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Abstract. We present an algorithm to decide whether a elliptic curve
over Q, has a non-trivial p-torsion part (#E(®,)[p] # 1) under certain
assumptions. We use this algorithm to efficiently determine F(Q®)ors the
group of Q-rational torsion points on an elliptic curve.

1 Introduction

We present a polynomial-time (polynomial in logp) algorithm that de-
cides whether a given elliptic curve over Q, has a non-trivial p-torsion
part under certain assumptions. In section 2 the good reduction case is
considered followed by the bad reduction case. We devise an algorithm to
compute F(Q,)[2] in section 4 which is used in a linear-time procedure
(linear in the logarithm of the coefficients of the elliptic curve equation)
to compute E(Q®)sors using a p-adic approach.

We do not attempt a self-contained exposition. The background ma-
terial on elliptic curves can be found in [12]. We borrow freely (but with
due acknowledgement and gratitude) from the literature mentioned in the
References section.

We would like to thank Sheldon Kamienny, Qing Luo and Wayne
Raskind for the helpful discussions. The authors were supported in part
by the following NSF grants CCR-9820778 and CCR-0306393.

2 Deciding whether E(Q,)[p] is non-trivial

Notation. Let E be an elliptic curve and R a point on it. Then z(R)
and y(R) will denote the x and y coordinates of point R respectively. The
elliptic curve E mod p will be denoted by E and a point on it by R.

Algorithm 1 Let E be an elliptic curve over Q, given by a minimal
Weierstrass equation y?> = x> + ax +b that has good reduction at p, where
p> 2.



Input. We are given the coefficients of E, modulo p?
Output. TRUE if #E(Q,)[p] = p and FALSE if #E(Q,)[p] = 1

If ged(n,p) = 1 return FALSE

Pick P € E(IF))[p]

Lift P to P € E(Q,) \ E1(Q,) using Hensel’s lemma, [8](Lemma 2.8)

such that P = P mod p. We only need to determine P modulo p?

5. Compute x([p—1]P) mod p? using the repeated squaring trick [6](page
23) and the group law formulae.

6. If x([p—1]P) = z(P) mod p? return FALSE. Otherwise return TRUE

Lo e~

Theorem 1. The above algorithm works as desired.

Proof. The short exact sequence 0 — E1(Q,) — E(Q,) — E(IF,) — 0
[12](Proposition VII.2.1) gives rise to the following long exact sequence
via the extended snake lemma [7](Lemma I71.4.1):

0— E1(Q,)[l] = E(Qy)[l] — E(IF,)[l] % By (Q,)/1E:(Q)
— E(Q,)/1E(Q,) — E(IF)/IE(F,) — 0

where | € ZZ. Specializing to the case when [ = p and using the fact that

E(Q,) = E(pZy) = Gu(pZp) is torsion-free [12](Proposition VI1.2.2,
1V.6.4b) and by abuse of notation denoting logy oA o ¢ by ¢, we get

0 — E(Q,)p] — E(F,)[p) > GalpZ,) /pCapZ,)

(Fp) — 0
If ged(n, p) = 1 then E(IF,)[p] = O which implies that E(Q,)[p] = O
from the above long exact sequence.
We next prove a lemma which is vital to the proof of the theorem
when ged(n,p) # 1.

Lemma 1. Let E be an elliptic curve over Q,, given by a minimal Weier-
strass equation of the form y?> = x3 + ax + b with good reduction at p
(that is v(a),v(b) > 0,v,(A) = 0), where p > 2 and the discriminant
A =—16(4a® +270%). If Q € E(Q,) \ E1(Q,) and Q € E(IF,)[p] then

1. [Z]Q € E(Qp) \ El(Qp)7 i=1,...,p—1

2. z([1]Q) Z z([j]Q) mod p, 0 < j<i<pandi+j<p

5. w(lp— K1Q) = 2(1KQ) mod p and y([p — KQ) = —y([KQ) mod p (in
particular y([p — k|Q) # y([k]Q) mod p), 0 < k < p



4.

