MATH 31A (Butler)
Practice for Midterm I (Solutions)
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1. (a) Find lim 9+2t 3 .

0 sin(3t)

Let us start by simplifying what is inside the limit. This will be done by
adding fractions, and then multiplying by the conjugate.
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So applying basic rules of limits we have

(7 3)
lim ) + 2t 3 = lim —2
t—0 sin(3t) t—0 sin(3t)
9v9 + 2t " (3+V9+2t)
B —2
o . sin(3t) ..
9limy 09+ 2t llr% o 11n(1)(3 + V9 + 2t)
_ -2
- 9316
1

T

oo




1 1
b) Find li — .
(b) Fin 0 (3SE :1:(31:+3)>

Again we start by simplifying what is inside the limit. we have

1 I (z+3) 3 x 1

3t x(x+3) 3x(x+3) 3z(x+3) 3x(x+3) 3x+3)

And so we have

A 1 . 1 11
im| — — — lim —— = —.
i—~0\3z x(x+3)) =03(+3) 33 9

(Note in the last step we can just plug the point that we are interested in
since 1/(3(z 4 3)) is a continuous function.)

rcosx — 2z + 3 if z <0;
2. Let g(z) —{ br + 3 if x > 0.

(a) Show that g(x) is continuous at x = 0 for any value of b.

The function will be continuous at 0 if

lim g(z) = 9(0).

From the definition it is easy to see that ¢g(0) = 3. So we need to check
the limit. Since this is a piecewise function it is best to split the limit into
two parts (from the left and right). If they both are 3 then the function is
continuous. And so we have

xli%lig(x) = xli%lf (zcosz —2x+3) =3
Jip o) = i (bot3) =3

(By splitting into the left and right limits we can substitute in the appro-
priate definition of g(z) in the region, since each one of these are continuous
functions we can now simply plug in the point we are taking the limit to, in
this case 0 to find the value of the limit.) In particular, since the limit from
the right was always 3 regardless of the value of b we can conclude that the
limit as x — 0 of g(x) is 3 and so the function is continuous at 0.




(b) For what value of b does ¢'(0) exist?

Let us attempt to calculate what ¢’(0) should be. We can do this by using
the definition of the derivative. This would be

vy 9(R) —g(0) - g(h) =3
A

Again it is best to break this into cases, i.e., from below or above. So we

have
_ bh+3) —3

i I =3 (h+3) -3 _ lim b=b.

h—0+ h h—0+ h h—0+
While

_ hecosh — 2h + 3)—3

i 900 =8, (cos Rk (cosh—2) =1-2 = —1.
h—0— h h—0— h h—0—

We need to have the limit from above equal the limit from below. So we can
conclude we need b = —1.

(c) For the answer in part (b), what is the value of ¢'(0)?

From looking at the limit from part (b) for calculating ¢’(0) we see that

g 0)=b=—1.

3. Find the tangent line of y = 2x + 4,/x — 72 parallel to the line y = 3z + 7.

We start by recalling that two lines are parallel if they have the same slope.
So we need to find all tangent lines with a slope of 3, and this can be done
by setting v’ = 3 and solving for . We have

y =2z + 42Y? — 7% and so we get i = 2+ 2272 = 3.

(Note the derivative of 7% (a constant) is 0 and not 27.) Rearranging, this

becomes 5
—=loryr=2orz=4

NS
So the graph has a slope of 3 when x = 4 which corresponds to
y=24+4V4— 72 =16 — 72

Now with out point and slope it is easy to find the line using the equation

y=f(a)+ f'(a)(x —a) = (16 — ) + 3(z —4) =3z + 4 — 7°.
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4. Express %(f(x)g(x)) in terms of f(z), f'(z), f"(z), g(z), ¢'(x) and ¢" ().

This problem tests our ability to use the product rule. We have

) = (4 0@a)

o
(7 @)a(a) + F(@)g' ()
(@) + - (7 @)

= (f"(@)g(@) + f'(2)g () + (f'(2)g (2) + f(2)g"(2))
[ (@)g(x) + 2f(x)g'(x) + f(x)g" (x)-

5. Given that f(1) =2, f'(1) = —1, g(1) = 3 and ¢’(1) = 2 find h(1) and A/(1) where
h(z) = 2*f(z) = 3y/zg(x).

First let us find an expression for h'(x). Again this is applying the basic rules
of derivatives; namely the linearity of derivatives and the product tule. So
we have

d

() = (4 (2) — 3VT(2)) = (a2 F(x) — B2 (a2g(x)

— (2uf(x) + 22f'(x)) — 3(%x_1/2g(:c) 1 2 ()).
And so we have
h(1) = 12f(1) —3V1g(1) =2 —33 = -7
W) = (2f()+f (1) - 3(%9(1) +4(1) =22+ (-1)) - 3(%3 +2)

_ g_Z=__*
2 2




6. The position of a particle on a strip is given by s(t) = ¢3 — 5t* 4+ 6t — 4 (s(¢) is
measured in inches and ¢ is measured in seconds).

(a) What is the position of the particle at t = 17 (Give the units.)

This one is easy. We find it by computing

s(1) =1% =512 + 6:1 — 4 = —2 inches.

(b) What is the (instantaneous) velocity of the particle at ¢ = 1?7 (Give the units.)

Given position to find velocity we take the derivative. Note the units of the
velocity will be the units of the position (in our case inches) divided by the
units of time (in our case seconds). So we first compute the derivative

s'(t) = 3t* — 10t + 6.

And so the velocity at t =1 is

inches

"1)=31>—-10-1+6 = —1 )
S< ) + second

(Note the negative value indicates direction, in this case we would say that
the particle is moving to the left along the strip.)

(c) What is the acceleration of the particle at ¢ = 17 (Give the units.) Does this
mean the speed the particle is moving is going up or down?

Given velocity to find acceleration we take the derivative (so that acceleration
is the second derivative of position). Note the units of the acceleration will
be the units of the velocity (in our case inches per second) divided by the
units of time (in our case seconds). So we first compute the derivative

s"(t) = 6t — 10.

And so the acceleration at t =1 is

inches

"M=61-10= -4 ———.
s(1) (second)?

Now the second part of this question asks about speed. Physicists measure
speed in terms of the absolute value (or magnitude) of velocity. Our velocity
is negative and the the acceleration is negative which means that around 1
the velocity will become even more negative. So in terms of the speed the
speed will be going up at ¢ = 1 (note that it was not enough just to look at
s"(1) to get our answer, it also depended on s'(1)).




