For example, the crease patterns for many
origami models are designed with an angular grid system of 7w /n for some n > 3 (in practice, n is taken to
be even). The crease pattern is formed by starting with two reference points (0,0) and (1,0) and a crease
containing both (or it might be that the two reference points are two corners of the paper). New creases
are formed by taking folds through an existing point with an angle of iw/n, and new points are formed by
taking the intersection of two creases.

In particular, the grid system based on 7/8 = 22.5° has been used for centuries—one of the oldest is the
classic origami crane—and the system keeps producing complex but organized origami expressions such as
the Dewvil (1980) by Jun Maekawa [7] and the Wolf (2006) by Hideo Komatsu [4]. Toshikazu Kawasaki calls
this system “Maekawa-gami”. Figure [1| shows a square filled with several creases in the 22.5° grid system.
The set of points which are possible to construct in this system have been examined [g].

In this note we will consider the problem of what points are constructible in the plane for specific values
of n generalizing the idea of folding and intersecting on origami paper. Our main result is the following.

Theorem 1. Fiz n > 3. Starting with the line y = 0 and the points (0,0) and (1,0) construct new lines
and points by using the following two rules. To construct a new line take an existing point and introduce a
new line forming an angle of iw/n with another line through the point. To construct a new point take the
intersection of two lines.
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Figure 1: An example of several creases in the 22.5° grid system.

The set of points that can be constructed for n = 3,4,5,6,8,10,12,24 is given by the following table
(where a, ... 0 are all arbitrary integers).

‘ Form for constructed points

n
3 (10)—&-()(2,2 3)
a b
! (zw)
a+bv/5 c+dvs
5 ( > 10)+( ><2 2\/52\/5),
wztha+b—c+d—0 (mod 2)
6 <2k3f’2k3f
< (a+b\@ c+d\f>
a+b/5 c+dVs
10 ( it g V52V
a+b/3 c+dV3
12 2k32 ) 2k3£
o a+/2+cV3+dV6 e+ fV2+ gV3+hV/6
2k 3¢ ’ 2k 3¢

The proof of the theorem will be done in two parts. First, in Section [2| we will show that all of these
points can be constructed and also consider the number of steps needed to construct a given point. Second,
in Section [3] we will show that these are the only points that can be constructed. Finally, we will give some
concluding comments in Section

2 Constructing our points

We want to show that the points given in Theorem [I| can be constructed. The most useful tools to help do
this is to show that we can add points together and scale; the problem then reduces to constructing several
simple points.

Lemma 2. The following holds for all n > 3.

(a) Given constructed points (x1,y1) and (x2,y2) we can construct a(xy,y1)+b(xa, ya2) for arbitrary integers
a and b.

(b) If we can construct (x1,y1) and (v,0) then we can construct (y*x1,v*y,) for k > 0.



Proof. For part (a) it suffices to show that we can construct (2,0), since if we can construct (2,0) then
repeating the same steps used to produce (x1,y;) but with the points (1,0) and (2,0) we can construct
(1 4+ 1,y1). Now starting with the points (z1,y1) and (z1 + 1,y1) follow the same steps used to produce
(22,y2) and the result will be (x1,y1) + (22,y2). Similarly, if we can construct (2,0) then by symmetry of
the process we can construct (—1,0). So given a construction for (z1,y;) we can by symmetry construct
(—x1,—y1). Combining these two we can now construct any integer combination of the two points.

We now give a construction of (2,0). Starting with the points A = (0,0) and B = (1,0), form line 1
out of point A with angle 7/n and form lines 2 and 3 out of point B with angle (n — 1)7/n and w/n. The
intersection of lines 1 and 2 is a new point C' = (%, % tan 7). Through point C form a fold with an angle of 0
to form line 4 which intersects line 3 at a new point D = (%, % tan 7). Finally through point D form a fold
with angle (n — 1)7/n to make line 5 which intersects line 0 at point E = (2,0).
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Figure 2: Constructing (2,0).

For part (b) we first note that if we can construct (7,0) then by repeating the same steps but with
(0,0) and (vy,0) we can construct (72,0) and then by induction we can construct (v*,0). Finally, given the
construction for (z1,y;) we now do the same construction but using the points (0,0) and (v*,0) instead of
(0,0) and (1,0) which will produce the point (v*z1,v*y;). O

An immediate consequence of this lemma is that points on the x-axis that can be constructed by folding
form a ring. This is because we can add and multiply any two elements (and we have the additive and
multiplicative identity).

