Lecture 11 — April 24

It frequently happens that we want to prove a state-
ment is true for n = 1,2, .... For instance on the first
day we saw that

We gave a proof for this using a method of counting
a set of dots in two different ways. However we could
prove it in another way. First let us prove it for n = 1.
Since 1 = 1(1 + 1)/2, the case n = 1 is true. Now
let us assume that the statement is true for n (i.e., we
can assume it is true 1 +2+---+n =n(n+1)2) and
consider the case n + 1. We have

+1
1+2+---+n+(n+1):%+(n+1)
—_—
case for n
n n+1)(n+2

This shows that the case n 4+ 1 is also true. Be-
tween these two statements this shows it is true for
n=1,2,3,.... (Le., we have shown it is true for n = 1,
then by the second part since it is true for n =1 it is
true for n = 2, then again by the second part since it
is true for n = 2 it is true for n =3, ....)

This is an example of mathematical induction which
is a useful method of proving statements for n =
1,2,... (though we don’t have to start at 1 we can
start at any value). In general we need to prove two
parts:

1. The statement holds in the first case.

2. Assuming the statement holds for the cases k < n,
show that the statement also hold for n + 1.

(This is what is known as strong induction. Usually
it will suffice for us to only assume the previous case,
i.e., assume the case k = n is true and then show n+1
also holds (which is known as weak induction.)

The idea behind proof by induction is analogous to
the idea of climbing a ladder. We first need to get on
the ladder (prove the first case), and then we need to
be able to move from one rung of the ladder to the
next (show that if one case is true then the next case
is true. It is important that you remember to prove
the first case!

The most important thing about an induction proof
is to see how to relate the previous case(s) to the cur-
rent case. Often once that is understood the rest of
the proof is very straightforward.

Example: Prove for n > 1,

—124+22 -3+ 4 (-1)"n? = (-1)

Solution: We first prove the case n = 1. Since

_12 - 1= (_1)11(1; 1)’

the first case holds. Now we assume the case corre-
sponding to n is true, and now we want to prove the
case corresponding to n+1 is true. That is, we assume

1
12422 -3 4. 4 (=1)"n® = (_1)71%.

and we want to show

_ 12+22 _32+.+(_1)nn2+(_1)n+1(n+1)2

_ (D +2)
B E—

So let us begin, we have

_12+22 _32+'__+(_1)nn2 +(_1)n+1(n+1)2

case corresponding to n

= (12D gy gy

=(-1)"(n+ 1)(— % + (n+ 1))

_ Cqpn 1)2(n +2)

Example: Prove forn > 1,
1 1 1 n

1~2+73+.”+n~(n+1):n+1'

Solution: We first prove the case n = 1. Since

1 1 1
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the first case holds. Now we assume the case corre-

sponding to n is true, and now we want to prove the

case corresponding to n+1 is true. That is, we assume
1 1 1 n

ﬁ+73+...+n~(n+1):n+1'

and we want to show
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So let us begin, we have
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We now turn to recurrence relations. A recurrence
relation (sometimes also referred to as a recursion rela-
tion) is a sequence of numbers where a(n), sometimes
written a,, (the nth number) can be expressed using
previous a(k), for k < n. Examples of recurrence rela-
tions include the following:

e a, =3a,_1 + 2a,_9 — an_3. This is an example
of a constant coefficient, homogeneous linear re-
currence. We will examine these in more detail in
a later lecture.

® a, = 2a,_1 +n?. This is an example of a non-
homogeneous recursion. We will also examine
these (in some special cases) in a later lecture.

® Upt1 = ApGnp+0a1an-1+---+apap. This is related
to the idea of convolution in analysis. It shows up
frequently in combinatorial problems, in particu-
lar the Catalan numbers can be found using this
method.

® apj = Qp_1k—1+ Gn_1,. This is an example of
a multivariable recurrence. That is we have that
the number that we are interested in finding has
two parameters instead of one. We have seen this
particular recurrence before, namely,

n n—1 n—1
() =G+ (")
We are often interested in solving a recurrence which
is to find an expression for a(n) that is independent
of the previous a(k). In other words we want to find
some function f(n) so that a(n) = f(n). In order for
us to do this we need one more thing, that is initial

conditions. These initial conditions are used to “prime
the pump” and get the recursion started.

Ezxample: The “Tower of Hanoi” puzzle relates to a
problem of moving a stack of n differently sized discs
on one pole to another pole, see the following picture.

There are two rules: (1) only one disc at a time
can be moved; (2) at no time can a larger disc be

placed over a smaller disc. Find a recursion for 7;, the
minimal number of moves needed to move n discs.

Solution: Experimenting we note that 77 = 1 (i.e.,
move the disc and we are done), T, = 3 (i.e., move
the small disc to the center pole, move the large disc
to the end pole and then move the small disc back).
We can keep this going, but now let us step back. As
we are moving discs we must at some point move the

bottom disc from the left pole to the right pole. We
can use this to break the operation 0f moving all the
discs into several steps as outlined below.

b

T — 1 moves
(3 Tn,l moves

<
r__}

So combining we have
Ty=Ty 1+1+T, 1=2T, 1+1

We have now found a recursion for 7;,. Using this
(along with the first two cases we did by hand) we have
the following values for T,.

n]l1 23 4 5 6 7 8 9 10
T,|1 3 7 15 31 63 127 255 511 1023

Staring at the T}, they look a little familiar. In particu-
lar they are very close to the numbers 2,4, 8, 16,32, ...
which are the powers of 2. So we can guess that
T,=2"—1.

This right now is a guess. To show that the guess is
correct we need to do the following two things:

e Show that the initial condition(s) are satisfied.
e Show that the recurrence relationships is satisfied.

(If this reminds you of induction, you are right! Show-
ing the initial condition(s) is satisfied establishes the
base case and showing that the recurrence relationship
is satisfied shows that if it is true to a certain case, then
the next case is also true.)

