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Abstract

Consider the random graph process where we start with an empty graph on n vertices, and at
time ¢, are given an edge e; chosen uniformly at random among the edges which have not appeared
so far. A classical result in random graph theory asserts that whp the graph becomes Hamiltonian
at time (1/2+0(1))nlogn. On the contrary, if all the edges were directed randomly, then the graph
has a directed Hamilton cycle whp only at time (1 4+ o(1))nlogn. In this paper we further study
the directed case, and ask whether it is essential to have twice as many edges compared to the
undirected case. More precisely, we ask if at time ¢, instead of a random direction one is allowed
to choose the orientation of e;, then whether it is possible or not to make the resulting directed
graph Hamiltonian at time earlier than nlogn. The main result of our paper answers this question
in the strongest possible way, by asserting that one can orient the edges on-line so that whp, the
resulting graph has a directed Hamilton cycle exactly at the time at which the underlying graph is
Hamiltonian.

1 Introduction

The celebrated random graph process, introduced by Erdés and Rényi [11] in the 1960’s, begins with
an empty graph on n vertices, and in every round t = 1,...,m adds to the current graph a single new
edge chosen uniformly at random out of all missing edges. This distribution is commonly denoted as
Grnm- An equivalent “static” way of defining G, ,, would be: choose m edges uniformly at random
out of all (g) possible ones. One advantage in studying the random graph process, rather than the
static model, is that it allows for a higher resolution analysis of the appearance of monotone graph
properties (a graph property is monotone if it is closed under edge addition).

A Hamilton cycle of a graph is a simple cycle that passes through every vertex of the graph, and a
graph containing a Hamilton cycle is called Hamiltonian. Hamiltonicity is one of the most fundamental
notions in graph theory, and has been intensively studied in various contexts, including random graphs.
The earlier results on Hamiltonicity of random graphs were obtained by Pésa [20], and Korshunov [17].
Improving on these results, Komlds and Szemerédi [16] proved that if m’ = %n logn+ % loglogn+cyn,
then

0 if ¢, » —
lim P(G,, s is Hamiltonian) = e ¢ ife, = c
n—00 .

1 if ¢,, — 0.
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One obvious necessary condition for the graph to be Hamiltonian is for the minimum degree to be
at least 2, and surprisingly, the probability of G, s having minimum degree two at time m’ has
the same asymptotic behavior as the probability of it being Hamiltonian. Bollobés [7] strengthened
this observation by proving that whp the random graph process becomes Hamiltonian when the last
vertex of degree one disappears. Moreover, Bollobds, Fenner, and Frieze [8] described a polynomial
time algorithm which whp finds a Hamilton cycle in random graphs.

Hamiltonicity has been studied for directed graphs as well. Consider a random directed graph
process where at time ¢t a random directed edge is chosen uniformly at random among all missing edges.
and let D,, ,, be the graph consisting of the first m edges. Frieze [14] proved that for m"” = nlog n+c,n,
the probability of D,, ,,» containing a (directed) Hamilton cycle is

0 if ¢, » —0
lim P(D,, ,,is Hamiltonian) = e 27" ife, > c
n—00 .

1 if ¢, — o0.

Similar to the undirected case, this probability has the same asymptotic behavior as the probability of
the directed graph having minimum in-degree and out-degree 1. In fact, Frieze proved [14] that when
the last vertex to have in- or out-degree less than one disappears, the graph has a Hamilton cycle whp.

Hamiltonicity of various other random graph models has also been studied [21, 3]. One model
which will be of particular interest to us is the k-in k-out model, in which every vertex chooses k
in-neighbors and k-out neighbors uniformly at random and independently of the others. Improving on
several previous results, Cooper and Frieze [9] proved that a random graph in this model is Hamiltonian
whp already when k = 2 (which is best possible since it is easy to see that a 1-in 1-out random graph
is whp not Hamiltonian).

1.1 Owur Contribution

Bollobas [7], and Frieze’s [14] results introduced above suggest that the main obstacle to Hamiltonicity
of random graphs lies in “reaching” certain minimum degree conditions. It is therefore natural to ask
how the thresholds change if we modify the random graph process so that we can somehow bypass
this obstacle.

We consider the following process suggested by Frieze [15] which has been designed for this purpose.
Starting from the empty graph, at time ¢, an undirected edge (u,v) is given uniformly at random out
of all missing edges, and a choice of its orientation (v — v or v — u) is to be made at the time of
its arrival. In this process, one can attempt to accelerate the appearance of monotone directed graph
properties, or delay them, by applying an appropriate on-line algorithm. It is important to stress
that the process is on-line in nature, namely, one cannot see any future edges at the current round
and is forced to make the choice based only on the edges seen so far. In this paper, we investigate
the property of containing a directed Hamilton cycle by asking the question, “can one speed up the
appearance of a directed Hamilton cycle?”. The best we can hope for is to obtain a directed Hamilton
cycle at the time when the underlying graph has minimum degree 2. The following result asserts that
directed Hamiltonicity is in fact achievable exactly at that time, and this answers the above question
positively in the strongest possible way.



Theorem 1.1. Let G be a random (undirected) graph process that terminates when the last vertex of
degree one disappears. There exists an on-line algorithm Orient that orients the edges of G, so that
the resulting directed graph is Hamiltonian whp.

Let us remark that G whp contains (1 + o(1))nlogn/2 edges, in contrast with (1 + o(1))nlogn
edges in the random directed graph model. Thus the required number of random edges is reduced by
half.

Our model is similar in spirit to the so called Achlioptas process. It is well known that a giant
connected component (i.e. a component of linear size) appears in the random graph G, ,, when
m = (14 o(1))n/2. Inspired by the celebrated “power of two choices” result [2], Achlioptas posed
the following question: Suppose that edges arrive in pairs, that is in round ¢ the pair of edges (e, €})
chosen uniformly at random is given, and one is allowed to pick an edge out of it for the graph (the
other edge will be discarded). Can one delay the appearance of the giant component? Bohman and
Frieze answered this question positively [4] by describing an algorithm whose choice rule allows for
the ratio m/n > 0.53, and this ratio has been improved since [5]. Quite a few papers have thereafter
studied various related problems that arise in the above model [6, 13, 18, 22, 23]. As an example,
n [18], the authors studied the question, “How long can one delay the appearance of a certain fixed
subgraph?”.

One such paper which is closely related to our work is the recent work of Krivelevich, Lubetzky, and
Sudakov [19]. They studied the Achlioptas process for Hamiltonicity, and proved that by exploiting
the “power of two choices”, one can construct a Hamilton cycle at time (1 + o(1))nlogn/4, which is
twice as fast as in the random case. Both our result and this result suggest that the “bottleneck”
to Hamiltonicity of random graphs indeed lies in the minimum degree, and thus these results can be
understood in the context of complementing the results of Bollobas [7], and Frieze [14].

1.2 Preliminaries

The paper is rather involved technically. One factor that contributes to this is the fact that we are
establishing the “hitting time” version of the problem. That is, we determine the exact threshold for
the appearance of a Hamilton cycle. The analysis can be simplified if one only wishes to estimate this
threshold asymptotically (see concluding remarks). To make the current analysis more approachable
without risking any significant change to the random model, we consider the following variant of the
graph process, which we call the random edge process : at time t, an edge is given as an ordered pair
of vertices e; = (vs, w;) chosen uniformly at random, with repetition, from the set of all possible n?
ordered pairs (note that this model allows loops and repeated edges). In what follows, we use G to
denote the graph induced by the first ¢ edges, and given the orientation of each edge, use D; to denote
the directed graph induced by the first ¢ edges. By m, we denote the time ¢t when the last vertex of
degree one in GGy becomes a degree two vertex.

We will first prove that there exists an on-line algorithm Orient which whp orients the edges of the
graph G,,, so that the directed graph D,,, is Hamiltonian, and then in Section 6 show how Theorem
1.1 can be recovered from this result.



1.3 Organization of the Paper

In the next section we describe the algorithm Orient that is used to prove Theorem 1.1 (in the
modified model). Then in Section 3 we outline the proof of Theorem 1.1. Section 4 describes several
properties that a typical random edge process possesses. Using these properties we prove Theorem
1.1 in Section 5. Then in Section 6, we show how to modify the algorithm Orient, in order to make
it work for the original random graph process.

Notation. A directed 1-factor is a directed graph in which every vertex has in-degree and out-degree
exactly 1, and a I-factor of a directed graph is a spanning subgraph which is a directed 1-factor. The
function exp(z) := e” is the exponential function. Throughout the paper log(-) denotes the natural
logarithm. For the sake of clarity, we often omit floor and ceiling signs whenever these are not crucial
and make no attempts to optimize our absolute constants. We also assume that the order n of all
graphs tends to infinity and therefore is sufficiently large whenever necessary.

2 The Orientation Rule

In this section we describe the algorithm Orient. Its input is the edge process e = (e, €a,...,€m,),
and output is an on-line orientation of each edge e;. The algorithm proceeds in two steps. In the
first step, which consists of the first 2nloglogn edges, the algorithm builds a “core” which contains
almost all the vertices, and whose edges are distributed (almost) like a 6-in 6-out random graph. In
the second step, which contains all edges that follow, the remaining o(n) non-core vertices are taken
care of, by being connected to the core in a way that will guarantee whp the existence of a directed
Hamiltonian cycle.

2.1 Stepl

Recall that each edge is given as an ordered pair (v, w). For every vertex v we keep a count of the
number of times that v appears as the first vertex. We update the set of saturated vertices, which
consists of the vertices which appeared at least 12 times as the first vertex. Given the edge (v, w) at
time ¢, if v is still not saturated, direct the edge (v, w) alternatingly with respect to v starting from
an out edge (by alternatingly we mean, if the last edge having v as the first vertex was directed as
an out edge of v, then direct the current one as an in edge of v, and vice-versa. For the first edge
we choose arbitrarily the out direction). Otherwise, if v is saturated, then count the number of times
that w appeared as a second vertex when the first vertex is already saturated, and direct the edges
alternatingly according to this count with respect to w starting from an in edge. This alternation
process is independent to the previous one. That is, even if w appeared as a first vertex somewhere
before, the count should be kept track separately from it.

For a vertex v € V, let the first vertex degree of v be the number of times that v appeared as a
first vertex in Step I, and denote it as dj(v). Let the second vertex degree of v be the number of times
that v appeared in Step I as a second vertex of an edge whose first vertex is already saturated, and
denote it as da(v). Note that the sum of the first vertex degree and second vertex degree of v is not
necessarily equal to the degree of v in Step I as v might appear as a second vertex of an edge whose
first vertex is not yet saturated. We will call such an edge a neglected edge of v.



2.2 Step II

Let A be the set of saturated vertices at the end of Step I, and B =V \ A. Call an edge an A-B edge
if one end point lies in A and the other end point lies in B, and similarly define A-A edges and B-B
edges. Given an edge e = (v,w) at time ¢, if e is an A-B edge, and w.l.o.g. assume that v € B and
w € A, then direct e alternatingly with respect to v, where the alternation process of Step II continues
the one from Step I as follows:

1. If v appeared as a first vertex in Step I at least once, then pick up where the alternation process
of v as a first vertex in Step I stopped and continue the alternation.

2. If v did not appear as a first vertex in Step I but did appear as a second vertex of an already
saturated vertex, then pick up where the alternation process of v as a second vertex of a saturated
vertex stopped in Step I and continue the alternation.