We now work through the various cases of n and show how to construct the basic atoms and use the
lemma to show that we can construct all points as given in Theorem [I]

For n = 3 the construction shown in Figure [2| shows that we can construct (%, %\/3) and so by Lemma

we can construct a(1,0) + b(3, £1/3) finishing this case.

For n = 4, consider Figure [3al where we start with points A = (0,0) and B = (1,0). Form lines 1 and 2
out of point A at angles of 7/4 and 7/2 and form line 3 out of B at an angle of 37/4. The intersection of
lines 2 and 3 gives the point C' = (0, 1), the intersection of lines 1 and 3 gives the point D = (%, %) Through
D we construct line 4 with an angle of /2. The intersection of lines 0 and 4 gives the point F = (%, 0).

By Lemmawe can get a(1,0)+b(0,1) = (a,b). Since we also constructed (3,0) then by the second part
of Lemmawe can scale (a,b) by any power of % and so we can construct any point of the form (a/2%,b/2F)
finishing this case.

We used two features which will come in handy in future construction. One is that when we can form
an angle of /2 we can project onto the axes, and so, in particular, if n is divisible by 2 then we can form
a point (z,y) if and only if we can form (z,0) and (0,y). The other is that when we can form an angle of
/4 we can construct the point (0, 1), and so by symmetry we can construct the point (x,y) if and only if
we can construct the point (y,x); in particular, we only need to know what points of the form (x,0) can be
constructed to find all points that can be constructed.

272
how to construct points of the form ((p + q\/g)/Q7 O) with p 4+ ¢ = 0 (mod 2) (since we can, by scaling and

adding the points (%, 21/5 —2V/5) and (1, 0), construct all points of the desired form). To see this consider
Figure [3b| where we start with points A = (0,0) and B = (1,0), then form line 1 out of point A at an
angle 7/5 and form line 2 out of point B at an angle of 2w /5. The intersection of lines 1 and 2 gives point
C = (3+1V5,(3+1V5)V5 —2v5). Through C we construct line 3 with an angle of 37 /5. The intersection
of lines 0 and 3 gives the point D = (% + %\/5, 0). So by Lemma [2[ we can form any integer combination

a(1,0) + b(% + %\/5, 0) which are points of the form ((p +qv/5)/2, 0) with p4+ ¢ =0 (mod 2).

For n = 5 the construction in Figure [2[shows that we can construct (3, 2+/5 — 2v/5). It suffices to show



Figure 3: Construction of several points for various n.

For n = 6, we can construct all points for the n = 3 case, in particular we can construct (a,bv/3) for a,b
integer. It suffices to show that we can now scale by 1/2 and 1/3. To see this consider Figure |3c| where we
start with points A = (0,0) and B = (1,0). Form line 1 through A with an angle of /3 and line 2 through B
with an angle of 57/3. The intersection of lines 1 and 2 is the point C' = (3, % 3). Through C we construct
lines 3 and 4 at angles of 7/2 and 27/3. The intersection of lines 0 and 3 is the point D = (4,0) and the
intersection of lines 0 and 4 is the point £ = (%,0). So by the second part of Lemma [2| we can scale by
arbitrary powers of 1/2 and 1/3 showing we can construct all points of the form (a/2%3¢, b\/3/2%3) finishing
this case.

For n = 8, we can construct all points for the n = 4 case, including (0, 1) and (3,0) (so we can scale by
1/2). The important part about this case is to show that we can construct (v/2,0) and (0,v/2). To see this
consider Figure [3d| where we start with points A = (0,0) and B = (1,0). Following the steps in Figure [2| we
construct C' = (2,0) (steps are suppressed in the drawing). Through A we form lines 1 and 2 with angles of
/4 and 7/2 and through C we form line 3 with an angle of 57/8. The intersection of lines 1 and 3 is the
point D = (\/5, \/5) Through D we construct lines 4 and 5 with angles of 0 and 7/2. Then the intersection
of lines 0 and 4 is E = (1/2,0) and the intersection of lines 2 and 5 is F' = (0,1/2). Using Lemma [2] we
can take all linear combinations of the points (1,0), (0,1), (v/2,0) and (0,+/2) and also scale by arbitrary
powers of 1/2. In particular, we can construct all points of the form ((a + bv/'2)/2", (c + dv/2)/2*) finishing
this case.