So we now check. Our initial condition is that T} =
1, and since 2! —1 = 1 our initial condition is satisfied.
Now we check that T,, = 2™ — 1 satisfies the recurrence
T, =2T,_1+ 1. We have

2 +1=2(2""1—1)+1=2"-241=2"-1=T,

showing that the recurrence relationship is satisfied.
This establishes that T,, = 2" — 1. This is good news



since legend has it that there is a group of monks work-
ing on a copy of the Tower of Hanoi puzzle with 64
golden discs, when they are the done the world will
end. We now know that it will take them

264 _ 1 = 18,446, 744,073,709, 551,615 moves,

so the world is in no danger of ending soon!

A very famous recursion is the one related to Fi-
bonacci numbers. This recursion traces back to a prob-
lem about rabbit population in Liber Abaci one of the
first mathematical textbooks about arithmetic writ-
ten in 1202 by Leonardo de Pisa (also known as Fi-
bonacci). The numbers are defined by Fy =0, F; =1
and F,40 = Fpq1 + Fp, ie., to find the next num-
ber add the two most recent numbers. The first few
Fibonacci numbers are listed below. (Note: the book
defines the Fibonacci numbers by letting Fy = F; = 1,
this is the same set of numbers but the index is shifted
by 1; the definition we have given here is the more
commonly accepted version.)

We will study these numbers in some detail and find
some “simple” expressions for calculating the nth Fi-
bonacci number in later lectures. The Fibonacci num-
bers are one of the most studied numbers in mathe-
matics (they even have their own journal dedicated to
studying them). This is in part because they arise in
many different interpretations.

Example: Count the number of binary sequences with
no consecutive 0s.

Solution: Let a(n) be the number of binary sequences
of length n with no consecutive 0s. Calculating the
first few cases we see the following.

010, 011, 101, 110, 111
0101, 0110, 0111, 1010
1011, 1101, 1110, 1111

n | admissible sequences | a(n)
0[]0 1
1]0,1 2
201, 10, 11 3
3 5
4 8

The sequence a(n) looks like Fibonacci numbers, in
particular it looks like a(n) = F,4+1. But we still have
to prove that. Let us turn to finding a recursion for
the a(n).

We can group the sequences without consecutive Os
of length n into two groups. The first group will be
those that have a 1 at the end and the second group
will have a 0 at the end. In the first group the first
n — 1 terms is any sequence of length n — 1 without

consecutive 0s. In the second group, if the last term
is 0 then we must have that the second to last term
be 1 so the first n — 2 terms is any sequence of length
n — 2 without consecutive 0s. In particular we have
the following two groups

* % % -+ x x 1 and x x *x ... x 10

— ——
length n — 1 length n — 2
a(n—1) such a(n—2) such

So by the rule of addition it follows that
a(n) =a(n —1) +a(n —2).

This is the same recurrence as the Fibonacci num-
bers, so we have that the number of such sequences
are counted by the Fibonacci numbers!

Example: A composition is an ordered partition, so
for example the compositions of 4 are:

1+1+14+1, 14142, 14+24+1,2+1+1,2+2,1+3,3+1,4

Count the number of compositions of n with all parts
odd.

Solution: Let b(n) be the number of compositions of
n with all parts odd. Calculating the first few cases
we see the following.

1+14+141, 1+3,3+1
T+1+1+141, 1+1+3
1+3+1,3+1+1,5

n | admissible sequences b(n)
1)1 1
2|1+1 1
3|1+1+1,3 2
4 3
5 5

Again the sequence looks like Fibonacci numbers and
in particular it looks like b(n) = F,,. Again we still
have to prove it. (After all it is possible that something
looks true for the first few billion cases but eventually
is false.)

We can group compositions according to the size of
the last part. There are two cases, if n is odd the last
part can be any of n, n—2, n—4, ..., 1. On the other
hand if n is odd the last part can be any of n—1, n—3,
..., 1. In particular it is not difficult to see

if n odd;

if n even.

14+b(n—1)+bn—3)+---
b(n)—{ b(n—1)+bn—3)+---

(The b(n—1) term is when the last part is 1, the b(n—3)
is when the last part is 3, and so on. The 1 term for
the case n odd corresponds to the composition n.)
This doesn’t look like the recurrence for the Fi-
bonacci numbers at alll But perhaps we can massage
this recurrence and get the Fibonacci recurrence to



pop out. In particular we note that for the case n odd
we have

bn)=1+bn—-1)+b(n—3)+bn—>5)+---
=bn—1)+ (1+bn—3)+bn—>5)+--)
—b(n-2)
=b(n—1)+b(n—2).

For the case n even we have

b(n)=bn—1)+b(n—-3)+b(n—>5)+---

b(n—1)+ (b(n—3)+b(n—5)+---)
=b(n—2)
=bn—1)+b(n—2).

In particular, we see that b(n) = b(n — 1) + b(n — 2),
so the sequence b(n) does satisfy the same recurrence
property as the Fibonacci numbers, and so we have
that the b(n) are the Fibonacci numbers.

Lecture 12 — April 27

Ezxample: Find the number of compositions of n with
no part equal to 1.

Solution: Let d(n) denote the number of such com-
positions for n. Then for the first few cases we have:

n | admissible sequences d(n)
1 0
212 1
33 1
1]2+2 4 2
5|24+3,34+2,5 3
6 5

2+2+2 244, 3+3,4+2, 6

Looking at the numbers 0,1, 1,2, 3,5 these look famil-
iar they look like Fibonacci numbers. (Again? Haven’t
we seen them enough? No, you can never see enough
Fibonacci numbers!)

So now let us turn to making a recursion for d(n).
We can group compositions of n according to the size
of the last part. Namely, the size of the last part can be
2,3,...,n—2,n (we cannot have the last part be size 1
since we are not allowed parts of 1, for the same reason
we cannot have a part of size n— 1 since the other part
would be 1). If the last part is k then we have that the
rest of the composition would be some composition of
n — k with no part of size 1. In particular it follows
that

din)=dn—2)+dn—-3)+dn—4)+---+d(2)+1

=d(n—1)

in particular if we group all but the first term, what
we have is d(n — 1) and so

d(n) =d(n—2)+d(n—1).