3. If v appeared in Step I but does not belong to the above two cases, then consider the first
neglected edge connected to v, and start the alternation process from the opposite direction of
this edge.

4. If none of the above, then start from an out edge.

Otherwise, if e is an A-A edge or a B-B edge, orient it uniformly at random. Note that unlike Step I,
the order of vertices of the given edge does not affect the orientation of the edge in Step II.

For a vertex v € B, let the A-B degree of v be the number of A-B edges incident to v in Step II,
and denote it as d4p(v). For v € A, let dap(v) = 0.

3 Proof Outline

Our approach builds on Frieze’s proof of the Hamiltonicity of the random directed graph process [14]
with some additional ideas. His proof consists of two phases (the original proof consists of three phases,
but for simplicity, we describe it as two phases). We shall first describe these two phases of Frieze’s
proof, and then point out the modifications that are necessary to accommodate our different setting.
Let m = (1 4+ o(1))nlogn be the time at which the random directed graph process has minimum
in-degree and out-degree 1, and let D,, ,,, be the directed graph at time m (throughout this section we
say that random directed graphs have certain properties if they have the properties whp).

3.1 Phase 1 : Find a small 1-factor

In Phase 1, a 1-factor of D, ,, consisting of at most O(logn) cycles is constructed. To this end, a
subgraph Ds_;p 5—out of Dy, 4, is constructed which uses only a small number of the edges. Roughly
speaking, for each vertex, use its first 5 out-neighbors and 5 in-neighbors (if possible) to construct
Ds_ip 5—out- Note that the resulting graph will be similar to a random 5-in 5-out directed graph, but
still different as some vertices will only have 1 in-neighbor and 1 out-neighbor even at time m. Finally,
viewing Ds_in5-out as a bipartite graph G'(V U V*, E’), where V* is a copy of V, and {u,v*} € E’
iff w — v belongs to Ds_jpn 5-out, One proves that G’ has a perfect matching. It turns out that this
matching can be viewed as a uniform random permutation of the set of vertices V. A well known fact
about such permutations is that they whp consist of at most O(logn) cycles.



3.2 Phase 2 : Combining the cycles into a Hamilton cycle

In Phase 2, the cycles of the 1-factor are combined into a Hamilton cycle. The technical issue to
overcome in this step is the fact that in order to construct Ds_;, 5—out, all of the edges were scanned,
and now supposedly we have no remaining random edges in the process to combine the cycles of the
1-factor. However, note that since Ds_;, 5oyt consists of at most 10n edges, the majority of edges
need not be exposed. More rigorously, let LARGE be the vertices whose degree is Q(logn/loglogn)
at time ty = 2nlogn/3 in the directed graph process. For the LARGE vertices, its 5 neighbors
in D5_in5-0ut Will be determined solely by the edges up to time tp, leaving the remaining edges
(edges after time tg) of the process unexposed. Two key properties used in Phase 2 are that whp, (a)
|LARGE| = n—o(n'/?), and (b) every cycle of the 1-factor contains many LARGE vertices. Note that
by (a), out of the remaining nlogn/3 edges, all but o(1)-fraction will connect two LARGE vertices.
Phase 2 can now be summarized by the following theorem [14].

Theorem 3.1. Let V be a set of n vertices and L C V' be a subset of size at least n—o(n'/?). Assume
that D is a directed 1-factor over V consisting of at most O(logn) cycles, and the vertices V'\ L are
at distance at least 10 away from each other in this graph.

If (1/3—o(1))nlogn L-L edges are given uniformly at random, then whp the union of these edges
and the graph D contains a directed Hamilton cycle.

The proof of a slightly stronger version of Theorem 3.1 will be given in Section 6.

3.3 Comparing with our setting

The main technical issue in this paper is to reprove Phase 1, namely, the existence of a 1-factor with
small number of cycles. In [14], the fact that all vertices have the same distribution in Ds_y 5—out,
led to an argument showing the existence of a matching that translates into a uniform random per-
mutation. Our case is different because of the orientation rule. We have different types of vertices
each being oriented in a different way, breaking the nice symmetry. The bulk of our technical work is
spent in resolving this technical issue.

Once this is done, that is after achieving the 1-factor, we come up with an analogue of LARGFE,
which we call “saturated”. Similarly as in Phase 2 described above, we prove that whp (a’) most
of the vertices are saturated, and (b') every cycle in the 1-factor contains many saturated vertices.
However, the naive approach results in a situation where one cannot apply Theorem 3.1 ((a') and
(b') are quantitatively weaker than (a) and (b)). Thus we develop the argument of “compressing”
vertices of a given cycle. This idea allows us to get rid of all the non-saturated vertices, leading to
another graph which only has saturated vertices in it. Details will be given in Section 5.2. Once we
apply the compression argument, we can use Theorem 3.1 to finish the proof. Let us mention that the
compression argument can be applied after Phase 1 in [14] as well to simplify the proof.

4 A Typical Random Process

The following well-known concentration result (see, for example [1, Corollary A.1.14]) will be used
several times in the proof. We denote by Bi(n,p) the binomial random variable with parameters n
and p.



Theorem 4.1. (Chernoff’s inequality) If X ~ Bi(n,p) and € > 0, then

P(|X — E[X]| > eE[X]) < e~ EXD,

4.1 Classifying Vertices

To analyze the algorithm it will be convenient to work with three sets of vertices. The first is the set
of saturated vertices at Step I. Throughout we will use A to denote this set. Let us now consider
the non-saturated vertices B = V' \ A. Here we distinguish between two types. We say that v € B
blossoms if there are at least 12 edges of the form {v, A} in Step II (by A we mean an arbitrary
vertex from A), and let B; be the collection of vertices which blossom. All the remaining vertices are
restricted, and is denoted by By. Thus every vertex either is saturated (A), blossoms (B1), or is
restricted (Bz).

Furthermore, the set of restricted vertices has two important subclasses which are determined by
the first vertex degree d; (v), second vertex degree da(v), and A-B degree d4p(v) defined in the previous
section. We say that a restricted vertex v partially-blossoms if the sum of its first vertex degree,
second vertex degree, and A-B degree is at least 2. Note that since we stopped the process when the
graph has minimum degree 2, every vertex v has degree at least 2. Thus, if the above mentioned sum
is at most 1, then v either has a neglected edge, or a B-B edge connected to it. A useful fact that we
prove in Lemma 4.5 says that whp all such vertices v have one A-B edge (thus dap(v) = 1), and at
least one neglected edge. Thus, we call a restricted vertex v not being partially-blossomed, and having
one A-B edge and at least one neglected edge as a bud.

4.2 Properties of a Typical Random Process

In this section we list several properties that hold whp for random edge processes. We will call an
edge process typical if indeed the properties hold. Let

1 1 1 1
my = inlogn + §nlog logn — nlogloglogn, mo = inlogn + §nlog log n + nlogloglogn.

Note that for a fixed vertex v, the probability of an edge being incident to v is % = % — # (this

is because in our process, each edge is given by an ordered pair of vertices). However as it turns out

the small order term 7712 is always negligible for our purpose, so we will use the probability % for this

event, and remind the reader that the term # is omitted. Recall that the stopping time m, is the

time at which the last vertex of degree one becomes a degree two vertex and the process stops.
Claim 4.2. Let m, be the stopping time of the random process. Then whp
mp < My < Ma.

Proof. For a fixed vertex v, the probability of an edge being incident to v is about % Hence the
probability of v having degree at most 1 at time msy is,

-1
1_ g 2 n ma g 1= g " <3logn - ¢~ logn—loglogn—2logloglogn _ ) 1 )
n 1)n n - n(loglogn)?

Thus by Markov’s inequality, whp there is no vertex of degree at most 1 after mo edges. This shows
that m, < my. Similarly, the expected number of vertices having degree at most 1 after seeing my



edges is Q((loglogn)?), and by computing the second moment of the number of vertices having degree
at most 1, we can show that after m; edges whp at least one such vertex exits. This shows that
my > m1. The rest of the details are fairly standard and are omitted. O

Next we are going to list some properties regarding the different types of vertices.

Claim 4.3. The number of saturated vertices satisfies whp

15 (1 Loskgn)
o log?n

Proof. For a fixed vertex v, the probability of v occurring as the first vertex of an edge is (exactly) %,
and thus the probability of v ending up non-saturated at Step I is at most

11 k 2nloglog n—k 11 11
2nloglogn\ (1 1 808 | (loglogn)
S ) (1 (12 g 1o (e

2
k=0 =0 og’n log“n

The claim follows from Markov’s inequality. O

Our next goal is to prove that the restricted vertices consist only of partially-blossomed and bud
vertices. For that we need the following auxiliary lemma.

Claim 4.4. Let Egp be the collection of all B-B edges (in Step II). The graph G,,, \ Egp has whp
minimum degree 2.

Proof. If the graph G,,, \ Epp has minimum degree less than 2 for some edge process e, then there
exists a vertex v which gets at most one edge other than a B-B edge, and at least one B-B edge.
By Claim 4.2, it suffices to prove that the graph whp does not contain a vertex which has at most
one edge other than a B-B edge at time m1, and at least one B-B edge at time mo. Let A, be the
event that v is such vertex. Let BS be the event that |B| < (k’fﬂgigz)”n (B is small), and note that

P(BS) =1 —o0(1) by Claim 4.3. Then we have

P(Gy,, \ Epp has minimum degree less than 2) = P (U AU> <n-P(A,NBS)+o(1). (1)
veV

The event A, is equivalent to the vertex v receiving k B-B edges, for some k > 0, and at most one
edge other than a B-B edge at appropriate times. This event is contained in the event C, N'D,, ;, where
Cy is the event “v appears at most once in Step I”, and D,, , is the event “dap(v) < 1 by time m; and
v receives k B-B edges by time ms”. Therefore our next goal is to bound

P(Cy N Dy s, N BS) = P(Cy N BS) - P(Dy 1|Cy N BS) < P(Cy) - B(D, 1|Cy N BS). (2)

We can bound the probability of the event C, by,

2 2nloglogn m log log n 2 92 2nloglogn—1 log log n
1-= + X Yo (12 —o(=23gn). (3)
n n n log™n

To bound the event D, ; which is “dap(v) < 1 at time m; and v receives k B-B edges by time
my”, note that C, and BS are events which depend only on the first 2loglogn edges (Step I edges).



Therefore conditioning on this event does not affect the distribution of edges in Step II (each edge is
chosen uniformly at random among all possible n? pairs). We only consider the case dap(v) =1 (the
case dap(v) = 0 can be handled similarly, and turns out to be dominated by the case dap(v) = 1).
Thus to bound the probability, we choose k + 1 edges among the msy — 2nloglogn edges, let 1 of them
to be an A-B edge, k of them to be B-B edges incident to v. Moreover, since dap(v) < 1 at time m;,
we know that at least mq — 2nloglogn — k — 1 edges are not incident to v. Thus,

P(Dy | Co 1 BS)
_ (m2—2nloglogn\ (2 R k1 14] (1B 2 m1—2nloglog n—k—1
N k+1 n 1 n n n :

By using the inequalities 1 — z < e™*, |A| < n, and (m272,?+101g log") < m4T! the probability above is
bounded by

(k + 1)mb™! <z>k+1 <‘f'>k exp <—Z(m1 —2nloglogn — k — 1)) . (4)

Therefore by (2), (3), and (4),

P(CU N Dv,k N BS) <
k+1 k
O <loglign> (k + 1)mb™! <2> <|B’> exp (—2(m1 —2nloglogn — k — 1)) .
n n n

log™n

12
Plugging the bound |B| < % and mgy < nlogn in the latter, one obtains:

log1 2(log log )12\ ¥ 2
o) < og gng) ( (loglogn) ) exp <_(m1 —2nloglogn — k — 1)) .
log® n logn n

By the definition mj = %n logn + %n loglogn — nlogloglogn, this further simplifies to

n logn

k
O(k) ((loglogn)3> (262/ (loglogn)12>

Summing over all possible values of k,

>0 > loglogn)3 [/ 4(loglog n)12\*
S P(C, D, n5s) < 3 LRI oslosn) < (loglog n) > = o(n").
P ’ P n logn

Going back to (1), we get that
P(Gp., \ Epp has minimum degree less than 2) =n - o(nil) +o(1) = o(1).