For n = 10, we can construct all points for the n = 5 case, i.e., (a + bV/5, (c+ d\/g) 5— 2\/5) with
a, b, c,d integer. By the same method used in the n = 4 and n = 6 case we can construct (1/2,0) showing
we can scale by 1/2. So it remains to show that we can scale by 1/5. To see this consider Figure
where we start with points A = (0,0) and B = (1,0). Through A we form line 1 with an angle of 7/10
and through B we form line 2 with an angle of 77/10. Then the intersection of lines 1 and 2 is the
point C = ((1 4+ v/5)/4,(5 + v5)v/5 — 2v/5/20) Through C we construct line 3 with an angle of m/5.
Then the intersection of lines 0 and 3 is the point D = (1/4/5,0). By Lemma [2 since we can construct
(7,0) = (1/4/5,0) then we can construct (y2,0) = (1/5,0) and, in particular, we can scale by 1/5 finishing
this case.



For n = 12 we note that by the n = 3 case we can construct points of the form (a/2¥3¢, dv/3/2¥3%) which
combined with the comments following the n = 4 case means that we can also construct points of the form
(bv/3/2%3 c/2F3%). Finally we can combine these points and therefore we can construct points of the form
((a+bV3)/273°, (c + d\/3)/273") finishing this case.

For the n = 24 case we note that we can construct all points in the n = 3,4, 6,8, 12 cases. In particular
we can construct (1,0), (v/2,0) and (v/3,0) and also scale by 1/2 and by 1/3. Using Lemma [2| we can scale
(v/2,0) by v/3 showing we can construct (v/6,0). So it follows that in this case we can construct any point

of the form
a+bvV2+cV3+dV6 e+ fV2+ gV3+hV6
2k 3¢ ’ 2k 3¢

finishing this case.

2.1 Short construction of points

The above constructions show not only how to construct points but indicate how we can construct points
efficiently. In practice this is important since pieces of paper have physical limitations to the number of folds
that can be made and still be viable for origami. In this section we will focus on the case n = 8, although
the same analysis applies to the other values of n we have considered.

Theorem 3. For n = 8 the point ((a +bv/2) /2% (c + d\/i)/?k) with a,b,c,d, k integers and k > 0 can be
constructed using at most

A(lg(1+ |a]) +1g(1 + [o]) +1g(1 + |¢[) +1g(1 + |d])) + Bk + C
folds for some fized constants A, B,C' and where lg denotes the base-2 logarithm.

Before we begin the proof we note that by “fold” we generally mean constructing a line with some angle
through a given point. In origami practice to form an angle for n = 3,4,5,6,8,10,12,24 we might need to
use several folds to form a given line; in either case the number of origami folds is bounded by an integer
multiple of the idealized folds we have been using.

Proof. First we note if we can construct (z,0) and (y, 0) then using at most four more lines we can construct
(z,y). Namely, through the points (z,0) and (0,0) we fold lines at angles of /2 and through the point (y, 0)
we fold a line at angle 7/4 which intersects the line through (0,0) at (0,y). Through (0,y) we fold a line at
an angle of 0 and this will intersect the line through (x,0) at (z,y). So it suffices to show that the result is
true in the special case ((a + bv/'2)/2¥,0).

Next note that if we have constructed the point (a + bv/2,0) then using at most 2k + 1 more folds we
can construct ((a + b\/ﬁ)/2k70). Namely we fold a line through the origin at an angle of 7/4 and then
iteratively apply the following two fold step: fold a line through the current point at an angle of 37 /4 take
the point of intersection with the line through the origin and make a fold at an angle of 7/2; where the new
line intersect the z-axis is exactly the point we started with scaled by 1/2. So after applying this & times
the point (a + bv/2,0) yields ((a+ bv/2)/2%,0). So it suffices to show that the results holds for (a + bv/2,0).
By a similar argument we may also assume that a,b > 0.

