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Abstract: Let G be a random subgraph of the n-cube where each edge appears ran-
domly and independently with probability p. We prove that the largest eigenvalue of the
adjacency matrix of G is almost surely

21(G) = (1 + o(1)) max (A'/2(G), np),

where A (G) is the maximum degree of G and the o(1) term tends to zero as max (A 12(G),
np) tends to infinity.

1. Introduction and Formulation of Results

Let Q" be a graph whose vertices are all the vectors {x = (x1, ..., x,) | x; € {0, 1}} and
two vectors x and y are adjacent if they differ in exactly one coordinate, i.e., ), |x; —
vil = 1. We call Q" the n-dimensional cube or simply the n-cube. Clearly Q" is an
n-regular, bipartite graph of order 2". In this paper we study random subgraphs of the
n-cube. A random subgraph G(Q", p) is a discrete probability space composed of all
subgraphs of the n-cube, where each edge of Q" appears randomly and independently
with probability p = p(n). Sometimes with some abuse of notation we will refer to a
random subgraph G (Q", p) as a graph on 2" vertices generated according to the distri-
bution described above. Usually asymptotic properties of random graphs are of interest.
We say that a graph property A holds almost surely, or a.s. for brevity, in G(Q", p) if the
probability that G(Q", p) has property A tends to one as n tends to infinity. Necessary
background information on random graphs in general and random subgraphs of n-cube
can be found in [4].

* Research was supported in part by the NSF grant DMS-0103948.

** Research was supported in part by NSF grants DMS-0106589, CCR-9987845 and by the State of
New Jersey.



54 A. Soshnikov, B. Sudakov

Random subgraphs of the hypercube were studied by Burtin [5], Erdés and Spencer
[8], Ajtai, Komlés and Szemerédi [2] and Bollobés [4], among others. In particular it
was shown that a giant component emerges shortly after p = 1/n ([2]) and the graph
becomes connected shortly after p = 1/2 ([5, 8, 4]). Recently the model has become
of interest in mathematical biology ([7, 13, 14]). In particular it appears (see [13, 14])
that random graphs play an important role in a general model of a population evolving
over a network of selectively neutral genotypes. It has been shown that the population’s
limit distribution on the neutral network is solely determined by the network topology
and given by the principal eigenvector of the network’s adjacency matrix. Moreover,
the average number of neutral mutant neighbors per individual is given by the spectral
radius.

The subject of this paper is the asymptotic behavior of the largest eigenvalue of the
random graph G (Q", p). The adjacency matrix of G is an 2" x 2" matrix A whose entries
are either one or zero depending on whether the edge (x, y) is present in G or not. A is
a random real symmetric matrix with the eigenvalues denoted by A1 > Ay > ... > Ao,
It follows from the Perron-Frobenius theorem that the largest eigenvalue is equal to the
spectral norm of A, i.e. Ajmax (G) = A1(G) = ||Al| = max; |A;|. Note also that for a sub-
graph of the n-cube, or in general, for any bipartite graph, At (G) = —Ajv|—x(G), k =
1,2,... and in particular [Apin(G)| = Amax(G). It is easy to observe that for every
graph G = (V, E) its largest eigenvalue A1 (G) is always squeezed between the average
degree of G, d = Zuev dg(v)/|V] and its maximal degree A(G) = maxy,ecy dg (V).
In some situtaions these two bounds have the same asymptotic value which determines
the behavior of the largest eigenvalue. For example, this easily gives the asymptotics
of the largest eigenvalue of a random subgraph G (n, p) of a complete graph of order
n for p > logn/n. On the other hand, in our case there is a gap between average and
maximal degree of random graph G(Q", p) for all values of p < 1 and therefore it is
not immediately clear how to estimate its largest eigenvalue.

