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ABSTRACT

We introduce an l-adic algorithm to efficiently determine the
group of rational torsion points on an elliptic curve. We also
make a conjecture about the discriminant of the m-division
polynomial of an elliptic curve.

1. INTRODUCTION

Let K be a number field and E an elliptic curve over K
then the Mordell-Weil theorem [11](Theorem VIIL.6.7) tells
us that E(K) the group of K-rational points is finitely gen-
erated. This implies that E(K)¢ors the group of K-rational
torsion is finite. In this extended abstract we will focus on
the case when K = Q. A theorem of Mazur [11](Theo-
rem VIIL.7.5) tells us about the groups which can appear as

E(Q)tors .

One approach to do elliptic curve rational torsion compu-
tation is by using the Nagell-Lutz theorem [11](Corollary
VIIL.7.2) in a brute force fashion. The downsides of this
method are that it involves factoring the discriminant of the
elliptic curve and also this discriminant might have many
square divisors making this procedure computationally ex-
pensive. This naive method was in vogue till Doud [7] dis-
covered the first polynomial time algorithm which used com-
plex analytic techniques and ran in cubic time, where the
size of input is the size of the coefficients of the elliptic curve.

A softly quadratic time algorithm (’softly’ - where logarith-
mic factors are ignored) was proposed by Garcia-Selfa et
al [9], where they compute with the Tate Normal Form of
an elliptic curve. Their procedure uses Loos’ root-finding
algorithm as a blackbox routine and does not use any in-
formation about how the discriminant of F,, (polynomials
which arise in this algorithm) are related to the discriminant
of the elliptic curve. And hence a different prime is selected
to compute the roots of F,, for each m.

In section 3 we present an algorithm to compute E(Q)tors
with a worst case softly quadratic running time. A random-
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ized version of the algorithm has an expected softly linear
time complexity. Section 4 is devoted to time complexity
analysis of these procedures.

The basic idea of our algorithm is given an elliptic curve
E over Q we view it as a curve over Q; and using Hensel’s
lemma compute F(Q;)[m], the Q;-rational m-torsion points
to desired precision, which is dictated by the Nagell-Lutz
theorem [11](Corollary VIIL.7.2). We then check to see if
these points are in E(Q)[m], the group of m-torsion rational
points on E. Our algorithm and in particular the choice of
the prime [ rests on the fact that the prime support of the m-
division polynomial equals the prime support of m and the
prime support of the discriminant of the elliptic curve. We
did not find a reference for it and hence in the next section
we prove this for the sake of completeness. This relationship
between the discriminants enables us to use a single "good’
prime to compute the m-torsion for all m.

We were curious to know how the A(f) the discriminant
of f,, the m-division polynomial related to A the discrimi-
nant of the elliptic curve. So using Magma and Pari-GP we
symbolically computed the discriminants of these polynomi-
als for small values of m which led us to make the following

conjecture 1:

d(d—1)
6 m odd

B m,2—1md71
A(fm)—{ =) A

d(d—1)
2*md=tA "6 m even
where d = deg fn,. In section 5 we elaborate on how we
stumbled upon this interesting formula and prove some lem-
mas which strengthen it.

We do not attempt a self-contained exposition. The back-
ground material on elliptic curves can be found in [11]. We
borrow freely but with due acknowledgement and gratitude
from the literature mentioned in the References section. We
would like to thank Pierrick Gaudry, Sheldon Kamienny,
Wayne Raskind and William Stein for helpful discussions.
The authors were supported in part by the following NSF
grants CCR-9820778 and CCR-0306393.

2. DIVISION POLYNOMIALS

'On February 1st, 2005 we were informed by Harold M.
Stark that our conjectural formula in the odd case is
equivalent to Lemma 1 in: Stark, H. M. A Theorem of
Coates-Wiles Revisited, Seminar on Fermat’s Last Theorem.
Birkhauser, 1981.




In this section we present definitions and theorems concern-
ing torsion points and polynomials which characterize them.
The heart of this section is lemma 3, which forms the basis
of our algorithm.