Note that as mentioned in the beginning of this section, we used % to estimate the probability of an

edge being incident to a fixed vertex. This probability is in fact 2 — %, but the term n—IQ will only

n
affect the lower order estimates. O

Claim 4.5. Fvery restricted vertex is whp either partially-blossomed, or a bud.



Proof. Assume there exists a restricted vertex v which is not partially-blossomed or a bud. Then by
definition, the sum d; (v)+dz(v)+dap(v) < 1. The possible values of the degrees (d;(v), da2(v), dap(v))
are (1,0,0),(0,1,0),(0,0,1), or (0,0,0). Vertices which correspond to (0,0,1) will all be bud vertices
whp by Claim 4.4. It suffices to show then that whp there does not exist vertices which correspond
to (1,0,0),(0,1,0), or (0,0,0). Let T" be the collection of vertices which have di(v) + d2(v) < 1 and
dap(v) = 0 at time my. By Claim 4.2 it suffices to prove that T' is empty. Let BS be the event
|B| < “Ofﬂ‘g’i%z)mn, and note that by Claim 4.3, P(BS) = 1 — o(1). The event {T" # ()} is the same as
Uyev{v € T}, and thus by the union bound,

P(T #0) <o(1)+ Y _P({v € T} NBS)

veV

=o(1) + > P ({di(v) +da(v) < 1} N {dap(v) =0} NBS).
veV

By Bayes equation, the second term of right hand side splits into,

> P({di(v) +da(v) < 1} NBS) - P(dap(v) = 0[{di(v) + do(v) < 1} N BS)
veV

< 3 P (di(v) + da(v) < 1) - P(dap(v) = 0] {di(v) + do(v) <1} NBS).  (5)
veV

The probability P(d;(v) + da(v) < 1) can be bounded by P({d;(v) < 1} N{da2(v) < 1}) which satisfies,
P({di(v) <1} N{da(v) < 1}) = P(di(v) < 1) - P(dz(v) < 1[di(v) <1).

The term P(d;(v) < 1) can be easily calculated as,

L l 2nlog10gn+ 2n10glogn l - l 2nloglogn—1 5 loglogn
n 1 n n B log?n /-

To estimate P(da(v) < 1|di(v) < 1), expose the edges of Step I as follows: First expose all the first
vertices. Then expose the second vertices whose first vertex is saturated (dz(v) is now determined for

every v € V). The number of second-vertex-spots that are considered is at least 2nloglogn — 12n,
and thus P(da(v) < 1|dy(v) < 1) is at most

, l 2nloglogn—12n+ 2nloglogn l . l 2n10g10gn—12n—1_0 loglogn
n 1 n n N log?n /-

Thus as a crude bound, we have

P(d1(v) + da(v) < 1) < P(di(v) < 1) - Pda(v) < 1]di(v) <1) = O (<10g10gn>2> ,

log*n

Since dy(v) + d2(v) < 1 implies that v € B, and d4p(v) depends only on the Step II edges (which are
independent from d;(v), da(v), and BS), the second term of the right hand side of equation (5), the

10



probability P (dap(v) = 0]{di(v) + d2(v) < 1} N BS) can be bounded by

1 |A’ m1—2nloglogn
(1 —-2— > < exp (—2(m1 — 2nloglog n)]A|/n2)

n n
log1 12
<exp <—(logn — 3loglogn — 2logloglogn) (1 — W))
log“n
log n)3(log log n)*
gexp(—logn+3loglogn+2log10g10gn+0(1))—O<(Og”) (loglog n) >
n

Therefore in (5),

P(T #0) < o(1 +Zo< loglogn)” >O<<logn)3(loglogn)2)

v log* n n
(loglog n)*
= 1 —_— - 1 .
of1) + 0 (LERERL) o)

Claim 4.6. The following properties hold whp for restricted vertices:

(i) There are at most log'®n such vertices,

(ii) every such two vertices are at distance at least 3 in G, from each other.

Proof. Since being a restricted vertex is a monotone decreasing property, by Claim 4.2 it suffices to
prove (i) at time my. Recall that Bs is the collection of restricted vertices (a vertex is restricted if it
is not saturated or blossomed).

First, condition on the whole outcome of Step I edges (first 2nloglogn edges) and the event that
|B| < Mn. Then the set B is determined, and for a vertex v € B, we can bound the probability

log“n
of the event v € By as following

11 / m1—2nloglogn—¢
mo\ /2 9| ]\ ™~ 2noglog
< E — .
Ploeb) < —0 ( 14 > (n> ( n2 (6)

Use the inequalities m; = %nlogn + %nloglogn —logloglogn < nlogn, me < nlogn, 1 —z < e 7,

and [A|=n—|B|>n (1 — M) to bound the above by

log“n

11

log log n)'2
Z(Qlog”)g exp <—(logn — 3loglogn — 2logloglogn — ) <1 — (ogo;g;n))) .
1=0 log“n

The sum is dominated by £ = 11, and this gives

(loglogn)? log'* n)

0 (log11 n) exp (—logn + 3loglogn + 2logloglogn + o(1)) < O (
n

Thus the expected size of By given the Step I edges is

log'1 21 14
E[|B2| | Step I edges] < |B]| - O (( oglogn)”log n> < O((loglogn)**log!? n).
n
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Since the assumptions on A and B holds whp by Claim 4.3, we can use Markov inequality to conclude
that whyp there are at most log'®n vertices in By. Let us now prove (ii).

For three distinct vertices vi,v2 and w in V, let A(vy,ve,w) be the event that w is a common
neighbor of v; and ve. The probability of there being edges (vi,w) (or (w,v1)) and (ve,w) (or (w,v2))
and vy, vy € By can be bounded by first choosing two time slots where (v1,w) (or (w,v1)) and (va, w)
(or (w,v9)) will be placed, and then filling in the remaining edges so that vy, vy € By. We will only
bound the event of there being edges (v1,w) and (w, v2) in the edge process (other cases can be handled
in a similar manner). The probability we would like to bound is

P(Jvy, v, w, 31 < t1,te < ma, ey, = (v1,w), e, = (W, v2),v1,v2 € Ba).

By the union bound this probability is at most

Z Z (et, = (v1,w), e, = (w,v3),v1,v2 € By) (7)

’U1,v2,w€Vt1,t2 1

Z Z et1 = U17 ) €ty = (U),UQ))]P(’Ul,’Ug S BZ|et1 = (Ulaw)7et2 = (wav2))

v1,v2,weV t1,t2=1

R
<= Y P(ui,vz € Boler, = (v, w), e, = (w,v2)). (8)
t1,t2=1
To simplify the notation we abbreviate P(vi,va € Baley, = (vi,w), e, = (w,v2)) by P(v1,v2 €

Bsley,, er,). By using the independence of Step I and Step II edges we have,
P(v1,v2 € Baley,,er,) = P(vi,ve € Bley,, e, )P(v1,vs ¢ Bil|vi,va € B,ey,e,).

For fixed t; and t9, we can bound P(vq,ve € Bley, e1,) by the probability of “v; and ve appear at most
22 times combined in Step I as a first vertex other than at time ¢; and ¢2”, whose probability can be
bounded as follows regardless of the value of ¢; and to,

22 k 2nloglogn—2—k 22 22
2nloglogn) [ 2 2 808 x O(1) (loglogn)
E -] - (1—- < E 41og 1 =0|—F—]).
( k > (n) < n) - (4loglogn) log* n log*n

k=0 k=0

To bound P(vy,vs ¢ Bi|vi,va € B, ey, es,), it suffices to bound P(vy, vy ¢ Bi|vi,va € B, ey, e, BS),
which can be bounded by the probability of “v; and vy receives at most 22 A-B edges combined in
Step II other than at time t; and t3”. Regardless of the value of ¢; and 2, this satisfies the bound,

22 Mo 4 ¢ 4|A‘ m1—2—2nloglogn—I

S () (L) (- |
0 n nn

£=0

Note that % and % in this equation should in fact involve some terms of order #, but we omitted it
for simplicity since it does not affect the asymptotic final outcome. By a similar calculation to (6),

this eventually can be bounded by O(log 9”) Thus we have

log?6 n
P(v1,v2 € Baley,,e,) = O <g> ,

n2
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which by (8) and mg < nlogn gives,

log®n
- .

P(Jui, ve, w, 31 < ty,te < ma, ey, = (v1,w), e, = (w,v2),v1,v2 € By) <O (

Therefore by Markov’s inequality, whp no such three vertices exist, which implies that two vertices
v1,v2 € By cannot be at distance two from each other in G,,,. Similarly, we can prove that whp
every two vertices v1,v9 € By are not adjacent to each other, and hence whp every vy,vo € Bo are at
distance at least two away from each other. O

4.3 Configuration of the edge process

To prove that our algorithm succeeds whp, we first reveal some pieces of information of the edge
process, which we call the “configuration” of the process. These information will allow us to determine
whether the underlying edge process is typical or not. Then in the next section, using the remaining
randomness, we will construct a Hamilton cycle.

In the beginning, rather than thinking of edges coming one by one, we regard our edge process
e = (e1,e9, - ,em,) as a collection of edges e; for i = 1,-- -, m, whose both endpoints are not known.
We can decide to reveal certain information as necessary. Let us first reveal the following.

1. For t < 2nloglogn, reveal the first vertex of the ¢-th edge e;. If this vertex already appeared
as the first vertex at least 12 times among the edges eq,--- ,e;_1, then also reveal the second
vertex.

Given this information, we can determine the saturated vertices, and hence we know the sets A
and B. Therefore, it is possible to reveal the following information.

2. For t > 2nloglogn, reveal all the vertices that belong to B.

The information we revealed determines the blossomed (B;), and restricted (Bs) vertices. Thus
we can further reveal the following information.

3. For t < 2nloglogn, further reveal all the non-revealed vertices that belong to Bo.

4. For every edge e; = (v, wy) in which we already know that either vy € By or w; € Ba, also reveal
the other vertex.

We define the configuration of an edge process as the above four pieces of information.

We want to say that all the non-revealed vertices are uniformly distributed over certain sets. But
in order for this to be true, we must make sure that the distribution of the non-revealed vertices is
not affected by the fact that we know the value of m, (some vertex has degree exactly 2 at time m.,
and maybe a non-revealed vertex will make this vertex to have degree 2 earlier than m,). This is
indeed the case, since the last vertex to have degree 2 is necessarily a restricted vertex, and all the
locations of the restricted vertices are revealed. Thus the non-revealed vertices cannot change the
value of m,. Therefore, once we condition on the configuration of an edge process, the remaining
vertices are distributed in the following way:

13



(i) Fort < 2nloglogn, if the first vertex of the edge e; appeared at most 12 times among ey, - -+ , e;—1,
then its second vertex is either a known vertex in By or is a random vertex in V' \ Bs.