Here we determine the asymptotic value of the largest eigenvalue of sparse random
subgraphs of n-cube. To understand better the result, observe that if A denotes a maximal
degree of a graph G, then G contains a star Sx and therefore A1(G) > A1(Sa) = VA.
Also, as mentioned above A{(G) is at least as large as the average degree of G. As
for all values of p(n) > n~'27" as. |[E(G(Q", p))| = (1 + o(1)) pn2", we get that
a.s. A (G(Q", p)) = (1 4+ o(1))np. Combining the above lower bounds, we get that
a.s. A (G(Q", p)) = (1 4+ o(1)) max (\/Z, np). It turns out this lower bound can be
matched by an upper bound of the same asymptotic value, as given by the following
theorem:

Theorem 1.1. Let G(Q", p) be a random subgraph of the n-cube and let A be the max-
imum degree of G. Then almost surely the largest eigenvalue of the adjacency matrix of
G satisfies

A(G) = (14 o(1)) max (VA, np),
where the o(1) term tends to zero as max(A'/2(G), np) tends to infinity.

As the asymptotic value of the maximal degree of G(Q", p) can be easily determined
for all values of p(n) (see Lemma 2.1), the above theorem enables us to estimate the
asymptotic value of A1 (G (Q", p)) for all relevant values of p. This theorem is similar to
the recent result of Krivelevich and Sudakov [11] on the largest eigenvalue of a random
subgraph G (n, p) of a complete graph of order n.

The rest of this paper is organized as follows. In the next section we gather some
necessary technical lemmas about random subgraphs of the n-cube. Section 3 is devoted
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to the proof of the main theorem. Section 4, the last section of the paper, contains some
concluding remarks.

Throughout the paper we will systematically omit floor and ceiling signs for the sake
of clarity of presentation. All logarithms are natural. We will frequently use the inequal-

ity <Z < (ea /b)b. Also we use the following standard notations: a,, = ®(b,), a, =

O(by) and a, = Q2 (b,) fora, > 0, b, > 0asn — oo if there exist constants C| and C;
such that C1b, < a, < Ca by, a, < Caby, or a, > C1b, respectively. The equivalent
notations a,, = o(b,) and a, < b, mean that a, /b, — 0 asn — oo. We will say that
an event Y},, depending on a parameter n, holds almost surely if Pr(Y,) — lasn — oo
(please note that this notion, very common in the literature on random structures, has a
different meaning in probability theory).

2. Few Technical Lemmas

In this section we establish some properties of random subgraphs of the n-cube which
we will use later in the proof of our main theorem. First we consider the asymptotic
behavior of the maximal degree of G(Q", p). It is not difficult to show that if p is a
constant less than 1/2 then a.s. A(G) = (1 + o(1))cn, where c¢ satisfies the equation
log2+clog p+(1—c)log(l—p) = clogc+(1—c)log(1—c)and A(G) = (1+o0(1))n
for p > 1/2. We omit the proof of this statement since for our purposes it is enough to
have \/A(G) = O(np) which follows immediately from the fact that A(G) < n. The
case when p = o(1) is studied in more detail in the following lemma.

Lemma 2.1. Let G = G(Q", p) be a random subgraph of the n-cube. Denote by
K(n) = max{k " (Z) PR = pyk > 1}.

Then the following statements hold.
(i) If p = o(1) and p is not at least exponentially small in n then almost surely
k(n)—1<AG) <k(n)+ 1.
(i) If p = © 27"k n=1), then 2" <Z> X1 —p)F=01)andk(n) =k — 1 ork.
Also almost surely A(G) is either k — 1 or k.
(iii) If p is exponentially small, but not proportional to 2~ *n=1 then k(n) =

[%] and almost surely A(G) = k(n).

Proof. Let X be the number of vertices of G(Q", p) with degree larger than k — 1. Then
Xi = ZUE o I,,, where I, is the indicator random variable of the event that deg(v) > k.
One can easily calculate the expectation EXy = 2" <7 ) pl(1— p)*~!. Also note

that Q" is bipartite and therefore has an independent set X of size 2"~!. By definition,
the events that d(v) < k are mutually independent for all v € X. Therefore we obtain
that

Pr(X,=0) < [[Pr(dw) <k)=]] (1-EL)

veX veX

< exp ( - ZEIU) = exp (— EXt/2). (1)

veX
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Let us now consider the case (i) in more detail. We have that
2170 () by pt < 2"( )p (1= p)" ™ <2"(en/k)p.