The same recursion for the Fibonacci numbers. Since
we start with Fibonacci numbers and the same recur-
rence is satisfied it follows that d(n) = F,_1, i.e.,
the number of such compositions is counted by the
Fibonacci numbers (with the index shifted by 1).

We now want to look at some important numbers
that arise in combinatorics. We look at them now since
they can be described using multivariable recurrences.

The Stirling numbers of the second kind, denoted
{Z}, counts the number of ways to partition the set
{1,2,...,n} into k disjoint nonempty subsets (i.e.,
each element is in one and only one subset). For ex-
ample, we have the following.

n, k possible partitions { Z }

n=4

el {1,2,3,4} 1

s n2gu :

T {13,43U{2), {1}u{2,3,4}
{1,2} U {3,4}, {1,3}uU{2,4}
{1,4} U {2,3}

Z:g (1Ju{2)U{3,4}, {1JuU{2,3}Uu{4}| 6
{1}u{2,4}u{3}, {1,23U{3}uU{4}
{1,3y u{2u{4}, {1,4ju{2}U{3}

n=4

ey | PUA2EU{B} U {4} 1

The first few values of {Z} are shown in the follow-

ing table.

HIBEHEBENREED

n=2 1 1

n=23 1 3 1

n=4 1 7 6 1

n=>=5 1 15 25 10 1

n==6 1 31 90 65 15 1

Looking at this table we see a few patterns pop out.

n

° { 1 } = 1. This is obvious since the only way to

break a set into one subset is to take the whole
set.

° {n = 1. This is also obvious since the only way
n

to break a set with n elements into n subsets is to
have each element of the set in a subset by itself.

° {Z} =2""1 _ 1. To see this note that if we

break our set into two sets then it has the form of



AUA (ie., A and its complement). We may as-
sume that 1 is in A. For each remaining element
it is either in A or not, the only condition is that
they cannot all be in A (else A = (), so there are
27~1 1 ways to fill in the remainder of A.

* { n ﬁ 1 } = (;) . This can be seen by noting that

there is one subset with two elements with two
elements and the remaining subsets are singletons
(i.e., subsets of size one). So the number of such
partitions is the same as the number of ways to
pick the elements in the subset with two elements
which can be done in (}) ways.

On a side note the row sums of this table are
1,2,5,15,52,... these are also important numbers
known as the Bell numbers.

We now turn to the recursion for the Stirling num-
bers of the second kind.

n| [n—-1 1 n—1
tf = e+ )
(Note that this is similar to the recursion for bino-
mial coefficients. The only difference being the addi-
tional factor of k.)

To verify the recurrence we break the partitions of
{1,2,...,n} into two groups. In the first group are
partitions with the set {n} and in the second group
are partitions without the set {n}. In the first group
we have n in a set by itself and we need to partition
the remaining n — 1 elements into k£ — 1 sets which can
be done in {Zi} ways. In the second group we first
form k sets using the first n — 1 elements, which can
be done in {”;1} ways, we now need to add n into
one of the sets, since there are n sets and we can put
them into any one of them the number in this group

is k{”;l }

The Stirling numbers of the second kind arise in
many applications (even more than the Stirling num-
bers of the first kind). As an example consider the
following.

Example: Show that the number of ways to place n—k
non-attacking rooks below the diagonal of an n x n is

{i}

Solution: Since we know that {Z} counts the num-
ber of partitions of {1,2,...,n} one method is to give
a one-to-one correspondence between the rook place-
ments and the set partitions. We will describe the
positions of the chessboard as coordinates (7,5) with
i < j. So suppose that

{1,2,...,n} = A1 UAU---U Ay

is a partitioning, and suppose that
A ={ar,az,...,0p0} With a1 <ag < -+ < ).

Then place rooks at the coordinates (a1, az), (asz,as),
ooy (@ (3)—1, @m(iy). For each set we will place [A;|—1
rooks so altogether we will place
k

Z (JA;] = 1) =n —k rooks.

i=1
Further note, that by this convention at most one
rook will go in each row and in each column so that
the rooks are non-attacking. Conversely, given a non-
attacking rook placement we can reconstruct the par-
tition. Namely, if there is a rook at position (p, ¢) then
put p and ¢ into the same subset of the partition. It is
easy to see that each placement of rooks corresponds to
a partition and each partition corresponds to a place-
ment of rooks, giving us the desired correspondence.

The best way to see this is to work through a few

examples. We will illustrate one here and encourage
the reader to make up their own. So suppose that our
partition is

{1,3,5) u{2} U{4,7,8LU{6,9}.

Then the corresponding rook placement is shown be-
low.

3 1@
1 e

We also have Stirling numbers of the first kind, de-
noted [}]. These count the number of permutations
in the symmetric group §,, that have k cycles. Equiv-
alently, this is the number of ways to sit n people at k
circular tables so that no table is empty.

If we let (abc) denote a table with persons a, b and
¢ seated in clockwise order (note that (abc) = (bca) =
(cab) but (abc) # (ach)), then we have the following.

n, k possible seatings (%]
Zj (1234), (1243), (1324) 6
(1342), (1423), (1432)
Z:;l (1)(234), (1)(243), (2)(134) 11
(2)(143), (3)(124), (3)(142)
(4)(123), (4)(132), (12)(34)
(13)(24), (14)(23)
0oy, OBIey. mwes | ¢
- (12)(3)(4), (13)(2)(4), (14)(2)(3)
| LEE)® 1



The first few values of [Z] are shown in the following

LGB ELELE

n=3 2 3 1

n=4| 6 11 6 1

n=>5| 24 50 35 10 1

n=6| 120 274 225 &5 15 1

Looking at this table we again see a few patterns pop
out.

1
sitting at one table. Fix the first person, then
there are n — 1 possible people to seat in the next
seat, n — 2 in the following seat and so on.