(ii) For ¢t > 2nloglogmn, if both vertices of e; are not revealed, then e; consists of two random vertices
of A. If only one of the vertices of e; is not revealed, then the revealed vertex is in B, and the
non-revealed vertex is a random vertex of A.

Definition 4.7. A configuration of an edge process is typical if it satisfies the following.

(i) The number of saturated and blossomed vertices satisfy |A| > n — Mﬂ, and |B1| <
log“n

(l"i};j%?un respectively.
(i) The number of restricted vertices satisfies |By| < log' n.
(iii) Every vertex appears at least twice in the configuration even without considering the B-B edges.
(iv) All the restricted vertices are either partially-blossomed or buds.
(v) In the non-directed graph induced by the edges whose both endpoints are revealed, every two
restricted vertices vi,ve are at distance at least 3 away from each other.

(vi) There are at least %nlogn edges e; fort > 2nloglogn whose both endpoints are not yet revealed.
Lemma 4.8. The random edge process has a typical configuration whp.

Proof. The fact that the random edge process has whp a configuration satisfying (7), (éii), and (iv)
follows from Claims 4.3, 4.4, and 4.5 respectively. (i7) and (v) follow from Claim 4.6. To verify (vi),
note that by Claim 4.2 and 4.3, whp there are at least %nlogn — 2nloglogn edges of Step II, and
|A] = (1 — o(1))n. Therefore the probability of a Step II edge being an A-A edge is 1 — o(1), and the
expected number of A-A edges is (1/2 — o(1))nlogn. Then by Chernoff’s inequality, whp there are at
least %nlogn A-A edges. These edges are the edges we are looking for in (vi). O

5 Finding a Hamilton Cycle

In the previous section, we established several useful properties of the underlying graph G,,,. In this
section, we study the algorithm Orient using these properties, and prove that conditioned on the edge
process having a typical configuration, the graph D,,, whp contains a Hamilton cycle (recall that the
graph D, is the set of random edges of the edge process, oriented according to Orient). As described
in Section 3, the proof is a constructive proof, in the sense that we describe how to find such a cycle.
The algorithm is similar to that used in [14] which we described in some details in Section 3. Let us
briefly recall that it proceeds in two stages:

1. Find a 1-factor of G. If it contains more than O(logn) cycles, fail.

2. Join the cycles into a Hamilton cycle.
The main challenge in our case is to prove that the first step of the algorithm does not fail. Afterwards,
we argue why we can apply Frieze’s results for the remaining step.
5.1 Almost 5-in 5-out subgraph
Let Ds_in 5—out be the following subgraph of D,,, . For each vertex v, assign a set of neighbors OUT (v)

and IN (v), where OUT (v) are out-neighbors of v and IN (v) are in-neighbors of v. For saturated and
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blossomed vertices, OUT (v) and IN (v) will be of size 5, and for restricted vertices, they will be of size
1 (thus Ds_n 5—out is not a 5-in 5-out directed graph under the strict definition).

Let F4 be the edges of Step I (first 2nloglogn edges), and Eo be the edges of Step II (remaining
edges).

e If v is saturated, then consider the first 12 appearances in F7 of v as a first vertex. Some of these
edges might later be used as OUT or IN for other vertices. Hence among these 12 appearances,
consider only those whose second vertex is not in Bs. By property (v) of Definition 4.7, there
will be at least 11 such second vertices for a typical configuration. Define OUT (v) as the first
5 vertices among them which were directed out from v, and IN(v) as the first 5 vertices among
them which were directed in to v in Orient.

e If v blossoms, then consider the first 10 A-B edges in Fo connected to v, and look at the other
end points. Let OUT (v) be the first 5 vertices which are an out-neighbor of v and IN (v) be the
first 5 vertices which are an in-neighbor of v.

A partially-blossomed vertex, by definition, has d;j(v) + da(v) + dap(v) > 2, and must fall into one
of the following categories. (i) di(v) > 2, (i) da(v) > 2, (ii1) dap(v) > 2, () di(v) =1, da(v) = 1,
(v) di(v) =1,dap(v) =1, and (vi) dy(v) = 0,da(v) =1, dap(v) = 1. If it falls into several categories,
then pick the first one among them.

e If v partially-blossoms and dj(v) > 2, consider the first two appearances of v in Fj as a first
vertex. The first is an out-edge and the second is an in-edge (see Section 2.1).

e If v partially-blossoms and da(v) > 2, consider the first two appearances of v in F; as a second
vertex whose first vertex is saturated. The first is an in-edge and the second is an out-edge (see
Section 2.1).

e If v partially-blossoms and d4p(v) > 2, consider the first two A-B edges in F; incident to v. One
of it is an out-edge and the other is an in-edge. Note that unlike other cases, the actual order of
in-edge and out-edge will depend on the configuration. But since the configuration contains all
the positions at which v appeared in the process, the choice of in-edge or out-edge only depends
on the configuration and not on the non-revealed vertices (note that this is slightly different from
the blossomed vertices).

e If v partially-blossoms and d;(v) = 1, d2(v) = 1, consider the first appearance of v in F; as a
first vertex, and the first appearance of v in F; as a second vertex whose first vertex is saturated.
The former is an out-edge and the latter is an in-edge.

e If v partially-blossoms and d;(v) = 1, dap(v) = 1, consider the first appearance of v in F; as
a first vertex, and the first A-B edge connected to v in Es. The former is an out-edge and the
latter is an in-edge (see rule 1 in Section 2.2).

e If v partially-blossoms and d;(v) = 0,d2(v) = 1, dap(v) = 1, consider the first appearance of v
in F as a second vertex whose first vertex is saturated, and the first A-B edge connected to v
in Ey. The former is an in-edge and the latter is an out-edge (see rule 2 in Section 2.2). Thus
we can construct OUT (v) and IN (v) of size 1 each, for all partially-blossomed vertices.

e If v is a bud, then consider the first (and only) A-B edge connected to v. Let this edge be es.
For a typical configuration, by property (iii) of Definition 4.7, we know that v has a neglected
edge connected to it. Let e; be the first neglected edge of v. By property (v) of Definition 4.7, we
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know that the first vertex of the neglected edge is either in A or By. According to the direction
of this edge, the direction of es; will be chosen as the opposite direction (see rule 3 in Section
2.2). As in the partially-blossomed case with dap(v) > 2, the direction is solely determined by
the configuration. Thus we can construct OUT (v) and IN (v) of size 1 each (which is already
fixed once we fix the configuration).

This in particular shows that D,,, has minimum in-degree and out-degree at least 1, which is clearly
a necessary condition for the graph to be Hamiltonian. A crucial observation is that, once we condition
on the random edge process having a fixed typical configuration, we can determine exactly which edges
are going to be used to construct the graph Ds_;;, 5w just by looking at the configuration.

For a set X, let RV (X) be an element chosen independently and uniformly at random in the set
(consider each appearance of RV (X) as a new independent copy).

Proposition 5.1. Let V' =V \ By. Conditioned on the edge process having a typical configuration,
Ds_in5—out has the following distribution.

(1) If v is saturated, then OUT(v) and IN(v) are a union of 5 copies of RV (V').
(ii) If v blossoms, then OUT(v) and IN(v) are a union of 5 copies of RV (A).

Proof. For a vertex v € V, the configuration contains the information of the time of arrival of the
edges that will be used to construct the set OUT(v) and IN (v).

If v is a saturated vertex, then we even know which edges belong to OUT (v) and IN (v) (if there
are no By vertices connected to the first 12 appearances of v as a first vertex, then the first five odd
appearances of v as a first vertex will be used to construct OUT (v), and the first five even appearances
of v as a first vertex will be used to construct IN (v)). Since the non-revealed vertices are independent
random vertices in V', we know that OUT(v) and IN(v) of these vertices consist of 5 independent
copies of RV (V).

If v blossoms, then the analysis is similar to that of the saturated vertices. However, even though
the configuration contains the information of which 10 edges will be used to construct OUT(v) and
IN (v), the decision of whether the odd edges or the even edges will be used to construct OUT(v)
depends on the particular edge process (this is determined by the orientation rule at Step I). However,
since the other endpoints are independent identically distributed random vertices in A, the distribution
of OUT (v) and IN (v) is not be affected by the previous edges, and is always RV (A) (this is analogous
to the fact that the distribution of the outcome of a coin flip does not depend on whether the initial
position was head or tail). O

5.2 A small 1-factor
The main result that we are going to prove in this section is summarized in the following proposition:

Proposition 5.2. Conditioned on the random edge process having a typical configuration, there exists
whp a 1-factor of Ds_in5—out containing at most 2logn cycles, and in which at least 9/10 proportion
of each cycle are saturated vertices.

Throughout this section, rather than vaguely conditioning on the process having a typical con-
figuration, we will consider a fixed typical configuration ¢ and condition on the event that the edge
process has configuration c. Proposition 5.2 easily follows once we prove that there exists a Hamilton
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cycle whp under this assumption. The reason we do this more precise conditioning is to fix the sets
A, B, B1, By and the edges incident to vertices of By (note that these are determined solely by the
configuration). In our later analysis, it is crucial to have these fixed.

To prove Proposition 5.2, we represent the graph Ds_;, 5_out as a certain bipartite graph in which
a perfect matching corresponds to the desired 1-factor of the original graph D,,~. Then using the edge
distribution of Ds_;;, 5_out given in the previous section, we will show that the bipartite graph whp
contains a perfect matching. The proof of Proposition 5.2 will be given at the end after a series of
lemmas.

Define a new vertex set V* = {v*|v € V} as a copy of V, and for sets X C V, use X* to denote
the set of vertices in V* corresponding to X. Then, in order to find a 1-factor in Ds_;, 5—out, define an
auxiliary bipartite graph BIP(V, V*) over the vertex set V' UV™ whose edges are given as following: for
every (directed) edge (u,v) of Ds_in 5—out, add the (undirected) edge (u,v*) to BIP. Note that perfect
matchings of BIP has a natural one-to-one correspondence with 1-factors of Ds_;, 5—out. Moreover,
the edge distribution of BIP easily follows from the edge distribution of D5_;y, 5—out. We will say that
Ds_in 5—out is the underlying directed graph of BIP. A permutation o of V* acts on BIP to construct
another bipartite graph which has edges (v, o(w*)) for all edges (v, w*) in BIP.

Our plan is to find a perfect matching which is (almost) a uniform random permutation, and show
that this permutation has at most O(logn) cycles (if it were a uniform random permutation, then this
is a well-known result, see, e.g., [12]). Since our distribution is not a uniform distribution, we will rely
on the following lemma. Its proof is rather technical, and to avoid distraction, it will be given in the
end of this subsection.

Lemma 5.3. Let X be subset of V. Assume that whp, (i) BIP contains a perfect matching, (ii) every
cycle of the underlying directed graph Ds_jn 5—out contains at least one element from X, and (i) the
edge distribution of BIP is invariant under arbitrary permutations of X*. Then whp, there exists a
perfect matching which when considered as a permutation contains at most 2logn cycles.

The next set of lemmas establish the fact that BIP satisfies all the conditions we need in order to
apply Lemma 5.3. First we prove that BIP contains a perfect matching. We use the following version
of the well-known Hall’s theorem (see, e.g., [10]).