Let K be a number field and K its algebraic closure. Let F
be an elliptic curve over K given by a Weierstrass equation
of the form y? = 23 4+ ax + b, where a,b € R, where R is the
ring of integers of K.

THEOREM 1. [11](Corollary 6.4b) E(K)[m] = (Z/mZ) x
(Z/mZ)

Define division polynomials ¥, recursively as follows [11]
(Exercise I11.3.7):

Uy, =1, Uy =2y, U3 =3zt + 6azx? + 12bx — a?,

Uy = (225 + 10az* + 40bx® — 10622 — 8bazx — 2a° — 16b) Vs,

Wopt1 = ‘I/k+2‘112 — ‘I/k—1‘11z+1, k>2
o = (WpaWi_y — Wi oWl )Wy /Us k> 2

Define for m > 2

U, m odd
fm = {

¥,,/¥s m even

Observe that fy, (also referred to as division polynomials)
are univariate. The x-coordinates of the m-torsion points
of E correspond to the roots of f,, in the following way
[1](Corollary IIL.7): Let P € E(K), such that P is not a
2-torsion point. Then P € E[m] < fn(z(P)) =0.

Let d = deg fm,, which is equal to m22_1, m odd and m22_4,
m even and the leading coefficient of f,, is m, when m is
odd and m/2 otherwise, where m > 2.

Next we’ll define the discriminant of a polynomial and re-
lated notions [6](Section 3.3.2) and then prove a few lemmas
about the discriminants of the division polynomials.

Let S be an integral domain with quotient field L, and let L
be its algebraic closure. Let g € S[X] with n = deg(g) and
lc(g) be its leading coefficient, and let a; be the roots of g
in L. Define the discriminant of ¢ to be

Alg) = (-1)"= " R(g,¢")/I(9)

where R(g,g’) is the resultant of g, g’. Then we have

Alg) = le(g)" 99 T (o — ay)?

1<i<j<n

Let f = 2® + ax + b and so A(f) = —(4a® + 27b?). The
discriminant of the elliptic curve is defined to be A(E) =
—16(4a® + 27b%) (also denoted as A). From here on we’ll
assume that E is an elliptic curve over Q given by y? =
2 + ax + b, with a,b € Z. This implies that the division
polynomials have integral coefficients and hence their dis-
criminants A(f,) € Z, which is clear from the definition of
the discriminant in terms of the Sylvester matrix [6](Lemma
3.3.4).

LEMMA 1. Let m =2k + 1 > 1 be an integer.

1 fllfm
2. 2%|fr,
8. m|fm

4. md71|A(fm)

PRrOOF. 1. We’ll prove this by induction on m. f5 =
12f and the base case holds. Suppose f|f; for all odd
i < m. Let’s assume k is odd (in the even case a
similar argument applies). We have Uori1 = fory1 =
Sra2fi=(Fe-1V2) (fra1Y2)® = frro fi—fro1 i1 93 =
Serafi =24 oS /2 Now fappy = fiaofii +3-
Serafife =24 (foo1fi) 2 = 2° - froa fiiia ' f
divides f},, and f;, by the inductive assumption and
hence f divides each of the terms in fék_H. In par-
ticular f exactly divides f3,. 4, otherwise foxt1 would
have repeated roots.

2. The argument is similar to the one above for part 1.

3. We know that for every m, m|(¥%) and p /|¥Z,
where p is an odd prime, [5] (Theorem 1, Corollary
1). Suppose m = [], p:, where p; are odd primes.
From the above, m|¥,,¥;, which implies p;|¥,,V},.
Also p; f¥,,. Therefore p;|¥}, and so m|¥7,.

4. This follows from part 3, le(fm) = m and the matrix

definition of the discriminant, where the coefficients of

2_
frm are repeated on ™ L rows.

LEMMA 2. Let m = 2k > 2 be an integer.

1. K|A(fm)
2. 22| fr
3. m|A(fm)

PrOOF. 1. Recall that lc(fm) = k and the coefficient
of 71 in f, is 0. Consider the matrix associated to
R(fm, f)- The first column of this matrix has k at
entry (1,1) and k# at (m22_4, 1) and 0 elsewhere.
The second column of this matrix has k at entry (2, 2)

and km22_4 at (sz_4 +1,2) and 0 elsewhere. Hence

k2|R(fm, fin) and k|A(fm) by the definition of discrim-
inant.