. [ } = (n — 1)!. This is obvious since everyone is

° [n} = 1. This is obvious since the only way that
n

this can happen is if everyone is at a private table.

n—1
pair of people sitting and the rest will have one
person each. We only need to pick the two people
who will be sitting at the table together, which

can be done in (g) ways.

° [ " ] = <Z> As before, one table will have a

Looking at the the row sums of this table we have
1,2,6,24,120,720,..., which are the factorial num-
bers. This is easy to see once we note that there is a
one-to-one correspondence between permutations and
these seatings. (Essentially the idea here is that we are
refining our count by grouping permutations according
to the number of cycles.)

We now turn to the recursion for the Stirling num-
bers of the first kind.

)= e[

Again we note the similarity to the recursion for the
binomial coefficients as well as the Stirling numbers of
the second kind. Of course a small change can lead to
very different behavior!

To verify the recurrence we break the seating ar-
rangements into two groups. In the first group we
consider the case where n sits at a table by themselves
and in the second group n sits at a table with other
people. In the first group since n is at a table by them-
selves this leaves n — 1 people to fill in the other k — 1
tables which can be done in [Z:H ways. In the second
group first we seat everyone besides n at k tables, this
can be done in [”;1] ways, now we let n sit down,
since n can sit to the left of any person there are n — 1

places that they could sit, and so the total number of
arrangements in this group is (n — 1) [”;1}

Lecture 13 — April 29

Previously we saw that if we can guess the solution
to a recurrence problem then we can prove that it is
correct by verifying the guess satisfies the initial con-
ditions and satisfies the recurrence relation. But this
assumes we can guess the solution which is not easy.
For instance what is a way to express the Fibonacci
numbers without using the recursion definition? We
now turn to systematically finding solutions to some
recurrences.

In this lecture we limit ourselves to solving homo-
geneous constant coefficient linear recursions of order
k. This is a mouthful of adjectives, with this many as-
sumptions we should be able to solve these recurrences!
Recursions of this type have the following form

ap = C1ap—1 + C20n—2 + -+ + CrOn—, (%)

where the cq,co,...,c, are constants, hence the term
“constant coefficient”. That we only look back in the
previous k terms to determine the next term explains
the “order k”, that we are using linear combinations
of the previous k terms explains the “linear”. Finally
“homogeneous” tells us that there is nothing else be-
sides the linear combination of the previous k terms,
an example of something which is not homogeneous
would be

an = C1an_1 + C20p_2 + - + cgan—i + f(n),

where f(n) is some nonzero function depending on n.

Our method, and even the language that we use,
in solving these linear recurrences is similar to the ap-
proach in solving differential equations. So for example
when we had a homogeneous constant coefficient linear
differential equation of order k, we would try to find
solutions of the form y = €™ and determine which val-
ues of r are possible. Are approach will be the same,
we will try to find solutions of the form a, = r™ and
determine which values of r are possible. Putting this
into the equation (%) we get

= e ™R
Dividing both sides of this equation by the smallest
power of r (in this case 7" ~*) this becomes

k

= e eprt P

_|_ ce _|_ Ck7

or rfF— clrkfl — 021"1“2 — o= =0.
Because the ¢;’s are constants this last expression does
not depend on n, but is a kth degree polynomial. So
we can find the roots of this polynomial (at least in



theory!), and the roots are the possible values of r. So
suppose that we have the roots 1,79, ..., 7 (for now
we will assume that they are all distinct). We now
have k different solutions and so we can combine them
together in a linear combination (hence the important
reason that we assumed linear). So that some solutions
are of the form

ap, = Dyrl 4 Dary + -+ 4+ Dyry,

where Dy, Ds, ..., Dy are constants. Now let us back
to the original problem. Equation (x) tells us that we
look at the previous k terms to determine the next
term. So in order for the recursion to get started we
need to have at least & initial terms (the initial condi-
tions). In other words we have k degrees of freedom,
and conveniently enough we have k constants avail-
able. So using the k initial conditions we can solve for
the k constants Dy, D, ..., Dg. In fact, every solution
to this type of recurrence must be of this type!

We still need to determine what to do when there
are repeated roots, we will address this in the next
lecture.

Example:  Solve the recurrence relationship ag = 4,
a1 = 11 and a,, = 2a,,—1 + 3a,_o for n > 2.

Solution: First we translate the recurrence relation-
ship into a polynomial in 7. Since it is a second order
recurrence this will become a quadratic, namely

2 =2r+3 or 0=7r>-2r—3=(r—3)(r+1).

So that the roots are » = —1,3. So that the general
solutions are

an = C(=1)" + D3™.
The initial conditions translate into

4 = apg = C+D,
].]. = a1 = —C+3D

Adding these together we have 15 =4D or D = 15/4,
substituting this into the first equation we have C' =
4 —15/4 = 1/4. So our solution to the recurrence is

1 15

nsz].n —“gn
a 4( )+43

Ezxample: Recall that the Fibonacci numbers are de-
fined by Fyp =0, Fy = 1 and F, 49 = Fy11 + F), for
n > 0. Find an expression for the nth Fibonacci num-
ber.

Solution: First we translate the recurrence relation-
ship into a polynoial in r. This is again a second order
recurrence so it becomes a quadratic, namely

P=r+1or rP—r—1=0.

Since it is not obvious how to factor we plug this into
the quadratic formula

14++5

r= .

2

So the general solution to this recursion is

F, _c(1+\/5>n+p<1‘/g>n.

2 2

We now plug the initial conditions to solve for C' and
D. We have

0=F, =C+D
1=F = C<1+\/5)+D<1_\/5>

2 2

VB VB
5 (C=D) =5

The first equation show that C = —D, putting this
into the second equation we can now solve for C and
D, namely C = 1/\/5 and D = —1/\/5. Substituting
these in we have

e (5 - (55

:%(C+D)+ (C - D)

This seems very unusual, the Fibonacci numbers are
whole numbers and so don’t have any V5 terms in
them but the above expression is rife with them. So
we should check our solution. One way is to plug it
into the recurrence and verify that this works, but that
can take some time. A quick way to check is to plug
in the next term and verify that we get the correct
answer. For example by the recursion we have that
F, =1, but plugging n = 2 in the above expression we
have

1 (1+v5)° 1 (1-5)\?
A7) w57
C142v545 1-2545 45
YA 45 45

Notice the v/5 terms all cancel out so that we are left
with whole numbers.