PIQ € Ei(Qp) \ Eit1(Q,) & vp(z([plQ)) = —2i & vp(z(p - 1]Q) -

) =i, i>1

2(Q
5. z([p — 1]Q) — z(Q) = Omod p? & ¢ = 0, where ¢ : E(IF,)[p] —

Ga(pr)/péa(pZP)

Proof. 1. Suppose [i]Q € E1(Q,) then [i]Q = O which is a contradiction

2.

since ged(i,p) = 1.

Suppose z([i]Q) = z([j]Q) mod p. This assumption combined with
the fact that [i]Q, [j]Q # O implies that [i]Q = £([j]Q) and hence
[i £4]Q = O. This is a contradiction as ged(i & j,p) = 1.

Let R:=[p—k]Q. So R = [p — k]Q = —[k]Q. Hence x(R) = z([k]Q)
and y(R) = —y([Q).

From part (3) we know that z([p—k|Q) = x([k]Q) mod p. Say v, (z([p—

klQ) — x([k]Q)) = i. We also know that y([p — k]Q) # y([k]@) mod p.
From the group law formulae to calculate [p]@ (say using [k]Q and

[p — k]Q), it follows that v,(z([p]Q)) = —2¢ which is equivalent to
vp(y([p]@Q)) = —3i [8](proof of Theorem 7.1(c)). And therefore [p]Q €
Ei(Qy) \ Eit1(Q,).

z([p—1]Q)—2(Q) = 0 mod p* implies [p]Q € E>(Q,) by part (4). This
implies that ¢(Q) = (logg oA o [p])(Q) = 0 € Ga(pZp)/pGa(PZ)y).
Here A(R) = —x(R)/y(R), where R € E1(Q) and logg(2) = z+0(z%),
where z € E(pZZ,).

(On the other hand z([p — 1]Q) — x(Q) # 0 mod p? implies [p|Q €
E1(Q,) \ E2(Q,) by part (4). This implies that ¢(Q) = (logg oA o
[p)) (@) # 0). This completes the proof of the lemma.

In second case we pick a point in E(IF,)[p] and lemma 1 tells us that

E(Q,)[p] being trivial, is equivalent to z([p — 1]P) = z(P) mod p*. Now
we observe that when we compute x([p — 1]P) by the squaring trick,
the denominators are p-adic units (by lemma 1 part (2)) and the group
law formulae hold modulo p?. This tells us that only the coefficients of

elliptic curve F and of the coordinates of the point P modulo p? contribute

towards the computation.

The worst-case time complexity is O(Tpc—Hog3 p) bit operations where

T is the worst-case time complexity of the point counting algorithm used
([11], [9]). QED.

Remark 1. It is interesting to note that the algorithm uses only 2 digits
of p-adic precision.



Remark 2. Given that #FE(Q,)[p] # 1, to efficiently find a non-zero P €
E(Qp)[p], is an open problem. When p is small a brute-force procedure
using p-division polynomials can be employed to compute the above (see
section 4).

Remark 3. If p > 5 we have two cases ged(n,p) =1l and n=p. lf p=3,5
we have a third case — ged(n,p) = p and n # p — the only instances
of which are n = 2p by the Hasse bound. And this is the reason we pick
P € E(IF,)[p] in the algorithm.

3 Deciding whether E(Q,)[p] is non-trivial (contd.)

We continue our discussion and next consider the case of bad reduction
which is characterized by v,(A) > 0. The type of reduction — multi-
plicative or additive — be determined as follows: E has multiplicative
reduction iff v,(A) > 1 and v,(ab) = 0 and it has additive reduction
iff vy(a),vp(b) > 1 [12](Exer. 7.1b). Let the reduced curve E mod p be

denoted by E and its non-singular part by E,.

Algorithm 2 Let E over Q, be given by a minimal Weierstrass equation
be of the form y? = a3 + ax +b. We assume that p > 2 and E has bad
reduction at p.

Input. We are given the coefficients of E, modulo p?