2. 2?|f1 and the base case holds. Suppose 22|f/ for all
even i < m. Now fy = (firafi1 — fo—2fii1)fi +
(Frgafio—1 + fovo -2+ foo1froy — foeofiyr — fr2-2-
Srt1 f,’c+1)fk. Let’s assume that k is odd (similar anal-
ysis for the even case). From the previous lemma we
know that 22 divides f}, fr 12, fi_2- By the inductive
hypothesis 2% also divides f;_;, fi,1. Hence 22|f},.



3. Follows from part 1 and 2.

LEMMA 3. Prime support of A(fm) = prime support of
m U prime support of A, where m > 2 is an integer

PrROOF. We know that 2 and m divide A(fr) (lemma
1,2). So it suffices to prove that when (m,p) = 1 the prime
support of A(fm) equals the set of primes where E has bad
reduction over Q.

Consider E to be an elliptic curve over Q,. We'll take a
minimal Weierstrass equation denoted again by E and let
its discriminant be A. Let L be a finite extension of Q,,. Let
p = (7) be the prime over p in the ring of integers of L, F,
the residue field and e the ramification index.

Let z = v?z’ + r,y = v®y’ + su®a’ 4+t be a change of coor-

dinates giving a minimal Weierstrass equation for E/L de-

noted by E’. The discriminant A’ for E’ satisfies v, (A’) =
—12

vp (U™ =A).

Let x; and z}, 1 < i < d be the roots of the m-division
polynomial associated to E and E’ respectively. For i # j,

we have vy (2] — z}) = vy (%™ — I'Lzr) =S Up(zi;;j) and so
vp (2 — x5) = 2vp (u) + vp (2 — 27)

Next let’s consider the valuation of the discriminant of the
m-division polynomial associated to E over Q,:

vp (A(fm))
= (2d = 2)vp (le(fm)) + 2201 <1 j<a (20 (1) + vp (27 — 27))

So let’s assume (m,p) = 1. Observe that v,(-) = evy(-).
Since vp(m) = 0, we have vy (le( fm)) = vp(m) = 0 when m is
odd and when m is even, we have vy, (le(fm)) = vp(m/2) = 0.

Case 1. Let E be an elliptic curve with potential good re-
duction over Q,. Let L = Q,(E(Q,)[m]) be a finite exten-
sion of Q, over which E has good reduction [12](Proposition

1V.10.3) which means v, (A") = 0 and so v (u) = vp (A)/12.

Moreover the reduction modulo p map E(L)[m] — E(F,)[m]
is injective [11](Proposition VIL.3.1 b) and hence v, (x] —
z5) =0 for all ¢ # j and so vy (A(fm)) =d(d —1)/6 - v (A)
which implies that
-1
dd=1) (A

vp(A(fm)) = 6

So if p is a prime of good reduction for F/Q then p fA(fm)
and if p is a prime of bad (additive) reduction then p|A(fm).

d(d

Case 2. Let F be an elliptic curve with potential multi-
plicative reduction over Q,. Let L O Q,(E(Q,)[m]) be a
finite extension of @, over which E has (split) multiplica-
tive reduction which means v, (A’) > 0 and v, (cj) = 0. We
know that vy (ch) = vp(u™*ca) 50 vp(u) = vp(ca)/4. Also
j=ci/A and so vy(ca) = 5 - (vp (D) + vy (5))-

=S5 (v (A) + v (5) + Zl§i<]’§d 2vp (2 — x;)

Now wvp(A) + vp(j) = 0 or > 0 depending on whether E
has multiplicative or additive reduction over Q,. Also in
either case there exist i,j such that vp(x; — 2j) > 0 (x-
coordinates of points which reduce to the singular point).
Hence vy (A(fm)) > 0 which implies v, (A(fm)) > 0.