Theorem 5.4. Let T' be a bipartite graph with vertex set X UY and |X| =|Y| =n. If for all X' C X
of size | X'| < n/2, IN(X")| > |X'| and for allY' CY of size |Y'| < n/2, INY")| > |Y'|, then G

contains a perfect matching.
Lemma 5.5. The graph BIP contains a perfect matching whp.

Proof. We will verify Hall’s condition for the graph BIP to prove the existence of a perfect matching.
Recall that BIP is a bipartite graph over the vertex set V U V™.

Let us show that every set D C V of size |D| < n/2 satisfies |[N(D)| > |D|. This will be done
in two steps. First, if D C Ba, then this follows from the fact that OUT(v) are distinct sets for all
v € By, (if they were not distinct, then there will be two restricted vertices which are at distance 2
away, and it violates property (v) of Definition 4.7). Second, we prove that for D C V' \ By,

[ND) N (VI N(Bg)) | = |D|.

It is easy to see that the above two facts prove our claim.
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Let D C V' \ By be a set of size at most k < n/2. The inequality |N(D) N (V*\ N(B2))| < |D|
can happen only if there exists a set N* C V*\ N(Bz) such that |[N*| < k, and for all v € D all
the vertices of OUT (v) belong to N* U N(Bz). Since D C V' \ Bsg, every vertex in D has 5 random
neighbors distributed uniformly over some set of size (1 —o0(1))n, and thus the probability of the above
event happening is at most,

(1) (L) < (G (Mo e Y

For the range 9n/20 < k < n/2, we will use the following bound

2 13 5k In/4
L[ log™”n+k < o2n 1+ 0(1) <9nf5,
k (I—-0o(1))n 2

Summing over all choices of k we get,

n/2

Zk() <<>>)

]og n 9n/20 n/2
k2n3 k2n3
k:10g14n k= 977,/20
log'4n k 9n/20 3\ k
10log n 10k
<3 ( )+ X () +ew =0
k=log™n

This finishes the proof that whp |N(D)| > |D| for all D C V of size at most n/2. Similarly, for
sets D* C V* of size |D*| < n/2, using the sets IN(v) instead of OUT (v) we can show that whp
|N(D*)| > |D*| in BIP. O

For restricted vertices v, the sets OUT (v) and IN (v) are of size 1 and are already fixed since we
fixed the configuration. Thus the edge corresponding to theses vertices will be in BIP. Let

A - A\ (U'UGBQ OUT(U))7

and let A* be the corresponding set inside V* (note that A and A* are fixed sets). This set will be
our set X when applying Lemma 5.3. We next prove that every cycle of Ds_;y, 5oyt contains vertices
of A.

Lemma 5.6. Whyp, every cycle C of Ds_in5—out contains at least {%|CH vertices of A.

Proof. Recall that by Proposition 5.1, for vertices v € V'\ Bg, the set OUT (v) and IN (v) are uniformly
distributed over V'\ Ba, or A. Therefore, for a vertex w € Ba, the only out-neighbor of w is OUT (w),
and the only in-neighbor is IN(w) (note that they are both fixed since we fixed the configuration).
Also note that,

(loglogn)!'?

V\A| < |V\A|+|Bs| <|Bi|+2|Bs| < loeZn n+2log!®n <

log n’
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We want to show that in the graph Ds_, 5_out, whp every cycle of length k has at most k/10
points from V'\ A, forall k=1,...,n. Let us compute the expected number of cycles for which this
condition fails and show that it is o(1). First choose k vertices v1,ve, - - , v (with order) and assume
that a of them are in By. Then since we already know the (unique) out-neighbor and in-neighbor for
vertices in Bag, for the vertices vy, - - , v to form a cycle in that order, we must fix 3a positions (a for
the vertices in By, and 2a for the in-, and out-neighbors of them by property (v) of Definition 4.7).
Assume that among the remaining k — 3a vertices, ¢ vertices belong to V '\ (121 U Bs). Then for there
to be at least [k/10] vertices among v1, - - - , vy not in A, we must have 3a + £ > [k/10]. There are at
most 3 ways to assign one of the three types A, By, and V\ (A U By) to each of vy, -+ ,v,. Therefore
the number of ways to choose k vertices as above is at most

¢
3k . nkféf?)a‘v \ A,é,Bﬂa < 3k . pk—{=3a < n ) (log13 n)a
logn
There are k — 2a random edges which has to be present in order to make the above k vertices
into a cycle. For all i < k — 1, the pair (v;,v;+1) can become an edge either by v;y; € OUT (v;) or
v; € IN(vi41) (and also for the pair (vi,vg)). There are two ways to choose where the edge {v;, viy1}

comes from, and if both v; and v; 1 are not in Bg, then {v;, v; 41} will become an edge with probability
at most m Therefore the probability of a fixed vy, --- ,v; chosen as above being a cycle is at

k—2a
most 2k—2¢ (ﬁ) , and the expected number of such cycles is at most

ok—2a ((1—5(1))n>k_2a -3k pk—t=sa (k)?;?l)z (log13 ’n)a
(Y () o

log®n\* 1\ [k/10]=3a k log'%n\“ 40 k
< . . 1 < ] .
() () @0+o) < (M) - (15w

where we used 3a + ¢ > [k/10] for the second inequality. Sum this over 0 < ¢ < k and 0 < a < k and

we get
S0 () oS30 (te)) -0

k=1

which proves our lemma.

The following simple observation is the last ingredient of our proof.

Lemma 5.7. The distribution of BIP is invariant under the action of an arbitrary permutation of
A*.

Proof. This lemma follows from the following three facts about the distribution of Ds_;, 5—ous. First,
all the saturated vertices have the same distribution of IN. Second, for the vertices v € V'\ By, the
distribution of OUT and IN is uniform over a set which contains all the saturated vertices (for some
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vertices it is V' \ B, and for others it is A). Third, for the vertices v € Bs, the set OUT (v) lies
outside A by definition. Therefore, the action of an arbitrary permutation of A* does not affect the
distribution of BIP. I

Note that here it is important that we fixed the configuration beforehand, as otherwise the set A* will
vary, and a statement such as Lemma 5.7 will not make sense.
By combining Lemmas 5.3, 5.5, 5.6, and 5.7, we obtain Proposition 5.2.

Proof of Proposition 5.2. Lemmas 5.5, 5.6, and 5.7 show that the graph BIP has all the properties
required for the application of Lemma 5.3 (we use X = fl) Thus we know that whp, Ds_;p 5—out has
a 1-factor containing at most 2logn cycles, and in which at least 9/10 proportion of each cycle are
saturated vertices (second property by Lemma 5.6). O

We conclude this subsection with the proof of Lemma 5.3.

Proof of Lemma 5.3. For simplicity of notation, we use the notation B for the random bipartite graph
BIP. Note that both a l-factor over the vertex set V and a perfect matching of (V,V*), can be
considered as a permutation of V. Throughout this proof we will not distinguish between these
interpretations and treat 1-factors and perfect matchings also as permutations.

First, let f be an arbitrary function which for every bipartite graph, outputs one fixed perfect
matching in it. Then, given a bipartite graph I' over the vertex set V U V* let & be the random
variable ®(T) := 71 f(7T'), where 7 is a permutation of the vertices A* chosen uniformly at random.
Since the distribution of B and the distribution of 75 are the same by condition (ii7), for an arbitrary
permutation o of A*, ® has the following property,

P(®(B) = ¢) = P(r f(rB) = ¢) 2 P((ro) "' f(roB) = ¢)
= P(r"'f(roB) = 0¢) £ P(r~ f(7B) = 0) = P(B(B) = o). )

In the (%) steps, we used (iii), and the fact that if 7 is a uniform random permutation of A*, then so
is 7o, and therefore, B, 7B, and 7oB all have identical distribution.

Define a map II from the 1-factors over the vertex set V to the 1-factors over the vertex set A
obtained by removing all the vertices that belong to V\fl from every cycle. For example, a cycle of the
form (z1x9y1y223y3x4) will become the cycle (xz2x324) when mapped by II (where x1,...,24 € A,
and y1,y2,y3 € V' \ /1) Note that if all the original 1-factors contained at least one element from /l,
then the total number of cycles does not change after applying the map II. This observation combined
with condition (47) implies that it suffices to obtain a bound on the number of cycles after applying II.

Let o, p be permutations of the vertex set A*. We claim that for every 1-factor ¢ of the vertex set
V, the equality o - II(¢) = II(o - ¢) holds. This claim together with (9) gives us,

_ 9) _
P(I(®(B)) = p) = P(®(B) € T (p)) = P(a®(B) € II"*(p)) = P(I(a®(B)) = p)
— (o TI(D(B)) = p) = BAI®(B)) = o).
Since o and p were an arbitrary permutation of the vertex set fl, we can conclude that conditioned

on there existing a perfect matching, II(®()) has a uniform distribution over the permutations of A.
It is a well-known fact (see, e.g., [12]) that a uniformly random permutation over a set of size n has
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whp at most 2logn cycles. Since B whp contains a perfect matching by condition (7), it remains to
verify the equality o - II(¢) = II(o - ¢). Thus we conclude the proof by proving this claim.

For a vertex x € 121, assume that the cycle of ¢ which contains x is of the form (- - - xy1y2 - - - ypx 4 - - +)
(k> 0)foryi,...,yr € V\A. Then by definition II(¢)(x) = x4, and thus (¢-TI(#))(x) = o(z4 ). On the
other hand, since ¢ only permutes A and fixes every other element of V', we have (o-¢)(z) = o(y1) = y1,
and (0 - ¢)(y;) = yi41 for all i < k — 1, and (0 - ¢)(yx) = o(xy). Therefore the cycle in o - ¢
which contains x will be of the form (---zyiys---ygo(x4)---) , and then by definition we have

(I(o - 9))(2) = o (2+). O

5.3 Combining the cycles into a Hamilton cycle

Assume that as in the previous subsection, we started with a fixed typical configuration ¢, conditioned
on the edge process having configuration ¢, and found a 1-factor of Ds_;, 5_out by using Proposition
5.2. Since this 1-factor only uses the edges which have been used to construct the graph Ds_, 5—out,
it is independent of the A-A edges in Step II that we did not reveal. Moreover, by the definition of a
typical configuration, there are at least %nlogn such edges. Note that the algorithm gives a random
direction to these edges. So interpret this as receiving %nlogn randomly directed A-A edges with
repeated edges allowed. Then the problem of finding a directed Hamilton cycle in D,,, can be reduced
to the following problem.

Let V' be a given set and A be a subset of size (1 — o(1))n. Assume that we are given a 1-factor
over this vertex set, where at least 9/10 proportion of each cycle lies in the set A. If we are given
%n log n additional A-A edges chosen uniformly at random, can we find a directed Hamilton cycle?

To further simplify the problem, we remove the vertices V' \ A out of the picture. Given a 1-factor
over the vertex set V, mark in red, all the vertices not in A. Pick any red vertex v, and assume
that v_,v,vy € V appear in this order in some cycle of the given 1-factor. If v_ # vy, replace the
three vertices v_,v, v, by a new vertex v/, where v’ takes as in-neighbors the in-neighbors of v_, and
as out-neighbors, the out-neighbors of v;. We call the above process as a compression of the three
vertices v_,v,v.. A crucial property of compression is that every 1-factor of the compressed graph
corresponds to a 1-factor in the original graph (with the same number of cycles). Since a directed
Hamilton cycle is also a 1-factor, if we can find a Hamilton cycle in the compressed graph, then we
can also find one in the original graph.