Output. TRUE if #Eo(Q,)[p] = p and FALSE if #Eo(Q,)[p] =1

n — #Es(IFp)

If ged(n,p) = 1 return FALSE

Pick P € Ens(IF))

Lift P to P € Ey(Q,) \ E1(Q,) using Hensel’s lemma [8](Lemma 2.8)
such that P = P mod p. We only need to determine P modulo p?

5. If x([p—1]P) = x(P) mod p? return FALSE. Otherwise return TRUE

™ Lo o =

Theorem 2. The above algorithm works as desired.

Proof. The proof of correctness of the algorithm rests on the following the-
orem [12](Exercise I11.3.5): En(IF,) = F,, IFy or {t € L* | Ny, (t) =
1} where L = IF, (o, o) and aq, ay are the slopes of tangent lines in the
non-split multiplicative reduction case.

The short exact sequence 0 — E1(Q,) — Eo(Q,) — Ens(IFy) — 0
gives rise to the following long exact sequence using a train of thought
similar to the one found in the proof of Theorem 1.



0 — Eo(Q,)[p] = Eus(E)[p] > GulpZ,) [pCa(pZ,)
— Eo(Qy)/pEo(Qy) — Ens(Fp)/pEns(Fp) — 0

If ged(n, p) = 1 then Ep(IFp)[p] = 0 which implies that Eo(Q,)[p] = 0
from the above long exact sequence. This case takes care of split multi-
plicative reduction as we have #E,s(IF,) = #IF, = p— 1 and in the
non-split case we have #FE,s(IF,) = 1,p— 1,p+ 1,p* — 1.

On the other hand, we are in the additive reduction case #FE(IF,) =
#IFY = p and E(Q,)[p] is trivial is equivalent to z([p — 1]P) — z(P) =
0 mod p?. The proof is similar to lemma 1 with E(IF,) replaced by E,s(IF,)
and E(Q,) replaced by Eo(Q,).

The worst-case time complexity is O(Tyspe + log® p) bit operations
where T}, is the time complexity of computing #Ens(]]?‘p). QED.

Next we will use the output of the above algorithm to decide whether
E(Q,)[p] is non-trivial with the help of the following fact [12](Appendix
C, Corollary 15.2.1), [13](Corollary IV.9.2):

Theorem 3. Let E/Q, be an elliptic curve. Then we have the following
exact sequence:
0— Ep(Q,) — E(Q,) -G —0

where if £ has split multiplicative reduction over Q,,, then G is a cyclic
group of order v(A) = —v(j), in the additive scenario the group order is
at most 4 and in the non-split multiplicative instance it is either 1 or 2.

In order to weed out the bad cases we impose some conditions.
Theorem 4. Algorithm 2 correctly computes #E(Qp)[p] provided either

— E has split multiplicative reduction over Q,, and ged(vy(A),p) =1, or
— E has additive reduction over Q, and G[p] =0, or
— E has non-split multiplicative reduction over Q,

Proof. Applying the extended snake lemma to the above exact sequence
gives us

0= Eo(@,)[p] — B(Q,)[p] — Glp] — Bo(®,)/pFo(@,)
— B(Q,)/pE(Q,) — G/pG — 0

And under the assumptions of the theorem G[p] = 0. Hence Eo(Q,,)|p]
= O & E(Q,)[p] = O otherwise #E(Q,)[p] = p. QED.



Remark 4. The instances which are left out are analyzed using the fact
that 55 |#Gp], where Xo = #Eo(Q,)[p] and X = #E(Q,)[p]:

1. additive reduction, #G = 3 and p = 3 (Kodaira types IV,IV*). In
this case if Xg =1 then X = 1,3 and if X¢g = 3 then X = 3,9.

2. split multiplicative and p|#G. In this scenario if X = 1 then X = 1,p
and if Xy = p then X = p, p°.
We will assume that a boolean variable BAD is set if we fall into these
instances.