We now construct (a,0), to do this we write a in binary form, i.e., a = ay...a10a¢ where a, = 1 and
kE < |lg(1 + |a])| and start with the points (ar+1,0) = (0,0) and (ax+1 + 1,0) = (1,0). Given (a;41,0)
and (a;4+1 + 1,0) we from the points (a;,0) = (2a;41 + @;,0) and (a; + 1,0) = (2a;41 + o; + 1,0). By this
construction it is easy to see that the binary expansion of a; is a . .. «; so that the point (ag,0) = (a,0) and
(ap+1,0) = (a + 1,0), as desired. (This idea is similar to Horner’s method for polynomial evaluation.)

To carry this out we will fold lines through (0,0) and (1,0) at w/4. To send the points (x,0) and (x+1,0)
to (2x,0) and (2z + 1,0) takes four folds, namely fold lines through (z,0) and (z + 1,0) at angles of 7/2.
This will form intersections at (x,x) and (z 4+ 1,z) which we then fold lines through these points an angles
of 37w /4 which will intersect the axis at (2z,0) and (2 4+ 1,0). To send the points (b,0) and (b + 1,0) to



(2b+1,0) and (2b + 2,0) we first construct (2b,0) and (2b + 1,0) and then using the construction given in
Lemma [2] we form (2b + 2,0) with four more folds.

In particular, it will take no more than 8|1g(1+ |a|)| +2 folds to construct (a,0) and (a+1,0). Similarly,
it will take no more than 8|lg(1 + |b])| + 7 folds to construct (bv/2,0) (the 5 extra folds are used to go from
(b,0) to (bv/2,0)). Therefore we can construct (a + bv/2,0) using at most

8lg(1 + a])] + 8[1g(1 + [o)] +9

folds. The result now follows. O

3 Restricting the points we can construct

In the previous section we showed how to construct points for n = 3,4,5,6,8,10,12,24. In this section we
turn to the problem of showing that these are the only such points that can be constructed.

3.1 A lattice for n =3

We already saw that we can construct all points of the form a(1,0) + b(%, % 3). If we plot all these points
and then form all lines through these points with angles of 0,7/3,27/3 we get Figure 4| In particular, we
see there are no points of intersection other than the ones we started with and so these are the only points
that are constructible.
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Figure 4: The lattice generated by all constructible points for n = 3.

3.2 Finding invariant subsets for n =4,6,8,10,12,24

We now turn to the cases n = 4,6,8,10,12,24. We first begin by noting that every point (z,y) other than
(0,0) and (1,0) are found by starting with two already constructed points (1, ;) and (22, y2) and two angles
01 # 0y and finding the points of intersection of the line through the first point with angle 6, and the line
through the second point with angle 65. So that the newly constructed point is a solution to the following
2x2 system.

sin 6y (x — x1)—cosb1(y —y1)=0

sinfa(x — x9)—cosb2(y — y2)=0

Solving this system, i.e., by Cramer’s rule, we find the new point of intersection will be

cos 01 cosO2(y1 — y2) + cos 0y sin Oaxe — sin Oq cos Oz
r = ,

Sin(02 — 91)
sin 0 sin 6y (z2 — x1) 4 cos 61 sinfay; — sin 61 cos Oays
y = - '
sm(¢92 — 91)



In particular, one way to understand what form the points can take is to understand the following quantities
(where 0; = im/n and 0 = jw/n with ¢ # j):

CCu(i,j) = e ;

sin (%ﬂ)
o sin ( i 7r) sin (%77)
SSH(ZL]) = sin (%ﬂ') I’
() win (4
Csaig) = lamlsinlam)

Theorem 4. Forn fized, let X,, and Y, be subsets of the real numbers closed under addition such that 0,1 €
X, and 0 € Y,,. If for every x € X, andy € YV, and i # j we have CCy,(i,5)Vn C Xy, CSn(i,5) X, C Xy,

SSn(1,§) X0 C Yy and CS,,(i,5)Vn C Yy then any constructible point (a,b) in the construction problem for
angles with w/n satisfies a € X and b € Y.