So if p is a prime of bad (additive or multiplicative) reduction
for E over Q then p|A(fm). O

3. ALGORITHM

In this section we present some background material before
we introduce our elliptic curve rational torsion algorithm.
The methods which are currently in use for this computation
are guided by the following theorems due to Nagell-Lutz and
Magzur respectively.

THEOREM 2. [11](Corollary VIIL.7.2) (Nagell-Lutz) Let
E be an elliptic curve over Q with Weierstrass equation

v=z*+ar+b, a,beZ

Suppose O # P € E(Q)tors then x(P),y(P) € Z and either
y(P) = 0 or y(P)?|(4a® 4 27b%).

THEOREM 3. [11](Theorem VIIIL.7.5) (Mazur)

Z/nZ, 1 <n <10,12 case (1)

E ors %J
(@ {Z/QZ X Z/2nZ, 1 <n < 4 case (ii)

Observe that an elliptic curve over Q can be transformed
into the form which appears in the Nagell-Lutz theorem us-
ing a change of coordinates [11](Pages 46-50).

Suppose P € E(Q)tors then z(P) will be a root of 3 +
az +b—y(P)? and by Nagell-Lutz y(P)?|(4a® +27b?) which
implies x(P)|(b— (4a®+27b%)/k) for some k € Z. Hence the
coordinates of the torsion points are O(C) in magnitude,
where C' = max(|a®|, |b?]).

To compute the points we use a combination of l-adic (and
possibly p-adic when [ = p) lifting techniques, using the
following variant of the Hensel’s lemma [8](Lemma 2.1).

LEMMA 4. Let u € Z, and h € Zy[z]. Let k be such that
pF||h' (u) and assume p"TF|h(u) for some n > k. Let

_ p *h(u)
0= R hi(u)

and v =u— 6. Then v=wu mod p”, p>*|h(v) and p*||h (v).

Hensel’s lemma leads to an efficient (almost linear time)
method to lift points provided the roots of the polynomial
separate early enough (k is bounded by a constant or log of
the required p-adic precision), which would ensure that the
initialization procedure (where the root is computed modulo
pk) doesn’t take more than softly-linear time.

As stated in the Introduction our algorithm works as fol-
lows: given an elliptic curve E over Q we view it as a curve



over Q; and (using the appropriate factor of the m-division
polynomial) compute the Q;-rational m-torsion points to de-
sired precision and then check to see if they are in fact in
E(Q). The prime [ is chosen such that F over Q; has good
reduction. The integers m we have to consider are dictated
by Mazur’s theorem: 2,3,4,5,7,8,9.

Suppose we want to compute the roots of the m-division
polynomial. If [ > 2 is a prime of good reduction which was
picked and [ /m then the above lemma tells us that the
roots of f,, are distinct modulo [ and therefore we can lift
an F;-root of f,, to Q; using Hensel’s lemma with £ = 0. On
the other hand if p is the prime of good reduction selected
and p'[|m, then we can lift a Fy-root of f,: using Hensel’s
lemma with k& = ¢ due to the following fact [10] (Lemma
2.7).

LEMMA 5. Let E be an ordinary elliptic curve over Q,
given by a minimal Weierstrass equation y> = x>+-ax+b that
has good reduction at p, where p > 2 and ab # 0. Suppose
E(QY)[p'] # O. If P € E(Qy)[p'] is a non-trivial point,

then vy (OV i (x(P))) = i.

The above lemma will play a role in the algorithm if the
good prime chosen happens to be 3,5 or 7 and we compute
3;9,5 and 7 torsion points respectively. In these scenarios
the algorithm assumes a p-adic flavor.

The lemma deals with ordinary elliptic curves and so before
we apply the lemma we should rule out the supersingular
case. The following is a test for supersingularity [1](Page
46): Let E be an elliptic curve over Q, that had good re-
duction at p. F is supersingular iff

e p>5and #E(F,) =p+ 1.
e p=23and #E(F,)=1,p+1or 2p+1.

Also if E is supersingular then E(Q,)[p] = O and hence
E@)[p] = 0.