Therefore it is easy to check that « (n) must satisfy the inequalities

nlog 2(1 —1/log log(p_l))
log(p~1)

nlog 2(1 + 1/log log(p_l))

= = log(p~h)

By definition, EX, ;) > 1. Elementary computations show that EX;11 = (1 + o(1))
1 log 2

L ‘;gg’z pls gy for k = (1 + o(1))k () which imply EXoy—1 > (1 + o) s

Therefore by (1), we have that

Pr (A(G) < k(n) — 1) = Pr (X,(—1 = 0) < exp (-%)

g2
< eXP( 1+ (D)T) =o(1).

On the other hand, since EX,(;)+1 < 1+ o(1) we have that EX, ;)42 < (1 +

l
o(1))2 k;iépz = o(1). Thus by Markov’s inequality we conclude that a.s. Xy (n)+2 = 0

and therefore almost surely k (n) — 1 < A(G) < k(n) + 1.
Now consider the case (ii). Since p(n) = ©(27"/*n~1) we have that 2" (Z ) pra—

p)"F =©1)andk(n) = k—1ork.Alsoitis easy to check that EX; 1 = ©(27"/%) =

o(1) and EX;_; = ©(2"/%). Therefore by (1) we have that Pr (A(G) < k — l) <

exp ( — EXk_l/Z) = o(1) and by Markov’s inequality Pr (A(G) >k + 1) =o(1).
Finally suppose that p(n) is exponentially small but not proportional to 2~"/%5~1

for any k > 1. Then it is rather straightforward to check that «(n) = [%]
and EX, ;)41 < 1 < EX, (). Therefore, again using (1) and Markov’s inequality, we
conclude that Pr (A(G) < k(n)) = o(1) and Pr (A(G) > k(n) + 1) = o(1). Thus

almost surely A(G) = k(n). This completes the proof.

Next we need the following lemma, which shows that a.s. G cannot have a large
number of vertices of high degree too close to one another. More precisely the following
is true.

Lemma 2.2. Let G(Q", p) be a random subgraph of n-cube. Then almost surely

(i) ForeveryQ < p < 1 and for any two positive constants a and b such thata+b > 1
and n? > 6np, G contains no vertex which has within distance one or two at least
n® vertices of G with degree > n”.

(ii) For p > n™2/3 and any constant a > 0, G contains no vertex which has within
distance one or two at least n® | p vertices of G with degree > np + np/logn.

Proof. We prove the lemma for the case of vertices of distance two, the case of vertices
of distance one can be treated similarly. Note that since the n-cube is a bipartite graph the
vertices which are within the same distance from a given vertex in Q" are not adjacent.
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(i) Let X be the number of vertices of G which violate condition (i). To prove the
statement we estimate the expectation of X. Clearly we can choose a vertex v of
the n-cube in 2" ways. Since there are at most n? vertices in Q" within distance

two from v we have at most (Z“) possibilities to choose a subset S of size n¢

of vertices which will have degree at least n®. The probability that the degree of
g . n b

some vertex in S is at least n” is bounded by nb p" . Note that these events are

mutually independent, since S contains no edges of the n-cube. Therefore, using
thata + b > 1 and b > 0, we obtain that

. n2 n nb nd - enp n[, n¢
o <2 (2) () ) =7 (52))

S 2n+2n“ logzn 2—}1“'”’ — 0(1)

Thus by Markov’s inequality we conclude that almost surely no vertex violates

condition (i).
(ii) Letagain X be the number of vertices of G which violate condition (ii). Similarly as

before we have 2" choices for vertex v and at most ) choices for the set S of

nZ
n/p
vertices within distance two from v which will have degree > np+np/logn. Since
for all vertices v € G the degree d(v) is binomially distributed with parameters n

and p, then by a standard large deviation inequality (cf. , e.g., [1], Appendix A)
Pr[d(v) >t =np+np/log n] < e =np)2npta—np)/2(np)?
— ¢~ (to()np/Q2log*n).
As we already mentioned, the events that vertices in S have degree > np+np/logn

are mutually independent. Therefore, using that p > n=2/3 anda > 0, we conclude
that

2 n/p

nf n —<1+o(1>>np/<210g2n))

E(X) <2 (n“/p) (e
< 2nn2n“/pef(1+0(1))n1+“/(210g2n)

< 2ne2n”'*'2/3 logne—(1+0(1))n1'*'“/(2log2 n _ o(1).