The proof follows by simply examining the above solution to the system of linear equations and seeing
that these sets contain the initial points and are closed under finding intersection. We now apply this theorem
to get restrictions on which points can be constructed. The goal of course is to find X,, and ), as small
as possible. We will see that our choice for X,, and ), are driven by the form of the numbers CC, (i, j),
SS,,(i,7) and CSy, (4, 7).

For n = 4 we have the values shown in Table[ll Based on the form of CCy, C'Sy and SSy, it is easy to see

CC4(i,j)‘j:0 j=1 j=2 j=

i=0 1 0 -1
i=1 -1 0 -1
i=2 0 0 0
i=3 3 0

SS4(i,j) |j=0 j=1 j=2 j=
i=0 0 0 0
i=1 0 1 3
i=2 0 -1 1
i=3 0 -1

CSa(i,j) | j=0 j=1 j=2 j=
i=0 1 1 1
i=1 0 1 1
i=2 0 0
i=3 0 3 1

Table 1: Values of CCy, SS4 and C'Sy.

that Xy = V4 = {a/2% : a,k € Z} satisfies Theorem 4 showing that the only points that can be constructed
have the form (a/2%,b/2%) finishing this case.

For n = 6 we have values shown in Table Examining them, it is easy to see that X; = {a/2¥3¢ :
a,k, 0 € Z} and Vs = {bv/3/2F3% : b, k, £ € Z} satisfies Theorem {| showing that the only points that can be
constructed are of the form (a/2%3¢, bv/3/2%3) finishing this case.

For n = 8 we have values shown in Table [3| Examining them, it is easy to see that CCs(4,75), CSs(4, )
and SSg(i, ) are of the form (a + $v/2)/4 where a, 8 € Z. From this it is easy to construct sets satisfying



CCs(i,j) | 7=0 j=1 j=2 j=3 j=4 j=
i=0 V3 W3 0 —-iv3 -3
i=1 —V3 iv3i o -iV3 -1V3
i=2 | —-3V/3 —1V3 0 —3v3 —3V3
i=3 0 0 0 0 0
i=4 V3 3V3 V30 3V3
i=5 VERRE VERNS SVE) -3V3
SSe(i,j) |J=0 Jj=1 j=2 j=3 j=4 j=5
i=0 0 0 0 0 0
i=1 | o VAR NG B VR NV
i=2 0 —3V3 VAR AVE R OE)
i=3 0 —3iv3 V3 VERE V£
i=4 0 —-iv3 —-iv3 -3 V3
i=5 0 -iv3 -1v3 -1v3 -13
CSs(i,j) | =0 j=1 j=2 j=3 j=4 j=5
i=0 1 1 1 1 1
i=1 0 3 1 3 1
i=2 0 -1 1 1 1
i=3 0 0 0 0 0
i=4 0 1 1 1 -1
i=5 0 1 3 1 3

Table 2: Values of CCg, SSg and C'Sg.

Theorem [, namely Xz = Vs = {(a + bv/2)/2" : a,b,k € Z} showing that the only points that can be
constructed are of the form ((a + bv/2)/2¥, (¢ + dv/2)/2%) finishing this case.
For n = 10 we do not produce the tables for space consideration but note that
a+bV5 a+bV5
40

CClO(i,j),SSm(Lj) S { 5—2\/3:a,b€Z} and Cslo(i,j) S { .a,bGZ}.

8

From this it is easy to construct sets satisfying Theorem [ namely

{aer\/g a+b/5
Xio = kel

W:a,b,k,ﬁeZ} and yw_{ St 52\/5:a,b,k,£€Z}

showing that the only points that can be constructed are of the form

a+bV5 c+dvs
( k5 7 2k5l 5_2\/‘;’)

finishing this case.

For n = 12 we do not produce the tables but note that CCi2(4,5), C'S12(i,j) and SS12(i,j) are of the
form (o + Bv/3)/12 where o, 3 € Z. From this it is easy to construct sets satisfying Theorem |4} namely
Xig = V1o = {(a +bV3)/2F3" : a,b, k, ¢ € Z} showing that the only points that can be constructed are of
the form ((a 4 bv/3)/2%3¢, (c + dv/3)/2%3") finishing this case.