The number that shows up in (1++1/5)/2 is called the
golden ratio, denoted by ¢. This number is one of the
most celebrated constants in mathematics and dates
back to the ancient Greeks who believed that the best
looking rectangle would be one that is similar toa 1x ¢
rectangle. The idea being that in such a rectangle if
we cut off a 1 x 1 square the leftover piece is similar to
what we started with. However, experimental studies
indicate that when asked to choose from a large group
of rectangles that people tend not to go with the ones
proportional to 1 X ¢. So perhaps the Greeks were
wrong about that.

1.




Finally, let us make one more observation about the
Fibonacci numbers. We have

14+5
2

1-V5
2

1.618033988...

—0.618033988. ..

In particular since ’(1 — \/5)/2‘ < 1 when we take
high powers of this term we have that this becomes
very small. From this we have that the second term in
the above expression for F), is smaller than 1/2 for all
values of n > 0 and so

F,, = nearest integer to

55

So that the rate of growth of the Fibonacci numbers

is ¢.

Example:  Solve the recurrence g, = 2¢n—1 — 2gn—2
with the initial conditions gg = 1 and ¢g; = 4.

Solution: We again translate this into a polynomial
in r. This becomes the quadratic

r2=2%—-2 or r2—2r+2=0.

Putting this into the quadratic formula we find that
the roots are
2++/4-38 .
r=————=1%4.
2
Now we have complex roots! So we might pause and
think how do we change our approach. The answer is
not at all, the exact same techniques work whether the
roots are real or complex. So now the general solution
is
gn=C(Q+9)"+D(1—1)".

Putting in the initial conditions this translates into

4 =g = CA+i)+D(1—1)
= (C+D)+i(C—-D) = 1+i(C—D).

This gives C+ D =1 and C — D = —3i. Adding
together and dividing by 2 we have C = (1 — 3i)/2
while taking the difference and dividing by 2 we have
D = (1+ 3i)/2. So our solution is

n = (1_23i>(1+i)"+ (1—;3i>(1—i)”.

It should be noted that C' and D are complex conju-
gates. This must happen in order to have the expres-
sion for g, to be real values (which must be true by
the recurrence).

Lecture 14 — May 1

As mentioned in the last lecture, solving recurrences
is very similar to solving differential equations. Many
of the same techniques that worked for differential
equations will work for recurrences. As an example
when solving the differential equation 3" — 2y’ +y = 0
we would turn this into a polynomial 72 —7+1 = 0 and
get the roots r = 1, 1, we would then translate this into
the general solution y = Ce® 4+ Dze”, the extra factor
of x comes from the fact that we have a double root,
i.e., we could not use Ce® + De® = (C' + D)e® = C'e”
as this does not have enough freedom for giving general
solutions to the differential equation.

For recurrences we will have essentially the same
thing occur. Suppose that we are working with the
recurrence

Gp = C1Ap—1 + C2Gp—2 + - - + CkAp—f,

then for finding the general solution we would look at
the roots of

k k—1 k-2

rt—crt T —cort C— - —c =0.

Suppose that p is a root of multiplicity ¢, then the
general solution has the form

an:Dlp"+D2np"—|—D3n2p”+-~-+Dgp€71p"+~-~

where the “4---” corresponds to the contribution of
any other roots. Notice that we have multiplicity ¢
and that we have ¢ constants, just the right amount
(this should always happen!).

Ezample: Let ag =11, a; = 6 and a,, = 4a,_1—4a, _o
for b > 2. Solve the recurrence for a,,.

Solution: We first translate the recurrence into the
polynomial r? — 4r 4+ 4 = 0 which has a double root of
2. So the general solution will be of the form

ap, = C2" + Dn2".
To solve for C and D we use our initial conditions. We
have ag = C = 11 and a; = 2C + 2D = 6 from which

we can deduce that D = —8. So the solution is

a, = 11-2" — 8n2™.

Example: Solve the recurrence
b(n) = 3b(n — 1) — 3b(n — 2) + b(n — 3)

with initial conditions b(0)=2, b(1)= — 1 and b(2)=3.



Solution:  We first translate the recurrence into the
polynomial

0:T3*3T2+3T*1:(T71)3

which has a triple root of 1. So the general solution
will be of the form

b(n) = C1™ + Dn1™ + En?1" = C' + Dn + En®.

To solve for the constants we use our initial conditions.
We have

2 = apg = C,
-1 =a = C+D+E,
3 =a = C+2D+4E.

From the first equation we have C' = 2. Putting this
in we have D + F = —3 and 2D + 4F = 1. Solving
these we get D = —13/2 and E = 7/2. So our solution
is

b(n)zQ—?n—I—in

We can occasionally take a recurrence problem
which is not a constant coefficient homogeneous lin-
ear recurrence of order k and rewrite it so that it is of
the form, thus allowing us to use the techniques that
we have discussed so far to solve.

Ezample: Let dg = 1 and nd,, = 3d,,_1. Solve for d,,.

Solution: This does not have constant coefficients so
our current techniques do not work. One method to
solve this is to start listing the first few terms and
look for a pattern (in this case it is not hard to find
the pattern!). Instead let us do something that at
first blush seems to make things worse, let us take the
recurrence and multiply both sides by (n — 1)! giving

(n—1)nd, =nld,, =3(n—1)ld,_1.

Now let us make a quick substitution, namely let us
set ¢, = nld,,. Then the above recurrence becomes
¢n = 3¢p_1 which has the solution ¢, = nld,, = E3",
which shows that the general solution is d,, = E3"/nl.
Our initial condition then shows that 1 = dy = E so
that our desired solution is d,, = 3" /nl!.