Thus we can complete the proof of the lemma using again Markov’s inequality.

3. Proof of the Theorem

In this section we present our main result. We start by listing some simple properties of
the largest eigenvalue of a graph, that we will use later in the proof. Most of these easy
statements can be found in Chapter 11 of the book of Lovasz [12].

Proposition 3.1. Let G be a graph on n vertices and m edges and with maximum degree
A. Let 11(G) be the largest eigenvalue of the adjacency matrix of G. Then it has the
following properties:
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(I) max (VA, 22) < %1(G) < A.

(II) If E(G) = U; E(G,) then A{(G) < Y ; A (G)). If in addition graphs G; are vertex
disjoint, then A1(G) = max; A1 (Gj;).

(Il) If G is a bipartite graph then A1(G) < /m. Moreover if it is a star of size A then
r(G) = VA,

(1V) If the degrees on both sides of bipartition are bounded by A1 and Aj respectively,
then A1 (G) < J/A1A.

(V) For every vertex v of G let Wa (G, v) denote the number of walks of length two in G
starting at v. Then A1 (G) < v/max, Wo(G,v). O

Proof of the Theorem 1.1. We already derived in the introduction the lower bound of
this theorem so we will concentrate on proving an upper bound. We will frequently use
the following simple fact that between any two distinct vertices of the n-cube there are
at most two paths of length two. We divide the proof into a few cases with respect to the
value of the edge probability p. In each case we partition o G into smaller subgraphs,
whose largest eigenvalue is easier to estimate. We start with a rather easy case when the
random graph is relatively sparse.

Case 1. Let e~ 10g'n < p < n~?/3. For these values of p, by Lemma 2.1, we have that

A(G) > Q(log4 n). Partition the vertex set of G into three subsets as follows. Let V| be

the set of vertices with degree at most n%/>, let V5 be the set of vertices with degree larger
than n/° but smaller than n*/7 and let V3 be the set of vertices with degree at least n*/”.
Also let G be a subgraph of G induced by V1, let G, be a subgraph induced by V> U V3,
let G3 be a bipartite graph containing edges of G connecting V; and V, and finally let
G4 be a bipartite graph containing edges connecting V; and V3. By definition G = U; G;
and thus by claim (II) of Proposition 3.1 we obtain that 11 (G) < Zj‘: 1 M(GY).

Since the maximum degree of graph G is at most n>/3, then by (I) it follows that
11(G1) < n?/3.The degrees of vertices of bipartite graph G3 are bounded on one side by
n?/3 and on another by n*/7. Hence using (IV) we conclude that 11(G3) < v/n2/5n#/7 =
n'7/35 Let v be a vertex of G, and let N>(G>, v) be the set of vertices of G, which are
within distance exactly two from v. Since between any two distinct vertices of Q" there
at most two paths of length two it is easy to see that the number of walks of length two in
G starting at v is bounded by dg, (v) +2|N2(G2, v)|. Since every vertex of V2 U V3 has
degree in G at least n>/3, using Lemma 2.2 (i) with @ = 4/5 and b = 2/5 we obtain that
almost surely both dg,(v) and |N>(G2, v)| are bounded by n*/3. Therefore for every
vertex v in G we have W1 (G2, v) < dg, (v) +2|N2(G2, v)| < 3n*/ and hence by (V)
AM(G2) < V3n4/5 = /30?5,

Finally we need to estimate A1(G4). To do so consider partition of V] into two parts.
Let V/ be the set of vertices in V; with at least two neighbors in V3 andlet V" = V| —V/.
Let G}, and G; be bipartite graphs with parts (V|, V3) and (V{’, V3) respectively. By def-
inition, G4 = G, UG} and hence A1(G4) < A1(G),) 4+ A1(GY}). Since the vertices in V|’
have at most one neighbor in V3 and the graph G is bipartite it follows that G is the
union of vertex disjoint stars of size at most A(G). So by (II) we get | (GZ) < VA(G).
Now let u be the vertex of V3 with at least 21!/ neighbors in V|. By definition, every
neighbor of u in V{ has also an additional neighbor in V3, which is distinct from u.
Therefore we obtain that there are at least 2n'/? simple paths of length two from u to
the set V3. Since between any two distinct vertices of the n-cube there are at most two
paths of length two we obtain that « has at least n'/? other vertices of V3 within distance
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two. Since the degree of all these vertices is at least n*7 it follows from Lemma 2.2 (i)