For n = 24 we do not produce the tables but note that CCa4(7,5), CS24(4,j) and SS24(i, ) are of the
form (a + Bv/2 + vV/3)/24 where o, 8,7 € Z. From this it is easy to construct sets satisfying Theorem



ce | j=0 J= j=2 J= j=4 j=5 j=6 =
i=0 1++v2 1 —1+v2 0 1-v2 —1 —1-2
i=1]-1-+2 1+ 12 1 0 -1v2 -ve  —-i-1y2
i= —1 -1-1v2 12 0 —1+1iv2 -1 -1V2
i= 1-+2 -1 -2 0 1-1V2 —1+3v2 —1V2
i= 0 0 0 0 0 0
i=5|-1+vZ  IVE 1-4V2 -i+ive 1v2 ;
i= 1 V2 1 1-1v2 0 —3V2 1+3v2
i=7| 1+vE L+l W L3 I B
SS | 7=0 j=1 ji=2 j= j=4 j=5 j= ji=T
i=0 0 0 0 0 0 0 0
i=1] o 1va LoS1+vE 3B 1-1VE —i4 Ve
i= 0 -1V 1+3V2 1 V2 1 1-1v2
i=3] 0 -1 -1-1v2 1+v2 f+ivE I 4D
i= 0 1-v2 -2 -1-v2 14+v2 1 -1++2
i= 0 -1V2 -3vV2  —i1-iV2 -1-2 1+2v2 1
i= 0 —1+3V2 -1 -2 -1 —1-1v2 12
i= 0 -3vV2 -1+3iv2 -1V2 1-v2 -1 -1v2

cS |j=0 j=1 ji=2 i=3 j=4 j=5 j=6 i=7

i=0 1 1 1 1 1 1 1

i=1] o 1+3V2 144vE 1 f+ivE V)

i=2| 0 -3V2 1+3v2 1 V2 i 1-1V2

i=3| 0 1-3v3 13 1 e AR

i=4| 0 0 0 0 0 0 0

i=5| 0 -4 1-Lva  f 1 V2 L-1vE

i= 0 1-3v2 3 3V2 1 1+3v2 -1v2

i=7| 0 1 LB E+lE 1 L+IVE 1443

Table 3: Values of CCg, SSg and C'Ss.

namely Xoy = Vou = {(a + bV2 + V3 + dv6)/2F3¢ : a,b,c,d, k, ¢ € Z} showing that the only points that
can be constructed are of the form

(a+bx/§+cx/§+d\@ e+f\/§+g\/§+h\@)

2k3¢ 2k3¢

finishing this case.

3.3 Case analysis for n =5

Theorem [4 has some limitations. Namely, when calculating the intersection of two points the z and y
coordinate is found by adding two terms. Theorem [4] says that when each individual term is contained in X
(or ) then the combination of the terms is also contained; but this does not allow for the possibility that
the two individual terms might not be in X’ (or )) but the combination is.

This is the case, for example, when n = 5 where we have C'S5(1,4) = % and so the set X in Theorem
would need to contain 1/2* for arbitrarily large k. But such points are not constructible for n = 5. For this



case we will need a different method to limit what points are constructible. We will do this by showing that
the set of points which we have already shown can be constructed is closed under taking intersection of two
allowable lines through two points which are in the set. So suppose that we have two points

(21,51) = <W>(1,0)+<’"1+;1‘/5><;,;\/5—2\/5> (1)
(22,92) — <W)(1,0)+<’%;”@>(;,;\/52\/§> 2)

where p; + ¢; = r; + 8; = 0 (mod 2) for i = 1,2. Let us form a new point (x*,y*) found by taking a fold
with angle 8; through (x1,y;) and a fold with angle 65 through (z2,ys), where