4 Computing E(Q,)[2]

Let Xo = #E0(Q,)[2] and X = #E(Q,)[2].
Theorem 5. FEy(Q,)[2] = E(Q,)[2] provided either

FE has good reduction at p, or

E has split multiplicative reduction and ged(vy(A),2) =1, or
E has additive reduction and G[2] =0, or

E has non-split multiplicative reduction G[2] =0, or

Eo(Q,)[2] =4

Proof. The proof follows for case (i) since E = Eg and E,; = E. Applying
the extended snake lemma gives us

0 — Eo(Qy)[2] — E(Q,)[2] — G[2] — Eo(Q,)/2E0(Q,)
— E(Q,)/2E(Q,) — G/2G — 0

S

Either of the cases (ii) — (iv) of the theorem gives us G[2] = 0 and
therefore Eo(Q,)[2] = E(Q,)[2].

For case (v), using the fact that %|#G[2] and X4 we have if Xg =4
then X = 4. QED.

Remark 5. Also if Xo =1 then X =1,2,4 and if Xg = 2 then X = 2,4.
We see that the following are the instances not tackled by the theorem
and refer to them as the BAD?2 case:

1. split multiplicative: since in this case G is cyclic the bad cases are
type I, v is even and X # 4

2. additive reduction: the bad cases are type II1, I, I(v > 0), IIT* and
Xo #£4

3. non-split multiplicative: since |G| = 1,2, the bad case is type I re-
duction and Xy # 4



Algorithm 3 Let E be an elliptic curve over Q, given by a minimal
Weierstrass equation y> = 23 + ax + b, where p > 2. Suppose we want to
compute the points to D digits of p-adic accuracy

Input. We are given the coefficients of E, modulo p®

Output. < T; >, where T € E(Q,)[2] and i =1,2.

n — #Ens(IFp)

If ged(n,2) =1 and |BAD?2 then Return < O >.

Generate non-trivial elements in Epns(IFp)[2], say P;.

Lift P; to P; € Eo(Q,)[2] by a naive procedure using 23+ ax + b.

If IBAD2 then Return < P; > and < O >.

If BAD2 then we naively lift Q, the singular point on E(IF),) (which
is a 2-torsion point) to Q; € E(Q,)[2] \ Eo(Q,)[2] using * + ax +b.
Return < P; >, < Q; > and < O >.

S s Lo o~

Theorem 6. The above algorithm works as desired.

Proof. We use the fact that the 2-torsion points have 0 as their y-coordinates.
Since £1(Q,)[2] = 0 and Z,/27Z, = 0, the appropriate application of
the snake lemma sequence tells us that Eo(Q,)[2] = Ens(IF))[2].

If we are not in the BAD2 case, by theorem 9 we have Ey(Q,)[2] =
E(Q,)[2]. So if ged(n,2) = 1, there are no non-trivial £(Q,)[2] points.
On the other hand if ged(n,2) # 1, we might obtain 1 or 3 non-trivial
E(Q,)[2] points by lifting E(IF,)[2] points.

Now if we are in the BAD2 case, there might be a contribution of 0, 1
or 2, E(Q,)[2] points from the singular point.

If the curve has good reduction at p, we can use Hensel’s lemma (since
23 + @z + b has no repeated roots as F is a non-singular curve) to lift the
points. In the bad reduction case at p we can lift the points in a brute-
force fashion. Fixing the prime p, the complexity is O(D) bit operations.
QED.

5 ComPUting E(Q)tors

In this section we use the algorithms devised in the previous sections
to determine the E(Q)ors group efficiently. We first recall a fact about
torsion over Q.

Theorem 7. [12/(Corollary 6.4b) E(Q)[m] = (Z /mZ) x (Z |mZZ)

The algorithms which are currently in use for this computation are
guided by the following theorems due to Nagell-Lutz and Mazur respec-
tively.



Theorem 8. [12](Corollary 7.2) (Nagell-Lutz) Let E/Q be an elliptic
curve with Weierstrass equation

V=x4ar+b, a,be Z

Suppose O # P € E(Q)iors then x(P),y(P) € ZZ and either y(P) =0
or y(P)?|(4a® + 27b?) is the discriminant of E.