The “trick” in the last example was to find a way
to substitute to rewrite the recurrence as one that
we have already done. This allowed us to take a re-
currence which did not have constant coefficients and
treat it like one that did. This same technique can also
take some recurrences which are not linear and reduce
it to ones which are linear.

Ezample: Find the solution to the recurrence with
ap =1, as = 2 and

apn = 2\/((1”,1 + an—2)(an-1 — Gp_2) forn >2.

Solution: We start by rewriting this recurrence, note
that for the term inside the square root it is of the
form (a + b)(a — b) which we can replace by a? — b
doing this and squaring both sides we have

2 _ 2 2
Ay = 4an—1 - 4a’n—2'

There is an obvious substitution to make, namely b,, =
a2 which relates this problem to the recurrence

bn = 4bn—1 - 4bn—2a

with initial conditions by = ag =1and b = a% = 4.
As we saw in a previous example this has the general
solution

b, = C2" + Dn2".

It is easy to see that the initial conditions translate
into C' =1 and D = 1. So we have

a2 =b, =2" +n2" = (n+1)2".

Taking square roots (and seeing that we want to go
with the “+” square root to match our initial condi-
tions) we have

an = +/(n+1)2n,

Example: Solve for g, where g1 = 1, go = 2 and

o (gn,1)2

n = : for n > 2.
I = (gn_a)?/t

Ezample: This is highly nonlinear. The problem is
that we have division and then we also have things be-
ing raised to powers. We would like to translate this
into something similar to what we have already done.
Thinking back over our repertoire we recall that loga-
rithms turn division into subtraction and also allow us
to bring powers down. So let us take the logarithm of
both sides. We could use any base that we want but
let us go with log, (log base 2). Then we have

3
logy gn = 2logy gn—1 — 1 logs gn—2-

If we let h,, = log, g, then our problem translates into

hn =2hp_1 — Zhn72
with initial conditions hg = logy,go = 0 and h; =
log, g1 = 1 (our choice of base 2 was made precisely
so that these initial conditions would be clean). To
solve this recurrence we first translate this into the
polynomial

0:7’2727’+%:(r77)(r——),



so that our roots are r = 1/2,3/2. So the general
solution for h,, is
1 2 3 n
hp =C(= D(=)".
(b +n(d)

Our initial conditions give us 0 = C + D and 1 =
(1/2)C + (3/2)D or 2 = C' 4 3D. It is easy to solve
and find C = —1 and D = 1. So we now have

1.n 3.n 3"—1
1 n=nh,=—(= —-) = .
So now solving for g,, we have
Gn = o(3"—1)/2™

Finally, let us look at how to deal with a recurrence
relation which is non-homogeneous, i.e., a recurrence
relation of the form.

Ay = C1ap—1 + C2Gp_2 + -+ + ckan—_i + f(n).

In differential equations there are several techniques to
deal with this situation. We will be interested in look-
ing at the technique known as the “method of undeter-
mined coefficients”, or as I like to call it the “method
of good guessing”. This technique has definite limita-
tions in that we need to assume that f(n) is of a very
specific form, namely

f(n) = (polynomial)-p",

i.e., that f(n) looks like what is possible as a homoge-
neous solution. (This is the same principle when doing
the method of undetermined coefficients in differential
equations.)

The outline of how to solve a non-homogeneous
equation is as follows:

1. Solve the homogeneous part (i.e., the recurrence
without the f(n)).

2. Solve the non-homogeneous part by setting up a
solution for a,, with some coefficients to be deter-
mined by the recurrence.

3. Combine the above two part to get the general
solution. Solve for the constants using the initial
conditions.

Note that the order of operations is important. That
is, we need to solve for the homogeneous part before
we can do the non-homogeneous part and we need to
solve both parts before we can use initial conditions.

The reason that we need to solve the homogenous
part first is that it can influence how we solve the non-
homogeneous part. So now let us look at step 2 a little
more closely. So suppose that we have

f(n) = (jth degree polynomial in n)p".

We look at the homogeneous part and see if p is a root,
i.e., part of the homogeneous solution. If it is not a
root then we guess that the non-homogeneous solution
will be of the form

an = (Bjnj 4 Bj_lnj_l + -+ Bg)p",

where Bj,Bj_1,---,Bg are constants which will be
determined by putting this into the recursion, group-
ing coefficients and then making sure each coefficient
is zero. (See the examples below.)

If p is a root then part of the above guess actually
is in the homogeneous part and cannot contribute to
the non-homogeneous part. In this case we need to
gently nudge our solution. To do this, suppose that p
occurs as a root m times. Then we modify our guess
for the non-homogeneous solution so that it is now of
the form

an = (Bjn™ + B;_1n™H =1 4 ... Byn™)p".

That is we multiply by a power of n™ to push the
terms outside of the homogeneous solution.

If f(n) has several parts added together we essen-
tially do each part seperately and combine them to-
gether.

We now illustrate the approach with some examples.

Ezxample: Solve for g, where ¢qo = —1, g1 = 1 and

dn = Qn—2 + 3" forn Z 2.

Solution: The term “+3™” shows that this is a non-
homogeneous recurrence, and further 3" is of the form
that we can do something with. So we first solve the
homogeneous part ¢, = ¢n_2 which turns into the
polynomial 2 = 1 so that the roots are r = £1. So
the homogeneous portion has the form

gn = C1" + D(—=1)" = C + D(—1)".

Now neither of the roots are 3 and so we now set up
the form for the non-homogeneous part. Namely

qn = E3n,

we now need to determine E. To do this we substitute
into the recursion. This gives

Ey%:Ey“2+3"or(E——éE—lﬁ”:O.