In the below algorithm before the output is returned we
need to check whether a E(Q,;) point is in E(Q)tors. This
is possible because a priori we know the magnitude of the
rational torsion points. Also negative integers (which are an
infinite power series) are detected by noticing a recurring [ —
1 in the truncated l-adic expansion. They can be recovered
as follows: >%° a;l" = —(l —ao + Ziofll YU —1—=a)lh),
where the left hand side represents the negative integer as a
l-adic number.

ALGORITHM 1. Input. Given an elliptic curve E in the
form y? = z® + ax + b, with a,b € Z

Output. < T,t >;, where T € E(Q)[t] andi = 1,2 and these
points are the generators of E(Q)tors-

1. Pick a prime l > 2 such that | JA
2. Compute E(Q,)[2] using f

3. r—#E(Q)[2]—1. Let Ry, ..

., R, be the x-coordinates

of the non-trivial points

4. Ifr=20
(a) For

1.

.

then

p=3,5,7 do the following:

If p J#E(F;) then goto start of the loop and
iterate with next prime

Compute Q € E(Q,)[p] \ {O} using

If Q ¢ E(Q) then goto start of the loop and
iterate with next prime.

If p=>5,7 then Return < Q,p >
If 32| #E(F;) then
e Compute S € E(Q)[9] \ E(Q)[3] using
fo. If S ¢ E(Q) then Return < Q,3 >
else Return < 5,9 >

e clse Return < Q,3 >

(b) Return < O,1 >

5 Ifr=1

(a) For

1.

.
Vi,

V1l

VL.

(b) If 4

then

p = 3,5 do the following:
If p N\#EF)[p] then goto start of the loop
and iterate with next prime

Compute Q € E(Q;)[p] \ {O} using f,
If Q ¢ E(Q) then goto start of the loop and
iterate with next prime

U—Ri+Q
If p =5 then Return < U, 10 >
If 4 J#E(F,) then Return < U,6 >
Compute V € E(Q)[4]\ E(Q)[2] using f
If V € E(Q) then

e Return <V +Q,12 >

e clse Return < U,6 >

JH#E(F;) then Return < R1,2 >

(c) Compute W € E(Q)[4]\ E(Q,)[2] using fa
(d) If W € E(Q) then

If 8 J#E(F,) then Return < W,4 >
Compute Z € E(Q)[8]\ E(Q)[4] using f
If Z € E(Q) then

— Return < Z,8 >

— else Return < W, 4 >

(e) Return < Ry,2 >

6. Ifr=3

(a) Do

.

then

the following:
If 3 J#E(F,) then exit loop

i. Compute a point @ € E(Q;)[3]\{O} using f3
5. If Q € E(Q) then

A U—Ri+Q
B. Return < U,6 > and < R2,2 >
the following:

If 8 /I#E(F,) then Return < Ri1,2 > and
< Ro,2 >

.. Compute W € E(Q,)[4] \ E(Q,)[2] using fa



iti. If W € E(Q) then

o If16 [#E(F,) then Return < W,4 > and
< R2,2 >

e Compute Z € E(Q;)[8] \ E(Q,)[4] using
fs

o If Z € E(Q) then
— Return < Z,8 > and < R2,2 >
— else Return < W,4 > and < R2,2 >

(¢) Return < R1,2 > and < R2,2 >

LEMMA 6. The algorithm works as desired

PROOF. Observe that if #FE(Q)[2] = 4 then by theorem
3 we are in case (i7) of Mazur’s classification. Conversely
suppose case (i) holds then assuming #E(Q)[2] = 1,2 leads
us to contradictions.

Our choice of prime | > 2 implies that E has good reduction
at | and hence the reduction map E(Q,)[m] — E(F;)[m)]
is injective for all m such that (m,l) = 1 [11](Proposition
VIIL.3.1). Moreover the map E(Q)[p] — E(Q;)[p] is injective.