Theorem 9. [12](Theorem 7.5) (Mazur)

{Z/nz, 1< n<10,12 case (i)
E(Q)tors = ..
Z 272 x ZZ2nZZ, 1 < n < 4 case (ii)

Observe that an elliptic curve over @ can be transformed into the
form which appears in the Nagell-Lutz theorem.

One approach is to do the computation in a brute force fashion using
the Nagell-Lutz theorem. The downsides of this method are that it in-
volves factoring A and there might be many square divisors of A making
this naive procedure computationally expensive [2] (page 2). This algo-
rithm was in vogue till Doud [2] discovered his O(log® C')-time algorithm,
where C' = max(|a®|, |b?]), which used complex-analytic techniques.

The constant C' arises by making the observation that the coordinates
of the torsion points are O(C) in magnitude. Suppose P € E(Q)iors
then z(P) will be a root of 23 + ax + b — y(P)? and by Nagell-Lutz
y(P)?|(a®+27b?) which implies x(P)|(b— (4a®+27b%)/k) for some k € Z.

Algorithm 4 Input. Given an elliptic curve E in the form y? = z3 +
ax + b, with a,b € Z

Output. < T,t >;, where T € E(Q)[t] and i = 1,2 and these points
are the generators of E(Q)¢ors-

Remark 6. In the following algorithm we compute a non-zero element of
E(Q,)[p] by solving the p-division polynomial in a brute-force fashion to
O(logp C) p-adic precision. In the BAD case we use the singular point on
E(FF,) and a point in E(IF,)[p] otherwise.

Remark 7. Suppose we have x(P), where P € E(Q,)[p], we compute Q,
a 2p-torsion point by solving p-adically for x(Q) using the following du-
plication formula:

2(Q)* — 2a2(Q)? — 8bz(Q) + a?

#P) = == 0P + 4an(Q) + 4




Remark 8. Suppose we have x(P), where P € E(Q,)[p], we compute Q,
a 3p-torsion point by solving p-adically for x(Q) using the following trip-
lication formula:

2(P) =\ —a—2(Q) — 2([2Q)
A= (2(21Q)° — ax([2]Q) — 62(Q)?z(12]Q) + 52(Q)° + az(Q))/ (x([2]Q) — =(Q))”

Remark 9. In this algorithm before the output is returned we need to check
whether a E(Q,) point is in E(Q). This is possible because a priori we
know the magnitude of the rational torsion points. Also negative integers
(which are an infinite power series) are detected by noticing a recurring
p—1 in the truncated p-adic expansion. They can be recovered as follows:
YXgaipt = —(p—ao + Ziozglc(p — 1 — a;)p'), where the left hand side
represents the negative integer as a p-adic number.

1. Compute E(Q)[2]. Use a small prime (p = 3,5,7) to compute E(Q,)[2].
r — #E(Q)[2] — 1. Let Ry,..., R, be the x-coordinates of the non-
trivial points.

2. If r =0 then
(a) Forp=3,5,7 do the following:

i. Compute #Eo(Q,)[p].
1. If BAD then goto step 4.
ii. If #Eo(Q,)[p] == 1 then goto start of the loop and iterate with
next prime.
iv. Compute a point Q (Remark 8) and if successful then
A. If p=75,7 then Return < Q,p >.
B. If p=3 and !IBAD then Return < Q,p >.
C. If p = 3, BAD and #Eo(Q,)[p] == 1 then Return <
Q,p>.
D. Ifp=3, BAD and #Eo(Q,)[p] # 1 then try to compute S,
a non-trivial 9-torsion point using the triplication formula
(Remark 10). If successful then
— Return < 5,9 >
— else Return < @Q,3 >
(b) Return < O,1 >.
3. If r =1 then
(a) Forp=3,5 do the following:
i. Compute #Eo(Q,)[p].
1. If BAD then goto step 4.
iii. If #Eo(Q,)[p] == 1 then goto start of the loop and iterate with
next prime.



w.