Now for each v € V' \ A, compress the three vertices v_,v,v; into a vertex v’ and mark it red if
and only if either v_ or vy is a red vertex. This process always decreases the number of red vertices.
Repeat it until there are no red vertices remaining, or v_— = vy for all red vertices v. As long as there is
no red vertex in a cycle of length 2 at any point of the process, the latter will not happen. Consider a
cycle whose length was k at the beginning. Since at least 9/10 proportion of each cycle comes from A
and every compression decreases the number of vertices by 2, at any time there will be at least (8/10)k
non-red vertices, and at most (1/10)k red vertices remaining in the cycle. Thus if a cycle has a red
vertex, then its length will be at least 9, and this prevents length 2 red cycles. So the compressing
procedure will be over when all the red vertices disappear. Note that since |V \ A| = |B| = o(n), the
number of remaining vertices after the compression procedure is over is at least n—2|B| = (1—o0(1))n.
As mentioned above, it suffices to find a Hamilton cycle in the graph after the compression process is
over.
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Another important property of this procedure is related to the additional A-A edges that we are
given. Assume that v is the first red vertex that we have compressed, where the vertices v_, v, vy
appeared in this order in some 1-factor. Further assume that v_ and v, are not red vertices. Then
since the new vertex v’ obtained from the compression will take as out-neighbors the out-neighbors of
vy, and in-neighbors the in-neighbors of v_, we may assume that this vertex v’ is a vertex in A from
the perspective of the new %n log n edges that will be given.

This observation shows that every pair of vertices of the compressed graph has the same probability
of being one of the new %nlogn edges. Since the number of vertices reduced by o(n), only o(nlogn)
of the new edges will be lost because of the compression. Thus whp we will be given (% —o(1))nlogn
new uniform random edges of the compressed graph.

Theorem 5.8. For a typical configuration c, conditioned on the random edge process having configu-
ration c, the directed graph D,,, whp contains a Hamilton cycle.

Proof. By Proposition 5.2, there exists whp a perfect matching of BIP which corresponds to a 1-factor
in D,,,, consisting of at most 2logn cycles. Also, at least 9/10 proportion of the vertices in each cycle
lies in A. After using the compression argument which has been discussed above, we may assume
that we are given a 1-factor over some vertex set of size (1 — o(1))n. Moreover, the random edge
process contains at least (3 — o(1))nlogn additional random directed edges (distributed uniformly
over that set). By Theorem 3.1 with L being the whole vertex set, we can conclude that whp the
compressed graph contains a directed Hamilton cycle, and this in turn implies that D,,, contains a
directed Hamilton cycle. O

Corollary 5.9. The directed graph D,,, whp contains a Hamilton cycle.

Proof. Let e be a random edge process. Let D = D,,, (e) and HAM be the collection of directed
graphs that contain a directed Hamilton cycle. For a configuration c, denote by e € ¢, the event that
e has configuration c. If e € ¢ for some typical configuration c, then we say that e is typical.

By Theorem 5.8, we know that for any typical configuration ¢, P(D ¢ HAM]e € c) = o(1), from
which we know that P({D ¢ HAM} N{e is typical}) = o(1). On the other hand, by Lemma 4.8 we
know that the probability of an edge process having a non-typical configuration is o(1). Therefore
whp, the directed graph D is Hamiltonian ]

6 Going back to the original process

Recall that the distribution of the random edge process is slightly different from that of the random
graph process since it allows repeated edges and loops. In fact, one can show that at time m,, the
edge process whp contains at least Q(log? n) repeated edges. Therefore, we cannot simply condition
on the event that the edge process does not contain any repeated edges or loops to obtain our main
theorem for random graph processes. Our next theorem shows that there exists an on-line algorithm
OrientPrime which successfully orients the edges of the random graph process.

Theorem 6.1. There exists a randomized on-line algorithm OrientPrime which orients the edges
of the random graph process, so that the resulting directed graph is Hamiltonian whp at the time at
which the underlying graph has minimum degree 2.
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The algorithm OrientPrime will mainly follow Orient but with a slight modification. Assume
that we are given a random graph process (call it the underlying process). Using this random graph
process, we want to construct an auxiliary process whose distribution is identical to the random edge
process. Let t = 1 at the beginning and a; be the number of distinct edges up to time ¢ in our auxiliary
process (disregarding loops). Thus a; = 0. At time ¢, with probability (2a; + n)/n? we will produce
a redundant edge, and with probability 1 — (2a; +n)/n?, we will receive an edge from the underlying
random graph process. Once we decided to produce a redundant edge, with probability 2a;/(2a; + n)
choose uniformly at random an edge out of the a; edges that already appeared, and with probability
n/(2a; + n) choose uniformly at random a loop. Let e; be the edge produced at time ¢ (it is either a
redundant edge, or an edge from the underlying process), and choose its first vertex and second vertex
uniformly at random. One can easily check that the process (e1, e, - ,) has the same distribution
as the random edge process.

In the algorithm OrientPrime, we feed this new auxiliary process into the algorithm Orient and
orient the edges accordingly. Since the distribution of the auxiliary process is the same as that of
the random edge process, Orient will give an orientation which whp contains a directed Hamilton
cycle. However, what we seek for is a Hamilton cycle with no redundant edge. Thus in the edge
process, whenever we see a redundant edge that is a repeated edge (not a loop), color it by blue. In
order to show that OrientPrime gives a Hamiltonian graph whp, it suffices to show that we can
find a Hamilton cycle in D,,,, which does not contain a blue edge (note that loops cannot be used in
constructing a Hamilton cycle). We first state two useful facts.

Claim 6.2. Whp, there are no blue edges incident to B used in constructing Ds_in 5—out -

Proof. The expected number of blue edges incident to B in Step I used in constructing Ds_;p 5—out can
be computed by choosing two vertices v and w and then computing the probability that v € B, and
(v,w) or (w,v) together appears twice among Step I edges. The probability that v appears as a first
vertex exactly i times is (" logilog") (%)Z (1- %)nloglogn_l. Condition on the event that v appeared
i times as a first vertex for some i < 12 (and also reveal the i positions in which v appeared). We
then compute the probability that some two Step I edges are (v, w) or (w,v). There are three events
that we need to consider. First is the event that (v, w) appears twice, whose probability is (;) (%)2
Second is the event that (v,w) appears once and (w,v) appears once, whose probability is at most

(”logllog") n(nl_l) : (i)% Third is the event that (w,v) appears twice, whose probability is at most

2
(” logQIOg") (n(n1_1)> . Combining everything, we see that the expected number of Step I blue edges

incident to B is at most,

11 ) nloglogn—i
9 nloglogn 1 1
. E - 1— =

(0 ) () (2 5 ()

The main term comes from ¢ = 11, and the third term in the final bracket. Consequently, we can
bound the expectation by

aroot () () (-0 () () -
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We then would like to compute the expected number of blue edges incident to B in Step 2 used in
constructing Ds_;p, 5—out. Condition on the first vertices of the Step I edges so that we can determine

the sets A and B. By Claim 4.3, we may condition on the event |B| = O(%). Fix a vertex
v € B, and expose all appearances of v in Step II, and note that only the first 10 appearances are
relevant. By Claim 4.4, it suffices to bound the probability of the event that there exists a vertex
w € A such that (v,w) or (w,v) appears twice among the at most 24 Step I edges where v or w are
the first vertices, and the at most 10 Step II edges which we know is going to be used to construct the

OUT and IN of the vertex v. Therefore the expectation is
4\ log log n)'? 4\?
IB|-n- <3> -0 <(Ogogn)n2> . <3> = o(1).
n log“n n

Claim 6.3. Whp, there are at most logn blue edges used in constructing Ds_in 5—out-

Proof. By Claim 6.2, we know that whp, all the blue edges used in constructing Ds_;y, 5oyt are incident
to A. Therefore it suffices to show that there are at most logn blue edges among the Step I edges.
The expected number of such edges can be computed by choosing two vertices v, w, and computing
the probability that (v,w) or (w,v) appears twice. Thus is at most

nloglogn 22
n? . < 5 ) <n2> = o(logn).

Consequently, by Markov’s inequality, we can derive the conclusion. ]
Claim 6.4. Whp, each vertex is incident to at most one blue edge.

Proof. 1t suffices to show that there does not exist three distinct vertices v, w7, we such that both
{v, w1} and {v,we} appear at least twice. The probability of this event is at most

BIGRNICIED

Now assume that we found a 1-factor as in Section 5.2. By Claim 6.3, whp, it contains at most
logn blue edges. Then after performing the compression process given in the beginning of Section

O]

5.3, by Claim 6.2, the number of blue edges remains the same as before. Therefore, if we can find a
Hamilton cycle in the compressed graph which does not use any of the blue edges, then the original
graph will also have a Hamilton cycle with no blue edges. Thus our goal now is to combine the cycles
into a Hamilton cycle without any blue edges, by using the non-revealed A-A edges.

In order to do this, we provide a proof of a slightly stronger form of Theorem 3.1 for L = V.

In fact, it can be seen that when combined with the compression argument, this special case of the
nlogn
3
remaining after finding the 1-factor described in the previous paragraph. Note that these edges cannot

create more blue edges in the 1-factor we previously found, since all the A-A edges used so far appears
earlier in the process than these non-revealed edges. We will find a Hamilton cycle in two more phases.

theorem implies the theorem for general L. Note that we have at least non-revealed A-A edges
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The strategy of our proof comes from that of Frieze [14]. In the first phase, given a 1-factor consisting
of at most O(logn) cycles, we use the first half of the remaining non-revealed A-A edges to combine
some of the cycles into a cycle of length n — o(n). In this phase, we repeatedly combine two cycles of
the 1-factor until there exists a cycle of length n — o(n).

Lemma 6.5. Whp, there exists a 1-factor consisting of O(logn) cycles, one of which is of length
n — o(n). Moreover, this 1-factor contains at most O(logn) blue edges.

Proof. Condition on the conclusion of Claim 6.3. Then we are given a 1-factor consisting of at most
clog n cycles and containing at most log n blue edges. Our goal is to modify this 1-factor into a 1-factor
satisfying the properties as in the statement. Consider the non-revealed random A-A edges we are
given. Since we will use only the first half of these edges, we have at least nlogn andom A-A edges
given uniformly among all choices. Let Ex be these edges. Partition En as EgU E1 U -+ U Ecjogn,
where Ej is the first half of edges, F is the next 2c10gn proportion of edges, Fo is the next

proportion of edges, and so on. Thus |Eg| = $|Ey| and |Ei| =« = |Eciogn| =

1
2clogn

2clogn|EN| Since

|Eo| > ”log” , by applying Chernoff’s inequality and taking the union bound, we can see that whp, for
/2,
every set of vertices X of size at least | X| > ? there exists at least 3|X|[|V \ X |logn > nlog

12n = 48
edges of Ey between X and V' \ X. Condition on this event.