So we first compute points in E(Q;)[2] and check to see if we
get 1,2, 4 points in F(Q)[2] (equivalently x> +axz+bhas0,1,3
roots in Q). The rest of the algorithm proceeds in a case-
by-case fashion aided by the implications of Mazur’s result,
where we compute the [-adic expansions of the torsion points
using Hensel’s lemma and ascertain if they lie in E(Q). O

4. TIME COMPLEXITY ANALYSIS

Let M(N) denote the bit operations required to multiply
two numbers of size N. We’ll assume that a fast integer mul-
tiplication algorithm like Schénhage-Strassen [13] (Theorem
8.24) is used in which case M(N) = O(N log N loglog N) =
O(N) (in soft-Oh notation).

An integer of size N can be expressed p-adically using a re-
cursive procedure called radix conversion [13](Theorem 9.17)
in O(M (N log p)log N) time.

To deterministically find [ a prime which does not divide
A takes O(log® A) [9]. We compute with f and m-division
polynomials, where m = 3,4,5,7,8,9 and the size of the
coeflicients of these polynomials are bounded by O(log C) =
O(log A) [9]. Hence by resorting to a randomized algorithm
[13](Corollary 18.12 (ii)) to pick a good prime, the expected
running time is O(log A).

In either case the magnitude of this prime is O(log A) [9],
[13](Corollary 18.12 (ii)) and hence the time to compute
#E(F;) (which is unnecessary) is negligible and to find an
F;-rational root of the division polynomial is O(log A).

Once we find an approximate root we use Hensel’s lifting
to a compute Q;-rational root up to O(logC) = O(log A)
accuracy. Due to the quadratic convergence of the Hensel
of lifting, if the desired precision is N then using a recur-
sive algorithm we can half precision at each level and per-
form lifting in O(M (N logl)) = O(log A) bit operations [8],
[13](Theorem 9.26) (assuming the degree of the polynomial
is constant).

So the finding the good prime routine dictates the overall
running time of the algorithm, which is O(log® A) determin-
istic time or an expected running time of O(log A).

5. DISCRIMINANT OF DIV POLYNOMIAL

While investigating the discriminant of the m-division poly-
nomials we stumbled upon a precise conjectural formula
which expresses A(fm) in terms of m and the discriminant

of the elliptic curve E.

Using Magma running on a Pentium IV 1.80 GHz, 128 MB
RAM, Windows XP system we symbolically computed the

following discriminants:

m | d | A(fm) Time

3 |4 [ —=3°A2 0

4 16 | 2% 42A° 0

5 |12 5'1A22 0.047 s

6 |16 |2*-612A1° 0.234 s

7 | 24| =782 7.407 s

8 302 -8AM | 1m0437s

9 |40 | 93°A260 15 m 56.953 s

10 | 48 | 2*-10*A3%76 | 1 h 34 m 37.984 s
11 | 60 | —11°9A%% 13h 15 m 27.812 s
12| 70 | 2% - 1296 A8%9% | 50 h 36 m 25.907 s

Based on the above we make the following conjecture:

CONJECTURE 1.
m— d(d—1
{ (—1) 2 md—1 A M

d(d—1)
2Pmd4A"

A(fm) = m odd

m even

In Lemma 3, we showed that the conjecture holds when
(m,p) = 1 and FE is an elliptic curve with potential good re-
duction over Q,,. Extending that train of thought we present
some results proved in [3] which strengthen the above.

LEMMA 7. The conjecture holds when m = p an odd prime
and E an elliptic curve with potential good reduction over

@p'

PrOOF. Let L = Q,(E(Q,)[m]) be a finite extension of
Q, over which E has good reduction [12](Proposition IV.10.3)
which means v, (A") = 0 and so vy (u) = vp(A)/12. Also

le(fp) = p.

Case 1. Let E over F, be a supersingular elliptic curve. So

E(F;)[p] = O and so E1(L)[p] = E(L)[p].

Let t; be the local parameter of the point whose z-coordinate
is 25 and y-coordinate is positive. In terms of t; we know
that o} = t;2 — a't? + O(t) and y, = —t; 3 + a't; + O(t3)
[11](Page 113). So wvy(z; — ) = vp(t; > — t;%) = vp(t: —
t5) +vp(ti +15) — 20 (£:) — 20y (45).