with a = 1/2 and b = 4/7 that a.s. there is no vertex u with this property. Therefore
the degree of every vertex from V3 in bipartite graph G is bounded by 2n'/? and we
also have that the degree of every vertex from V/ is at most n?/3. So using again (IV)

we obtain A1(G)) < v2n1/2n2/5 = /2n%/?°, This implies the desired bound on 1 (G),

since

rM(G) = ZM(Gi) <n*3 + 3?3 4073 4 (ﬁn9/20 + \/A(G))

1

= (1+0())VA®G).

Case 2. Let p > n~*/°_ This case when the random graph is dense is also quite simple.
Indeed, partition the vertices of G into two parts. Let V| be the set of vertices with degree
larger than np + np/logn and let V; be the rest of the vertices. Clearly G = U;G;,
where G is a subgraph induced by Vi, G» is a subgraph induced by V>, and G3 is a
bipartite subgraph with bipartition (V;, V2). By definition, the maximum degree of G,
is at most np + np/logn, implying A1(G2) < np + np/logn. Since every vertex in
V1 has degree at least np + np/logn, by Lemma 2.2 (ii) with a = 1/18 we obtain that
almost surely no vertex in G can have more than n%/p < n'/? vertices in V; within
distance one or two. In particular, this implies that the maximum degree in G is at most
n'/2 and so r(Gy) < nl/2.

Partition V; into two parts. Let Vz/ be the set of vertices in V, with at least two
neighbors in Vi and let V) = V, — V,. Let G4 and G be bipartite graphs with parts
(V1, V) and (V1, V') respectively. By definition, G3 = G U G and thus A1(G3) <
11(G%) +11(GY%). Since the vertices in V' have at most one neighbor in V; and the graph
G'; is bipartite it follows that G is the union of vertex disjoint stars of size at most A(G).
So by (IIT) we get A1 (Gg’) < JVA(G) < n'/?. Now let u be the vertex of V; with at least
2n'/2 neighbors in V,. By definition, every neighbor of u in V, has also an additional
neighbor in Vi, which is distinct from u. Therefore we obtain that there are at least 2n 172
simple paths of length two from u to the set V. Since between any two distinct vertices
there are at most two paths of length two we obtain that u has at least n'/? other vertices
of V1 within distance two. As we already explain in the previous paragraph, this almost
surely does not happen. Thus the degree of every vertex from V; in bipartite subgraph
G'; is bounded by 2n'/2 and we also have that the degree of every vertex from V, is at

most np +np/logn. So using (IV) we obtain A1 (G}) < V2n'2(np + np/logn). Now
since np > n>/, it follows that all 11(G1), 11(G%), A1(G%) = o(np) and therefore

r(G) = ZM(Gi) < 21(G2) +o(np) < np +np/logn +o(np) = (1 + o(1))np.

1

Case 3. Letn=%/3> < p < n~*°. This part of the proof is slightly more involved than
two previous ones since in particular it needs to deal with a delicate case when np and
+/A(G) are nearly equal.

Partition the vertex set of G into four parts. Let V| be the set of vertices with degree
at least n%/ and let V; be the set of vertices with degrees larger than np + np/ log n but
less than n?/3. Let V, contain all vertices G which have at least one neighbor in V; and
degree at most np +np/logn. Finally let V3 be the set of remaining vertices of G. Note
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that by definition there are no edges between V| and V3 and every vertex from V3 also
has degree at most np + np/logn in G.