Assume that the 1-factor currently does not contain a cycle of length at least n — bg%#ﬁ. Then

we can partition the cycles into two sets so that the number of vertices in the cycles belonging to each

; . . 1/2
part is between —5— and n — logl#n. Thus by the observation above, there exist at least "2 "

log 48
edges of Fy between the two parts. Let (v, w) be one such edge. Let v be the vertex that succeeds v

in the cycle of the 1-factor that contains v, and let w™ be the vertex that precedes w in the cycle of
the 1-factor that contains w. If (w™,v") € Ej, then the cycle containing v and the cycle containing
w can be combined into one cycle (see Figure 1). Therefore, each edge in Ey gives rise to some pair e
for which if e € F, then some two cycles of the current 1-factor can be combined into another cycle.
The probability of no such edge being present in F4 is at most

12,0\ 1F1l —( 1082/2 n/(48n) ) - clogn
(1 B % ‘ nloi8 n) <e (1 g /“n/(48 )) (\ENI/(2 log )) < o~ log!/2n)
n

Therefore with probability 1 — ¢~ log!/? ) we can find an edge in Ey and an edge in E; which together
will reduce the total number of cycles in the 1-factor by one.

We can repeat the above using F; instead of F in the i-th step. Since the total number of cycles in
the initial 1-factor is at most clogn, the process must terminate before we run out of edges. Therefore
at some step, we must have found a 1-factor that has at most O(logn) cycles, and contains a cycle of
length n — o(n). It suffices to check that the estimate on the number of blue edges hold. Indeed, every
time we combine two cycles, we use two additional edges which are not in the 1-factor, and therefore
by the time we are done, we would have added O(logn) edges to the initial 1-factor. Therefore even
if all these edges were blue edges, we have O(logn) blue edges in the 1-factor in the end. O

Consider a 1-factor given by the previous lemma. In the second phase, we use the other half of the
remaining new random edges to prove that the long cycle we just found, can “absorb” the remaining
cycles. Let P = (vp,--- ,vg) be a path of a digraph. If there exist two edges (vg, viy1) and (v;,v;) for
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1 <i</flandi+1<j </ then we can rotate the path P using v; and v;_1 as breaking points to
obtain a new path (vg,v1,- -+, 0,05, Vj41, -, Vg, Vig1, Vig2, -+ ,Vj—1) (see Figure 1). We call v; the
intermediate point of this rotation. Note that if the graph contains the edge (vj—1,vp), then one can
close the path into a cycle. Our strategy is to repeatedly rotate the given path until one can find such
an edge and close the path (see Figure 1).

Further note that the path obtained from P by rotating it once as above can be described as
following. Let P, P», P3 be subpaths of P obtained by removing the edges (v, vit1) and (vj_1,v;).
Then there exists a permutation 7 of the set [3] such that the new path is the path obtained by
concatenating Pr(1), Pr(2), Pr(3) (in order). More generally, assume that we rotate the path P in
total s times by using distinct breaking points vg,,Vay, -+ ,Vas,. Let Pi,---, Pagy1 be the subpaths
of P obtained by removing the edges (va;,va;+1) for 1 < j < 2s. Then there exists a permutation
o of the set [2s 4 1] such that the path we have in the end is the path obtained by concatenating
Py Pe2)s -+ s Po(2s41)- We will use this fact later. Note that it is crucial to have distinct breaking
points here.

After finding a 1-factor described in Lemma 6.5, there are at least "10# non-revealed A-A edges

that we can use. Let E, be the later ”k’%

of these edges, and reveal all the non-revealed edges not
in Er. Note that there exists a positive constant C' such that whp, the graph induced by the revealed
edges before beginning this phase has maximum degree at most C'logn (it follows from Chernoff’s
inequality and union bound). Condition on this event.

We will use the remaining edges Ep, in a slightly different way from how we did in the previous
phase since in this phase, it will be more important to know if some certain edge is present among the
non-revealed edges. For an ordered pair of vertices e = (x,y), let the flip of e be r(e) = (y, z) (similarly
define a flip of some set of pairs). Fix some pair e = (z,y), and suppose that we are interested in
knowing whether e € E, holds or not, and if e € Ey, then whether it is a blue edge or not. Thus
for each of the non-revealed edge in Ey, ask if it is e or 7(e). Since we know how many times e and
r(e) appeared among the already revealed edges, in the end, we not only know if e € Ep, but also
know if if it is a blue edge or not. We call this procedure as ezxposing the pair e, and say that e has
been exposed. Note that the process of exposing the pair e is symmetric in the sense that even if we
are looking only for the edge e we seek for the existence of r(e) as well. This is because we would

Vo Vi Ui+l Uj—1 Uy (]

O

Figure 1: Combining two cycles, and rotating a path.
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like to determine whether e is blue or not at the same time. We can similarly define the procedure of
exposing a set of pairs, instead of a single pair. We would like to carefully expose the edges in order
to construct a Hamilton cycle without blue edges.
Note that the expected number of times that e or r(e) appears in EJ, is 7722 . ”l%g" = l%gn”. Thus if
S is the set of exposed pairs at some point, we say tl}gﬂ otghne (outcome 1s typical if the number of times
n

that a pair belonging to S appears in Ep, is at most which is three times its expected value).
While exposing sets of pairs, we will maintain the outcome to be typical, since we would like to know
that there are enough non-revealed pairs remaining in E7. For a set X of vertices, let Q(X) be the

set of ordered pairs (z1,z2) such that z; € X or x9 € X.

Lemma 6.6. Let X and Y be sets of vertices of size al most 35. Assume that the set of exposed pairs
so far is a subset of Q(X) and the outcome is typical. Further assume that a path P from vy to vy of
length ¢ =n — o(n) is given for some vo,vy ¢ X UY.

Then there exists a set Z C V(P) disjoint from'Y of size at most |Z] < Togniozlogn Such that with
probability at least 1 — o((logn)~'), by further ewposing only pairs that intersect Z (thus a subset of
Q(Z)), one can find a cycle over the vertices of P. Furthermore, the outcome of exposing these pairs
is typical and no new blue edges are added (thus the set of blue edges in the cycle is a subset of the set
of blue edges in P).

Informally, Y is the set of ‘reserved’ vertices which we would like to keep non-exposed for later
usage. The lemma asserts that we can close the given path into a cycle by further exposing pairs that
intersect some set Z which is disjoint from Y and has relatively small cardinality.

Proof. Denote the path as P = (vg,v1,--- ,vp). For a subset of vertices A = {vq,, Vay, " ,Va, }, define
A™ = {v4y-1,Vay—1," "+ ,Va,—1} and AT = {va,+1, Vay+1, " »Vay+1} (if the index reaches either —1 or
¢+ 1, then we remove the corresponding vertex from the set).

Our strategy can be described as following. We repeatedly rotate the path to obtain endpoints,
and in each iteration select a set of vertices and expose only pairs incident to these vertices (call
these vertices as the involved vertices). Thus a pair consisting of two non-involved vertices will remain
non-exposed. The set Z will be the set of involved vertices, and our goal will be to construct a cycle
while maintaining Z to be small.

To keep track of the set of vertices that have been involved and the set of endpoints that we
obtained, we maintain two sets T; and S; for i > 0, where Ty = {vy} and Sp = X. Informally, 7; will
be the set of endpoints that have not yet been involved, and S; will be the set of involved vertices
while obtaining the set T;. For example, suppose that we performed a rotation as in Figure 1 in the
first round. We will later see that in the process, we expose the neighbors of v, and v; for this round
of rotation to obtain a new endpoint v;_;. Thus we will add the vertices vy and v; to S1 and v;_1 to
Ti. It is crucial to maintain 7T; as a subset of the set of non-involved vertices, since we will need to
expose its neighbors in the next round of rotation.

Let Yy = Y U{wvp}. Throughout the rotation process, T; and \S; will satisfy the following properties:

(i) for every w € Tj, there exists a path of length ¢ from vy to w whose set of blue edges is a subset
of that of P,
(ii) the set of exposed pairs after the i-th step is a subset of Q(.S;),
(iii) all the breaking points used in constructing the paths above belong to S; U T},
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() 1731 = (‘%20) " and |5i\ Sl <2 ('%52)" = 20Ty (For i > 1),
(v)
)
)

XUT,1US;1 CS5;,
(vi) S;, T;, and Yj are mutually disjoint, and
(vii) the outcome at each iteration is typical.
Recall that Ty = {v} and Sy = X, and note that the properties above indeed hold for these sets.
Since Sy = X, property (iv) in particular implies that

1000 2000
|| < |X|+27|T | <X+ gn|Tz|-

Suppose that we completed constructing the sets 7; and \S; for some index i so that |T;| < m.
By (iv), we have |S;| < |X|+2122(ZL\7}] < (55+o(1))nandi = O(blgol%). We will show how to construct

the sets T; 11 and S;y1 from these sets.
By |X| < g5, (ii), (iv) and (vii), we know that at any step of the process the number of edges in
FE; that remain non-revealed is at least

|EpL| —

|Q(S;)| - logn S nlogn  2|Siinlogn < nlogn
n -~ 6 n - 12
Moreover, the number of non-exposed pairs remaining is at least

n2
n? —|Q(S;)| > n? — 2n|S;| > =

We will make use of the following three claims whose proof will be given later.

Claim 6.7. Assume that some pairs have been exposed and the outcome is typical. Once we expose
the remaining edges, the probability that there exists a vertex incident to two new blue edges is at most

o((logn)~?).

Claim 6.8. Assume that some pairs have been exposed and the outcome is typical. Let R be a set of
pairs of size |R| = Q(;-%-) disjoint to the exposed pairs. Then with probability at least 1 —o((logn)~?),

logn

the number of times a pair in R appear among the non-revealed edges of Ey, is at least
¢ |R|logn
2n

|R| logn

, and s

at mos

Claim 6.9. Assume that some pairs have been exposed and the outcome is typical. Then with probabil-

ity at least 1 — o((logn)~2), for every disjoint sets A1, Ay of vertices satisfying |A1| < m

and |Ag| = ‘Algégg" the number of edges between A1 and As among the non-revealed edges of Ey is
|A1]logm
at most — 55— -

For each vertex w € Tj, there exists a path P, of length ¢ from vy to w satisfying (i). Let P, be
the first half and P, 2 be the second half of P,,. Let S;110=S;UT;, and N = S;110US,, i+1,0 UYp and

Q1= {(w,z) :weT;,xr€V(Py1)\ N}
We have Q1 C Q(T;) and

l n
@il 2 17 (5 - 28 - AT - V] -1) 2 5.
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By (vi) and the definition of N, the pairs in 1 have both of their endpoints not in S;, thus have
not been exposed yet. Now expose the set (1. By Claim 6.8, we know that with probability at least
1 — o((logn)~2), the outcome is typical, and the number of pairs in Q; that appear in Ey, is at least

[@Qi[logn _ [Tijlogn
>
24 = 96

Condition on this event. Note that if some pair (w,z") € Q1 appears in Ff and is not a blue edge,
then z can serve as an intermediate point in our next round of rotation. Since we forced not to use the
same breaking point twice by avoiding the set N (see properties (iii) and (v)), if there is a non-blue
edge of the form (z,y™) for some y € P, 2, then we can find a path of length ¢ from vy to y satisfying
(i) (see Figure 1).
Let
Siv11 = {x: (w,2") € Q1 N EL, (w,z)is not blue}.

