Combinatorics

Instructor: Benny Sudakov

Assignment 4
Due: April 18

Solution of every problem should be no longer than one page!

Problem 1: A sunflower with k petals and core Y is a collection of sets Sy, ..., Sk such that
S;iNS; =Y forall i # j and S; — Y are all non-empty. Let F be a family of sets each of
cardinality s. Prove that if |F| > sl(k — 1)® then F contains a sunflower with &k petals.

T+8) members of an r-uniform set

Problem 2: Prove that if each collection of at most ( .
system can be covered by s points, then all members can.

Problem 3: Let F be a family of subsets of an n element set such that there are no three
distinct members Fi, Fy, F3 € F which satisfy I} C Fy C F3. Prove that

712 (rag) * ()

Problem 4: Let G; and G5 be two graphs on the same vertex set V. Prove that chromatic
number of the union G; U Gy (we take the union of edge sets of both graphs) satisfies

X(G1UG2) < x(Gh) - x(Ga).

Use this to show that if Hy, ..., H; are bipartite graph whose union is a complete graph on n
vertices, then ¢t > log, n.

Problem 5: Let Ay,..., A, be subsets of an n-element set such that | A4;| is not divisible by
6 for every 4, but the sizes of all pairwise intersections |A; N A;| are divisible by 6. Prove that
m < 2n.