We consider the following subgraphs of G. Let G be the bipartite subgraph con-
taining all the edges between V| and V. Partition V4 into two parts. Let V4{ be the set
of vertices in V4 with at least two neighbors in Vi and let V' = V4 — V. Let G/
and G/ be bipartite graphs with parts (Vi, V) and (Vi, V,’) respectively. By definition,
G1 = G| UG/ and thus 41(G1) < A1(G}) + A1(G). Since the vertices in V," have at
most one neighbor in V; and the graph G7 is bipartite it follows that G/ is the union of
vertex disjoint stars of size at most A(G). So by (IIT) we get 11 (G/) < +/A(G).Now let
u be the vertex of Vi with at least 2n%/3 neighbors in V,. By definition, every neighbor
of u in VA{ has also an additional neighbor in V7, which is distinct from u. Therefore we
obtain that there are at least 2%/ simple paths of length two from « to the set V;. Similar
as before, this implies that u has at least n2/5 other vertices of V1 within distance two.
By Lemma 2.2 (i) with a = 2/5 and b = 2/3 this almost surely does not happen. Thus
the degree of every vertex from V; in bipartite subgraph G/ is bounded by 2n*/3 and
we also have that the degree of every vertex from V; is at most np + np/logn < n/9.
So using (IV) we obtain A1(G}) < v2n2/5n5/° = /2n%3/%0 = o(v/A). Therefore

A(G1) = M (GY) + 11(G)) = (1 +o(1)VA.

Our second subgraph G is induced by the set V3. By definition, the maximum degree
initis at mostnp +np/logn and therefore A1 (G2) < (14 o0(1))np. Crucially this graph
is a vertex disjoint form G| which implies by (II) that

11(G1 U Ga) = max (11(G1), 4(G) = (1+0(1) max (VA np).

Next we define the remaining graphs whose union with G; and G, equals to G
and show that their largest eigenvalues contribute only smaller order terms in the upper
bound on A1 (G). Let G3 be the subgraph of G induced by the set V| U V,. By definition,
every vertex in G3 has at least np 4+ np/logn neighbors in G. Therefore by Lemma 2.2
(ii) with @ = 1/12 we obtain that for every v € G3 there at most n¢/p < n>/* other
vertices of G3 within distance one or two. This implies that dg, (v) and |[N>(G3, v)| are
both bounded by n3/%. Then, as we already show in Case 1, the total number of walks
of length two starting at v is bounded by dg, (v) + 2|N2(G3, v)| < 3n3/4. Thus by (V)
we get A1(G3) < /3134 = o(V/A).

Let u be a vertex of V3 U V4 which has at least 2n%/° neighbors in the set V4. Since
every vertex in Vj has at least one neighbor in V; we obtain that there at least 2n>/>
simple paths of length two from u to V. On the other hand we know that there are at
most two such paths between any pair of distinct vertices. This implies that u has at least
n?/3 vertices within distance two whose degree is at least n%/3. Using Lemma 2.2 (i) with
a = 2/5and b = 2/3 we conclude that almost surely there is no such vertex u. Now
let G4 be a subgraph induced by the set V4 and let Gs be the bipartite graph with parts
(V3, V4). By the above discussion, the maximum degree of G4 is at most 2n%/3, implying
2(Ga) < 202 = 0(\/Z). We also know that every vertex from V3 has at most 2n2/
neighbors in V4 and every vertex in V4 has at most np + np/logn < n/° neighbors in
V3. Therefore by (IV) we obtain that A1(G5) < v/2n2/5n3/9 = /2n*3/%0 = o(JV/A).

Finally consider the bipartite subgraph G¢ whose parts are V, and V3UVy. Let X be the
set of vertices from V3 U V4 with at least 2n%/7 neighbors in V5 and let Y = V3U V4 — X.
Note that Gs = Gy U G¢ where Gy is a bipartite graph with parts (V2, X) and G¢,
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is a bipartite graph with parts (V2, Y). The upper bound on 11(G¢) follows immedi-
ately from the facts that G¢ is bipartite, the degree of vertices in V5 is bounded by
n*/3 and, by definition, every vertex in ¥ has at most 2n%/7 neighbors in V,. Therefore
M(GY) < V2223 = /2n'%21 = o(/A). To bound A1 (G), note that almost
surely every vertex in V> has at most n°/7 neighbors in X. Indeed, let u € V, be the
vertex with more than n3/7 neighbors in X. Since every neighbor of u in X has at
least 2n2/7 — 1 additional neighbors in V, different from u we obtain that there at least
n? 7T =137 = 24 o0(1)nd7 simple paths of length two from u to V;. On the other
hand we know that there are at most two such paths between any pair of distinct vertices.
This implies that u has at least (1 + o(1)n>/7 vertices of V, within distance two. By
definition, every vertex of V5 has atleast np +np/log n neighbors in G. Therefore using
Lemma 2.2 (ii) with @ = 1/22 we conclude that almost surely there is no such vertex u.
Now the upper bound on A1 (Gy) can be obtained using that G, is bipartite, the degree of
vertices in X is bounded by np +np/logn < n/° and that every vertex in V; has at most
2n3/7 neighbors in X. Indeed, by (IV) 11(Gy) < v2n3/n3/% = /203183 = o(/A),
and hence 11(Ge) < 11(Gj) + A1(GY) = o(v/A).