By Claim 6.7, with probability at least 1 — o((logn)~2), among the edges in Q1 N Er, the number of

blue edges is at most |T;|. Condition on this event. Then the number of non-blue edges between T;

and S 111 is at least |Ti|(l%g6n71) > |Tq(l)%gn By Claim 6.9, with probability at least 1 — o((logn)~?),

we see that [Sj41,1] > M Redefine S; 11,1 as an arbitrary subset of it of size exactly m Note
that S;y11 NN = 0. The vert1ces in S;41,1 will serve as intermediate points of our rotatlon.
Now let

Q2 ={(z,y"):2 € Sit1,1, (w,z") € Q1N EL, and y € V(Pp2) \ (NU S;rl D

and note that Q2 C Q(S;+1,1). Further note that we are subtracting SH—l , from V (P, 2) in the above
definition. This is to avoid having both a pair and its reverse in the set Q2. Even though the set S;;11
was defined as a collection of vertices belonging to P, for various choices of w’, it can still intersect
P, 2 for some vertex w, since we are considering different paths for different vertices. Similarly as
before, all the pairs in Q2 are not exposed yet and we have [Q2| > %|S;;1,1|. Moreover, with probability
at least 1 — o((logn)~2), the number of pairs in Q3 that appear in Ej, which are not blue edges is at

least % and the outcome is typical. Let Tj110 = {y: (z,y") € Q2N EL, (x,y")is not blue}.
As in above, with probability at least 1 —o((logn)~2), we have |T;+1 0| > %. Moreover, by the

observation above, for all the vertices y € T; 1, there exists a path of length ¢ from vy to y satisfying
(i).

2 2(i+1)
. 1 1
Let Tiy1 = Tiq1,0 and Sip1 = Siy1,0 U Sig1,1. Since |Ti4q] > (g%&l) T3] > (g%g) , We may

2(i+1)
redefine T;41 as an arbitrary subset of it of size exactly (lgggl ) . In the previous paragraph we

saw that (i) holds for T;;1. Property (ii) holds since the set of newly exposed pairs is Q1 U Q2 C
Q(Si+1,0 U Sit1,1) = Q(Si41). Properties (iii), (v), and (vi) can easily be checked to hold. By Claim
6.8, the outcome is typical, and we have (vii). For property (iv), the size of T;;+1 by definition satisfies
the bound, and the size of S;y; \ S; is

[Si+1\ Sil < [Sit1,0 \ Sl + [Siv11]
' 2 2i+1
§|Ti|+|TZ\logn§ logn\ ™" 1+logn <9 logn .
500 500 500 500
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Repeat the above until we reach a set T} of size m < T < (500)21%. By (iv),

we have t = O(log)ign) and |S| < | X[+ m5pzniogiogn- Redefine Ti as an arbitrary subset of size

Note that the size of S; does not necessarily decrease, and thus we still have

We will repeat the process above for the final time with the sets .S; and

Tt. This will give ’Tt+1’ = m and ’St+1 \ St‘ S m, from which it follows that

[Si+1]| < mby%%' Let Q3 = {(vo, 2) : z € Ti41} and expose Q3 (note that the pairs in @3 has

not yet been exposed since (1341 U{vg}) N Si11 = 0, while the set of exposed pairs is Q(S¢+1)). Since

Q3| = Tisa| = Q516z7)> by Claims 6.7 and 6.8, with probability at least 1 — o((log n)~2), we have

a pair in (3 that appears in Ej, as a non-blue edge. This gives a cycle over the vertices of P whose
set of blue edges is a subset of that of P.

For the set Z = (Si+1 U {vo}) \ X, we see that the set of exposed pairs is a subset of Q(X U Z).
Furthermore, since Yy and Sy;1 are disjoint and vy ¢ Y, the sets Y and Z are disjoint as well.
By t = O(log’l%)gn), the total number of events involved is O(lolg‘;)fg0 ). Since each event hold with
probability at least 1 — o((logn)~2), by taking the union bound, we obtain our set and cycle as
claimed with probability at least 1 — o((logn)~1). O

n
exactly (logm)2-loglogn”
n

1St] < 1 X+ 12510z n TogTog -

The proofs of Claims 6.7, 6.8, and 6.9 follow.

Proof of Claim 6.7. Let G’ be the graph induced by the edges that have been revealed before the
final phase (thus all the edges but E). It suffices to compute the probability of the following events:
(i) there exist v, wj,wy € V such that both {v,w;} and {v,ws} appears at least twice among the
remaining edges, (ii) there exist v, wi, ws € V such that {v,w;} and {v,ws} were already in G’, and
both appears at least once among the remaining edges, and (iii) there exist v, w;,wy € V such that
{v, w1} were already in G’, appears at least once among the remaining edges, and {v,wy} appears at
least twice among the remaining edges.
The probability of the first event happening is at most

o () (2) -0 (#2)

Recall that we conditioned on the event that each vertex has degree at most C'logn in the graph
induced by the edges revealed before this phase. Consequently, the probability of the second event

() () (2) o[

and similarly, the probability of the third event happening is at most

() () () () e (M5)

Therefore we have our conclusion. O

happening is at most

Proof of Claim 6.8. Recall that at any time of the process, the number of non-revealed edges in Ey, is

"lfgn. The probability of a single non-revealed edge of Ey, being in R is at least ‘T%l

the expected number of times a pair in R appear among the non-revealed edges is at least,

. Therefore

at least

|R| nlogn _ |R[logn
n? 12 12n

30



On the other hand, recall that at any time of the process, the probability that a non-revealed edge of

%, since the number of non-exposed pairs is at least %2 Therefore the

expected number of times a pair in R appear among the non-revealed edges is at most,

E;, is some fixed pair at most

2|R| nlogn  |R[logn
n? 6  3n

Since |R| = Q71657 )> the conclusion follows from Chernoff’s inequality and union bound. O
Proof of Claim 6.9. Recall that at any time of the process, the probability that a non-revealed edge

. . . . 2
of Er is (v,w) or (w,v) is at most %, since the number of non-exposed pairs is at least -

Let k be a fixed integer satisfying k < Let A; be a set of vertices of size k and As be

- n
log n-loglogn *

a set of vertices of size ké%%” disjoint from A;. The number of choices for such sets is at most

& n 500 500en \ Flosn/500 1000, \ klogn/500
n < nlog n . < ]
klogn/500/ klogn ~ \klogn

The probability of there being more than ki%go” edges between A; and A, can be computing by first

choosing ki%%n pairs between A; and As, and then computing the probability that they all appear

among the remaining edges. Thus is at most

(klogn/lOO) ( 3 ) <n2>

ek nlogn 4 logn/100
CE

5 3 n?

deklogn klogn/100 klogn klogn/100
<| ———- < .
- 15n - n

Thus by taking the union bound, we see that the probability of there being such sets A; and A is at
most

log*n
1

klogn

< X

n/(logn-loglogn) <61000n>k10gn/500 <
k=1

D

)klog n/100 n/(log n-loglogn) (610001{74
k=1

>klogn/500

klogn n n

Since the summand is maximized at £ = 1 in the range 1 < k < m, we see that the right
hand side of above is o((logn)~2). O

We now can find a Hamilton cycle without any blue edges, and conclude the proof that OrientPrime
succeeds whp.

Theorem 6.10. There exists a Hamilton cycle with no blue edges whp.

Proof. By Proposition 5.2, we whp can find a 1-factor, which by Claims 6.3 and 6.4 contains at most
logn blue edges that are vertex-disjoint. By Claim 6.2, it suffices to find a Hamilton cycle after
compressing the vertices in B from the 1-factor, since whp there are no blue edges incident to B.
With slight abuse of notation, we may assume that the compressed graph contains n vertices, and

that we are given at least "k’% random edges over this 1-factor. By Lemma 6.5, by using half of these
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random edges, we can find a 1-factor consisting of cycles Cp, Cy, -, Ct so that |Cy| = n — o(n) and
t = O(logn). Suppose that there are k blue edges that belong to the 1-factor, for some k& = O(logn).
We still have a set of at least "lo% non-revealed edges Ej that we are going to use in Lemma 6.6.

Let X be a set which we will update throughout the process. Consider the cycle Ci. If it
contains a blue edge, then remove it from the cycle to obtain a path P;. Otherwise, remove an
arbitrary edge from Cj to obtain P; = (wg, w1, - ,w,). Expose the set of pairs {(wg,z) : x €
V(Cy), (wa, x) is not exposed} which is of size at least |Cy| — | X| — 2k = n — o(n). By Claims 6.7
and 6.8, with probability at least 1 — o((logn)~2), the outcome is typical and there exists at least one
non-blue edge of the form (wg,,x) for some z € V(Cp). Condition on this event. Note that the set
of exposed pairs is a subset of Q({w,}), and that this gives a path P over the vertices of Cy and P,
which starts at wy and ends at some vertex in Cy (thus w, is not a endpoint). Add w, to the set X,
and let Y7 be the set of vertices incident to some blue edge that belongs to Cy or P;. Note that X, Y;
are disjoint, the set of exposed pairs is a subset of Q(X), and neither of the two endpoints of P belong
to X UY;. By applying Lemma 6.6 with X and Y = Y;, with probability at least 1 — o((logn)~!), we
obtain a cycle that contains all the vertices of Cy and C1. Moreover, the pairs we further exposed will
be a subset of QQ(Z;) for some set Z; of size at most m. Condition on this event and update
X as the union of itself with Z;. Note that by the definition of Y7, X does not intersect any blue edge
of the new cycle.

Repeat the above for cycles Cy, C3, - -+, Cy. At each step, the success probability is 1—o((logn) 1),
ﬁ:élogn. Since t = O(logn), we can
maintain X to have size o(n), and thus the process above indeed can be repeated. In the end, by the

. . n
and the size of X increases by at most 1 + Tognloglogn = Togn:

union bound, with probability 1 — o(1), we find a Hamiltonian cycle which has at most k& blue edges.
Let Y be the vertices incident to the blue edges that belong to this Hamilton cycle. Note that |Y| < 2k
and X NY = (). Remove one of the blue edges (y, z) from the cycle to obtain a Hamilton path. Apply
Lemma 6.6 with the sets X and Y \ {y,z} to obtain another Hamilton cycle with fewer blue edges.
Since the total number of blue edges is at most k = O(logn), the blue edges are vertex-disjoint, and
the probability of success is at least 1 — o((logn)~!), after repeating this argument for all the blue
edges in the original cycle, we obtain a Hamilton cycle with no blue edge. O

7 Concluding Remarks

In this paper we considered the following natural question. Consider a random edge process where at
each time ¢ a random edge (u,v) arrives. We are to give an on-line orientation to each edge at the
time of its arrival. At what time ¢t* can one make the resulting directed graph Hamiltonian? The best
that one can hope for is to have a Hamilton cycle when the last vertex of degree one disappears, and
we prove that this is indeed achievable whp.

The main technical difficulty in the proof arose from the existence of bud vertices. These were
degree-two vertices that were adjacent to a saturated vertex in the auxiliary graph Ds_;, 5—out. Note
that for our proof, we used the method of deferred decisions, not exposing the end-points of certain
edges and leaving them as random variables. Bud vertices precluded us from doing this naively and
forced us to expose the end-point of some of the edges which we wanted to keep unexposed (it is not
difficult to show that without exposing these endpoints, we cannot guarantee the bud vertices to have
degree at least 2). If one is willing to settle for an asymptotically tight upper bound on t*, then one
can choose t* = (1 + e)nlogn/2, and then for n = n(e) sufficiently large there are no bud vertices.
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Moreover, since for this range of t*, the vertices will have significantly larger degree, the orienting rule

can also be simplified. While not making the analysis “trivial” (i.e., an immediate consequence of the
work in [14]), this will considerably simplify the proof.
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comments.
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