@tf)(ﬁ*j“@>@¢»+(“+;“@><;;w5\@>

[0 [ 02 [P ¢ |
1
0 57| P2 92
0 gﬂ p2 — §r1 + §7’2 + §81 - §52 q2 + 17“1 - 17’2 - §81 + §82
5 2 2 2 2 2 2 2 2
0 §7r p2 + 11“1 - lrz - §81 + §32 q2 — 11“1 + 17«2 + 151 — 582
5 2 2 2 2 2 2 2 2
4
0 gﬂ' p2 — 11+ 12 q2 — S1+ S2
2
=T g?T P1 qi1
1 3
- gﬂ' P1 q1
4
- gﬂ' P1 q1
2 3 3 1 5 5 1 1 3 1
5T | 57| Pt T gP2 + 0~ 54 +7r1 -T2 oPL = 5P2 + K0t~ 5 + 51— 852
2 4 1 1 5 5 1 1 1 1
gﬂ' gﬂ' 5;01 + §p2 + §Q1 - §Q2 §p1 + 5?2 + §Q1 + 5(12
1 1 5 5 1 1 1 1
—57’14'57"24'581 —582 —57’1'1'57"2—581'1'552
3 4 3 1 5 5 1 1 3 1
57| 57 2P Tkt T a® Pt TP Tl T
1 5 1 1
+§7’1 - 57"2 + 581 - 582 +§7’1 - 57"2 + 581 - 582

Table 4: The values of p* and ¢* for the n = 5 case.

We need to verify that p*, ¢*, r*, s* are integer with p* 4 ¢* = 7* +5* = 0 (mod 2). In Tables [d] and [5| we
have listed the values of p*, ¢*, r*, s* for the various possible pairs of angles. Using the modular conditions of
the p;, q;,7;, s; simple computations show that the modular conditions of p*, ¢*, r*, s* also hold. This shows
that these points are closed under taking intersections of folds finishing this case.

4 Concluding comments

We have focused on some simple values of n, mainly those for which the form of the points were easy to
describe and for which a practical implementation in origami is possible. Of course, one can ask the same
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1
0 STF 1 S1
2
0 _
571' T1 S1
0 gﬂ' 71 S1
4
0 STF 1 S1
Lo 2 23 30— % a8 | i e L 30 430 16
5|5 QPr T P2 @i @2 T2 | T PLT GP2 T o LT 542 T 52
o3 L L S wS | 2Ly L, L
5" | 5 QPr T P2 T @i @2 T | T PLT GP2 T o T 542 T 82
1 |4
5T ET| 7 +p2+ 72 —q1 + g2 + s2
2 |3
5T BT —2p1 + 2p2 — 5q1 + 5q2 —p1 +p2 — 2q1 + 2¢2
—§T1+§T2—581+§S2 —57‘1+§T2—§S1+§S2
T P TR SN P
5|5 obr T b2z T o T o2 gPr T obh2zm ot T o2
G L5, .5 o L
21 2T2 251 22 21 22 21 22
Sl el 23, 43, 54,43 TR SR S
5|5 obr T ob2 o o2 gPr T gbh2m ot T o2
SOOI . DI N G TR TS PRI N
91T otz T gTl T 92 9!t T iz T Pt T g2

Table 5: The values of r* and s* for the n = 5 case.

question for arbitrary n, and in this direction a complete answer is known using some existence arguments
(see [1]). Our approach was somewhat different by giving constructive arguments. We have also seen that
each point can be constructed using relatively few steps.

One open question is how many points can be constructed which need at most m lines to construct.
For instance in Figure [§] we have started with the two reference points and then took the intersection of all
allowable lines that pass through these points for n = 10. The result are the 50 points indicated in Figure
(plus some more that are outside the region). All allowable lines through these 50 points are shown in
Figure [5b| and 7114 points of intersection are marked (again plus some more that are outside the region).

In particular, every point in Figure [5c| can be constructed using 6 or fewer lines. The number of points
that can be constructed using m lines appears to grow quickly and might grow super exponentially (a similar
iterated fold-intersect problem was recently shown to have double exponential growth [2]).

Another variation is to start with a larger collection of initial points and lines to work with. For example,
in origami we have a square piece of paper and so from an origami perspective it is more natural to model
this by using the four corners (0,0), (1,0), (0,1), (1,1) along with the lines y =0, y =1, 2 =0, z = 1
instead of the two points (0,0), (1,0) and the line y = 0. When n is divisible by 4 we were able to construct
these additional points and lines anyway and so there is no difference. On the other hand for n = 6 in the
expanded case we would be able to construct the same points as we would be able to for n = 12.

There remain many interesting problems to be asked and answered about how to fold a piece of paper.
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(a) Points after initial folds (b) With all lines drawn in (c) All resulting intersections

Figure 5: Points that can be constructed for n = 10 using six or fewer lines.
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