From the above definitions it is easy to check that G = U?: 1Gi. Hence using our

estimates on the largest eigenvalues of graphs G; we obtain the desired upper bound on
X1(G), as follows:

M(G) = 21(G1UG) + I 41(Gh) = (1 +o(h) max (VA(G). np) +o(V/AG))

i>3
= (14 o(1)) max (VAG), np)

This completes the proof of the third case. Now to finish the proof of the theorem it
remains to deal with the last very simple case when the random graph is very sparse.

Case4. Letp <e” log*n For every integer k > 1 denote by Y} the number of connected
components with k edges. It is not difficult to see that EY; < O (2"k!n* p*). Indeed, we
can pick the first vertex in the connected component in 2" ways. Suppose we already
know the first 1 < ¢t < k vertices of the component. Then these vertices are incident to at
most tn edges of the n-cube and therefore we can pick the next edge only in at most tn
ways. This gives at most 2" ]_[f= (tn = 2"k!n* ways to pick the edges of the connected
component.

First consider the case when p is not exponentially small. Then, by Lemma 2.1 we

have that almost surely A(G) = (1+40(1))k (n), where k (n) = max{k : 2" <Z> pka—

p)"‘k > 1} and k (n) tends to infinity together with n. Let ko = «(n) + k(n)/logk (n).
Then it is easy to check that EYy, = o(1) and therefore, by Markov’s inequality, almost
surely G(Q", p) contains no connected component with more than ko edges. Since the
largest eigenvalue of G is the maximum of the eigenvalues of its connected components
and the largest eigenvalue of a component with ky edges is not greater than +/kq (see,
parts (II) and (III) of Proposition 3.1), we obtain that

2(G) < Vo < V() + ik (n)/Togic(n) = (1 + o(1)y/A(G).

Next, let p < 27" for some fixed & > 0. If p is not proportional to 27/ *n =1 k =
1,2,3, ..., then it follows from part (iii) of Lemma 2.1 that with probability going to
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%]. Note that in this case
og(p~!)—logn

k(n) is a constant and it is easy to check that EY ;)11 < O (2" n<MWH! pctH1) = o(1).
Thus, by Markov’s inequality, there are no connected components with more than « (1)
edges. Since the largest eigenvalue of G is the maximum of the eigenvalues of its con-
nected components and the largest eigenvalue of a component with k edges is not greater
than +/k ( and is equal to +/k only if the component is a star on k + 1 vertices), we obtain
that a.s. A1 (G) = /k(n) = /A(G).

Finally if p(n) is proportional to 27"/kn=!, k = 1,2,3, ..., then by part (ii) of
Lemma 2.1 almost surely A(G) € {k — 1, k} and again one can check that EY; is
exponentially small. Using Markov’s inequality, as before, we conclude that there are no
connected components with more than k edges. Therefore a.s. A1(G) is either /A(G)
or /A(G) + 1. This completes the proof of the theorem.

one the maximum degree of G(Q", p) is k(n) = [

4. Concluding Remarks

There are several other important questions that are beyond the reach of the presented
technique. The most fundamental is perhaps the local statistics of the eigenvalues, in
particular the local statistics near the edge of the spectrum. For results in this direction
for other random matrix models we refer the reader to [17, 18, 16]. A recent result of
Alon, Krivelevich and Vu [3] states that the deviation of the first, second, etc. largest
eigenvalues from its mean is at most of order of O(1). Unfortunately our results give
only the leading term of the mean.

A second, perhaps even more difficult question is whether the local behavior of the
eigenvalues is sensitive to the details of the distribution of the matrix entries of A. We
refer the reader to [15, 6, 16, 10] for the results of that nature for unitary invariant and
Wigner random matrices.
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