The second part comes from moving everything to one
side and collecting the coefficients. In order for this
last statement to hold (i.e., in order for it to be a
solution to the non-homogeneous part) we need to have
that the coefficient is 0. This means that we need
(8/9)E — 1 = 0 so that we need to choose E = 9/8. So
the solution for the non-homogeneous part is
9

"= 23",
I =3



Combining the two parts, the general solution to this
recurrence is

9
4o =C+D(=1)" + 3"

We now take care of the initial conditions. We have

9
27
1 =9q+1 = C- D“v‘g

Rearranging this gives

17
—— = C+D,
5 +

19
-— = C-D.
8

Adding the two we get 2C = —36/8 = —9/2 so that
C = —9/4, taking the difference we get 2D = 2/8 =
1/4 so that D = 1/8. So our desired solution is

9

9 1
= — 2 (1) 4 237,
¢ 1T g

Ezxample: Let ag =11, a3 = 8 and
ap = 3ap_1 — 2042 + (—1)" +n2"™.
Solve for a,.

Solution: Again we have a non-homogeneous equa-
tion, and it is of the form that we can do something
with. So we first solve the homogeneous part

Ay, = 3Ap—1 — 20p_o.

This will translate into the polynomial 72 —3r +2 = 0
which factors as (r — 2)(r — 1) = 0. So that the roots
are v = 1,2. So the solution to the homogeneous part
is
a, = C1" 4+ D2" = C' + D2".

We now turn to the non-homogeneous portion. Since
(—1) is not a root of the homogeneous solution then
that part of the solution will be of the form FE(—1)".
Unfortunately 2 is a root of the homogeneous solution
(with multiplicity one) and so we will need to modify
our guess, so instead of (Fn+G)2" we will use (F'n?+
Gn)2™. So our non-homogeneous solution has the form

an = E(—=1)" + (Fn? 4+ Gn)2"

We now substitute this in and get
E(=1)" + (Fn?+ Gn)2" =
3(E(-1)"'+ (F(n—1)*+G(n—1))2"")

—2(E(-1)""? + (F(n—2)* + G(n —2))2"?)
+ (—-1)" +n2™.

The next step is to expand and collect coefficients. If
we do this we get the following:

:(—E—SE—2E+1)(—1)”

+

3 n

(§F—7G 2F + G)2

+(-G-3F+ G+2F—fG+1)n2”
(—

+ F - 1F) 2on

2
Each of these coefficients must be zero in order for
this to be a solution. This leads us to the following
system of equations (note that the last coefficient is
automatically zero and so we will drop it):

1 = 6F
0 = F+G
1 = F

This is an easy system to solve. Giving E =1/6, F =1

and G = —1 so the solution to the non-homogeneous
part is
1
ap, = 6(—1)” + (n? —n)2".

So the general solutions is

1
an, =C+ D2" + 6(—1)" + (n? —n)2m.

It remains to use the initial conditions to find the con-

stants C and D. Plugging in the initial conditions we
have

1
C+D+ =
+D+ ¢

1
C+2D— -~
* 6

11100

8:a1

Giving C+D = 65/6 and C+2D = 49/6. Subtracting
the second from the first we have that D = —16/6 =
—8/3 and so C' = 81/6 = 27/2. So our final solution
is
27 8 1
n 2 _Zon —_1)" 2 on.
a 5 "3 + 6( )"+ (n® —n)

(Using this formula we get ag = 11, a1 = 8, as = 11,
asz = 40, ag4 = 163 which is what the recurrence says
we should get. Wohoo!)

Lecture 15 — May 4

We can use generating functions to help solve re-
currences. The idea is that we are given a recurrence
for a,, and we want to solve for a,. This is done by

letting
=2 and,
n>0



we then translate the recurrence into a relationship for
g(x) which lets us solve for g(z). We finally take the
function g(z) and expand it to find the coefficient for
z".

Broken into steps we would do the following for a
recurrence with initial conditions ag, a1,...,ar_1 and

a recurrence a, = f(n,an_1,an_2,...) for n > k.

1. Write g(z) = Z anx”.
n>0

2. Break off the initial conditions and use the recur-
rence to replace the remaining terms, i.e., so we
have

g(x) =ap+arx+---+ ap_1x"

+ Z f(n,an—1,an—2,...)a".

n>k

3. (Hard step!) rewrite the right hand side in terms
of g(z) and/or other functions. Usually done by
shifting sums, multiplying series, and identifying
common series.

4. Now solve for g(z), and then expand this into a
series to read off the coefficient to get a,. For
example, this can be done using general binomial
theorem or partial fractions.

The best way to see this is through lots of examples.

Ezxample: Use a generating function to solve the re-
currence a,=a,_1+2a,_s+1 with ag=1 and a;=2.

Solution:  Following the procedure for finding g(z)
given above we have

g(z) = Zanx”

n>0
= aqo+ajx+ Zanx"
n>2
= 1+2z+ Z (an_l 4+ 2ap,_9 + 1)x"
n>2

= 14+2z+ Z ap—12"+2 Z Ap—ox"+ Z z"

n>2 n>2 n>2

2

= 142z +z(g(x) — 1) +22%g(z) + 1gi e

Before continuing we should see how the last step hap-
pened. We have

g Ap_12" = a2 + as® + asz® + -+
n>2

=z(a1z + asz® + azz® + -+ ) = 2(g(z) — ao),

and similarly

E an—o2"™ = agr® + a12> + aqz® + - - -
n>2

= 2°(ap + a1z + aza® + -- )= z2g(x).
(This can also be done by factoring out an 22 and then

shifting the index.) Finally since 1+ 2 + 22 + --- =
1/(1 — ) then

Zm":xQZa@"”:leix.

n>2 n>2

We now solve for g(z), doing that we get the follow-
ing.
22 1

(1—x—2x2)g(x):1+x+1_x= T2

Dividing we finally have the generating function

()= 1 B 1
= A0 —2—-222) (1-2)(1+2)1—-2z)

We now want to break this up, which we can do using
the techniques of partial fractions,

1 A B c

(1-2)1+4+2z)(1-2x) 1—m+1+x+1—2x'

Clearing denominators this becomes
1=A(1+z)(1-2z)+B(1—x)(1-22)+C(1+x)(1—x).