For each i, vy (t;) > 0 since the local parameters are elements
of the elliptic curve formal group that is elements of maximal
ideal of the ring of integers of L. We know that ¢; # +t;,1 <



1

i< j < m22_ and v (t;) = e/(p* — 1) = e/2d, for all i
[2][lemma 4.7]. Now let’s consider the addition @ of local
parameters in the formal group: ¢; ® t; = ¢; + t;4 higher
order terms. Now vy, (t; ®t;) = vy (t; +1¢;) since the valuation
of the higher order terms is strictly greater than that of the
latter. Similarly vy (£;6¢;) = vp(ti—t;). Hence v, (2} —x}) =
(—2)-e/2d = —e/d.

v (A(fp))

= (2d — 2)vp (p) + L 0y (A) + 23, g vp (2 — )
= (2d — 2)e + L= (A) +2d(d — 1)/2 - (—¢/d)

= (d—1)e + 4 b pm)

Thus vp(A(fp)) =d -1+ d(d = ~vp(A).

Case 2. Let E over F, be an ordinary elliptic curve. So
E(F,)[p] = Z/pZ and the short exact sequence 0 — E1(L)[p]
— E(L)[p] — E(F,)[p] — is isomorphic to the short exact
sequence 0 — Z/pZ — Z/pZ X Z/pZ — Z]/pZ — 0.

Let (Q) = E1(L)[p] and P € E(L)[p]\E1(L)[p] then ¥,(X) =
ngig p_1 (X - :E(ZQ)) ngig p-1 ’ogjgp_1(X - x(iP +JQ))

Let ¢; be the local parameter of the point iQ). We know that
vp(ti) = e/(p—1) [2](Lemma 4.3).

2P +9Q)
= (%) 2(iP) - 2(jQ)

T2 a4+ 0(42) —y(iP) ) 5
= (ot )~ #iP) ~ 17 + 't} + O(8)

3 4
_ t]. 2( - zif;’jiijjtifooéi )2 (iP) — 72 1 't + O(t2)
2 4 22(iP) + 2y(iP)t; + 32(iP) 2 + 4x(iP)y(iP)t3+
— x(zP) t_2 +d't; + O(t)
= m(zP) + 2y(zP)tJ + Sx(zP) t2 +dt2 +0(t)

Let’s analyze >, 4 20p (2] — 7).

1. Z 1<i<j<Bzl 2vp (2(iQ) — 2(jQ))
=2(-2)- e L (= 13:(317*3)

2. Zl<1,j< L o<k<p— 1 20p (2(iQ) — (P + kQ))
2
= 2(-2)55; - ey
3. Zlg i< 2o 1 0<ji<jo<p—1 QUP(m(iP+j1Q)_m(iP+j2Q))
—9._c_ . p@=1?
p—1 22
4. 21§¢1<¢2§PT*1,0§]§1371ZUP(x(i1P+jQ)7$(i2P+jQ))
=0
5. 2:1<n<12< L 0<j1<j2<p— 1 20p (2(01 P+71Q) =2 (i2 P+
J2Q)) =
6. Zl<11<12< L 0<jo<ji<p— 120p (2 (i1 P+51Q) —z(i2 P+

72Q)) =

—2l) =2(—2)- %

p—1

.(P*1§§P*3)+2(_2) e

Zl§i<]’§d 20p (] p—1

(p;}z)("p +2. pcﬁ ) p(p;1)2 =—(d—1)e
20
2d — 2)vp (p) + V(D) + 230 i jca Ve (2 — 2)

2d — 2)e + 4L u,,(A) —(d—1)e
d—1)e+ 4D ) -vp (A)

Therefore vy (A(fm)) =d—1+ @ ~vp(A). O

/\/\,\/\

The proof in the scenario where E has potential multiplica-
tive reduction over Q, and m = p is tackled using the theory
of local heights [3].

6. CONCLUSIONS

The natural question to ask is whether the techniques pre-
sented in this paper generalize to compute torsion on ja-
cobians of curves over number fields. Also an analogous
conjecture for hyperelliptic curves is being sought working
with David Cantor’s paper [4] on division polynomials for
hyperelliptic curves.
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