Compute a point Q (Remark 8). If successful then

B. If p=>5 then Return < U,10 >

C. If p =3 then try and compute V, a non-trivial 12-point us-
ing the duplication formula and U (Remark9). If successful
then
— Return < V,12 >
— else Return < U, 6 >

(b) Try and compute a non-trivial W, a non-trivial 4-torsion point
using the duplication formula and Ry (Remark 9). If successful
then
— try and compute Z, a non-trivial 8-torsion point using the du-

plication formula and W (Remark 9). If successful then

o Return < Z,8 >
e clse Return < W,4 >

(¢) Return < Rp,2 >.
4. If r =3 then
(a) For p =3 do the following:

i.

1.
141.
.

Compute 7 Eo(Q,)[p].

If BAD then goto step 4.

If #Eo(Q,)[p] == 1 then exit loop.

Compute a point Q (Remark 8). If successful then
A. U+ R +Q.

B. Return < U,6 > and < Ra,2 >.

(b) For Ry, Ra, R3 do the following:

1.

Try and compute W, a non-trivial 4-torsion point using the
duplication formula and R; (Remark 9). If successful
— then try and compute Z, a non-trivial 8-torsion point using
the duplication formula and W (Remark 9). If successful
then
e Return < Z,8 > and < R;;+1,2 >
o clse Return < W, 4 > and < R;y1,2 >

(¢) Return < R1,2 > and < Rg,2 >

Theorem 10. The above algorithm works as desired

Proof. Observe that if #E(Q)[2] = 4 then by theorem 7 we are in case
(17) of Mazur’s classification. Conversely suppose case (i7) holds then as-
suming #E(Q)[2] = 1,2 leads us to contradictions.



So we first compute points in £(Q,,)[2] and check to see if we get 1,2, 4
points in E(Q)[2] (equivalently 23 + az + b has 0,1, 3 roots in Q).

The algorithm works since the map E(Q)[p] — E(Q,)[p] is injective
and for p > 2, #FE(Q,)[p] = 1, p. We compute the p-adic expansions of
the points iteratively modulo p* using a naive method such that these
points make the p-division polynomials vanish modulo p’.

The rest of the algorithm proceeds in a case-by-case fashion aided by
the following implications of Mazur’s result, which forms an outline of the
algorithm. Let r = #E(Q®)[2] — 1 and when we discuss torsion we mean
non-trivial torsion.

— r =3 < case (i) (see above).

— If » = 0 then there is either atmost one 5-torsion or atmost one 7-
torsion.

— If » = 0 and there is a 3-torsion then there is atmost one 9-torsion.

— If » = 1 and there is a 5-torsion then there is atmost one 10-torsion.

— If » = 1 and there is a 3-torsion then there is aleast one 6-torsion and
atmost one 12-torsion.

— If » =1 and there is a 4-torsion then there is atmost one &-torsion.

— If r = 3, there is atmost one 3-torsion.

— If » = 3 and there is a 4-torsion then there is atmost one 8-torsion.

The above algorithm runs in O(log C)-time as the primes involved
are small — 3,5, 7 — and only O(log C')) many p-adic digits are required to
recover the integer coordinates.

Remark 10. We resort to brute-force computation of the points since lift-
ing E(IF,)[p] to E(Q,)[p] via Hensel’s lemma fails due to the presence of
repeated roots in the p-division polynomials.

On the other hand, suppose [ is a prime different from p that divides
#E(IF,,) but | # #E(IF,) then Hensel’s lemma can be used to lift E(IF)[l]
points to E(Q,,)[l] using [-division polynomials by solving linear equations
at each level (to determine the p-adic coefficients of the lifted point).

6 Conclusions and future directions

The natural question to ask is whether the algorithms presented in this
paper generalize to compute torsion on jacobians of curves over number
fields. Although some of the theorems and algorithms seem to carry over
in theory, in practice the first objects which will be needed to accomplish
this will be explicit formal group laws and logarithm maps for these vari-
eties. In this regard Freije’s [3] method to construct the formal group law
and logarithm map of the jacobian of an algebraic curve provides a start.
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