We can now expand and collect the coefficient of pow-
ers of z and set up a system of equations (which works
great), but before we do that let us observe that this
must be true for all values of x. So let us choose some
“nice” values of x, namely values where most of the
terms drop out. So for instance we have

1
x =1 becomes 1=—-2A giving A= ~5
x=—1 becomes 1=6B giving B =

)

1
x = — becomes 1= %C’ giving C' =

Wk | =

The final ingredient will be using

1
=1+z+22+22+-,
1—=2
to get
() 1 1 +1 1 4 1
xr) = ——- —_ —_
g 21—z 61+z 31-2

1 n 1 n 4 n
= —523? + 62(—$> + 52(21‘)

n>0 n>0 n>0

— Z (— % + é(—1)" + §2n)x”.

n>0



So we have that

11 4
s (1) 4 22n,
“ 5D *3

Ezample:  Let f(x)= Zan” where F), are the
n>0

Fibonacci numbers (Fp = 0, F; = 1 and F, =

Fo_1+ F,_o for n > 2). Find a simple expression

for f(x).

Solution: We proceed as before. We have

flz) = Zan”

n>0

= F0+F1.’I,‘—|—Z(Fn,1 —‘an,Q)J)n
n>2

= z+ux Z F, 2" '+ 22 Z F,_oz" 2

n>2 n>2

= z+af(2) +2°f(2).

So we have (1 —z — 2%)f(z) =z or

T

f(x)

1—z—22

We can actually use this to find an expression for
the Fibonacci numbers (similar to what we got pre-
viously). To do this we will let ¢ = (1 + v/5)/2 and
¢ = (1 —/5)/2 then it can be checked that

(1 -2 —2%) = (1-¢z)(1 - da).

We now have

T A B

17x7w2_17¢z+1_<5x'

clearing denominators we have

z=A(l - ¢z) + B(1 — ¢z) = (A + B) — (A + Bo)x

We can conclude that A = —B and that
~1=A¢+ B¢ = B(p— ¢) = V5B.

So B=—1/v5 and A = 1//5, giving

f@) = ——
1 1 1 1
- 751—@5_751—(2)35
1 n 1 Ry,
= % >(¢l’) **5n>0(¢50)

or substituting for ¢ and (;3 we get

e (5 - (5.

as we have found previously.

(To be careful we should point out that what we
have done only makes sense if our function is analytic
around some value of z near 0. In our case the nearest
pole for the function f(z) is at * = ¢ so that near
x = 0 everything that we have done is fine. We will
not worry about such matters in our course, but if you
are interested in finding more about this topic read
Analytic Combinatorics by Flajolet and Sedgewick.)

Example: Let a, be the number of regions that n
lines divide the plane into. (Assume that no two lines
are parallel and no three meet at a point.) Solve for
an using generating functions.

Solution:  Let us start by looking at a few simple
cases. From the pictures below we see that ag = 1,
a1 =2,a3=4and azg =T1.

/

In general when we draw in the nth line we start
drawing it in from oo, every time we cross one of the
n — 1 lines we will create one additional region, and
then as we head to oo we will create one last region.
So we have the recurrence

Ap = Gp—1 + N,

with initial condition ay = 1. (Checking we see that
this gives the right answer for a1, as, az and a4, which
is good!)

Now we have

gl@) = Y ana”

n>0

= ap+ Z (an,l + n)x"

n>1

= 1+=x Z ap_12" "t + Z na"

n>1 n>1

= 1+azg(x)+ Z nx".

n>1



The hard part about this is the second part of the
sum. To handle we start with

1 n
11—z Z L
n>0
Taking the derivative of both sides we get
(EE =Y na"!,
n>0

almost what we want, we just multiply by z to get
nz"
(DS
n>0

(Note of course that it doesn’t matter whether we start
our sum at 0 or 1, the result is the same.) So we have

(1—$>9($):1+m,
1 1-(1—=2
9(z) = 1717+ (l(x)3)
1 1 1

I~z (—2f (-2

From when we started using generating functions we

saw that
1 n+k—-1\ ,
<1—mk‘§:( n )x’

n>0

and so we have

glz) = Y a"—

n>0 n>0 n>0
2 1
_ Z( (1) ¢ RS )>a:"
n>0
<n2+n+2> n
= Z - Tz
2
n>0
2
2
So we can conclude that a,, = %

So far we have looked at examples that we could
already solve using other methods. Let us try an ex-
ample that we could not solve (or at least would be
very hard!) with our previous methods. The following
example is taken from the book generatingfunctionol-

0gy.

Example: A block fountain of coins is a arrangement
of coins in rows such that each row of coins forms a
single contiguous block and each coin in the second
or higher row touches two coins below (an example is
shown below). Let f(n) denote the number of block

fountains with n coins in the bottom row. Find the
generating function for f(n).

Solution: ~ We let f(0) = 1 (corresponding to the
empty configuration). Clearly we have f(1) = 1 and
f(2) = 2. The case f(3) =5 is shown below.

0o & o B &%

Our next step is to find a recurrence. The fountain
block either consists only of the single bottom row (one
configuration) or it has another fountain block stacked
on top of the bottom row. Suppose that the bottom
row has length n and the second row has length j,
then the second row can go in any of n — j positions.
Putting it altogether we have

—|—Z(n—

(The 1 corresponds to the single row solution, the sum

corresponds to when we have multiple rows. Note that

when j = n the contribution will be 0 in the sum.)
So we have

9(@) = }jﬂmx

n>1
- 1+zxn+z(z ) :
n>1 n>1 ~j=1
- > (S -as)s
n>1 j=1

The difficult step is determining what to do with
n
> (S )a
n>1 N j=1

looking at it the inside reminds us of agb, + a1b,_1 +
.-+ apbo, i.e., where we multiply two series together.
It is not too hard to check that

> (Z(n —j)f(j)) z"

n>1 j=1
= (422 +32° +- ) (f(D)z+ f(2)2® + f(3)2® - +)

= m(g(m) — 1).



So combining we have

x T

g(w):1+1_x+(1_x)2(g(x)*1),

or

(- -

Multiplying both sides by (1 — x)? and simplifying we
have
1—-2x



